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Preface

This book provides an introduction to coordinate geomtry. In this book we cover striaght 
lines, pair of straight lines, circle, parabla, hyperbola, ellipse and general conics in two-
dimensions. We also cover planes, lines, spheres, cones etc in the three diemnsional 
coordinate geometry.
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Basic mathematics till grade 10 is needed to understand this book. Basic knowledge 
of trigonometry and geometry are needed to understand the material presented in 
this book.
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Theory and 
ProblemsI





1 Coordinates

Coordinate geometry is study of geometric using algebra. It is also called Analytical 
Geometry. In geometry, we study about points, lines, triangles, quadrilaterals, circles, 
polygons etc. without the use of algebra but as said in coordinate geometry these 
geometrical figures are studied using variables and equations of algebra. In coordinate 
geometry we will come to know a term called Cartesian plane or cartesian coordinates 
which are named after René Des Cartes who first published his work on coordinate 
geometry in 1637. Pierre de Fermat also independently discovered, but he did not 
publish his discovery.

1.1 Number Line

We take a straight line and any point 𝑂 on it. This point 𝑂 is taken such that it divides 
the line in two equal parts. We take the part right of this point as positive part and 
the part left of it as negative part of this line. We represent the number 0 with the 
point 𝑂. Let us take another point 𝐴 such that it represents 1 on the number line. 
Now 𝑂𝐴 represents a unit, and thus we can represent all natural numbers in terms of 
it. We can also represent all real numbers on this number line. Positive real numbers 
will lie on the right side and negative real numbers will lie on the left side of the mid-
point, which is 𝑂. Because all real numbers can be represented on this line we call it 
real line or in general number line.

𝑂

0

𝐴

1

𝐴′

−1 √2−√2 √3

−√3

2−2−√6 3−3
−∞ ∞

Figure  1.1: Number Line.

As we know from our basic algebra that there are a infinite number of rational and 
irrational numbers between any two numbers so we will have infinite points between 
any two points on this number line which we know from geometry.

1.2 Coordinates

Consider any point 𝑃  in a 2-dimensional plane. To define the location of this point 
we need a reference. In any n-dimensional plane no point can be given an absolute 
position rather we define location of points in relation to some other point in the same 
plane. Typically, we define axes of the plane and take intersection of these axes as 
origin, represented by 𝑂 and every other point is defined with reference to this point. 
This method gives us cartesian coordinates. The other way is choosing an origin and 
one axis. Every point is then defined in terms of its distance from origin and the angle 
made by the line joining the point and origin with the axis. This method gives us Polar 
Coordiantes. We will first study cartesian coorsinates, and later we will study polar 
coordinates.

1.2.1 Cartesian Coordinate System

In general, when we study cartesian coordinate system we mamke use of two perpen
dicular axes. However, to prevent the loss of generality let us make use of inclined 
axes or oblique axes. Consider the diagram given below:
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𝑋𝑋 ′

𝑌

𝑌 ′

𝑂

𝑃1

𝑀1

𝑃2

𝑀2

𝑃3

𝑀3

𝑃4

𝑀4

Figure  1.2: Cartesian axes in 𝑥𝑦-plane.

𝑋𝑂𝑋′ is called the 𝑥-axis and 𝑌 𝑂𝑌 ′ is called the 𝑦-axis. As said the point 𝑂 is called 

the origin of coordinates or simply, the origin.

Consider a point 𝑃1. Draw a line from it parallel to 𝑂𝑌  to meet 𝑂𝑋 at 𝑀1. The 

distance 𝑂𝑀1 is called the Abscissa and the distance 𝑀1𝑃  is called the Ordinate of the 

point 𝑃1, while together they are called its Coordinate.

Distances when measured parallel to 𝑥-axis are typically denoted by 𝑥 with or without 
a suffix, for example: 𝑥1, 𝑥2, …, 𝑥′, 𝑥″, …, and distances when measured parallel to 𝑦-

axis are typically denoted by 𝑦 with or without a suffix, for example: 𝑦1, 𝑦2, …, 𝑦′, 𝑦″, ….

A point 𝑃  having the abscissa 𝑥 and the ordinate is 𝑦 is typically denoted as (𝑥, 𝑦). 
For example, if a point is at two units distance from 𝑦-axis and at a distance of three 

units from 𝑥-axis then it is written as (2, 3).

Distances measured parallel to 𝑂𝑋 are positive while distances measured parallel 
to 𝑂𝑋′ are negative. Similarly, distances measured parallel to 𝑂𝑌  are positive and 
distances parallel to 𝑂𝑌 ′ are negative. Thus, cartesian plane is divided into four 
quadrants. 𝑋𝑂𝑌  is the first qudrant in which both abscissa and ordinates are positive. 
𝑋′𝑂𝑌  represents the second quadrant in which abscissa is negative and ordinate is 
positive. 𝑋′𝑂𝑌 ′ is the third quadrant where both abscissa and ordinate are negative 
and finally 𝑋𝑂𝑌 ′ is the fourth quadrant in which abscissa is positive and ordinate is 
negative. Observe that these quadrants are taken in anti-clockwise order and similar to 
qudrants in trigonometry.

Referring to Figure  1.2 we can say that 𝑃1 lies in first quadrant, 𝑃2 lies in second 

quadrant and so on.
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The axes, when they are not at right angles, are called Oblique Axes. The angle between 
positive 𝑥-axis and 𝑦-axis i.e. angle between 𝑂𝑋 and 𝑂𝑌  or the ∠𝑋𝑂𝑌  is generally 

denoted by the Greek letter 𝜔.

In general, it is convenient to take the axes at right angles. The axes are then called 
the Rectangular Axes. You can assume that axes are rectangular unless otherwise stated. 
As you can guess this system is called Cartesian Coordinate System in the honor of 
Des Cartes.

1.3 Distance Between Two Points

𝑋

𝑌

𝑂 𝑋

𝑌

𝑃1

𝑃2

𝑀1 𝑀2

𝑅

𝜔

Figure  1.3: Distance between two points.

Let 𝑃1 and 𝑃2 be two points as shown in the diagram with coordiantes (𝑥1, 𝑦1) 
and (𝑥2, 𝑦2). 𝑀1𝑃1 ∥ 𝑂𝑌 , 𝑀2𝑃2 ∥ 𝑂𝑌  and 𝑃2𝑅 ∥ 𝑂𝑋. Thus, 𝑃1𝑅 = 𝑀2𝑀1 = 𝑂𝑀2 −
𝑂𝑀1 = 𝑥2 − 𝑥1, 𝑅𝑃2 = 𝑀2𝑃2 − 𝑀1𝑃1 = 𝑦2 − 𝑦1 and ∠𝑃1𝑅𝑃2 = ∠𝑂𝑀1𝑃1 = 180° −
𝑃2𝑀2𝑋 = 180° − 𝜔.

From trigonometry, we know that 𝑃1𝑃 2
2 = 𝑃2𝑅2 + 𝑅𝑃 2

1 − 2𝑃2𝑅.𝑅𝑃1 cos(180° − 𝜔) 

which is

(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2 + 2(𝑥1 − 𝑥2)(𝑦1 − 𝑦2) cos 𝜔 (1.1)

In the case when axes are rectangular i.e. axes are at right angle or 𝜔 = 90° then the 
Equation (1.1) reduces to 𝑃1𝑃 2

2 = (𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2
 and therefore in rectangular 

coodinate system the distance between two points is √(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2
.

Clearly, the distance between any point (𝑥, 𝑦) and the origin (0, 0) will be √𝑥2 + 𝑦2

1.4 Section Formula

Consider the diagram given below:

Consider points 𝑃1(𝑥1, 𝑦1) and 𝑃2(𝑥2, 𝑦2). The point 𝑃(𝑥, 𝑦) divides the line segment 

𝑃1𝑃2 such that 𝑃1𝑃 : 𝑃𝑃2 :: 𝑚1; 𝑚2 then we need to find the coordinates of 𝑃 .
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𝑋

𝑌

𝑂 𝑋

𝑌

𝑃1

𝑃2

𝑃

𝑀1 𝑀2𝑀

𝑅1

𝑅2

𝜔

Figure  1.4: Section Formula.

We have 𝑂𝑀1 = 𝑥1, 𝑀1𝑃1 = 𝑦1, 𝑂𝑀 = 𝑥, 𝑀𝑃 = 𝑦, 𝑂𝑀2 = 𝑥2 and 𝑀2𝑃2 = 𝑦2.

𝑃1𝑅1, 𝑃𝑅2 ∥ 𝑂𝑋. Then

𝑃1𝑅1 = 𝑀𝑀1 = 𝑂𝑀 − 𝑂𝑀1 = 𝑥 − 𝑥1

𝑃𝑅2 = 𝑀𝑀2 = 𝑂𝑀2 − 𝑂𝑀 = 𝑥2 − 𝑥

𝑅1𝑃 = 𝑀𝑃 − 𝑀1𝑃1 = 𝑦 − 𝑦1

and 𝑅2𝑃2 = 𝑀2𝑃2 − 𝑀𝑃 = 𝑦2 − 𝑦.

From the similar triangles △ 𝑃1𝑅1𝑃  and △ 𝑃𝑃2𝑅2, we have

𝑚1
𝑚2

= 𝑃1𝑃
𝑃𝑃2

= 𝑃1𝑅1
𝑃𝑅2

= 𝑥−𝑥1
𝑥2−𝑥

∴ 𝑥 = 𝑚1𝑥2+𝑚2𝑥1
𝑚1+𝑚2

. Similarly, it can be found that 𝑦 = 𝑚1𝑦2+𝑚2𝑦1
𝑚1+𝑚2

Thus, the coordinates of the point which divides 𝑃1𝑃2 in the ratio 𝑚1 : 𝑚2 is

(𝑥, 𝑦) = (𝑚1𝑥2 + 𝑚2𝑥1
𝑚1 + 𝑚2

, 𝑚1𝑦2 + 𝑚2𝑦1
𝑚1 + 𝑚2

) (1.2)

If the point 𝑃  divides these two points externally then we can prove in a similar 
manner that the point’s coordinates is

(𝑥, 𝑦) = (𝑚1𝑥2 − 𝑚2𝑥1
𝑚1 − 𝑚2

, 𝑚1𝑦2 − 𝑚2𝑦1
𝑚1 − 𝑚2

) (1.3)

Clearly if the point is mid-point then we find that the coordinates of mid-point is 
given by

(𝑥, 𝑦) = (𝑥1 + 𝑥2
2

, 𝑦1 + 𝑦2
2

) (1.4)

1.5 Area of a Trapezium

We will consider the area of a trapezium in this section from geometry because it will 
be useful in the coming sections. Consider the following diagram:
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𝐴 𝐵

𝐶𝐷

𝐿

𝑀

Figure  1.5: Area of a trapezium.

We know that area of a triangle is half of the product of height of any side and the 
perpendicular drawn from the opposite angle. Thus,

Area 𝐴𝐵𝐶𝐷 = Δ𝐴𝐵𝐶 + Δ𝐴𝐶𝐷 = 1
2 .𝐵𝐶.𝐴𝐿 + 1

2 .𝐴𝐷.𝐶𝑁 = 1
2(𝐵𝐶 + 𝐴𝐷).𝐴𝐿

1.6 Area of a Triangle

Consider following diagram with 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3):

𝑂 𝑋

𝑌

𝐴

𝐵

𝐶

𝐿 𝑀𝑁

Figure  1.6: Area of a triangle.

Let Δ denote the area of the △ 𝐴𝐵𝐶 . Then, Δ𝐴𝐵𝐶 = □𝐴𝐿𝑁𝐶 + □𝐶𝑁𝑀𝐵 −
□𝐴𝐿𝑀𝐵

= 1
2𝐿𝑁(𝐿𝐴 + 𝑁𝐶) + 1

2𝑁𝑀(𝐵𝐶 + 𝑀𝐵) − 1
2𝐿𝑀(𝐿𝐴 + 𝑀𝐵)

= 1
2 [(𝑥3 − 𝑥1)(𝑦1 + 𝑦3) + (𝑥2 − 𝑥3)(𝑦2 + 𝑦3) − (𝑥2 − 𝑥1)(𝑦1 + 𝑦2)]

On simplification, we obtain

Δ = 1
2
[𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)] (1.5)

The equation can be represented in the determinant form as given below:

Δ =
|

𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1|



(1.6)
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In the above calculation if the axes are oblique with an angle 𝜔 then the area of the 
triangle would be:

Δ = 1
2

sin 𝜔[𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)] (1.7)

If one of the vertices is the origin 𝑂(0, 0) then the area of the triangle would be 
1
2(𝑥1𝑦2 − 𝑥2𝑦1).

1.6.1 Sign of Area of a Triangle

As you can see from the formula; area of a triangle could be positive or negative. There 
are two ways to fix this. The first is to take modulus of the equation. The second is to 
plot the points of triangle in clockwise direction. If we plot the points in anti-clockwise 
direction then area of the triangle will be negative in that case we can take modulus 
of the value obtained.

1.6.2 Condition of Collinearity of Three Points

From the above relation we can extrapolate that if the area of the triangle is zero then 
the three vertexes would collapse into a straight line. Thus the condition of collinearity 
of these three points can be written as:

|

𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1|


= 0 (1.8)

Now that we have area of a trapezium and area of a triangle finding area of other 
polygons is trivial and we will find them in our exercises.

1.7 Centroid of a Triangle

The point of intersection of the medians of the triangle is called the centroid of the 
triangle.

𝐴(𝑥1, 𝑦1)

𝐵(𝑥2, 𝑦2)

𝐶(𝑥3, 𝑦3)

Figure  1.7: Centroid of a triangle.

Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) be the vertices of the △ 𝐴𝐵𝐶 . Let 𝐴𝐷, 𝐵𝐸 and 

𝐶𝐹  be the three medians.

Since 𝐷 is middle point of 𝐵𝐶 ⇒ 𝐷 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 )

Let 𝐺 be the centroid i.e. intersection of the three medians. 𝐺 will divide 𝐵𝐶 in the 
ratio 2 : 1 i.e. 𝐴𝐺 : 𝐺𝐶 = 2 : 1 then

𝐺 = (2𝑥2+𝑥3
2 +1.𝑥1

2 , 2𝑦2+𝑦3
2 +1.𝑦1

2 ) = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

2 )
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Similarly it can be shown that 𝐺 has same coordinates for other medians. Thus, 𝐺 lies 
on the same coordinates for all three medians.

Thus, 𝐺(𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

2 ) is the centroid of the triangle.

1.8 Incenter of a Triangle

The point of intersection of the bisectors of the angles of the triangle is called the 
incenter of the triangle.

𝐴(𝑥1, 𝑦1)

𝐵(𝑥2, 𝑦2)

𝐶(𝑥3, 𝑦3)

Figure  1.8: Incenter of a triangle.

Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) be the vertices of the △ 𝐴𝐵𝐶 . Let 𝐴𝐷, 𝐵𝐸 and 

𝐶𝐹  be the three internal bisectors of the angles 𝐴, 𝐵 and 𝐶 , respectively. Let these 

bisectors meet at the incenter 𝐼 .

Since 𝐵𝐶 is internal bisector of ∠𝐵𝐴𝐶 , therefore 𝐵𝐷
𝐷𝐶 = 𝐵𝐴

𝐴𝐶 = 𝑐
𝑏

⇒ 𝐷 = (𝑏𝑥2+𝑐𝑥3
𝑏+𝑐 , 𝑏𝑦2+𝑐𝑦3

𝑏+𝑐 )

The incenter 𝐼  divides 𝐴𝐷 internally in the ratio 𝑏 + 𝑐 : 𝑎 = .𝐴𝐼 : 𝐼𝐷 = 𝑏 + 𝑐 : 𝑎

⇒ 𝐼 = (𝑎𝑥1+𝑏𝑥2+𝑐𝑥3
𝑎+𝑏+𝑐 , 𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐 )

Similarly it can be shown for two other bisectors that 𝐼  has the same coordinate.

Thus,

𝐼 = (𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3
𝑎 + 𝑏 + 𝑐

, 𝑎𝑦1 + 𝑏𝑦2 + 𝑐𝑦3
𝑎 + 𝑏 + 𝑐

) (1.9)

is the incenter of the triangle.

1.9 Area of a Quadrilateral

Consider following diagram with 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) and 𝐷(𝑥4, 𝑦4):

𝐴 𝐵

𝐶

𝐷

Figure  1.9: Area of a quadrilateral.
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If 𝐴, 𝐵, 𝐶, 𝐷 are in anti-clockwise order then area of quadrilateral will be positiive but 

if it is clockwise then it will be negative and we will have to take modulus of it.

Area of □𝐴𝐵𝐶𝐷 = Δ𝐴𝐵𝐶 + Δ𝐴𝐶𝐷

Another way to find area of a quadrilateral is

□𝐴𝐵𝐶𝐷 = 1
2
[| 𝑥1

𝑥2𝑦2

𝑦1| + |𝑥2
𝑥3

𝑦2
𝑦3

| + |𝑥3
𝑥4

𝑦3
𝑦4

| + |𝑥4
𝑥1

𝑦4
𝑦1

|] (1.10)

1.10 Polar Coordinates

Consider a line 𝑂𝑋 through a point 𝑂. We call the line initial line and we call the the 
pole or the origin.

𝑂 𝑋

𝑃(𝑟 , 𝜃)

𝜃

Figure  1.10: Polar Coordinates.

As you can figure out the position of a point 𝑃  can be found by knowing its distance 
from the pole and the positive counter-clockwise angle made by the line joining the 
point with the initial line. The distance 𝑂𝑃  is typically denoted by 𝑟 and the ∠𝑋𝑂𝑃  
is denoted by 𝜃. 𝑂𝑃  or 𝑟 is called the radius vector and 𝜃 is called the vectorial angle 
of the point.

1.11 Polar Coordinates and Cartesian Coordinates

𝑂 𝑋

𝑌

𝑃(𝑟 , 𝜃)

𝑟 cos 𝜃

𝑟sin
𝜃

𝜃

Figure  1.11: Polar Cartesian Coordinates.

As we can see from the diagram a point 𝑃  having polar coordinates (𝑟, 𝜃) can be 

represented in terms of cartesian coordinate as (𝑟 cos 𝜃, 𝑟 sin 𝜃). Similarly, if a point has 
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cartesian coordinates (𝑥, 𝑦) then 𝑟 = √𝑥2 + 𝑦2 and 𝜃 = tan−1 𝑦
𝑥  would represent the 

equivalent polar coordinates.

1.12 Problems

Find the areas of the triangles the coordinates of whose vertices are respectively:

1. (1, 3), (−7, 6) and (5, −1).

2. (0, 4), (3, 6) and (−8, −2).

3. (5, 2), (−9, −3) and (−3, −5).

4. (𝑎, 𝑏 + 𝑐), (𝑎, 𝑏 − 𝑐) and (−𝑎, 𝑐).

5. (𝑎 cos 𝜑1, 𝑎 sin 𝜑1), (𝑎 cos 𝜑2, 𝑎 sin 𝜑2) and (𝑎 cos 𝜑3, 𝑎 sin 𝜑3).

6. (𝑎𝑚2
1, 2𝑎𝑚1), (𝑎𝑚2

2, 2𝑎𝑚2) and (𝑎𝑚2
3, 2𝑎𝑚3).

Prove by showing that the area of the triangle formed by them is zero that the following 
points are in a straight line:

7. (1, 4), (3, −2) and (−3, 16).

8. (−1
2 , 3), (−5, 6) and (−8, 8).

9. (𝑎, 𝑏 + 𝑐), (𝑏, 𝑐 + 𝑎) and (𝑐, 𝑎 + 𝑏).

10. In any △ 𝐴𝐵𝐶 prove that 𝐴𝐵2 + 𝐴𝐶2 = 2(𝐴𝐶2 + 𝐶𝐷2) where 𝐷 is the middle 

point of 𝐵𝐶 .

11. 𝐴𝐵𝐶 is a triangle and 𝐷, 𝐸 and 𝐹  are the middle points of the sides 𝐵𝐶, 𝐶𝐴 

and 𝐴𝐵; prove that the point which divides 𝐴𝐷 internally in the ratio 2 : 1 also 
divides the line 𝐵𝐸 and 𝐶𝐹  in the same ratio.

12. Find the area of a quadrilateral whose vertices are (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) and 

(𝑥4, 𝑦4).

Find the areas of the quadrilaterals the coordinates of whose vertices, taken in order, are

13. (1, 1), (3, 4), (5, −2) and (4, −7).

14. (−1, 0), (−3, −9), (5, 8) and (3, 9).

Find the lengths of the straight lines joining the pairs of points whose polar coordinates 
are

15. (𝑟1, 𝜃1) and (𝑟2, 𝜃2).

16. (2, 30°) and (4, 120°).

17. (−3, 45°) and (7, 105°).

18. (𝑎, 𝜋
2 ) and (3𝑎, 𝜋

6).

Find the areas of the triangle whose coordinates are

19. (𝑟1, 𝜃1), (𝑟2, 𝜃2) and (𝑟3, 𝜃3).

20. (1, 30°), (2, 60°) and (3, 90°).
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21. (−3, 30°), (5, 150°) and (7, 210°).

22. (−𝑎, 𝜋
6), (𝑎, 𝜋

2 ) and (−2𝑎, 2𝜋
3 ).

Find the distance between the points.

23. (𝑎 cos 𝛼, 𝑎 sin 𝛼) and (𝑎 cos 𝛽, 𝑎 sin 𝛽).

24. (𝑎𝑡21, 2𝑎𝑡1) and (𝑎𝑡22, 2𝑎𝑡2).

Change the following equations to polar coordinates

25. 𝑥2 + 𝑦2 = 𝑎2.

26. 𝑦 = 𝑥 tan 𝛼.

27. 𝑥2 + 𝑦2 = 2𝑎𝑥.

28. 𝑥2 − 𝑦2 = 2𝑎𝑦.

29. 𝑥2 = 𝑦2(2𝑎 − 𝑥).

30. (𝑥2 + 𝑦2)2 = 𝑎2(𝑥2 − 𝑦2).

Change the following equations to cartesian coordinates

31. 𝑟 = 𝑎.

32. 𝜃 = tan−1 𝑚.

33. 𝑟 = 𝑎 cos 𝜃.

34. 𝑟2 = 𝑎2 sin 2𝜃.

35. 𝑟2 sin 2𝜃 = 2𝑎2.

36.
√

𝑟 cos 𝜃
2 =

√
𝑎.

37.
√

𝑟 =
√

𝑎 sin 𝜃
2 .

38. 𝑟(cos 3𝜃 + sin 3𝜃) = 5𝑘 sin 𝜃 cos 𝜃.

39. Find 𝑎 if the distance between (𝑎, 2) and (3, 4) is 8.

40. Prove that the distance between the points (𝑎 + 𝑟 cos 𝜃, 𝑏 + 𝑟 sin 𝜃) and (𝑎, 𝑏) is 

independent of 𝜃.

41. Use distance formula to show that the points (csc2 𝜃, 0), (0, sec2 𝜃) and (1, 1) 
are collinear.

42. If the point 𝑃(𝑥, 𝑦) be equidistant from the points (𝑎 + 𝑏, 𝑏 − 𝑎) and (𝑎 − 𝑏, 𝑎 +
𝑏), prove that 𝑎−𝑏

𝑎+𝑏 = 𝑥−𝑦
𝑥+𝑦 .

43. Prove that the points (3, 4), (8, −6) and (13, 9)are the vertices of a right angled 

triangle.

44. Determine the type(isosceles, right angled, right angled isosceles, equilateral, 
scalene) of the following triangles whose vertices are

1. (1, 1), (−
√

3,
√

3) and (−1, −1).

2. (0, 2), (7, 0) and (2, 5).
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3. (−2, 5), (7, 10) and (3, −4).

45. Prove that the distance of the point (𝑎 cos 𝛼, 𝑎 sin 𝛼) from the origin is independent 

of 𝛼.

46. Let 𝐴(6, −1), 𝐵(1, 3) and 𝐶(𝑥, 8) be three points such that 𝐴𝐵 = 𝐵𝐶 . Find the 

value of 𝑥.

47. Using distance formula, show that the points (1, 5), (2, 4) and (3, 3) are collinear.

48. Prove that the points (2𝑎, 4𝑎), (2𝑎, 6𝑎) and 2𝑎 +
√

3𝑎, 5𝑎 are the vertices of an 

equilateral triangle.

49. If the line segment joining the points 𝐴(𝑎, 𝑏) and 𝐴(𝑎, 𝑏) subtend an angle 𝜃 at 

the origin 𝑂, prove that cos 𝜃 = 𝑎𝑐+𝑏𝑑
√(𝑎2+𝑏2)(𝑐2+𝑑2)

 or 𝑂𝐴.𝑂𝐵. cos 𝜃 = 𝑎𝑐 + 𝑏𝑑.

50. Find the circumcenter of the triangle whose vertices are (−2, −3), (−1, 0) and 

(7, −6). Also find the radius of the circumcircle.

51. The distance between two parallel lines is unity. A point 𝑃  lies between the lines 
at a distance 𝑎 from one of them. Find the length of a side of an equilateral △
𝑃𝑄𝑅, vertex 𝑄 of which lies on one of the parallel lines and vertex 𝑅 on the 

other line.

52. The opposite angular points of a square are (3, 4) and (1, −1), find the coordinate 

of the remaining vertices of the square.

53. 𝐴(−4, 0) and 𝐵(−1, 4) are two given points. 𝐶 and 𝐷 are symmetric to the given 

points 𝐴 and 𝐵 respectively with respect to 𝑦-axis. Calculate the perimeter of the 

trapezium 𝐴𝐵𝐶𝐷.

54. Point 𝐵 is symmetric to 𝐴(4, −1) with respect to the bisector of the first quadtrant. 

Find 𝐴𝐵.

55. A line segment 𝐴𝐵 through a point 𝐴(2, 0) which makes an angle of 30° with the 

positive direction of 𝑥-axis is rotated about 𝐴 in anti-clockwise direction though 
an angle of 15°. If 𝐶 be the new position of the point 𝐵(2 +

√
3, 1), find the 

coordiantes of 𝐶 .

56. The point (1, −2) is reflected in the 𝑥-axis and then translated parallel to the 

positive direction of 𝑥-axis through a distance of 3 units. Find the coordinates of 
the point in the new position.

57. The line segment joining 𝐴(3, 0) and 𝐵(5, 2) is rotated about 𝐴 in the anti-

clockwise direction by an angle of 45° so that point 𝐵 goes to 𝐶 . If 𝐷 is the 
reflection of 𝐶 in 𝑦-axis, find the coordinates of 𝐷.

58. Find the coordinates of the point which divides the line segment joining the points 
(5, −2) and (9, 6) internally and externally in the ratio 3 : 1.

59. 𝑥 coordinates of two points 𝐵 and 𝐶 are the roots of the equation 𝑥2 + 4𝑥 +
3 = 0 and their 𝑦 coordinates are the roots of the equation 𝑥2 − 𝑥 − 6 = 0. If 𝑥 

coordinates of 𝐵 is less than 𝑥 coordinate of 𝐶 and 𝑦 coordinate of 𝐵 is greater 

than the 𝑦 coordinate of 𝐶 and coordinate of a third point 𝐴 be (3, −5), find the 

length of the bisector of the interior angle at 𝐴.
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60. Find the ratio in which the point (2, 𝑦) divides the line segment joining (4, 3) and 

(6, 3) and hence find the value of 𝑦.

61. If 𝐴, 𝐵, 𝐶, 𝐷 are points whose coordinates are (−2, 3), (8, 9), (0, 4) and (3, 0) 
respectively, find the ratio in which 𝐴𝐵 is divided by 𝐶𝐷.

62. If 𝐴1, 𝐴2, 𝐴3, …, 𝐴𝑛 are 𝑛 points in a plane whose coordinates are 

(𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3), …, (𝑥𝑛, 𝑦𝑛) respectively. 𝐴1𝐴2 is bisected in the point 

𝐺1; 𝐺1𝐴3 is divided at 𝐺2 in the ratio 1 : 2; 𝐺2𝐴4 is divided at 𝐺3 in the ratio 

1 : 3; and so on until all the points are exhausted. Show that the coordinates of 
the final point so obtained are

𝑥1 + 𝑥2 + … + 𝑥𝑛
𝑛

, 𝑦1 + 𝑦2 + … + 𝑦𝑛
𝑛

(1.11)

.

63. Show that the straight line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 divides the join of points 𝐴(𝑥1, 𝑦1) 
and 𝐵(𝑥2, 𝑦2) in the ratio −𝑎𝑥1+𝑏𝑦1+𝑐

𝑎𝑥2+𝑏𝑦2+𝑐 . Explain the negative sign.

64. A line 𝐿 intersects three sides 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 of a △ 𝐴𝐵𝐶 in 𝑃 , 𝑄 and 𝑅 

respectively. Show that 𝐵𝑃
𝑃𝐶 .𝐶𝑄

𝑄𝐴 .𝐴𝑅
𝑅𝐵 = −1.

65. The vertices of a triangle are 𝐴(𝑥1, 𝑥1 tan 𝛼), 𝐵(𝑥2, 𝑥2 tan 𝛽), 𝐶(𝑥3, 𝑥3 tan 𝛾). If 

the circumcenter of △ 𝐴𝐵𝐶 coincides with the origin and 𝐻(𝑥, 𝑦) is the ortho

center of △ 𝐴𝐵𝐶 , (where 𝑥1 sec 𝛼, 𝑥2 sec 𝛽, 𝑥3 sec 𝛾 are of the same sign). Show 

that 𝑦
𝑥 = sin 𝛼+ sin 𝛽+ sin 𝛾

cos 𝛼+ cos 𝛽+ cos 𝛾 .

66. If 𝛼, 𝛽 and γ are the real roots of the equation 𝑥3 − 3𝑝𝑥2 + 3𝑞𝑥 − 1 = 0, find the 

centroid of the triangle whose vertices are (𝛼, 1
𝛼), (𝛽, 1

𝛽) and (𝛾, 1
𝛾).

67. If 𝐴(𝑎𝑡2, 2𝑎𝑡), 𝐵( 𝑎
𝑡2 , −2𝑎

𝑡 ) and 𝐶(𝑎, 0) be any three points, show that 1
𝐴𝐶 + 1

𝐵𝐶  

is independent of 𝑡.
68. If two vertices of an equilateral triangle be (0, 0) and (3,

√
3), find the coordinate 

of the third vertex.

69. Find the circumcenter and circumradius of the triangle whose vertices are 
(−2, 3), (2, −1) and (4, 0).

70. The vertices of a triangle are 𝐴(1, 1), 𝐵(4, 5) and 𝐶(6, 13). Find cos 𝐴.

71. Find the distance between the points (3, 𝜋
4 ) and (7, 5𝜋

4 ).

72. 𝐴(2, 4) and 𝐵(2, 6) are two given points; 𝐴𝐵𝑃  is an equilateral triangle on the 

side of 𝐴𝐵 opposite to the origin. Find the coordinates of 𝑃 .

73. Show that the points (2, 45°), (
√

2, 90°) and (−2, 135°) are the vertices of a right 

angled triangle.

74. Find the coordinates of the point which divides the line segment joining (2, 4) 
and (6, 8) in the ratio 1 : 3 internally and externally.

75. Find the coordinates of the points which trisect the line segment joining the points
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1. (1, −2) and (−3, 4).

2. (2, 3) and (6, 5).

76. 𝐴(1, 1) and 𝐵(2, −3) are two points and 𝐷 is a point on 𝐴𝐵 produced such that 

𝐴𝐷 = 3𝐴𝐵, then find the coordinates of 𝐷.

77. If the middle point of the line segment joining (3, 4) and (𝑘, 7) is (𝑥, 𝑦) and 2𝑥 +
2𝑦 + 1 = 0, find the value of 𝑘.

78. One end of a diameter of a circle is at (2, 3) and the center is (−2, 5), find the 

coordinates of the other end of the diameter.

79. Find the length of the medians of the triangle whose vertices are (−1, 3), (1, −1) 
and (5, 1).

80. If the point 𝐶(−1, 2) divides the line segment joining 𝐴(2, 5) and 𝐵in the ratio 

3 : 4, find the coordinates of 𝐵.

81. 𝐴, 𝐵, 𝐶 are collinear points and 𝐵 lies between 𝐴 and 𝐶 . 𝐴 and 𝐵 are (3, 4) and 

(7, 7) respectively. If 𝐴𝐶 = 10 units, find the coordinates of 𝐶 .

82. Find the ratio in which (−8, 3) divides the line segment of the points (2, −2) 
and (−4, 1).

83. In what ratio does the 𝑥-axis divides the line segment joining the points (2, −3) 
and (5, 6).

84. Show that the straight lines joining the points 𝐴(0, −1) and 𝐵(15, 2) divides the 

line joining the points 𝐶(−1, 2) and 𝐷(4, −5) internally in the ratio 2 : 3.

85. Find the ratio in which the line segment joining the points (1, 2) and (−2, 3) is 

divided by the line 3𝑥 + 4𝑦 = 7.

86. Find the ratio in which the line 𝑦 − 𝑥 + 2 = 0 divides the line segment joining 

(3, −1) and (8, 9).

87. Find the distance of the point from origin which divides the line segment joining 
the points (5, −4) and (3, −2) in the ratio 4 : 3.

88. The coordinates of the middle points of the sides of a triangle are (1, 1), (2, 3) 
and (4, 1), find the coordinates of the vertices.

89. Find the centroid and incenter of the triangle whose vertices are

1. (2, 4), (6, 4) and (2, 0).

2. (1, 2), (2, 3) and (3, 4).

90. Two vertices of a triangle are (−1, 4) and (5, 2). If its centroid is (0, −3), find the 

third vertex.

91. 𝐴(1, 4) and 𝐵(4, 8) are two points. 𝑃  is a point on 𝐴𝐵 such that 𝐴𝑃 = 𝐴𝐵 +
𝐵𝑃 . If 𝐴𝑃 = 10, find the coordinates of 𝑃 .

92. Find the area of the triangle whose vertices 𝐴, 𝐵, 𝐶 are respectively (3, 4), (−4, 3) 
and (8, 6).
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93. Find the area of the quadrilateral whose vertices are (−3, 2), (7, −6), (−5, −4) 
and (5, 4).

94. The coordinates of points 𝐴, 𝐵, 𝐶 and 𝑃  are (6, 3), (−3, 5), (4, −2) and (x, y) 

respectively, prove that Δ𝑃𝐵𝐶
Δ𝐴𝐵𝐶 = |𝑥+𝑦−2|

7 .

95. Show that the points (3, 3), (h, 0) and (0, 𝑘) are collinear if 1
ℎ + 1

𝑘 = 1
3 .

96. If 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) are the vertices of a △ 𝐴𝐵𝐶 and (𝑥, 𝑦) be 

a point on the internal bisector of ∠𝐴, then prove that 𝑏|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + 𝑐|

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| =

0, where 𝐴𝐶 = 𝑏 and 𝐴𝐵 = 𝑐.

97. If the points ( 𝑎3

𝑎−1 , 𝑎2−3
𝑎−1 ), ( 𝑏3

𝑏−1 , 𝑏2−3
𝑏−1 ) and ( 𝑐3

𝑐−1 , 𝑐2−3
𝑐−1 ) are collinear for three 

distinct values 𝑎, 𝑏 and 𝑐 then show that 𝑎𝑏𝑐 − (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 3(𝑎 + 𝑏 + 𝑐) = 0.

98. If (1, 4) be the center of gravity of a triangle and the coordinates of its any two 

vertices be (4, −8) and (−9, 7), find the area of the triangle.

99. Prove that the coordinates of the vertices of an equilateral triangle cannot all be 
rational.

100. If 𝐴, 𝐵, 𝐶 are the points (−1, 5), (3, 1), (5, 7) respectively and 𝐷, 𝐸, 𝐹  are the 

middle points of 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 respectively prove that Δ𝐴𝐵𝐶 = 4Δ𝐷𝐸𝐹 .

101. The vertices of a △ 𝐴𝐵𝐶 are 𝐴(3, 0), 𝐵(0, 6) and 𝐶(6, 9). A straight line 𝐷𝐸 

divides 𝐴𝐵 and 𝐴𝐶 in the ratio 1 : 2 at 𝐷 and 𝐸 respectively, prove that 
Δ𝐴𝐵𝐶 = 9Δ𝐴𝐷𝐸.

102. If (𝑡, 𝑡 − 2), (𝑡 + 3, 𝑡) and (𝑡 + 2, 𝑡 + 2) are the vertices of a triangle, show that its 

area if independent of 𝑡.
103. If 𝐴(𝑥, 𝑦), 𝐵(1, 2) and 𝐶(2, 1) are the vertices of a triangle of area 6 units, show 

that 𝑥 + 𝑦 = 15 or −9.

104. Find the area of the quadrilateral whose vertices are (1, 1), (7, 3), (12, 2) and 

(7, 21).

105. Find the area of the pentagon whose vertices are (4, 3), (−5, 6), (0, −7), (3, −6) 
and (−7, −2).

106. Find the area of the hexagon whose consecutive vertices are 
(5, 0), (4, 2), (1, 3), (−2, 2), (−3, −1) and (0, −4).

107. Find the area of the triangle whose vertices are ((𝑎 + 1)(𝑎 + 2), 𝑎 + 2), ((𝑎 +
2)(𝑎 + 3), 𝑎 + 3) and ((𝑎 + 3)(𝑎 + 4), 𝑎 + 4).

108. The point 𝐴 divides the join of 𝑃(−5, 1) and 𝑄(3, 5) in the ratio 𝑘 : 1. Find the 

two values of 𝑘 for which the area of △ 𝐴𝐵𝐶 , where 𝐵(1, 5) and 𝐶(7, −2) are 

given, is equal to 2 units in magnitude.

109. The coordinates of 𝐴, 𝐵, 𝐶, 𝐷 are (6, 3), (−3, 5), (4, −2), (𝑥, 3𝑥) respectively. If 

Δ𝐴𝐵𝐶 = 2Δ𝐵𝐶𝐷, find 𝑥.
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110. If the area of the quadrilateral whose angular points taken in order are 
(1, 2), (−5, 6), (7, −4) and (h,-2) be zero; show that ℎ = 3.

111. Find the area of the triangle whose vertices 𝐴, 𝐵, 𝐶 are (3, 4), (−4, 3), (8, 6) 
respectively and hence find the length of perpendicular from 𝐴 on 𝐵𝐶 .

112. The coordinates of the centroid of a triangle and those of two of its vertices are 
respectively (2

3 , 2), (2, 3), (−1, 2). Find the area of the triangle.

113. The area of a triangle is 3 square units. Two of its vertices are 𝐴(3, 1), 𝐵(1, −3) 
and the centroid off the triangle lies on 𝑥-axis. Find the coordinates of the third 
vertex is 𝐶 .

114. 𝐴 and 𝐵 are the points (3, 4) and (5, −2), find the point 𝑃  such that 𝑃𝐴 = 𝑃𝐵 

and Δ𝑃𝐴𝐵 = 10.

115. Prove that the points (𝑎, 𝑏 + 𝑐), (𝑏, 𝑐 + 𝑎) and (𝑐, 𝑎 + 𝑏) are collinear.

116. If the points (𝑥1, 𝑦1), (𝑥2, 𝑦2) and (𝑥3, 𝑦3) be collinear, show that 
𝑦2−𝑦3
𝑥2𝑥3

+ 𝑦3−𝑦1
𝑥3𝑥1

+
𝑦1−𝑦2
𝑥1𝑥2

= 0.

117. If the points (𝑎, 𝑏), (𝑎1, 𝑏1) and (𝑎 − 𝑎1, 𝑏 − 𝑏1) are collinear show that 𝑎
𝑎1

= 𝑏
𝑏1

.

118. Show that the points (𝑎, 0), (0, 𝑏) and (1, 1) are collinear if 1
𝑎 + 1

𝑏 = 1.

119. Prove that the points (−4, −1), (−2, −4), (4, 0) and (2, 3) are the vertices of a 

rectangle.

120. If the points (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) be the three consecutive vertices of a 

parallelogram, find the coordinates of the fourth vertex.

121. In any △ 𝐴𝐵𝐶 , prove that 𝐴𝐵2 + 𝐴𝐶2 = 2(𝐴𝐶2 + 𝐵𝐷2), where 𝐷 is the middle 

point of 𝐵𝐶 .

122. If 𝐺 be the centroid of the 𝐴𝐵𝐶 and 𝑂 be any other point in the plane of the 
𝐴𝐵𝐶 , then prove that 𝑂𝐴2 + 𝑂𝐵2 + 𝑂𝐶2 = 𝐺𝐴2 + 𝐺𝐵2 + 𝐺𝐶2 + 3𝐺𝑂2.

123. Prove that the area of a triangle is four times the area of the triangle formed by 
joining the mid points of its sides.

124. Prove that the line segment joining the middle points of two sides of a triangle 
is half the third side.

125. If 𝑃 , 𝑄, 𝑅 divide the sides 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 of △ 𝐴𝐵𝐶 in the same ratio, prove 

that the centroid of both the triangles coincide.

126. Prove that in any triangle four times the sum of the squares of the medians is 
equal to three times the sum of the squares of the sides.

127. If 𝐺 be the centroid of a △ 𝐴𝐵𝐶 , prove that 𝐴𝐵2 + 𝐵𝐶2 + 𝐶𝐴2 = 3(𝐺𝐴2 +
𝐺𝐵2 + 𝐺𝐶2).

128. Show that the line joining the centroid of a triangle to its vertices divide it into 
three triangles of equal area.

129. Show that the middle point of the hypotenuse of a right angled triangle is 
equidistant from its vertices.
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130. 𝐴(𝑎1, 𝑏1), 𝐵(𝑎2, 𝑏2), 𝐶(𝑎3, 𝑏3) are the vertices of a △ 𝐴𝐵𝐶 . The side 𝐴𝐵 is divided 

by the point 𝐷 in the ratio 𝜆 : 𝜇 and then the line segment 𝐷𝐶 is divided by the 

point 𝐸 in the ratio 𝜇 : 𝜆 + 𝜇. Find the coordinates of 𝐸.

131. The four points 𝐴(𝛼, 0), 𝐵(𝛽, 0), 𝐶(𝛾, 0) and 𝐷(𝛿, 0) are such that 𝛼, 𝛽 are the 

roots of the equation 𝑎𝑥2 + 2ℎ𝑥 + 𝑏 = 0 and 𝛾, 𝛿 are those of the equation 𝑎𝑥2 +
2ℎ′𝑥 + 𝑏′ = 0. Show that the sum of the ratios in which 𝐶 and 𝐷 divide 𝐴𝐵 is 

zero if 𝑎𝑏′ + 𝑎′𝑏 = 2ℎℎ′.

132. 𝐴(1, −2) and 𝐵(2, 5) are two points. The lines 𝑂𝐴, 𝑂𝐵 are produced to 𝐶 and 

𝐷 respectively such that 𝑂𝐶 = 2𝑂𝐴 and 𝑂𝐷 = 2𝑂𝐵. Find 𝐶𝐷.

133. Two vertices of a triangle are 𝐴(2, 1) and 𝐵(3, −1). The third vertex 𝐶 lies on the 

line 𝑦 = 𝑥 + 9. If the centroid of △ 𝐴𝐵𝐶 lies on the 𝑦-axis, find the coordinates 

of 𝐶 and the centroid.

134. If (𝛼, 𝛽), (𝑥, 𝑦) and (𝑝, 𝑞) are the coordinates of the circumcenter, the centroid and 

the orthocenter of a triangle, prove that 3𝑥 = 2𝛼 + 𝑝 and 3𝑦 = 2𝛽 + 𝑝.

135. Find the coordinates of the centroid, circumcenter and orthocenter of the triangle 
whose vertices are (2, 3), (3, 4) and (6, 8).

136. If 𝐴(𝛼, 1
𝛼), 𝐵(𝛽, 1

𝛽) and 𝐶(𝛾, 1
𝛾) be the vertices of a △ 𝐴𝐵𝐶 , where 𝛼.𝛽 are the 

roots of the equation 𝑥2 − 6𝑝1𝑥 + 2 = 0; 𝛽, 𝛾 are the roots of the equation 𝑥2 −
6𝑝2𝑥 + 3 = 0 and 𝛾, 𝛼 are the roots of the equation 𝑥2 − 6𝑝𝑥 + 6 = 0, 𝑝1, 𝑝2, 𝑝3 

being positive, find 𝑝1, 𝑝2, 𝑝3 and the coordinates ofo the centroid of △ 𝐴𝐵𝐶 .

137. If tan 𝛼, tan 𝛽, tan 𝛾 are the roots of the equation 𝑥3 − 3𝑎𝑥2 + 3𝑏𝑥 − 1 = 0, find 

the centroid of the triangle whose vertices are (tan 𝛼, cot 𝛼), (tan 𝛽, cot 𝛽) and 

(tan 𝛾, cot 𝛾).

138. Two unlike forces equal to 30 and 40 newtons are applied at the point 𝐴(−3, −1) 
and 𝐵(4, 6) respectively. Find the point of application of resultant force.

139. The area of a parallelogram is 12 units. Two of its vertices are the points 𝐴(−1, 3) 
and 𝐵(−2, 4). Find the other two vertices of the parallelogram if the point of 

intersection of diagonals lies on the positive side of 𝑥-axis.

140. Give the points 𝐴(1, 2), 𝐵(8, 4), 𝐶(4, 10) find the coordinates of the point 𝑃  such 

that the triangles 𝑃𝐶𝐵, 𝑃𝐶𝐴 and 𝑃𝐴𝐵 have the same area in magnitude and sign.

141. If 𝑎, 𝑏, 𝑐 be the 𝑝th, 𝑞th and 𝑟th terms respectively of an H.P., show that the points 

(𝑏𝑐, 𝑝), (𝑐𝑎, 𝑞), (𝑎𝑏, 𝑟) are collinear.

142. If 𝑥1, 𝑥2, 𝑥3 are in A.P. and 𝑦1, 𝑦2, 𝑦3 are also in A.P. prove that the points 

(𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) are collinear.

143. If 𝑎, 𝑏, 𝑐 are distinct real numbers, show that the points (𝑎, 𝑎2), (𝑏, 𝑏2) and (𝑐, 𝑐2) 

are not collinear.

144. If 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) are the vertices of a △ 𝐴𝐵𝐶 and (𝑥, 𝑦) be a 

point on the median through 𝐴, show that |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| = 0.
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145. The area of a triangle is 3
2  sq. units. Two of its vertices are 𝐴(2, −3) and 𝐵(3, −2), 

the centroid of the triangle lies on the line 3𝑥 − 𝑦 − 8 = 0. Find the third vertex 𝐶 .

146. Prove that the quadrilateral whose vertices are 𝐴(−2, 5), 𝐵(4, −1), 𝐶(9, 1) and 

𝐷(3, 7) is a parallelogram and find its area. If 𝐸 divides 𝐴𝐶 in the ratio 2 : 1, 

prove that 𝐷, 𝐸 and the middle point 𝐹  of 𝐵𝐶 are collinear.

147. Prove that points (−3, −1), (2, −1), (1, 1) and (−2, 1) taken in order are vertices 

of a trapezium.

148. If the vertices of a triangle have integral coordinates, prove that the triangle cannot 
be equilateral.
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2 Locus

When the movement of a point is represented by an equation or equations then it 
means that the movement of point satisfies some geometric condition or conditions, the 
associated equation or equations or the path traced by the point is called its locus. In 
coordinate geometry all the equations whether they are straight lines, circles, parabolas, 
ellipses or hyperbolas are all locus of a point to some equation.

A common example is that of a circle. Consider a point 𝑃  which moves as to form 
a circle. Then the condition is that the distance of point from the center of the circle 
is equal to the radius of the circle. Let 𝐶(𝑎, 𝑏) be the center of the circle and 𝑟 be 

its radius. Then the equation which governs this movement is given by (𝑥 − 𝑎)2 +
(𝑦 − 𝑏)2 = 𝑟2, also known as general equation of a circle. In this case the circumference 

is the locus of the point 𝑃 .

Another example could be given as bisector of a line segment. Consider a point 𝑃  and 
a line segment formed by two points 𝐴 and 𝐵. In this case the path is governed by 
the fact that 𝑃  moves in such a way that its distance from 𝐴 and 𝐵 remains equal. 
Let 𝐴 be (𝑥1, 𝑦1) and 𝐵 be (𝑥2, 𝑦2). Then we can say that 𝑃(𝑥, 𝑦) satisfies

(𝑥 − 𝑥1)
2 + (𝑦 − 𝑦2

1) = (𝑥 − 𝑥2
2) + (𝑦 − 𝑦2)

2 ⇒ −2𝑥𝑥1 + 𝑥2
1 − 2𝑦𝑦1 + 𝑦2

1 = −2𝑥𝑥2 +
𝑥2

2 − 2𝑦𝑦2 + 𝑦2
2

⇒ 2𝑥(𝑥2 − 𝑥1) + 2𝑦(𝑦2 − 𝑦1) = 𝑥2
2 − 𝑥2

1 + 𝑦2
2 − 𝑦2

1  is the equation of the straight line 

which representd the locus of the bisector of 𝐴𝐵, which is a straight line.

𝐴 𝐵

𝐶

𝐷

Figure  2.1: Bisector lines.

In the given figure both 𝐴𝐵 and 𝐶𝐷 are bisectors of each other.

We can also state our circle example in another manner, which will lead to same locus 
but a different equation. By geometry, we know that the end points of a diameter and 
any point on the circumference subtend a right angle at the circumference. Thus, 𝐴 
and 𝐵 can be two different fixed points and 𝑃  can be a point such that △ 𝐴𝐵𝑃  is 
a right-angled triangle at 𝑃 . The locus of 𝑃  is therefore again a circle with 𝐴𝐵 as a 
diameter.

Consider equation of a straight line.

𝑥 = 𝑦 (2.1)

The equation Equation  (2.1) is a relationship between two quantities and as 
such there are infinite solutions that exist. We cannot know all solutions 
but we can definitely enumerate some of the solutions. For example, (𝑥, 𝑦) ∈
{(0, 0), (1, 1), (2, 2), (3, 3), (−1, −1), (−2, −2), (−3, −3)} are some of the values which 



32  2. Locus

will satisfy the above equation. These are the points which will lie on the line 
represented by the equations Equation  (2.1).

𝑥

𝑦

𝑃1

𝑃2

𝑃3

𝑃4

𝑃5

𝑃6

Figure  2.2: Locus of a straight line.

We see from Figure  2.2 that the points we have chosen indeed lie on the equation 
representing the locus.

Now we consider our example of a circle again. Imagine a circle with center at origin 
having radius of 2 units. The equation of this circle is given by

𝑥2 + 𝑦2 = 1 (2.2)

Like straight line there are infinite points on this cir
cle and we consider some of them. For example, (𝑥, 𝑦) ∈
{(2, 0), (

√
3, 1), (

√
2,

√
2), (1,

√
3), (0, 2), (−1,

√
3), (−

√
2,

√
2), (−

√
3, 1), (−2, 0),

(−
√

3, −1), (−
√

2, −
√

2), (−1, −
√

3), (0, −2), (1, −
√

3), (
√

2, −
√

2), (
√

3, −1)}. 

These points are shown on the circle in the figure below:

𝑥

𝑦

𝑂

𝑄

𝑀

Figure  2.3: Locus of a circle.



We can take any point 𝑄(𝑥, 𝑦) on Figure  2.3 such that 𝑄𝑀  is the perpendicular on 

𝑥-axis then we find that 𝑄𝑀2 + 𝑂𝑀2 = 𝑂𝑄2 ⇒ 𝑦2 + 𝑥2 = 𝑟2, which is what the 

equation of a circle is. Thus, all the points on the circle satisfy the Equation  (2.2).

We take one more example of that of a parabola. We take a specific parabola given by 
the equation

𝑦2 = 4𝑥 (2.3)

Like the circle example there are infinite points on this parabola as well and we consider 
some of them like the circle example. For example, (𝑥, 𝑦) ∈ {(0, 0), (1, ±2),

(2, ±2
√

2, (4, ±4)}. These points are shown on the parabola in the figure below:

𝑥

𝑦

𝑂

Figure  2.4: Locus of a parabola.

If we take any other point on the parabola then it will satisfy the equation of the 
parabola like it did for the circle example. Thus, all the points on the parabola satisfy 
the Equation  (2.3).

Similarly, we can prove that 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1 is locus of an ellipse and 𝑥2

𝑎2 − 𝑦2

𝑏2 = 1 is that 

of a hyperbola. You are encourage to draw the diagram and verify it.

2.1 Finding Locus of a Point

Let the coordinates of the moving point 𝑃  be (𝛼, 𝛽). Apply the given geometrical 

constraint or condition tp obtain the relationship between 𝛼, 𝛽 and known quantities. 

Replace (𝛼, 𝛽) by (𝑥, 𝑦) in the obtained equation. The resulting equation will be the 

locus of the point under consideration.

If a point moves in such a manner that it satisfies any given condition it will describe 
some definitive curve, or locus then we can always find an equation between 𝑥 and 𝑦 

of any point on the path. This equatio is called equation of the locus or the curve in 
question.

Definition: Euqation to a curve: The equation to a curve is a relation, which exists 
between the coordinates of any point on the curve, and which holds for no other points 
except lying on the curve.
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It is obvious that for every equation between 𝑥 and 𝑦 a geometrical locus can always 

be found.

2.2 Equation of Locus in Different Forms

1. Cartesian Form: If the equation of the locus has the form 𝑦 = 𝑓(𝑥) or 𝑓(𝑥, 𝑦) =
0, where 𝑥 and 𝑦 are the cartesian coordinates of the point 𝑃 , it is called cartesian 

equation of the locus. All the examples we have covered are of the cartesian form.
2. Polar Form: If the equation of the locus has the form 𝑟 = 𝑓(𝜃) or 𝑓(𝑟, 𝜃) = 0 are 

the polar coordinates of the point 𝑃 , it is called polar equation of the locus. For 
example, 𝑟2 cos𝜃 +𝑟2 sin2 𝜃 = 𝑎2 is the equation of the circle in polar form.

3. Parametric Form: If 𝑥 and 𝑦 coodinates of the point 𝑃  are given in terms of a 

third variable 𝑡(called the parameter). This equation is called parametric equation of 
the locus. For example, the equation of parabola, which is 𝑦2 = 4𝑥 in cartesian form 

can be written in parametric form as 𝑥 = 𝑡2 and 𝑦 = 2𝑡. If we eliminate 𝑡 then we 

get cartesian form of the equation to the locus.

2.3 Problems

1. A point moves so that the algebraic sum of its distances from two given perpendicular 
axes is equal to a constant quantity 𝑎; find the equation to its locus.

2. The sum of squares of the distances of a moving point from the two fixed points 
(𝑎, 0) and (−𝑎, 0) is equal to a constant quatity 2𝑐2. Find the equation to its locus.

3. Find the locus of a point which moves such that its distance from the point (−1, 0) 
is always three times its distance from the point (0, 2).

𝐴 and 𝐵 being the fixed points (𝑎, 0) and (−𝑎, 0) respectively, obtain the equations 

giving the locus of 𝑃 , when

4. 𝑃𝐴2 − 𝑃𝐵2 = a constant quantity = 2𝑘2.

5. 𝑃𝐴 = 𝑛𝑃𝐵, 𝑛 being a constant.

6. 𝑃𝐴 + 𝑃𝐵 = 𝑐, a constant quantity.

7. 𝑃𝐵2 + 𝑃𝐶2 = 2𝑃𝐴2, 𝐶 being the point (𝑐, 0).

8. Find the locus of a point whose distance from the point (1, 2) is equal to its distance 

from the 𝑦-axis.

Find the equation to the locus of a point which is always equidistant from the points 
whose coordinates are

9. (1, 0) and (0, −2).

10. (2, 3) and (4, 5).

11. (𝑎 + 𝑏, 𝑎 − 𝑏) and (𝑎 − 𝑏, 𝑎 + 𝑏).

Find the equation to the locus of a point which moves so that

12. its distance from the 𝑥-axis is three times its distance from the 𝑦-axis.
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13. its distance from the point (𝑎, 0) is always four times its distance from the axis 

of 𝑦.

14. the sum of the squares of its distances from the axes is equal to 3.

15. the square of its distance from the point (0, 2) is equal to 4.

16. its distance from the point (3, 0) is three times its distance from (0, 2).

17. its distance from the 𝑥-axis is always one half its distance from the origin.

18. A fixed point is at a perpendicular distance 𝑎 from a fixed straight line and a point 
moves so that its distance from the fixed point is always equal to its distance from 
the fixed line. Find the equation to its locus, the axes of coordinates being drawn 
through the fixed point and being parallel and perpendicular to the given line.

19. In the previous question if the first distance be (1), always half, and (2), always 
twice, the second distance, find the equations to the respective loci.

20. If the coordinates of a variable point 𝑃  be (𝑎 cos 𝜃, 𝑏 sin 𝜃), where 𝜃 is a variable 

quantity, find the locus of 𝑃 .

21. Find the equation of the locus of a point such that the sum of its distances from 
(0, 2) and (0, −2) is 6.

22. 𝐴 and 𝐵 are two fixed points having a distance of 2𝑎. Find the locus of a point 𝑃  
such that ∠𝐴𝑃𝐵 is a right angle.

23. A line segment 𝐴𝐵 of length 𝑎 + 𝑏 moves such that its extremeties 𝐴 and 𝐵 always 

remain on the axis of 𝑥 and 𝑦 respectively. Find the locus of a variable point 𝑃  on 

𝐴𝐵 such that 𝑃𝐴 = 𝑎, 𝑃𝐵 = 𝑏.

24. If 𝑂 be the origin and 𝐴 be a point on the locus 𝑦2 = 8𝑥. Find the locus of the 

middle point of 𝑂𝐴.

25. Examine whether point (2, −5) lies on the curve 𝑥2 + 𝑦2 − 2𝑥 + 1 = 0.

26. If the equations 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 𝑦2 − (𝑚1 + 𝑚2)𝑥𝑦 + 𝑚1𝑚2𝑥2 = 0 

represent the same curve, find 𝑚1 + 𝑚2 and 𝑚1𝑚2.

27. Find the locus of a variable point (𝑎𝑡2, 2𝑎𝑡), where 𝑡 is the parameter.

28. If the coordinates of a variable point 𝑃  be (𝑡 + 1
𝑡 , 𝑡 − 1

𝑡 ), where 𝑡 is variable 

quantity, then find the locus of 𝑃 .

29. If the coordinates of a variable point 𝑃  be (cos 𝜃 + sin 𝜃, cos 𝜃 − sin 𝜃), where 𝜃 is 

a variable quantity, then find the locus of 𝑃 .

30. If 𝐴(cos 𝜃, sin 𝜃), 𝐵(sin 𝜃, cos 𝜃) and 𝐶(1, 2) are the vertices of a △ 𝐴𝐵𝐶 , find the 

locus of its centroid if 𝜃 varies.

31. The position of a moving point in the 𝑥𝑦-plane at time 𝑡 is (𝑢 cos 𝛼.𝑡, 𝑢 sin 𝛼.𝑡 −
𝑘𝑡2), where 𝑢, 𝛼, 𝑘 are constants. Find the locus of the moving point.

32. A point moves so that its distance from the point (−2, 3) is always three times its 

distance from the point (0, 3). Find equation to its locus.
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33. 𝐴 and 𝐵 are two given points whose coordinates are (−5, 3) and (2, 4) respectively. 

A point 𝑃  moves in such a manner that 𝑃𝐴 : 𝑃𝐵 = 3 : 2. Find the equation to the 
locus of 𝑃 .

34. 𝑆 is the point (4, 0) and 𝑀  is the foot of perpendicular drawn from a point 𝑃  to 

the 𝑦-axis. If 𝑃  moves such that the distance 𝑃𝑆 amd 𝑃𝑀  remain equal, find the 

locus to 𝑃 .

35. Prove that the locus of the point equidistant from two given points is the straight 
line which bisects the line segment joining the given points at right angles.

36. If a point 𝑃  moves such that its distance from (𝑎, 0) is always equal to 𝑎 + 𝑥 

coordinate of 𝑃 , show that the locus of 𝑃  is 𝑦2 = 4𝑎𝑥.

37. If 𝐴(1, 2) and 𝐵(−2, 3) are two fixed points, find the locus of a point 𝑃  so that 

area of △ 𝑃𝐴𝐵 is 9 units.

38. If 𝑃  is the middle point of the straight line joining a given point 𝐴(1, 2) and 𝑄 

where 𝑄 is a variable point on the curve 𝑥2 + 𝑦2 + 𝑥 + 𝑦 = 0. Find the locus of 𝑃 .

39. 𝐴(2, 3) is a fixed point and 𝑄(3 cos 𝜃, 2 sin 𝜃) a variable point. If 𝑃  divides 𝐴𝑄 

internally in the ratio 3 : 1, find the locus of 𝑃 .

40. From the point 𝐴(6, −8) all possible lines are drawn to cut the 𝑥-axis. Find the 

locus of their middle points.



3 Straight Lines

Straight lines are the simplest locus which a point can have. We have studied the 
concept of locus in previous chapter. In this chapter we will study different forms of 
the straight lines and problems related to these concepts. It goes without saying that 
it is one of most fundamental and important concepts in coordinate geometry.

We know certain facts about straight lines:

1. Infinitely many lines can be drawn through a point. See Figure  3.1.

Figure  3.1: 

2. Infinitely many lines can be drawn in a direction. See Figure  3.2.

45∘ 45∘ 45∘

Figure  3.2: 

3. One and only one line can be drawn through a fixed point in a given direction. See 
Figure  3.3.

45∘

𝐴

Figure  3.3: 

4. One and only one line can be drawn through two given points. See Figure  3.4.

𝐴

𝐵

Figure  3.4: 
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3.1 Angle of Inclination of a Line

The angle of elevation of any line which cuts the 𝑥-axis the angle which it makes with 
𝑥-axis in the positive anti-clockwise direction. See Figure  3.5.

45∘
135∘

𝑋𝑋 ′

𝑌

𝑌 ′

𝐴

𝐵
𝑋𝑋 ′

𝑌

𝑌 ′

𝐴

𝐵

Figure  3.5: 

3.2 Slope or Gradient of a Line

If the angle of inclination is 𝜃 then tan 𝜃 is called the slope or gradient of the straight 
line. Usually it is denoted by 𝑚. Thus, the slope of the lines shown in Figure  3.5 are 
tan 45° and tan 135° i.e. 1 and −1.

If a line passes through two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) then the slope is given by 
𝑦1−𝑦2
𝑥1−𝑥2

 as we will see soon.

3.3 Equation of a Straight Line

Equation of a straight line is the equation in 𝑥 and 𝑦, which is satisfied by the 

coordinates of all the points on the line and is not satisfied by any point which is not 
on the line. It is always an equation of first degree in 𝑥 and 𝑦. Thus, the general form 

would be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, where 𝑎, 𝑏 and 𝑐 are constants. There are other forms or 

representations of this equation which will follow this section. The equation may be 
an equation in 𝑥 and 𝑦 or only 𝑥 or only 𝑦.

3.4 Equation of Lines Parallel to Axes

3.4.1 Equation of 𝑥-axis

Let 𝑃(𝑥, 𝑦) be an arbitrary point on 𝑥-axis. Since 𝑃(𝑥, 𝑦) lies on 𝑥-axis, therefore, 𝑦 =
0. The relation 𝑦 = 0 is true for all points on 𝑥-axis, while 𝑥 varies. Hence the equation 

of 𝑥-axis is

𝑦 = 0. (3.1)
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3.4.2 Equation of 𝑦-axis

Let 𝑃(𝑥, 𝑦) be an arbitrary point on 𝑦-axis. Since 𝑃(𝑥, 𝑦) lies on 𝑦-axis, therefore, 𝑥 =
0. The relation 𝑥 = 0 is true for all points on 𝑦-axis, while 𝑦 varies. Hence the equation 

of 𝑦-axis is

𝑥 = 0. (3.2)

3.4.3 Equations of Lines Parallel to 𝑦-axis

𝑋𝑋 ′

𝑌

𝑌

𝐴

𝐵

𝑂 𝑎 𝐿

Figure  3.6: 

Let 𝐴𝐵 be a straight line parallel to 𝑦-axis at a distance 𝑎 from it on the positive side 

of 𝑥-axis.

Let 𝐴𝐵 meets 𝑥-axis at 𝐿, then 𝑂𝐿 = 𝑎. Let 𝑃(𝑥, 𝑦) be any point on the line 𝐴𝐵. 

Now 𝑥 = 𝑂𝐿 or 𝑥 = 𝑎. This relation is satisfied for all points on the line 𝐴𝐵 and is 
not satisfied by any point, which does not lie on 𝐴𝐵.

Hence, the equation of the straight line parallel to 𝑦-axis at a distance 𝑎 from it on the 

positive side of 𝑥-axis is

𝑥 = 𝑎. (3.3)
Similarly if the line is on negative side of 𝑥-axis is

𝑥 = −𝑎. (3.4)

3.4.4 Equations of Lines Parallel to 𝑦-axis

Proceeding like previous section, the equation of the straight line parallel to 𝑥-axis at 
a distance 𝑏 frfom it on the positive side of 𝑦-axis is

𝑦 = 𝑏. (3.5)

and if on negative side is

𝑦 = −𝑏. (3.6)
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3.5 Forms of Straight Line

3.5.1 Slope-Intercept Form

We will find an equation to a straight line whose slope is 𝑚 and which cuts an intercept 
on the 𝑦-axis i.e. which passes through the point (0, 𝑐).

𝑋𝑋 ′

𝑌

𝑌 ′

𝜃
𝜃

𝐴

𝐵

𝑂

𝑄

𝐿

𝑃(𝑥, 𝑦)

𝐻

Figure  3.7: Slope intercept form of a straight line

Let 𝐴𝐵 be a line whose slope is 𝑚 and which cuts an intercept 𝑐 on 𝑦-axis. Let 

∠𝐵𝐻𝑋 = 𝜃 and line 𝐴𝐵 cuts 𝑦-axis at 𝑄.

Then from the figure 𝑂𝑄 = 𝑐 and tan 𝜃 = 𝑚.

Let 𝑃(𝑥, 𝑦) be any point on the line 𝐴𝐵. From 𝑃  we draw 𝑃𝐿 ⟂ 𝑄𝑋 and from 𝑄 we 

draw 𝑄𝑀 ⟂ 𝑃𝐿.

Since ∠𝑃𝐻𝐿 = 𝜃 ∴ 𝑃𝑄𝑀 = 𝜃

Now in △ 𝑃𝑄𝑀, tan 𝜃 = 𝑃𝑀
𝑄𝑀 = 𝑃𝐿−𝑀𝐿

𝑄 𝑀 = 𝑃𝐿−𝑄𝑂
𝑂 𝐿 = 𝑦−𝑐

𝑥 = 𝑚

𝑦 = 𝑚𝑥 + 𝑐. (3.7)

Note: If the line passes through origin, then 𝑐 = 0 and the equation of the line becomes 
𝑦 = 𝑚𝑥.

3.5.2 Point-Slope Form

We will find an equation to a straight line whose slope is 𝑚 and which passes through 
a point (𝑥1, 𝑦1). See Figure  3.8.

Let 𝐴𝐵 be a straight line whose slope is 𝑚 and which passes through the point 
𝑄(𝑥1, 𝑦1). Let the line 𝐴𝐵 cut the 𝑥-axis at 𝐻  and ∠𝐵𝐻𝑋 = 𝜃 then tan 𝜃 = 𝑚.

Let 𝑃(𝑥, 𝑦) be any point on line 𝐴𝐵. From 𝑃  and 𝑄 we draw 𝑃𝐿 and 𝑄𝑀  perpen

diculars on 𝑂𝑋 and from 𝑄 we draw 𝑄𝑁  perpedicular on 𝑃𝐿.

Since 𝑃 ≡ (𝑥, 𝑦) ∴ 𝑂𝐿 = 𝑥 and 𝑃𝐿 = 𝑦

and since 𝑄 ≡ (𝑥1, 𝑦1) ∴ 𝑂𝑀 = 𝑥1 and 𝑄𝑀 = 𝑦1

Since ∠𝐵𝐻𝑋 = 𝜃 ∴ ∠𝑃𝑄𝑁 = 𝜃

Now from △ 𝑃𝑄𝑁, tan 𝜃 = 𝑃𝑁
𝑄𝑁 = 𝑦−𝑦1

𝑥−𝑥1
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∴ 𝑚 = 𝑦−𝑦1
𝑥−𝑥1

 or

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1). (3.8)

𝑋𝑋 ′

𝑌

𝑌 ′

𝜃

𝜃

𝐴

𝐵

𝑂
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𝑀 𝐿

𝑁

𝑃(𝑥, 𝑦)

𝐻

Figure  3.8: Slope point form of a straight line

Aliter: Since 𝑚 is the slope of the line therefore its equation may be written as 𝑦 =
𝑚𝑥 + 𝑐. Since (𝑥1, 𝑦1) lies on this line therefore we can write

𝑦1 = 𝑚𝑥1 + 𝑐 ⇒ 𝑐 = 𝑦1 − 𝑚𝑥1

Thus, 𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1).

3.5.3 Two-Point Form

We will find an equation of a straight line which passes through two points (𝑥1, 𝑦1) 
and (𝑥2, 𝑦2). See Figure  3.9.

Let 𝐴𝐵 be a line which passes through two points 𝑄(𝑥1, 𝑦1) and 𝑅(𝑥2, 𝑦2). Let 𝑃(𝑥, 𝑦) 
be any point on 𝐴𝐵.

From 𝑃 , 𝑄 and 𝑅 we drop 𝑃𝐿, 𝑄𝑀  and 𝑅𝑁  perpediculars to 𝑥-axis. From 𝑄 we drop 

perpendicular 𝑄𝐻  to 𝑃𝐿 and from 𝑅 we drop perpendicular 𝑅𝐾 to 𝑄𝑀 .

∵ 𝑃 ≡ (𝑥, 𝑦) ∴ 𝑂𝐿 = 𝑥, 𝑃𝐿 = 𝑦, 𝑄 ≡ (𝑥1, 𝑦1) ∴ 𝑂𝑀 = 𝑥1, 𝑄𝑀 = 𝑦1, and ∵ 𝑅 ≡=
(𝑥2, 𝑦2) ∴ 𝑂𝑁 = 𝑥2, 𝑅𝑁 = 𝑦2

From similar △ 𝑃𝐻𝑄 and △ 𝑄𝐾𝑅, we have

𝑃𝐻
𝑄𝐾 = 𝐻𝑄

𝐾𝑅 ∴ 𝑦−𝑦1
𝑦1−𝑦2

= 𝑥1−𝑥
𝑥2−𝑥1

⇒ 𝑦−𝑦1
𝑦1−𝑦2

= 𝑥−𝑥1
𝑥1−𝑥2

𝑦 − 𝑦1 = 𝑦1 − 𝑦2
𝑥1 − 𝑥2

(𝑥 − 𝑥1). (3.9)

Aliter: Since points 𝑃(𝑥, 𝑦), 𝑄(𝑥1, 𝑦1) anad 𝑅(𝑥2, 𝑦2) are collinear, therefore
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|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0 ⇒ 𝑦 − 𝑦1 = 𝑦1−𝑦2

𝑥1−𝑥2
(𝑥 − 𝑥1).

𝑋𝑋 ′

𝑌

𝑌 ′

𝐵

𝐴

𝑂 𝐿 𝑀 𝑁

𝐻

𝐾

𝑃(𝑥, 𝑦)

𝑄(𝑥1, 𝑦1)

𝑅(𝑥2, 𝑦2)

Figure  3.9: Two point form of a straight line

Aliter: Let the equation of straight line be 𝑦 = 𝑚𝑥 + 𝑐. Since it passes through 

(𝑥1, 𝑦1) and (𝑥2, 𝑦2), therefore 𝑦1 = 𝑚𝑥1 + 𝑐, 𝑦2 = 𝑚𝑥2 + 𝑐 ⇒ 𝑚 = 𝑦1−𝑦2
𝑥1−𝑥2

. Now 𝑐 =
𝑦1 − 𝑚𝑥1 = 𝑦1 − (𝑦1 − 𝑦2)(𝑥1 − 𝑥2)𝑥1

Substituting we get 𝑦 − 𝑦1 = 𝑦1−𝑦2
𝑥1−𝑥2

(𝑥 − 𝑥1).

3.5.4 Intercept Form

𝑂 𝑋

𝑌

𝑃(𝑥, 𝑦)

𝑦

𝐿 𝑄

𝑅

𝑥

𝐵

A

Figure  3.10: Intercept form of a straight line
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We will find the equation of the straight line which cuts the intercept 𝑎 and 𝑏 at 𝑥-
axis and 𝑦-axis respectively. See Figure  3.10.

Let 𝐴𝐵 be a line which cuts intercept 𝑎 and 𝑏 on 𝑥-axis and 𝑦-axis respectively. Let 

line 𝐴𝐵 cut 𝑥-axis at 𝑄 and 𝑦-axis at 𝑅, then 𝑂𝑄 = 𝑎 and 𝑂𝑅 = 𝑏.

Let 𝑃(𝑥, 𝑦) be any point on line 𝐴𝐵, then 𝑂𝐿 = 𝑥 and 𝑃𝐿 = 𝑦.

Now in similar △ 𝑄𝐿𝑃  and △ 𝑂𝑄𝑅, we have

𝑄𝐿
𝑄𝑂 = 𝑃𝐿

𝑂𝑅  or 𝑎−𝑥
𝑎 = 𝑦

𝑏

⇒ 𝑥
𝑎

+ 𝑦
𝑏

= 1. (3.10)

Aliter: Since 𝑂𝑄 = 𝑎 and 𝑂𝑅 = 𝑏, therefore 𝑄 ≡ (𝑎, 0) and 𝑅 ≡= (0, 𝑏). Since points 

𝑃(𝑥, 𝑦), 𝑄(𝑎, 0) and 𝑅(0, 𝑏) are collinear, therefore,

|
𝑥
𝑎
0

𝑦
0
𝑏

1
1
1
| = 0 ⇒ 𝑏𝑥 + 𝑎𝑦 = 𝑎𝑏

⇒ 𝑥
𝑎

+ 𝑦
𝑏

= 1. (3.11)

Aliter: Δ𝑄𝑂𝑅 = Δ𝑃𝑂𝑄 + Δ𝑃𝑅𝑂 ⇒ 1
2𝑎𝑏 = 1

2𝑎𝑦 + 1
2𝑏𝑥 ⇒ 𝑥

𝑎 + 𝑦
𝑏 = 1.

3.5.5 Normal Form

We will find the equation of the straight line upon which the length of the perpendicular 
from the origin is 𝑝 and this normal makes an angle 𝛼 with the positive direction of 

𝑥-axis.

𝑂 𝑋

𝑌

𝑃(𝑥, 𝑦)

𝑦

𝐿 𝑄

𝑅

𝑥

𝐵

A

𝛼

𝛼

Figure  3.11: Normal form of a straight line

Let 𝐴𝐵 be a line and 𝑂𝑃  be perpendicular from the origin to 𝐴𝐵. Let 𝑂𝑃 = 𝑝 and 

∠𝑃𝑂𝑋 = 𝛼(the point can be different than 𝑃  but in this diagram 𝑃  is such that 𝑂𝑃  
is perpendicular to 𝐴𝐵).

Let 𝑃(𝑥, 𝑦) be any point on the line 𝐴𝐵. From 𝑃  we draw 𝑃𝐿 perpendicular to 𝑂𝑋. 

Let line 𝐴𝐵 cut 𝑥-axis and 𝑦-axis at 𝑄 and 𝑅 respectively.
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Since 𝑃 ≡ (𝑥, 𝑦) ∴ 𝑂𝐿 = 𝑥, 𝑃𝐿 = 𝑦. Since ∠𝑃𝑂𝑄 = 𝛼 ∴ ∠𝑃𝑄𝑂 = 90° − 𝛼, ∠𝐿𝑃𝑄 =
𝛼
From △ 𝑃𝐿𝑄, 𝐿𝑄 = 𝑃𝐿 tan 𝛼 = 𝑦 tan 𝛼. Now 𝑂𝑃 = 𝑂𝑄 cos 𝛼 = (𝑂𝐿 + 𝐿𝑄) cos 𝛼

= (𝑥 + 𝑦 tan 𝛼) cos 𝛼

𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝. (3.12)

Aliter: 𝑂𝑄 = 𝑝 sec 𝛼 and since ∠𝑂𝑅𝑃 = 𝛼, 𝑂𝑅 = 𝑝 csc 𝛼

Hence, 𝑄 ≡ (𝑝 sec 𝛼, 0), 𝑅 ≡ (0, 𝑝 csc 𝛼)

Now the points 𝑃(𝑥, 𝑦), 𝑄(𝑝 sec 𝛼, 0) and 𝑅(0, 𝑝 csc 𝛼) are collinear, therefore,

|
𝑥

𝑝 sec 𝛼
0

𝑦
0

𝑝 csc 𝛼

1
1
1
| = 0 ⇒ 𝑥(−𝑝 csc 𝛼) − 𝑦𝑝 sec 𝛼 + 1.𝑝2 sec 𝛼 csc 𝛼 = 0

⇒ 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝. (3.13)

3.5.6 Distance Form or Parametric Form

We will find the equation of the straight line passing through the point (𝑥1, 𝑦1) and 

making an angle 𝜃 with the positive direction of 𝑥-axis.

𝑂 𝑋

𝑌

𝑃(𝑥, 𝑦)

𝑄(𝑥1, 𝑦1)

𝐵

𝐴
𝐿 𝑀 𝐻

𝐾

𝜃

𝜋 − 𝜃

Figure  3.12: Distance form or parametric form of a straight line

Let 𝐴𝐵 be a line which passes through the point 𝑄(𝑥1, 𝑦1) and makes an angle 𝜃 with 

the positive direction of 𝑥-axis.

Let 𝑃(𝑥, 𝑦) be a point on the line 𝐴𝐵.

From 𝑃  and 𝑄 we draw 𝑃𝐿 and 𝑄𝑀  perpendicular on 𝑥-axis. From 𝑄, we draw 𝑄𝐾 

perpendicular to 𝑃𝐿.

∵ 𝑃 ≡ (𝑥, 𝑦) ∴ 𝑂𝐿 = 𝑥, 𝑃𝐿 = 𝑦. ∵ 𝑄 ≡ (𝑥1, 𝑦1) ∴ 𝑂𝑀 = 𝑥1, 𝑄𝑀 = 𝑦1.

∵ ∠𝐵𝐻𝑋 = 𝜃 ∴ ∠𝐵𝐻𝑂 = 𝜋 − 𝜃 ∴ 𝑃𝑄𝐾 = 𝜋 − 𝜃

Let 𝑃𝑄 = 𝑟. From △ 𝑃𝐾𝑄, cos(𝜋 − 𝜃) = 𝐾𝑄
𝑃𝑄 ⇒ − cos 𝜃 = 𝑥−𝑥1

𝑟 ⇒ cos 𝜃 = 𝑥−𝑥1
𝑟 ⇒

𝑥−𝑥1
cos 𝜃 = 𝑟
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Also, sin(𝜋 − 𝜃) = 𝑃𝐾
𝑃𝑄 ⇒ sin 𝜃 = 𝑦−𝑦1

𝑟 ⇒ 𝑦−𝑦1
sin 𝜃 = 𝑟

Thus,

𝑥 − 𝑥1
cos 𝜃

= 𝑦 − 𝑦1
sin 𝜃

= 𝑟. (3.14)

Corollary: From Equation  (3.14) we can say that

𝑥 = 𝑥1 + 𝑟 cos 𝜃, 𝑦 = 𝑦1 + 𝑟 cos 𝜃 (3.15)

which is parametric form of a straight line.

If 𝑄(𝑥1, 𝑦1) be a point on a line 𝐴𝐵, which makes an angle 𝜃 with the positive direction 

of 𝑥-axis, then there will be two points on line 𝐴𝐵 and their coordinates will be (𝑥1 +
𝑟 cos 𝜃, 𝑦1 + 𝑟 sin 𝜃) and (𝑥1 − 𝑟 cos 𝜃, 𝑦1 − 𝑟 sin 𝜃). These two points will be on two 

opposite sides of 𝑄 on the line 𝐴𝐵.

3.5.7 General Euqation of a Straight Line

We will show that the general equation of first degree in 𝑥 and 𝑦 always represent a 

straight line.

Let the general equation of first degree in 𝑥 and 𝑦 be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

Let 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) be two points on this line. Then

𝑎𝑥1 + 𝑏𝑦1 + 𝑐 = 0 and 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 = 0.

Multiplying the two equations by 𝑚 and 𝑛 respectively and adding gives us

𝑎(𝑚𝑥1 + 𝑛𝑥2) + 𝑏(𝑚𝑦1 + 𝑏𝑦2) + 𝑐(𝑚 + 𝑛) = 0

⇒ 𝑎(𝑚𝑥1+𝑛𝑥2)
𝑚+𝑛 + 𝑏(𝑚𝑦1+𝑛𝑦2)

𝑚+𝑛 + 𝑐 = 0

Thus, point (𝑚𝑥1+𝑛𝑥2
𝑚+𝑛 , 𝑚𝑦1+𝑛𝑦2

𝑚+𝑛 ) lie on the line we have chosen.

Since 𝑚 and 𝑛 are arbitrary numbers, therefore, each point on the line 𝐴𝐵 will lie on 
this locus. Hence, the general equation of a straight line is

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0. (3.16)

Aliter: Let the general equation of first degree in 𝑥 and 𝑦 be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) be any three points on the above line. Then

𝑎𝑥1 + 𝑏𝑦1 + 𝑐 = 0, 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 = 0, 𝑎𝑥3 + 𝑏𝑦3 + 𝑐 = 0

⇒ |
𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1
| = 0

Thus, 𝐴, 𝐵, 𝐶 are collinear. Thus, the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is equation of a straight 

line.

Converse: Every straight line may be represented by a first degree equation in 𝑥 and 𝑦.

We know that through two points one and only one straight line can be drawn.

Let 𝐴(𝑥1, 𝑦2) and 𝐵(𝑥2, 𝑦2) be two points on the straight line and let 𝑃(𝑥, 𝑦) be any 

point on it. Now since 𝑃 , 𝐴, 𝐵 are collinear
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⇒ |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0 ⇒ (𝑦1 − 𝑦2)𝑥 − (𝑥1 − 𝑥2)𝑦 + 𝑥1𝑦2 − 𝑥2𝑦1 = 0

which is of the form 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, where 𝑎 = 𝑦1 − 𝑦2, 𝑏 = 𝑥2 − 𝑥1, 𝑐 = 𝑥1𝑦2 −
𝑥2𝑦1.

Since the equation 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is satisfied by all points on the line 𝐴𝐵 and it will 

not be satisfied by the coordinates of any point which does not lie on the line 𝐴𝐵, 
hence, it represents the equation of line 𝐴𝐵.

3.6 Representing General Equation in Standard Forms

3.6.1 Slope Intercept Form

We will reduce the equattion 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 to 𝑦 = 𝑚𝑥 + 𝑐

Given equation is 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 ⇒ 𝑦 = −𝐴
𝐵𝑥 − 𝐶

𝐵 , which is of the form 𝑦 = 𝑚𝑥 +
𝑐
Comparing we have 𝑚 = −𝐴

𝐵  and 𝑐 = −𝐶
𝐵 .

3.6.2 Intercept Form

We will reduce the equation 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 to 𝑥
𝑎 + 𝑦

𝑏 = 1.

This reduction is possible only if 𝐶 ≠ 0.

Given equation is 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 ⇒ −𝐴
𝐶𝑥 − 𝐵

𝐶𝑦 = 1, where 𝐶 ≠ 0

⇒ 𝑥
−𝐶

𝐴
+ 𝑦

−𝐶
𝐵

= 1, which is of the form 𝑥
𝑎 + 𝑦

𝑏 = 1, where 𝑎 = −𝐶
𝐴 , 𝑏 = −𝐶

𝐵 .

3.6.3 Normal Form

We will reduce the equation 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 to the form 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝 where 

𝛼 is the angle made by the perpendicular on the line from origin and 𝑝 is the length 

of the perpendicular.

Given equation is 𝐴𝑥 + 𝐵𝑦 = −𝐶

Case I: When 𝐶 < 0 i.e. −𝐶 > 0.

Dividing both sides by 
√

𝐴2 + 𝐵2 gives us

𝐴√
𝐴2+𝐵2 𝑥 + 𝐵√

𝐴2+𝐵2 𝑦 = − 𝐶√
𝐴2+𝐵2 , which is of the form 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝.

Case II: When 𝐶 > 0 i.e. −𝐶 < 0.

Given equation can be written as −𝐴𝑥 − 𝐵𝑦 = 𝐶

⇒ − 𝐴√
𝐴2+𝐵2 𝑥 − 𝐵√

𝐴2+𝐵2 𝑦 = 𝐶√
𝐴2+𝐵2 , which is of the form 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝.
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3.7 Angle between Two Straight Lines

𝑂 𝑋

𝑌

𝑋 ′

𝑌 ′

𝑃

𝐴

𝐵

𝐶

𝐷
𝐿𝑀

𝛼𝛽

𝜙
𝜓

Figure  3.13: Angle between two straight lines

We will find the angle between two straight lines given by the equations 𝑦 = 𝑚1𝑥 +
𝑐1 and 𝑦 = 𝑚𝑥2 + 𝑐2.

Let 𝐴𝐵 and 𝐶𝐷 be two given lines whose equations are 𝑦 = 𝑚1𝑥 + 𝑐1 and 𝑦 =
𝑚𝑥2 + 𝑐2.

Let 𝐴𝐵 and 𝐶𝐷 cut each other at 𝑃  and they cut the 𝑥-axis at points 𝐿 and 𝑀  
respectively.

Let ∠𝑀𝑃𝐿 = 𝜓 and ∠𝐴𝐿𝑋 = 𝛼, ∠𝐷𝑀𝑋 = 𝛽. Now since line 𝐴𝐵 makes an angle 

𝛼 with 𝑥-axis and its slope is 𝑚1. ∴ 𝑚1 = tan 𝛼.

Again since 𝐶𝐷 makes an angle 𝛽 with 𝑥-axis and its slope be 𝑚2. ∴ 𝑚2 = tan 𝛽.

From the figure 𝛼 = 𝜓 + 𝛽 ⇒ 𝜓 = 𝛼 − 𝛽

tan 𝜓 = tan(𝛼 − 𝛽) = tan 𝛼− tan 𝛽
1+ tan 𝛼 tan 𝛽 = 𝑚1−𝑚2

1+𝑚1𝑚2

If ∠𝑃𝐿𝐷 = 𝜑 then 𝜓 + 𝜑 = 𝜋 ⇒ 𝜑 = 𝜋 − 𝜓

∴ tan 𝜑 = − tan 𝜓 = − 𝑚1𝑚2
1+𝑚1𝑚2

Since 𝜓 and 𝜑 are the two angles between the lines 𝐴𝐵 and 𝐶𝐷, it follows that the 

angle 𝜃 between these two lines is given by

tan 𝜃 = ± 𝑚1−𝑚2
1+𝑚1𝑚2

⇒ 𝜃 = tan−1| 𝑚1−𝑚2
1+𝑚−1𝑚2

|, 𝜋 − tan−1| 𝑚1−𝑚2
1+𝑚−1𝑚2

|

If 𝜃 is the acute angle between the lines then

tan 𝜃 = | 𝑚1 − 𝑚2
1 + 𝑚1𝑚2

|. (3.17)

Notes:

• There are two angles between two non-perpendicular lines. One of them is acute and 
the other one is obtuse and their sum is 180°. Thus, if acute angle 𝜃 between the 
two lines is known then the other angle will be 180° − 𝜃.

• The formula tan 𝜃 = ± 𝑚1−𝑚2
1+𝑚1𝑚2

 is valid only when 𝑚1 and 𝑚2 are defined.

• If both the lines are perpendicular to 𝑥-axis then the angle between them is 0°.
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• If one of the lines is perpendicular to 𝑥-axis and the other line makes an angle of 𝜃 
with positive direction of 𝑥-axis then the angle between them is |90° − 𝜃|.

3.7.1 Parallelism and Perpendicularity

Our equation for angle between two straight lines is tan 𝜃 = ± 𝑚1−𝑚2
1+𝑚1𝑚2

. If the lines are 

parallel then the value of 𝜃 would be 0. Thus, 𝑚1 = 𝑚2. For special case when two 

lines are parallel to 𝑦-axis i.e. 𝑚1 = 𝑚2 = ∞ then both the lines are taken as parallel.

For lines to be perpendicular then tan 𝜃 = ∞ ⇒ 1 + 𝑚1𝑚2 = 0 ⇒ 𝑚1𝑚2 = −1. When 

either of 𝑚1 or 𝑚2 is not defined then one of them has to be parallel to 𝑥-axis while 

the other has to be parallel to 𝑦-axis.

3.7.1.1 To find the angle between straight lines 𝑎1𝑥 + 𝑏1𝑦 + 𝑐 = 0 and 𝑎2𝑥 +
𝑏2𝑦 + 𝑐 = 0
Writing the equation in slope intercept form we find that the slopes are given by 𝑚1 =
−𝑎1

𝑏1
 and 𝑚2 = −𝑎2

𝑏2

If 𝜃 be the angle between the two lines then tan 𝜃 = ± 𝑚1−𝑚2
1+𝑚1𝑚2

= ±
−𝑎1

𝑏1
+𝑎2

𝑏2
1+𝑎1

𝑏1
.𝑎2

𝑏2
=

±𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

𝜃 = tan−1|𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

| or 𝜃 = 𝜋 − tan−1|𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

|

Clearly, the lines will be parallel if 𝜃 = 0 i.e.

𝑎1
𝑎2

= 𝑏1
𝑏2

. (3.18)

and the lines will be perpendicular if

𝑎1𝑎2 + 𝑏1𝑏2 = 0. (3.19)

3.8 Lines Parallel to Another Line

We will find equation of a line parallel to another line in standard form i.e. 𝑎𝑥 + 𝑏𝑦 +
𝑐 = 0.

Let the line parallel to give line is 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0

From Equation  (3.18) these two lines will be parallel if 𝑙
𝑎 = 𝑚

𝑏 = 𝑝 (say) then 𝑙 =
𝑎𝑝, 𝑚 = 𝑏𝑝

which makes the equation of the line as 𝑎𝑥 + 𝑏𝑦 + 𝑛
𝑝 = 0 or 𝑎𝑥 + 𝑏𝑦 + 𝑘 = 0, where 

𝑘 = 𝑛
𝑝 .

Thus, equation of any line parallel to 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is given by

𝑎𝑥 + 𝑏𝑦 + 𝑘 = 0. (3.20)
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3.9 Lines Perpendicular to Another Line

We will find equation of a line perpendicular to another line in standard form i.e. 𝑎𝑥 +
𝑏𝑦 + 𝑐 = 0.

Let the line perpendicular to give line is 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0

From Equation  (3.19) these two lines will be parallel if 𝑎𝑙 + 𝑏𝑚 = 0 or 𝑙
𝑏 = −𝑚

𝑎 =
𝑝 (say)

Thus, 𝑏𝑝𝑥 − 𝑎𝑝𝑦 + 𝑛 = 0 ⇒ 𝑏𝑥 − 𝑎𝑦 + 𝑛
𝑝 = 0 ⇒ 𝑏𝑥 − 𝑎𝑦 + 𝑘 = 0, where 𝑘 = 𝑛

𝑝

Thus, equation of any line perpendicular to 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is given by

𝑏𝑥 − 𝑎𝑦 + 𝑘 = 0. (3.21)

3.10 Point of Intersection

We will find the point of intersection of two lines in standard form i.e. between the 
lines given by 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0.

Let 𝑃(𝛼, 𝛽) is the point of intersection of these two lines then 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 = 0 and 

𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 = 0

By cross-multiplication we have 𝛼
𝑏1𝑐2−𝑏2𝑐1

= 𝛽
𝑐1𝑎2−𝑐2𝑎1

= 1
𝑎1𝑏2−𝑎2𝑏1

Thus, the point of intersection is given by ( 𝑏1𝑐2−𝑏2𝑐1
𝑎1𝑏2−𝑎2𝑏1

, 𝑐1𝑎2−𝑐2𝑎1
𝑎1𝑏2−𝑎2𝑏1

).

As you can see in case of parallel lines 𝑎1𝑏2 − 𝑎2𝑏1 = 0 and then 𝛼 and 𝛽 are not 

defined.

In this case neither 𝑐1𝑎2 − 𝑐2𝑎1 nor 𝑏1𝑐2 − 𝑏2𝑐1 will be zero, otherwise 
𝑎1
𝑎2

= 𝑏1
𝑏2

= 𝑐1
𝑐2

 

i.e. the two lines will be coincident or same.

3.10.1 Line Passing through Point of Intersection of Two Lines

We will find the general equation of a straight line passing through point of intersection 
of two straight lines in standard form i.e. lines given by 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 +
𝑏2𝑦 + 𝑐2 = 0.

We consider the straight line in first degree equation 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 + 𝑘(𝑎2𝑥 + 𝑏2𝑦 +
𝑐2) = 0.

Let 𝑃(𝛼, 𝛽) be the point of intersection then 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 = 0 and 𝑎2𝛼 + 𝑏2𝛽 +
𝑐2 = 0 and 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 + 𝑘(𝑎2𝛼 + 𝑏2𝛽 + 𝑐2) = 0

Clearly, the third equation is an equation of a line passing through 𝑃 .

Thus, our desired equation is

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 + 𝑘(𝑎2𝑥 + 𝑏2𝑦 + 𝑐2) = 0. (3.22)
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3.11 Concurrency of Three Straight Lines

We will find condition for concurrency of three lines in standard form i.e. the lines are 
given by 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0.

Let 𝑃(𝛼, 𝛽) be the point where these three lines meet. Then (𝛼, 𝛽) will lie on all three 

lines. Thus, 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 = 0 and 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 = 0

Using cross-multiplication gives us 𝛼
𝑏1𝑐2−𝑏2𝑐1

= 𝛽
𝑐1𝑎2−𝑐2𝑎1

= 1
𝑎1𝑏2−𝑎2𝑏1

Thus, the point of intersection is given by ( 𝑏1𝑐2−𝑏2𝑐1
𝑎1𝑏2−𝑎2𝑏1

, 𝑐1𝑎2−𝑐2𝑎1
𝑎1𝑏2−𝑎2𝑏1

).

Now this point will lie on the third line and therefore will satisfy the equation for third 
line. Hence,

𝑎3
𝑏1𝑐2−𝑏2𝑐1
𝑎1𝑏2−𝑎2𝑏1

+ 𝑏3
𝑐1𝑎2−𝑐2𝑎1
𝑎1𝑏2−𝑎2𝑏1

+ 𝑐3 = 0.

Thus, the required condition for concurrency of three lines is give by

𝑎3(𝑏1𝑐2 − 𝑏2𝑐1) + 𝑏3(𝑐1𝑎2 − 𝑐2𝑎1) + 𝑐3(𝑎1𝑏2 − 𝑎2𝑏1) = 0. (3.23)

Aliter: Equations of given lines are 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝑎3𝑥 +
𝑏3𝑦 + 𝑐3 = 0.

Let 𝑃(𝛼, 𝛽) be the point where these three lines meet. Then (𝛼, 𝛽) will lie on all three 

lines. Thus, 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 = 0, 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 = 0 and 𝑎3𝛼 + 𝑏3𝛽 + 𝑐3 = 0

Eliminating 𝛼 and 𝛽 we can write that

|
𝑎1
𝑎2
𝑎3

𝑏1
𝑏2
𝑏3

𝑐1
𝑐2
𝑐3

| = 0, which is the required condition. Upon expansion the determinant 

becomes 𝑎3(𝑏1𝑐2 − 𝑏2𝑐1) + 𝑏3(𝑐1𝑎2 − 𝑐2𝑎1) + 𝑐3(𝑎1𝑏2 − 𝑎2𝑏1) = 0.

Corollary: The straight lines 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝑎3𝑥 + 𝑏3𝑦 +
𝑐3 = 0 will be concurrent if and only if there exists three constants 𝑙, 𝑚, 𝑛 (not all zero 

at the same time) such that 𝑙(𝑎1𝑥 + 𝑏1𝑦 + 𝑐1) + 𝑚(𝑎2𝑥 + 𝑏2𝑦 + 𝑐2) + 𝑛(𝑎3𝑥 + 𝑏3𝑦 +
𝑐3) = 0 identically i.e. for all values of 𝑥 and 𝑦.

Let there be three constants 𝑙, 𝑚, 𝑛 (not all zero at the same time) such that 𝑙(𝑎1𝑥 +
𝑏1𝑦 + 𝑐1) + 𝑚(𝑎2𝑥 + 𝑏2𝑦 + 𝑐2) + 𝑛(𝑎3𝑥 + 𝑏3𝑦 + 𝑐3) = 0 for all values of 𝑥 and 𝑦.

Since 𝑙, 𝑚, 𝑛 are not zero at the same time let 𝑛 ≠ 0. Let (𝛼, 𝛽) be the point of 

intersection of first two lines. Then

𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 = 0 and 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 = 0

Since the given condition is true for all 𝑥 and 𝑦, therefore

𝑙(𝑎1𝛼 + 𝑏1𝛽 + 𝑐1) + 𝑚(𝑎2𝛼 + 𝑏2𝛽 + 𝑐2) + 𝑛(𝑎3𝛼 + 𝑏3𝛽 + 𝑐3) = 0

⇒ 𝑙.0 + 𝑚.0 + 𝑛(𝑎3𝛼 + 𝑏3𝛽 + 𝑐3) = 0 ⇒ 𝑎3𝛼 + 𝑏3𝛽 + 𝑐3 = 0

Thus, the third line also passes through (𝛼, 𝛽).
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3.12 Two Sides of a Straight Line

Every line divides the plane in two regions. Any point which does not lie on the line 
can be only on one side of the straight line.

We will show that a point (𝛼, 𝛽) will be on one or the other side of the line 𝑎𝑥 +
𝑏𝑦 + 𝑐 = 0 according as the expression 𝑎𝛼 + 𝑏𝛽 + 𝑐 > 0 or < 0.

𝑂 𝑋

𝑌

𝑃(𝛼, 𝛽)

𝑅(𝛼1, 𝛽1)

𝑄

𝐴

𝐵
𝑂 𝑋

𝑌

𝑃(𝛼, 𝛽)

𝑅(𝛼1, 𝛽1)

𝑄

𝐴

𝐵

Figure  3.14: 

Let 𝐴𝐵 be the given line whose equation is 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0. Let 𝑃(𝛼, 𝛽) be a point 

which does not lie on this line.

From 𝑃  we draw 𝑃𝑄 perpendicular on 𝑥-axis. Let 𝑃𝑄 cut line 𝐴𝐵 at 𝑅. Clearly, 𝑥 

coordinate of 𝑃  and 𝑅 are same.

Let 𝑅 ≡ (𝛼1, 𝛽1). Since it lies on the line, therefore, 𝑎𝛼1 + 𝑏𝛽1 + 𝑐1 = 0.

When 𝑏 > 0, on left side of the Figure  3.14 𝑃𝑄 > 𝑅𝑄 ∴ 𝛽 > 𝛽1 or 𝑏𝛽 > 𝑏𝛽1 or 𝑎𝛼 +
𝑏𝛽 + 𝑐 > 𝑎𝛼 + 𝑏𝛽1 + 𝑐 or 𝑎𝛼 + 𝑏𝛽 + 𝑐 > 0

Similarly, for right side of the figure we can estanlish 𝑎𝛼 + 𝑏𝛽 + 𝑐 < 0

When 𝑏 < 0, on left side of the Figure  3.14 𝑃𝑄 > 𝑅𝑄 ∴ 𝛽 > 𝛽1 or 𝑏𝛽 < 𝑏𝛽1 or 𝑎𝛼 +
𝑏𝛽 + 𝑐 < 𝑎𝛼 + 𝑏𝛽1 + 𝑐 or 𝑎𝛼 + 𝑏𝛽 + 𝑐 < 0

Similarly, for right side of the figure we can estanlish 𝑎𝛼 + 𝑏𝛽 + 𝑐 > 0

Thus, we see that 𝑎𝛼 + 𝑏𝛽 + 𝑐 > 0 or < 0 according as the point 𝑃(𝛼, 𝛽) lies on one 

or the other side of the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

Corollary: It follows from previous article that two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) will 

lie on the same side or opposite side of the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 according as 𝑎𝑥1 +
𝑏𝑦1 + 𝑐 and 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 are of the same sign or opposite sign.

3.13 Length of a Perpendicular

We will find the length of the perpendicular from the point (𝛼, 𝛽) to the line 𝑎𝑥 +
𝑏𝑦 + 𝑐 = 0.
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𝑂 𝑋

𝑌

𝑃(𝛼, 𝛽)
𝐵

𝐴

𝑀

Figure  3.15: Length of a perpendicular

Let the given line be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and given point be 𝑃(𝛼, 𝛽). We have to find the 

length of the perpendicular from the point 𝑃(𝛼, 𝛽) on line 𝐴𝐵.

We draw 𝑃𝑀  perpendicular to 𝐴𝐵 and join 𝑃𝐴 and 𝑃𝐵. Let 𝑃𝑀 = 𝑝.

Putting 𝑦 = 0 in the equation for the given line gives us 𝑎𝑥 + 𝑐 = 0 ⇒ 𝑥 = − 𝑐
𝑎 ∴

𝐴 ≡ (− 𝑐
𝑎 , 0)

Putting 𝑥 = 0 in the equation for the given line gives us 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑦 = −𝑐
𝑏 ∴

𝐵 ≡ (0, −𝑐
𝑏)

Now Δ𝑃𝐴𝐵 = |1
2[𝛼(0 + 𝑐

𝑏) − 𝑐
𝑎 .(−𝑐

𝑏 − 𝛽) + 0(𝛽 − 0)]| = 1
2 | 𝑐

𝑎𝑏 ||𝑎𝛼 + 𝑏𝛽 + 𝑐|

Again Δ𝑃𝐴𝐵 = 1
2 .𝐴𝐵.𝑃𝑀 = 1

2
√(− 𝑐

𝑎 − 0)2 + (0 + 𝑐
𝑏)

2.𝑝 = 1
2 | 𝑐

𝑎𝑏 |
√

𝑎2 + 𝑏2.𝑝

Equaating two obtained equations for Δ𝑃𝐴𝐵 gives us the length of the perpendicular, 
which is

𝑝 = |𝑎𝛼 + 𝑏𝛽 + 𝑐|√
𝑎2 + 𝑏2

. (3.24)

Aliter: Let 𝑃𝑀  make an angle 𝜃 with the positive direction of 𝑥-axis, then the equation 
of 𝑃𝑀  in distance form is 𝑥−𝛼

cos 𝜃 = 𝑦−𝛽
sin 𝜃 = 𝑟

Coordinates of any point on 𝑃𝑀  at a distance 𝑟 from 𝑃(𝛼, 𝛽) will be (𝛼 + 𝑟 cos 𝜃, 𝛽 +
𝑟 sin 𝜃).

Since 𝑃𝑀 = 𝑝, therefore coordinates of 𝑀  is (𝛼 + 𝑝 cos 𝜃, 𝛽 + 𝑝 sin 𝜃), which will lie 

on the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, thus,

𝑎(𝛼 + 𝑝 cos 𝜃) + 𝑏(𝛽 + 𝑝 sin 𝜃) + 𝑐 = 0 ⇒ 𝑝(𝑎 cos 𝜃 + 𝑏 sin 𝜃) = −(𝑎𝛼 + 𝑏𝛽 + 𝑐)

Now slope of 𝐴𝐵 = −𝑎
𝑏 ∴ slope of 𝑃𝑀 = 𝑏

𝑎 ∴ tan 𝜃 = 𝑏
𝑎  or 𝑎

cos 𝜃 = 𝑏
sin 𝜃 = 𝑘 (say) ∴ 𝑎 =

𝑘 cos 𝜃, 𝑏 = 𝑘 sin 𝜃

⇒ 𝑎2 + 𝑏2 = 𝑘2 ∴ 𝑘 = ±
√

𝑎2 + 𝑏2 ∴ 𝑎 = ±
√

𝑎2 + 𝑏2 cos 𝜃 ⇒ cos 𝜃 = ± 𝑎√
𝑎2+𝑏2 .
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Similarly, sin 𝜃 = ± 𝑏√
𝑎2+𝑏2

Putting the values of cos 𝜃 and sin 𝜃 in the equation 𝑝(𝑎 cos 𝜃 + 𝑏 sin 𝜃) = −(𝑎𝛼 + 𝑏𝛽 +
𝑐) gives us

𝑝 = −∓𝑎𝛼+𝑏𝛽+𝑐√
𝑎2+𝑏2

Since 𝑝 is positive, therefore,

𝑝 = |𝑎𝛼 + 𝑏𝛽 + 𝑐|√
𝑎2 + 𝑏2

. (3.25)

Aliter(Calculus Method):

𝑂 𝑋

𝑌

𝑃(𝛼, 𝛽)
𝐵

𝐴

𝑀

𝑄(𝑥, 𝑦)

Figure  3.16: Length of a perpendicular

Let 𝑄(𝑥, 𝑦) be any point on the line 𝐴𝐵. Now 𝑃𝑄 will be the length of the perpen

dicular if 𝑃𝑄 is minimum. Hence, length of the perpendicular from 𝑃  on 𝐴𝐵 will be 

the least value of 𝑃𝑄 when the point 𝑄(𝑥, 𝑦) varies.

Let 𝑃𝑄2 = 𝑧. Also, 𝑃𝑄 will be least if and only if 𝑃𝑄2 i.e. 𝑧 is least.

Now 𝑧 = (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2

Since 𝑄(𝑥, 𝑦) lies on the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, therefore, 𝑦 = −𝑎𝑥+𝑐
𝑏

⇒ 𝑧 = (𝑥 − 𝛼)2 + (−𝑎𝑥+𝑐
𝑏 − 𝛽)2 = (𝑥 − 𝛼)2 + (−𝑎𝑥+𝑐

𝑏 − 𝛽)2

𝑑𝑧
𝑑𝑥 = 2(𝑥 − 𝛼) + 1

𝑏2 .2(𝑎𝑥 + 𝑏𝛽 + 𝑐)

For maxima and minima of 𝑧, 𝑑𝑧
𝑑𝑥 = 0

⇒ 𝑥 − 𝛼 + 𝑎
𝑏2 (𝑎𝑥 + 𝑏𝛽 + 𝑐) = 0 ⇒ 𝑥 − 𝛼 + 𝑎

𝑏2 (−𝑏𝑦 + 𝑏𝛽) = 0

⇒ ( 𝑦−𝛽
𝑥−𝛼) = 𝑏

𝑎 ⇒ 𝑦−𝛽
𝑥−𝛼 .(−𝑎

𝑏 ) = −1

∴ Slope of line 𝑃𝑄.Slope of line 𝐴𝐵 = −1

Thus, when 𝑑𝑧
𝑑𝑥 = 0, 𝑃𝑄 ⟂ 𝐴𝐵
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Since maximum length of 𝑃𝑄 is not possible as it will be ∞ (tend to ∞) and hence 
𝑑𝑧
𝑑𝑥 = 0 gives the minimum length of 𝑃𝑄.

Length of perpendicular 𝑧 = √(𝑥 − 𝛼)2 + (𝑦 − 𝛽)2

But if 𝑑𝑧
𝑑𝑥 = 0 then 𝑥−𝛼

𝑎 = 𝑦−𝛽
𝑏 = (𝑎(𝑥 − 𝛼) + 𝑏(𝑦−𝛽)

𝑎2+𝑏2 )

= 𝑎𝑥+𝑏𝑦+𝑐−(𝑎𝛼+𝑏𝛽+𝑐)
𝑎2+𝑏2 = −𝑎𝛼+𝑏𝛽+𝑐

𝑎2+𝑏2

𝑥 − 𝛼 = −𝑎(𝑎𝛼+𝑏𝛽+𝑐)
𝑎2+𝑏2  and 𝑦 − 𝛽 = −𝑏(𝑎𝛼+𝑏𝛽+𝑐)

𝑎2+𝑏2

𝑧 = |𝑎𝛼+𝑏𝛽+𝑐|√
𝑎2+𝑏2 = 𝑝

Note: Length of perpendicular from origin on line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is 
|𝑐|√

𝑎2+𝑏2

3.14 Bisectors of Angles between Straight Lines

𝑂 𝑋

𝑌

𝑋 ′

𝑌 ′

𝐴

𝐵

𝐶

𝐷

𝐿 𝑀

𝑅

𝑆

𝑃(𝑥, 𝑦)

Figure  3.17: Bisectors of angles between straight lines

We will find the equation of the bisectors of the angles between the straight lines 
𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0.

Let the given lines be 𝐴𝐵 and 𝐶𝐷 whose equations are 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 +
𝑏2𝑦 + 𝑐2 = 0.

Let 𝐿𝑀  and 𝑅𝑆 be the two bisectors of the angles between 𝐴𝐵 and 𝐶𝐷. Let 𝑃(𝑥, 𝑦) 
be the point on any bisector. Since 𝑃  lies on a bisector, therefore, the lengths of 
perpendiculars on two lines will be equal.

Thus, the length of perpendicular from 𝑃  to 𝐴𝐵 will be equal to the length of the 
perpendicular from 𝑃  to 𝐶𝐷.

⇒ |𝑎1𝑥+𝑏1𝑦+𝑐1|
√𝑎2

1+𝑏2
1

= |𝑎2𝑥+𝑏2𝑦+𝑐2|
√𝑎2

2+𝑏2
2

Thus,



3.14 Bisectors of Angles between Straight Lines 55

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1

√𝑎2
1 + 𝑏2

1
= ±𝑎2𝑥 + 𝑏2𝑦 + 𝑐2

√𝑎2
2 + 𝑏2

2
(3.26)

are the equations of two bisectors.

Note: If 𝑃(𝑥, 𝑦) is taken on the bisector of the angle which contains the origin then 

either 𝑂(0, 0) and 𝑃(𝑥, 𝑦) will lie on the same sides of two lines. Thus,

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 > 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 > 0

or 𝑂(0, 0) and 𝑃(𝑥, 𝑦) will lie on the oppposite side of the two lines i.e.

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 < 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 < 0

Then equation of bisectors will be
|𝑎1𝑥+𝑏1𝑦+𝑐1|

√𝑎2
1+𝑏2

1
= |𝑎2𝑥+𝑏2𝑦+𝑐2|

√𝑎2
2+𝑏2

2

i.e. 
𝑎1𝑥+𝑏1𝑦+𝑐1

√𝑎2
1+𝑏2

1
= 𝑎2𝑥+𝑏2𝑦+𝑐2

√𝑎2
2+𝑏2

2
 when both 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 are positive

or −𝑎1𝑥+𝑏1𝑦+𝑐1
√𝑎2

1+𝑏2
1

= −𝑎2𝑥+𝑏2𝑦+𝑐2
√𝑎2

2+𝑏2
2

 when both 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 are 

negative.

Thus, in both the cases equation of the bisector containing the origin when 𝑐1 and 𝑐2 

are both positive is

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1

√𝑎2
1 + 𝑏2

1
= 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2

√𝑎2
2 + 𝑏2

2
(3.27)

When both 𝑐1 and 𝑐2 are positive, then the equation of the bisector of the angle 

between the lines which does not contain the origin is

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1

√𝑎2
1 + 𝑏2

1
= −𝑎2𝑥 + 𝑏2𝑦 + 𝑐2

√𝑎2
2 + 𝑏2

2
(3.28)

The two bisectors are perpendicular to each other.

3.14.1 Finding Bisector of the Acute and Obtuse Angles

To find the bisector of the acute and obtuse angles take any line out of 𝑎1𝑥 + 𝑏1𝑦 +
𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and any of the bisectors obtained. Let 𝜃 be the angle 

between them. Find | tan 𝜃|. The bisector considered will be the bisector of the acute 

angle or obtuse angle between the lines according as 𝜃 < 45° or 𝜃 > 45° i.e. according 

as | tan 𝜃| < 1 or > 1.

Aliter: Let the equations of the two lines be 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 =
0, where 𝑐1 > 0 and 𝑐2 > 0

Then the equation 
𝑎1𝑥+𝑏1𝑦+𝑐1

√𝑎2
1+𝑏2

1
= 𝑎2𝑥+𝑏2𝑦+𝑐2

√𝑎2
2+𝑏2

2
 is the equation of the bisector of the acute 

or obtuse angle between the lines according as 𝑎1𝑎2 + 𝑏1𝑏2 < 0 or > 0.

Slope of bisector = 𝑚1 = −𝑎1√𝑎2
2+𝑏2

2−𝑎2√𝑎2
1+𝑏2

1

𝑏1√𝑎2
2+𝑏2

2−𝑏2√𝑎2
1+𝑏2

1
 and slope of first line is 𝑚2 = −𝑎1

𝑏1
.
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Angle between first line and bisector is tan 𝜃 = 𝑚1−𝑚2
1+𝑚1𝑚2

=
𝑎1𝑏2−𝑎2𝑏1

√(𝑎1𝑏2−𝑎2𝑏1)2+(𝑎1𝑎2+𝑏1𝑏2)2−(𝑎1𝑎2+𝑏1𝑏2)

Let 𝛼 = 𝑎1𝑏2 − 𝑎2𝑏1 and 𝛽 = 𝑎1𝑎2 + 𝑏1𝑏2 then | tan 𝜃| = |𝛼|
√𝛼2+𝛽2−𝛽

If 𝛽 < 0 then √𝛼2 + 𝛽2 − 𝛽 > |𝛼| − 𝛽 > |𝛼|, therefore, | tan 𝜃| < 1 and hence, the 

bisector is the bisector of acute angle between the lines.

If 𝛽 > −0 then √𝛼2 + 𝛽2 ≤ |𝛼| + |𝛽| ⇒ √𝛼2 + 𝛽2 − 𝛽 ≤ |𝛼|, therefore, | tan 𝜃| > 1, 

and hence, the bisector is the bisector of obtuse angle between the lines.

Similarly, we can show that the equation 
𝑎1𝑥+𝑏1𝑦+𝑐1

√𝑎2
1+𝑏2

1
= −𝑎2𝑥+𝑏2𝑦+𝑐2

√𝑎2
2+𝑏2

2
 is the equation of 

the bisector of the acute or obtuse angles according as 𝑎1𝑎2 + 𝑏1𝑏2 > 0 or < 0.

3.14.2 Bisectors Between Lines Containing a Given Point

Let the equations be of the lines be 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0.

Let (𝛼, 𝛽) be a given point. If 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 and 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 are of the same sign 

then equation of the bisector of the angle containing the point (𝛼, 𝛽) is

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1

√𝑎2
1 + 𝑏2

1
= 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2

√𝑎2
2 + 𝑏2

2
(3.29)

Let (𝑥1, 𝑦1) be a point on the bisector then 
𝑎1𝑥1+𝑏1𝑦1+𝑐1

√𝑎2
1+𝑏2

1
= 𝑎2𝑥1+𝑏2𝑦1+𝑐2

√𝑎2
2+𝑏2

2

Since √𝑎2
1 + 𝑏2

1 and √𝑎2
2 + 𝑏2

2 are both posiitive, therefore, 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 and 

𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐1 are of the same sign.

Case I: When both 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 and 𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐1 are positive.
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𝐴

𝐵𝐶

𝐷

𝑎 1𝑥
+ 𝑏 1𝑦

+ 𝑐 1 =
0𝑎2 𝑥 + 𝑏2 𝑦 + 𝑐2 = 0

𝑃(𝑥1, 𝑦1)

𝑄(𝛼, 𝛽)

𝐴

𝐵𝐶

𝐷

𝑎 1𝑥
+ 𝑏 1𝑦

+ 𝑐 1 =
0𝑎2 𝑥 + 𝑏2 𝑦 + 𝑐2 = 0

𝑃(𝑥1, 𝑦1)

𝑄(𝛼, 𝛽)

Since 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 and 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 are both posiitive, therefore, points 

𝑃(𝑥1, 𝑦1) and 𝑄(𝛼, 𝛽) will lie on the same side of the line 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0. 

Agains since 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 and 𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐2 are both posiitive, therefore, points 

𝑃(𝑥1, 𝑦1) and 𝑄(𝛼, 𝛽) will lie on the same side of the line 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0.

The figure will be like Figure  3.18.

Case II: When both 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 and 𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐1 are negative.

In this case 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 and 𝑎1𝑥1 + 𝑏1𝑦1 + 𝑐1 are of opposite sign, therefore, points 

𝑃(𝑥1, 𝑦1) and 𝑄(𝛼, 𝛽) will lie on opposite side of the line 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0.

Again since 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 and 𝑎2𝑥1 + 𝑏2𝑦1 + 𝑐2 are of opposite sign, therefore, points 

𝑃(𝑥1, 𝑦1) and 𝑄(𝛼, 𝛽) will lie on opposite side of the line 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0.

Thus, in this case figure will be as given below:
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𝐴

𝐵𝐶

𝐷

𝑎 1𝑥
+ 𝑏 1𝑦

+ 𝑐 1 =
0𝑎2 𝑥 + 𝑏2 𝑦 + 𝑐2 = 0

𝑃(𝑥1, 𝑦1)

𝑄(𝛼, 𝛽)

𝐴

𝐵𝐶

𝐷

𝑎 1𝑥
+ 𝑏 1𝑦

+ 𝑐 1 =
0𝑎2 𝑥 + 𝑏2 𝑦 + 𝑐2 = 0

𝑃(𝑥1, 𝑦1)

𝑄(𝛼, 𝛽)

Similarly, if 𝑎1𝛼 + 𝑏1𝛽 + 𝑐1 and 𝑎2𝛼 + 𝑏2𝛽 + 𝑐2 are of opposite sign then the equation 

of the bisector of the angle containing the point (𝛼, 𝛽) is

𝑎1𝑥 + 𝑏1𝑦 + 𝑐1

√𝑎2
1 + 𝑏2

1
= −𝑎2𝑥 + 𝑏2𝑦 + 𝑐2

√𝑎2
2 + 𝑏2

2
. (3.30)

Aliter: Let the equations of lines 𝐴𝐵 and 𝐶𝐷 are 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 +
𝑐2 = 0, where 𝑐1 and 𝑐2 are positive.

These equations in normal form will be

− 𝑎1𝑥
√𝑎2

1+𝑏2
1

− 𝑏1𝑦
√𝑎2

1+𝑏2
1

= 𝑐1
√𝑎2

1+𝑏2
1
 and − 𝑎2𝑥

√𝑎2
2+𝑏2

2
− 𝑏2𝑦

√𝑎2
2+𝑏2

2
= 𝑐2

√𝑎2
2+𝑏2

2

Let cos 𝛼 = − 𝑎1
√𝑎2

1+𝑏2
1
, cos 𝛽 = − 𝑎2

√𝑎2
2+𝑏2

, sin 𝛼 = − 𝑏1
√𝑎2

2+𝑏2
2
, sin 𝛽 = − 𝑏2

√𝑎2
2+𝑏2

Now cos(𝛽 − 𝛼) = cos 𝛼 cos 𝛽 + sin 𝛼 sin 𝛽 = 𝑎1𝑎2+𝑏1𝑏2
√𝑎2

1+𝑏2
1√𝑎2

2+𝑏2
2

𝛽 − 𝛼 will be acute or obtuse according as 𝑎1𝑎2 + 𝑏1𝑏2 > 0 or < 0

Now ∠𝐶𝐴𝐵 will be acute or obtuse according as 𝛽 − 𝛼 is obtuse or acute i.e. according 

as 𝑎1𝑎2 + 𝑏1𝑏2 < 0 or > 0

But ∠𝐶𝐴𝐵 contains the origin, therefore, origin will be contained in the acute or 
obtuse angle according as 𝑎1𝑎2 + 𝑏1𝑏2 < 0 or > 0

Hence, bisector of the angle between the lines will be bisector of the acute or obtuse 
angle according as origin lies in the acute or obtuse angle i.e. according as 𝑎1𝑎2 +
𝑏1𝑏2 < 0 or > 0.
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3.15 Problems

1. Find the equation of the straight line cutting off an intercept 5 from the positive 
direction of 𝑦-axis, and inclined at angle 45° to the 𝑥-axis.

2. Find the equation of the straight line passing through the point (2, −3) and cutting 

off intercepts, equal but of opposite signs from the two axes.

3. Find the equation of the straight line which passes through the point (−5, 4) and 

is such that the portion of it between the axes is doivided by the point in the 
ratio of 1 : 2.

4. Find the normal form of the equation 𝑥 + 𝑦
√

3 + 7 = 0.

5. Find the equation of the straight line which passes through the points (−1, 3) 
and (4, −2).

6. Find the equation of the straight line cutting off intercept unity from the positive 
direction of the 𝑦-axis and inclines at 45° to the 𝑥-axis.

7. Find the equation of the straight line cutting off intercept −5 from the 𝑦-axis and 

being equally inclined to the axes.

8. Find the equation of the straight line cutting off intercept 2 from the negative 
direction of 𝑦-axis and incllined at 30° to 𝑂𝑋.

9. Find the equation of the straight line cutting off intercept −3 from the 𝑦-axis and 

inclines at an angle tan−1 3
5  to the 𝑦-axis.

10. Find the equation of the straight line cutting off intercepts 3 and 2 from the axes.

11. Find the equation of the straight line cutting off intercepts −5 and 6 from the axes.

12. Find the equation of the straight line which passes through the point (5, 6) and 

has intercept on the axes equal in magnitude and both positive. Find the equation 
if intercepts are equal in magnitude but opposite in sign.

13. Find the equations of the straight lines which passes through the point (1, −2) 
and cut off equal distances from the two axes.

14. Find the equation of the straight line which passes through the point (𝑥′, 𝑦′) and 

is such that the given point bisects the part intercepted between the axes.

15. Find the equation of the straight line which passes through the point (−4, 3) and 

is such that the portion of it between the axes is divided by the point in the ratio 
5 : 3.

16. Find the equation of the straight line passing through the points (0, 0) and (2, −2).

17. Find the equation of the straight line passing through the points (3, 4) and (5, 6).

18. Find the equation of the straight line passing through the points (−1, 3) and 

(6, −7).

19. Find the equation of the straight line passing through the points (0, −𝑎) and (𝑏, 0).

20. Find the equation of the straight line passing through the points (𝑎, 𝑏) and (𝑎 +
𝑏, 𝑎 − 𝑏).
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21. Find the equation of the straight line passing through the points (𝑎𝑡21, 2𝑎𝑡1) and 

(𝑎𝑡22, 2𝑎𝑡2).

22. Find the equation of the straight line passing through the points (𝑎𝑡1, 𝑎
𝑡1

) and 

(𝑎𝑡2, 𝑎
𝑡2

).

23. Find the equation of the straight line passing through the points (𝑎 cos 𝜑1, 𝑎 sin 𝜑1) 
and (𝑎 cos 𝜑2, 𝑎 sin 𝜑2).

24. Find the equation of the straight line passing through the points (𝑎 cos 𝜑1, 𝑏 sin 𝜑1) 
and (𝑎 cos 𝜑2, 𝑏 sin 𝜑2).

25. Find the equation of the straight line passing through the points (𝑎 sec 𝜑1, 𝑏 tan 𝜑1) 
and (𝑎 sec 𝜑2, 𝑏 tan 𝜑2).

26. Find the equations og the sides of the triangle the coordinates of whose angular 
points are respectively (1, 4), (2, −3) and (−1, −2).

27. Find the equations of the sides of the triangle the coordinates of whose angular 
points are respectively (0, 1), (2, 0) and (−1, −2).

28. Find the equations of the diagonals of the rectangle the equations of whose sides 
are 𝑥 = 𝑎, 𝑥 = 𝑎′, 𝑦 = 𝑏, and 𝑦 = 𝑏′.

29. Find the equation of the straight line which bisects the distance between the 
points (𝑎, 𝑏) and (𝑎′, 𝑏′) and also bisects the distance between the points (−𝑎, 𝑏) 
and (𝑎′, −𝑏′).

30. Find the equations of the straight lines which go through the origin and trisect 
the portion of the straight line 3𝑥 + 𝑦 = 12 which is intercepted between the axes 

of coordinates.

31. Find the equation of the straight line which makes an angle of 15° with the 
positive direction of 𝑥-axis, and which cuts an intercept of length 4 on the negative 
direction of 𝑦-axis.

32. Find the equation of the straight line which cuts off an intercept 4 from the 𝑥-
axis and makes an angle of 30° with the 𝑦-axis.

33. Find the equation of the straight line which passes through the point (1, 2) and 

makes an angle 𝜃 with the positive direction of 𝑥-axis where cos 𝜃 = −1
3 .

34. Find the equation of the line joining the points (−1, 3) and (4, −2).

35. A line through the point 𝐴(2, 0) which makes an angle of 30° with the positive 

direction of 𝑥-axis is rotated about 𝐴 in clockwise direction through an angle of 
15°. Find the equation of the straight line in the new position.

36. Find the equation of the internal bisector of the ∠𝐵𝐴𝐶 of the △ 𝐴𝐵𝐶 whose 
vertices 𝐴, 𝐵, 𝐶 are (5, 2), (2, 3), (6, 5) respectively.

37. A rectangle has two opposite vertices at the point (1, 2) and (5, 5). If the other 

vertices lies on the line 𝑥 = 3, find the equation of the sides of the triangle.

38. In the given figure 𝑃𝑄𝑅 is an equilateral triangle and 𝑂𝑆𝑃𝑇  is a square. If 𝑂𝑇 =
2
√

2 units, find the equation of lines 𝑂𝑇 , 𝑂𝑆, 𝑆𝑃 , 𝑄𝑅, 𝑃𝑅 and 𝑃𝑄.
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𝑂𝑋 ′ 𝑋

𝑌

𝑆 𝑇

𝑃

𝑀 𝑄

𝑅

𝐿

45∘ 45∘
45∘ 45∘

45∘

45∘45∘

60∘ 75∘

15∘

39. If 𝐷, 𝐸, 𝐹  are three points on the sides 𝐵𝐶, 𝐴𝐶 and 𝐴𝐵 of a △ 𝐴𝐵𝐶 such that 

𝐴𝐷, 𝐵𝐸 and 𝐶𝐹  are concurrent, then show thta 𝐵𝐷.𝐶𝐸.𝐴𝐹 = 𝐷𝐶.𝐸𝐴.𝐹𝐵.

40. Find the coordinates of the vertices of a square inscribed in a triangle with vertices 
𝐴(0, 0), 𝐵(2, 1) and 𝐶(3, 0); given that two of its vertices are on the side 𝐴𝐶 .

41. Transform equation 
√

3𝑦 − 3𝑥 = 3 to the slope intercept form and also find the 

angle, which this straight line makes with the 𝑥-axis.

42. Find the equation of the straight line which cuts of an intercept of 7 on 𝑦-axis 

and has the slope 3.

43. Find the equation of the line, which makes an angle of 75° with 𝑥-axis and cuts 
an intercept of length 3 on the positive direction of 𝑦-axis.

44. Find the equation of the straight lines which cuts off an intercept −5 from the 𝑦
-axis and makes an angle of sin−1 12

13  with the 𝑥-axis.

45. Find the equation of the straight line which is parallel to 𝑥-axis at a distance of 
5 units from it.

46. Find the equation of the straight line which is parallel to 𝑦-axis at a distance of 

4 units from it towards negative side of 𝑥-axis.

47. Find the equation of the straight lines which pass through (5, 3) and are respec

tively parallel and perpendicular to the 𝑥-axis.

48. Find the equation of the straight line which intercepts a length of 2 on the positive 
direction of 𝑥-axis and is inclined at 135° with the positive direction of 𝑦-axis.

49. Find the equation of a straight line which cuts off an intercept 4 on the 𝑥-axis 
and has the slope 2.

50. Find the equation of the straight line passing through (3, −2) and making an angle 

of 60° with the positive direction of 𝑦-axis.

51. Find the slope of the line passing through the points (3, 4) and (1, 2). Also find 

its equation.

52. Find the equation of the straight line passing through the points (𝑎, 𝑏) and (𝑎 +
𝑟 cos 𝜃, 𝑏 + 𝑟 sin 𝜃).

53. If (𝑥, 𝑦) is a point on the straight line joining (1, −3) and (−4, 2) show that 𝑥 +
𝑦 + 2 = 0.

54. Prove that the points (1, 4), (3, −2) and (−3, 16) are collinear. Also, find the the 

equation of this straight line.
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55. If the points (𝑎, 𝑏), (𝑎1, 𝑏1) and (𝑎 − 𝑎1, 𝑏 − 𝑏1) are collinear, show that the line 

joining them passes through the origin.

56. Find the value of 𝑡 for which (1, 2), (−30) and (𝑡 − 1, 3) will be collinear. Also 

find the equation of the straight line.

57. Show that the straight line passing through the points (𝑝, 𝑞 + 𝑟) and (𝑞, 𝑟 + 𝑝) 
also passes through the point (𝑟, 𝑝 + 𝑞).

58. Find the equation of the straight line passes through the point which divides the 
line segment joining the points (−1, 2) and (4, −5) externally in the ratio 2 : 3 

and the point (1, 2).

59. Find the equation of the side 𝐵𝐶 of the △ 𝐴𝐵𝐶 whose vertices 𝐴, 𝐵, 𝐶 are 

(−1, −2), (0, 1), (2, 0) respectively. Also find the equation of the median through 

(−1, −2).

60. The vertices of a triangle are (1, 2), (2, 3) and (5, 4). Find the equation of its 

medians.

61. In what ratio does the line 𝑥 + 𝑦 + 1 = 0 divide the line segment joining the 

points (2, 3) and (−1, 4)?

62. Find the ratio in which the line segment joining (2, 3) and (4, 1) is divided by the 

line joining (1, 2) and (4, 3).

63. The vertices of a △ 𝐴𝐵𝐶 are (2, 2), (−1, −2) and (1, −3). 𝐷 is a point on 𝐵𝐶 such 

that 𝐵𝐷 : 𝐷𝐶 = 2 : 1. Find the ratio in which 𝐴𝐷 divides the median through 𝐵.

64. For the straight line 𝑦 −
√

3𝑥 = 3, find the intercept on 𝑦-axis and also the angle 

which the straight line makes with the 𝑥-axis.

65. Find the equation of the straight line which passes through the point (3, 4) and 

whose intercept on 𝑦-axis is twice that on 𝑥-axis.

66. Find the equation of the straight line which passes through the point (3, 4) and 

is such that the portion of it intercepted between the axes is divided by the point 
in the ratio 2 : 3.

67. Find the equation of the straight line whose intercepts on 𝑥-axis and 𝑦-axis are 

respectively twice and thrice of those by the line 3𝑥 + 4𝑦 = 12.

68. Find the equation of the straight line passing through the origin and the middle 
point of the intercept of the straight line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 between the axes.

69. Find the equation of the straight lines which pass through the origin and trisect 
the intercept of the line 3𝑥 + 4𝑦 = 12 between the axes.

70. A straight line cuts intercepts from the axes of coordinates the sum of the reciprocal 
of which is a constant. Show that it always passes through a fixed point.

71. If the equal sides 𝐴𝐵 and 𝐴𝐶 of a right angled isosceles triqangle be produced 
to 𝑃  and 𝑄 so that 𝐵𝑂.𝐶𝑄 = 𝐴𝐵2, show that 𝑃𝑄 always passes through a 

fixed point.
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72. Through the point 𝑃(𝛼, 𝛽), where 𝛼𝛽 > 0 the straight line 𝑥
𝑎 + 𝑦

𝑏 = 1 is drawn 

so as to form with coordinate axes a triangle of area 𝑆. If 𝑎𝑏 > 0, find the least 

value of 𝑆.

73. Find the equation of the straight line upon which the length of perpendicular 
from origin is 3

√
2 units and this perpendicular makes an angle of 75° with the 

positive direction of 𝑥-axis.

74. Find the equation of the straight line upon which the length of the perpendicular 
from the origin is 2 and the slope of the perpendicular is 5

12 .

75. A canal is 41
2  kms from a place and the shortest route from this place to canal is 

exactly north-east. A village is 3 kms north and 4 kms east from the place. Does 
it lie on the canal?

76. Find the equation of the straight lines which makes a triangle of area 96
√

3 with 

the axes and perpendicular from the origin to it makes an angle of 30° with 𝑦
-axis.

77.

𝑂 𝑋

𝑌

𝐴 𝐶

𝐵
𝐿

𝐷

𝐸
𝑀

45∘45∘

In the given figure 𝐴𝐵𝐶 is a right-angled iscosceles triangle and 𝐵𝐶𝐷𝐸 is a 
square. If 𝑂𝐶 = 2, find the equation of the sides 𝐴𝐵 and 𝐵𝐶 of △ 𝐴𝐵𝐶 and 
side 𝐷𝐸 of the square.

78. Find the coordinates of the point where the line 
√

3𝑥 + 𝑦 − 8 = 0 meets the 

coordinate axes and also find the length of the perpendicular from the origin upon 
this line and the angle which this perpendicular makes with the 𝑥-axis.

79. Find the equations of the straight lines which pass through the point (3, 2) and 

cut off intercepts 𝑎 and 𝑏 on the 𝑥 and 𝑦-axes such that 𝑎 − 𝑏 = 2.

80. Find the equation of the line which passes through 𝑃(1, −7) and meets the axes 

at 𝐴 and 𝐵 respectively such that 4𝐴𝑃 − 3𝐵𝑃 = 0, where 𝑂 is the origin.

81. Find the equation of the straight line which passes through the point 𝑃(2, 6) and 

cuts the axes at the points 𝐴 and 𝐵 respectively such that 𝐴𝑃
𝐵𝑃 = 2

3 .

82. Find the equation of the straight line whose intercepts on the axes are twice the 
intercepts of the line 3𝑥 + 4𝑦 = 6.

83. Find the equation of the straight line passing through (2, 1) and bisecting the 

portion of the straight line 3𝑥 − 5𝑦 = 15 lying between the axes.

84. Find the equations of the straight lines which pass through the origin and trisect 
the portion of the straight line 2𝑥 + 3𝑦 = 6 which is intercepted between the axes.

85. Prove that the points (5, 1), (11, 4) and (1, −1) lie on a straight line and find its 

intercepts on the axes and between the axes.
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86. Find the intercepts on the axes of the straight line passing through the points 
(1, −3) and (4, 5).

87. The lnegth of the perpendicular from the origin to a line is 7 and the line makes 
an angle of 150° with the positive direction of 𝑦-axis. Find the equation of the line.

88. Find the equation of the straight line upon which the length of the perpendicular 
from the origin is 2 and this perpendicular makes an angle of 30° with the positive 
direction of 𝑦-axis.

89. Find the equation of the line which is at a distance 5 from the origin and the 
perpendicular from the origin to the line makes an angle of 60° with the positive 
direction of 𝑥-axis.

90. Find the equation of the straight line upon which the length of the perpendicular 
from the origin is 6 and the gradient of the perpendicular is 3

4 .

91. Find the equation of the line joining the points (1, 2) and (−3, 1). Find its intercepts 

on the axes. If 𝑝 be the length of the perpendicular from the origin to the line, 

find the value of 𝑝.

92. Find the equation of the straight line which passes through the point (3, 2) and 

whose gradient is 3
4 . Find the coordinates of the points on the line that are 5 units 

away from the point (3, 2).

93. Find the direction in which a straight line must be drawn through the point (1, 2) 
so that its point of intersection wth the line 𝑥 + 𝑦 = 4 is at a distance √2

3  from 

the point (1, 2).

94. If the straight line drawn through the point 𝑃(
√

3, 2) makes an angle 𝜋
6  with the 

𝑥-axis meets the line 
√

3𝑥 − 4𝑦 + 8 = 0 at 𝑄. Find the length of 𝑃𝑄.

95. Find the coordinates of the points at a distance 4
√

2 units from the point (02, 3) 
in the direction making an angle of 45° with the positive direction of 𝑥-axis.

96. A line joining two points 𝐴(2, 0) and 𝐵(3, 1) is rotated about 𝐴 in anticlockwise 

direction through an angle 15°. Find the equation of the line in new position. If 
𝐵 goes to 𝐶 in the new position what will be the coordinates of 𝐶?

97. The extremeties of the diagonal of a sqaure are (1, 1), (−2, −1). Obtain the other 

two vertices and the equation of the other diagonal.

98. Show that if any line through the variable point 𝐴(𝑘 + 1, 2𝑘) meets the line 7𝑥 +
𝑦 − 16 = 0, 5𝑥 − 𝑦 − 8 = 0, 𝑥 − 5𝑦 + 8 = 0 at 𝐵, 𝐶, 𝐷 respectively 𝐴𝐶, 𝐴𝐵 and 

𝐴𝐷 are in H.P.

99. The center of a square is at the origin and one vertex is 𝐴(2, 1). Find the 

coordinates of other vertices of the square.

100. Show that if 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) are the vertices of a triangle, then the 

equation of the internal bisector of angle 𝐴 is given by 𝑏|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + 𝑐|

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| =

0, where 𝑏 = 𝐴𝐶 and 𝑐 = 𝐴𝐵.
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101. Find the coordinate of the point at a distance 6 units from the point (1, 1) in the 

direction making an angle of 60° with the positive direction of 𝑥-axis.

102. Find the distance of the line 2𝑥 + 𝑦 = 3 from the point (−1, 3) in the direction 

whose slope is one.

103. The straight line through 𝑃(𝑥1, 𝑦1) inclined at an angle 𝜃 with 𝑥-axis meets the 

line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 in 𝑄. Find the length of 𝑃𝑄.

104. A line through the point 𝐴(2, 0) which makes an angle of 30° with the positive 

direction of 𝑥-axis is rotated about 𝐴 in anticlockwise direction through an angle 
15°. Find the equation of the straight line in the new position.

105. The straight line 2𝑥 − 𝑦 = 5 turns about the point on it where the ordinate is 

equal to the abcissa through an angle of 45° in the anti-clockwise direction. Find 
the equation of the line in the new position.

106. The straight line 𝑥 + 2𝑦 = 4 is translated parallel to itself by 3 units in the sense 

of increasing 𝑥 and is then rotated by 30° in the clockwise direction about the 
point where the shifted straight line cuts the 𝑥-axis. Find the equation of the new 
straight line in the new position.

107. 𝐴𝐵 is a side of regular hexagon 𝐴𝐵𝐶𝐷𝐸𝐹  and is of length a with 𝐴 as the 
origin and 𝐴𝐵 and 𝐴𝐸 as the 𝑥-axis and 𝑦-axis respectively. Find the equation 

of lines 𝐴𝐶, 𝐴𝐹  and 𝐵𝐸.

108. A straight road is at a distance of 5
√

2 miles froma place. The shortest distance of 

the road from the place is in 𝑁 − 𝐸 direction. Do the following villages which (i) 
is 6 miles East and 4 miles and 4 miles North from the place, lie on the road or 
not. (ii) is 4 miles East and 3 miles north from the place, lie on the road or not?

109. A straight line 𝑥 − 𝑦 + 1 = 0 cuts the 𝑦-axis at 𝐴. This line is rotated about 𝐴 in 

the clockwise direction by 75°. Fine the equation of the new straight line.

110. Find the equations of all sides of the isosceles △ 𝐴𝐵𝐶 and the side 𝐵𝐸 and 𝐶𝐷 
of the square 𝐵𝐶𝐷𝐸 in the figure where 𝑂𝐶 = 2 units.

𝑂 𝑋

𝑌

𝐴 𝐶

𝐵
𝐿

𝐷

𝐸
𝑀

45∘45∘

111. The mid-point of the line segment joining (3, −1) and (1, 1) is shifted by two 

units(in the sense of increasing 𝑦) perpendicular to the line segment. Find the 

coordinates of the point in the new position.

112. The point (1, 1) is translated parallel to the line 2𝑥 = 𝑦 in the first quadrant 

through a unit distance. Find the new position of the point.

113. The point 𝐴(2, −1) is translated parallel to the line 𝑥 − 𝑦 = 3 by a distance of 

4 units. If the new position 𝐴′ of the point is in the (i) first quadrant (ii) third 
quadrant then find 𝐴′.
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114. Two particles start from the same point (2, −1), one moving 2 units along the line 

𝑥 + 𝑦 = 1 and the other 5 units along the line 𝑥 − 2𝑦 = 4. If the particles move 

towards increasing 𝑦, find their new positions and the distance between them.

115. One end of a thin elastic straight string is fixed at 𝐴(4, −1) and the other end 

𝐵 is at (1, 2) in the unstretched condition. If the string is stretched to triple its 

length, find the coordinates of the other end in this stretched position.

116. The line 𝐴𝐵 whose equation is 𝑥 − 𝑦 = 2 cuts the 𝑥-axis at 𝐴 and 𝐵 is (4, 2). 
The line 𝐴𝐵 is rotated about 𝐴 through 45° in the anticlockwise direction. Find 
the new position of 𝐵 and the equation of the line in new position.

117. Let 𝑥𝑦 plane be vertical. A particle dropped gently from (−1, 1) in the plane 

rebounds on the floor returns to 2
3rd of the height from which it has fallen. The 

equation of the line of intersection of 𝑥𝑦 plane and the floor is 𝑥 + 2𝑦 = 3. Find 

the highest position of the particle after one rebound.

118. A line is drawn through 𝐴(4, −1) parallel to the line 3𝑥 − 4𝑦 + 1 = 0. Find the 

coordinates of the two points on this line which are at a distance of 5 units 
from 𝐴.

119. Find the distance of the point (3, 5) from the line 2𝑥 + 3𝑦 = 14 measured parallel 

to the line 𝑥 − 2𝑦 = 1.

120. Find the distance of the point (2, 5) from the line 3𝑥 + 𝑦 + 4 = 0 measured parallel 

to the line 3𝑥 − 4𝑦 + 8 = 0.

121. The point (1, 3) and (5, 1) are two opposite sides of a rectangle and the other two 

vertices lie on the line 𝑦 = 2𝑥 + 𝑐. Find 𝑐 and other vertices.

122. A line is drawn from (𝑥′, 𝑦′) in the direction 𝛼 with the 𝑥-axis, to meet 𝐴𝑥 +
𝐵𝑦 + 𝐶 = 0. Prove that the lengeth is | 𝐴𝑥′+𝐵𝑦′+𝑐

𝐴 cos 𝛼+𝐵 sin 𝛼 |.

123. Find the equation of the line passing through the point 𝑃(1, 2) cutting the lines 

𝑥 + 𝑦 − 5 = 0 and 2𝑥 − 𝑦 = 7 at 𝐴 and 𝐵 respectively such that the H. M. of 𝑃𝐴 

and 𝑃𝐵 is 10. Given that 𝐴, 𝐵 lie on the same side of 𝑃 .

124. A straight line through the point 𝐴(−2, 3) cuts the line 𝑥 + 3𝑦 = 9 and 𝑥 + 𝑦 +
1 = 0 at 𝐵 and 𝐶 respectively. Find the equation of the line if 𝐴𝐵.𝐴𝐶 = 20.

125. A line which makes an acute angle 𝜃 with the positive direction of 𝑥-axis is drawn 
through the point 𝑃(3, 4) to cut the curve 𝑦2 = 4𝑥 at 𝑄 and 𝑅. Show that the 

lengths of the segments 𝑃𝑄 and 𝑃𝑅 are numerical values of roots of the equation 

𝑟2 sin2 𝜃 + 4𝑟(sin 𝜃 − cos 𝜃) + 4 = 0.

126. Show that if 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) be the vertices of a triangle then 

the equation of the median through 𝐴 is given by |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| = 0.

127. Find the angle between the lines 𝑥 − 2𝑦 + 3 = 0 and 3𝑥 + 𝑦 − 1 = 0.

128. Find the angle between the line 𝑥 + 𝑦 = 3 and the line joining the points (1, 1) 
and (−3, 4).
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129. Find the value of 𝑘 so that the straight line 2𝑥 + 3𝑦 + 4 + 𝑘(6𝑥 − 𝑦 + 12) = 0 is 

perpendicular to the line 7𝑥 + 5𝑦 − 4 = 0.

130. Prove that the line joining the middle points of the two sides of a triangle is 
parallel to the third side.

131. Find the values of 𝑥 and 𝑦 for which 𝐴(2, 0), 𝐵(0, 2), 𝐶(0, 7) and 𝐷(𝑥, 𝑦) are the 

vertices of an isosceles trapezium in which 𝐴𝐵 ∥ 𝐶𝐷.

132. Prove that the straight lines (𝑎 + 𝑏)𝑥 + (𝑎 − 𝑏)𝑦 − 2𝑎𝑏 = 0, (𝑎 − 𝑏)𝑥 + (𝑎 + 𝑏)𝑦 −
2𝑎𝑏 = 0 and 𝑥 + 𝑦 = 0 form an isosceles triangle whose vertical angle is 2 tan−1 𝑎

𝑏 .

133. Find the angle between the lines 𝑥 = 𝑎 and 𝑏𝑦 + 𝑐 = 0.

134. Find the tangent of the angle between the lines which have intercepts of 3, 4 and 

1, 9 on 𝑥 and 𝑦 axes respectively.

135. Prove that the lines 𝑥
𝑎 + 𝑦

𝑏 = 1 and 𝑥
𝑏 − 𝑦

𝑎 = 1 are perpendicular to each other.

136. Show that the line joining (2, −3) and (−1, 2) is perpendicular to the line joining 

(3, 7) and (−2, 4).

137. A line passing through the points (𝑎, 2𝑎) and (−2, 3) is perpendicular to the line 

4𝑥 + 3𝑦 + 5 = 0; find the value of 𝑎.

138. Show that the lines 𝑦 = 7𝑥 + 2 and 2𝑦 − 14𝑥 + 1 = 0 are parallel.

139. Prove that the line 𝑘2𝑥 + 𝑘𝑦 + 1 = 0 is perpendicular to the line 𝑥 − 𝑘𝑦 = 1 for 

all real values of 𝑘(𝑘 ≠)0.

140. For what value of 𝑘 is the line 𝑥 − 𝑦 + 2 + 𝑘(2𝑥 + 3𝑦) = 0 parallel to the line 

3𝑥 + 𝑦 = 0.

141. Prove that the lines 2𝑥 − 3𝑦 + 1 = 0, 𝑥 + 𝑦 = 3, 2𝑥 − 3𝑦 = 2 and 𝑥 = 4 − 𝑦 form 

a parallelogram.

142. Find the value of 𝜃 between 0 and 𝜋 if 𝑥 cos 𝜃 + 𝑦 sin 𝜃 = 2 is perpendicular to 

the line 𝑥 − 𝑦 = 3.

143. If the line 𝑥 − 3𝑦 + 5 + 𝑘(𝑥 + 𝑦 − 3) = 0, where 𝑘 is arbitrary, is perpendicular 

to the line 𝑥 + 𝑦 = 1, then find 𝑘 and the equation of the first line.

144. Prove that the median of an equilateral triangle is perpendicular to the corre
sponding side.

145. Prove that the diagonals of a rhombus are at right angles.

146. Find the equation of a line through (3, 4) and parallel to the line 𝑦 = 3𝑥 + 5.

147. Find the equation of the straight line through (2, 3) and perpendicular to the line 

4𝑥 − 3𝑦 = 10.

148. Find the equation of the straight line which has 𝑦 intercept equal to 4
3  and is 

perpendicular to the line 3𝑥 − 4𝑦 + 11 = 0.

149. Find the equation of the perpendicular bisector of the line segment joining the 
points (1, 2) and (2, 3).
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150. The line 𝑥 + 𝑦 = 𝑎 meets the axes of 𝑥 and 𝑦 at 𝐴 and 𝐵 respectively. A △
𝐴𝑀𝑁  is inscribed in the △ 𝑂𝐴𝐵(𝑂 being the origin) with right angle at 𝑁 . 
𝑀, 𝑁  respectively lie on 𝑂𝐵 and 𝐴𝐵. If the area of the triangle 𝐴𝑀𝑁  is 3

8 th of 

the rea of the △ 𝑂𝐴𝐵, then find 𝐴𝑁 : 𝑁𝐵.

151. Find the slope of the lines which make an angle of 45° with the line 3𝑥 − 𝑦 +
5 = 0.

152. Find the equation of the lines through the point (3, 2) which makes an angle of 

45° with the line 𝑥 − 2𝑦 = 3.

153. A vertex of an equilateral triangle is (2, 3) and the equation of the opposite side 

is 𝑥 + 𝑦 = 2. Find the equation of the other sides of the triangle.

154. A line 4𝑥 + 𝑦 = 1 through the point 𝐴(2, −7) meets the line 𝐵𝐶 whose equation 

is 3𝑥 − 4𝑦 + 1 = 0 at the point 𝐵. Find the equation of the line 𝐴𝐶 , so that 

𝐴𝐵 = 𝐴𝐶 .

155. Find the equation of straight lines passing through (−2, −7) and having an 

intercept of length 3 between the straight lines 4𝑥 + 3𝑦 = 12 and 4𝑥 + 3𝑦 = 3.

156. Find the equation of the straight line parallel to 𝑥 + 2𝑦 = 3 and passing through 

the point (3, 4).

157. Find the equation of the straight line which passes through the point (4, 3) and 

is parallel to the line 3𝑥 + 4𝑦 = 12.

158. Find the equation of the straight line parallel to 3𝑥 − 4𝑦 + 6 = 0 and passing 

through the middle point of the line segment made by (2, 3) and (4, −1).

159. Find the equation of the straight line passing through the point (2, 1) and parallel 

to the line joining the points (2, 3) and (3, −1).

160. Find the equation of the straight line passing through the point (𝛼, 𝛽) and parallel 

to the line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0.

161. Find the equation of the straight line passing through the point (2, 5) and 

perpendicular to the line 2𝑥 + 5𝑦 = 31.

162. Find the equation to the straight line which passes through the point (𝑥′, 𝑦′) and 

is perpendicular to the line 𝑦𝑦′ = 2𝑎(𝑥 + 𝑥′).

163. Find the angle between the straight lines (𝑚2 − 𝑚𝑛)𝑦 = (𝑚𝑛 + 𝑛2)𝑥 + 𝑛3 and 

(𝑚𝑛 + 𝑚2)𝑦 = (𝑚𝑛 − 𝑛2)𝑥 + 𝑚3.

164. Prove that the equation of the straight line which passes through the point 
(𝑎 cos3 𝜃, 𝑎 sin3 𝜃) and is perpendicular to the line 𝑥 sec 𝜃 + 𝑦 csc 𝜃 = 𝑎 is 𝑥 cos 𝜃 −
𝑦 sin 𝜃 = 𝑎 cos 2𝜃.

165. Find the equation of the straight line through (𝑎 cos 𝜃, 𝑏 sin 𝜃) perpendicular to the 

line 𝑥
𝑎 cos 𝜃 + 𝑦

𝑏 sin 𝜃 = 1.
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166. Two consecutive sides of a parallelogram are 4𝑥 + 5𝑦 = 0 and 7𝑥 + 2𝑦 = 0. If the 

equation of one of the diagonal is 11𝑥 + 7𝑦 = 9, find the equation of the other 

diagnal.

167. Show that the area of the triangle whose sides are 𝑦 = 𝑚1𝑥 + 𝑐1, 𝑦 = 𝑚2𝑥 + 𝑐2 

and 𝑥 = 0 is 1
2 . (𝑐2−𝑐1)2

𝑚1.𝑚2
.

168. Show that the area of the triangle formed by the lines 𝑦 = 𝑚𝑟𝑥 + 𝑐𝑟, 𝑟 = 1, 2, 3 

is 
(𝑐1−𝑐2)2

2(𝑚1−𝑚2) + (𝑐2−𝑐3)2

2(𝑚2−𝑚3) + (𝑐3−𝑐1)2

2(𝑚3−𝑚1) .

169. Show that the area of the triangle whose sides are 𝑎𝑟𝑥 + 𝑏𝑟𝑦 + 𝑐𝑟 = 0, 𝑟 = 1, 2, 3, 

is Δ2

2|𝐶1𝐶2𝐶3| , where 𝐶1, 𝐶2 and 𝐶3 are the cofactors of 𝑐1, 𝑐2 and 𝑐3 respectively 

in the determinant Δ = −|
𝑎1
𝑎2
𝑎3

𝑏1
𝑏2
𝑏3

𝑐1
𝑐2
𝑐3

|.

170. Show that the lines 4𝑥 + 𝑦 − 9 = 0, 𝑥 − 2𝑦 + 3 = 0, 5𝑥 − 𝑦 − 6 = 0 make equal 

intercepts on any line of gradient 2.

171. Find the coordinates of the foot of the perpendicular drawn from point (2, 3) to 

the line 𝑦 = 3𝑥 + 4.

172. Find the image of the point (−8, 12) with respect to the line mirror 4𝑥 + 7𝑦 +
13 = 0.

173. If the image of the point (𝑥1, 𝑦1) with respect to the mirror 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 be 

(𝑥2, 𝑦2), show that 
𝑥2−𝑥1

𝑎 = 𝑦2−𝑦1
𝑏 = −2(𝑎𝑥1+𝑏𝑦1+𝑐1)

𝑎2+𝑏2 .

174. A ray of light is sent along the lines 𝑥 − 2𝑦 − 3 = 0. Upon reaching the line 3𝑥 −
2𝑦 − 5 = 0, the ray is reflected from it. Find the equation of the line containing 

the reflected ray.

175. A man starts from the point 𝑃(−3, 4) and will reach the point 𝑄(0, 1) touching 

the line 2𝑥 + 𝑦 = 7 at 𝑅. Find 𝑅 on the line sho that he will travel the shortest 

distance.

176. A ray of light is sent along the line 2𝑥 − 3𝑦 = 5. After refracting across the line 

𝑥 + 𝑦 = 1 it enters the opposite side after turning by 15° away from the line 𝑥 +
𝑦 = 1. Find the equation of the line along which the refracted ray travels.

177. Find the equation of the straight line which passes through the point (2, −2) and 

the point of intersection of the lines 5𝑥 − 𝑦 = 9 and 𝑥 + 6𝑦 = 8.

178. Find the equation of the straight line which passes through the point of intersection 
of the lines 𝑥 − 𝑦 − 1 = 0 and 2𝑥 − 3𝑦 + 1 = 0 and is parallel to the line 3𝑥 +
4𝑦 = 14.

179. Find the equation for the straight line which passes through the point of inter
section of the lines 3𝑥 − 4𝑦 − 7 = 0 and 12𝑥 − 5𝑦 − 13 = 0 and is perpendicular 

to the line 2𝑥 − 3𝑦 + 5 = 0.

180. Find the equation of the straight lines passing through the point of intersection 
of the lines 𝑥 + 3𝑦 + 4 = 0 and 3𝑥 + 𝑦 + 4 − 0 and equally inclined to the axes.
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181. The equation of two sides of a triangle are 3𝑥 − 2𝑦 + 6 = 0 and 4𝑥 + 5𝑦 = 20 

and the orthocenter is (1, 1). Find the equation of the third side.

182. Show that the diagonal of the parallelogram whose sides are 𝑢 = 𝑝, 𝑢 = 𝑞, 𝑣 =
𝑟, 𝑣 = 𝑠 where 𝑢 ≡ 𝑎𝑥 + 𝑏𝑦 + 𝑐 and 𝑣 ≡ 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′ and which passes through 

the points of intersection of lines 𝑢 = 𝑝, 𝑣 = 𝑟 and 𝑢 = 𝑞, 𝑣 = 𝑠 is given by 

|
𝑢
𝑝
𝑞

𝑣
𝑟
𝑠

1
1
1
| = 0.

183. Show that the straight lines 𝑥(𝑎 + 2𝑏) + 𝑦(𝑎 + 3𝑏) = 𝑎 + 𝑏 pass through a fixed 

point for different values of 𝑎 and 𝑏.

184. If 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0, where 𝑙, 𝑚, 𝑛 are variables is the equation of a variable line 

and 𝑙, 𝑚, 𝑛 are connected by the relation 𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛 = 0, where 𝑎, 𝑏, 𝑐 are 

constants, show that the line passes through a fixed point.

185. A variable line cuts 𝑛 given concurrent straight lines at 𝐴1, 𝐴2, 𝐴3, …, 𝐴𝑛, such 

that ∑
𝑛

𝑖=1

1
𝑂𝐴𝑖

 is a constant. Show that it always passes through a fixed point. 𝑂 

is the point of intersection of the lines.

186. Prove that the straight lines 4𝑥 + 7𝑦 = 9, 5𝑥 − 8𝑦 + 15 = 0 and 9𝑥 − 𝑦 + 6 = 0 

are concurrent.

187. Prove analytically that medians of a triangle are concurrent.

188. Show that the lines (𝑝 + 𝑞)𝑥 + (𝑝 + 𝑞)𝑦 − (𝑝 − 𝑞) = 0, (𝑝 − 𝑞)𝑥 − (𝑝 − 𝑞)𝑦 − (𝑝 +
𝑞) = 0, 𝑝𝑞 + 𝑞𝑦 − 𝑝 = 0 and 𝑞𝑥 + 𝑝𝑦 + 𝑞 = 0 are concurrent.

189. If the lines 𝑝1𝑥 + 𝑞1𝑦 = 1, 𝑝2𝑥 + 𝑞2𝑦 = 1 and 𝑝3𝑥 + 𝑞3𝑦 = 1 be concurrent, show 

that the points (𝑝1, 𝑞1), (𝑝2, 𝑞2) and (𝑝3, 𝑞3) are collinear.

190. For what value of 𝑚, the line 𝑚𝑥 + 2𝑦 + 5 = 0 will pass through the point of 

intersection of the lines 𝑥 − 4𝑦 = 3 and 𝑥 + 2𝑦 = 9?

191. Find the point of intersection of the lines 𝑦𝑡1 = 𝑥 + 𝑎𝑡21 and 𝑦𝑡2 = 𝑥 + 𝑎𝑡22.

192. If the straight line 𝑥
𝑎 + 𝑦

𝑏 = 1 passes through the point of intersection of the lines 

𝑥 + 𝑦 = 3 and 2𝑥 − 3𝑦 = 1 and is parallel to the line 𝑦 = 𝑥 − 6, find 𝑎, 𝑏.

193. Find the vertice and area of the triangle whose sides are 𝑥 = 𝑦, 𝑦 = 2𝑥 and 𝑦 =
3𝑥 + 4.

194. Find the area of the triangle which is formed by the lines 3𝑥 − 4𝑦 + 4𝑎 = 0, 2𝑥 −
3𝑦 + 4𝑎 = 0 and 5𝑥 − 𝑦 + 𝑎 = 0.

195. Show that the area of the triangle formed by the three straight lines 𝑦1 = 𝑚1𝑥, 𝑦 =
𝑚2𝑥 and 𝑦 = 𝑐 is equal to 1

4𝑐2
√

11(
√

3 + 1), where 𝑚1, 𝑚2 are the roots of the 

equation 𝑥2 + (
√

3 + 2)𝑥 +
√

3 − 1 = 0.

196. Find the coordinates of the foot of the perpendicular drawn from the point 
𝑃(−8, 12) on the line 4𝑥 + 7𝑦 + 13 = 0.
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197. Find the projection of the point (1, 0) on the line joining the points 𝑃(−1, 2) 
and 𝑄(5, 4).

198. If perpendiculars are drawn from origin to the straight lines 𝑥 + 3𝑦 = 3 and 2𝑥 +
3𝑦 = 5, then find the equation of the line joining the foot of these perpendiculars.

199. If (ℎ, 𝑟) is the foots of the perpendiculars from (𝑥1, 𝑦1) to 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 prove 

that 
𝑥1−ℎ

𝑙 = 𝑦1−𝑟
𝑚 = 𝑙𝑥1+𝑚𝑦1+𝑛

𝑙2+𝑚2 .

200. Find the image of the point (−8, 12) with respect to a line mirror 4𝑥7𝑦 + 13 = 0.

201. If the image of the point (2, 1) with respect to a line mirror be (5, 2), find the 

equation of the mirror.

202. Find the equation of the straight line which passes through the point (1, 1) and 

the point of intersection of the lines 3𝑥 + 2𝑦 = 0 and 𝑥 − 2𝑦 = 0.

203. Find the equation of the straight line which passes through the point (2, −2) and 

the point of the intersection of the lines 5𝑥 − 𝑦 = 9 and 𝑥 + 6𝑦 = 8.

204. Find the equation of the straight line passing through the point of intersection 
of the lines 2𝑥 + 𝑦 − 1 = 0 and 𝑥 + 3𝑦 − 2 = 0 and making with the coordinate 

axes a triangle of area 3
8 .

205. The sides 𝐴𝐵 and 𝐴𝐷 of a parallelogram 𝐴𝐵𝐶𝐷 are 2𝑥 − 𝑦 + 1 = 0 and 𝑥 +
3𝑦 − 10 = 0 respectively and 𝐶 is the point (−1, −2). Find the equation of the 

diagonals 𝐴𝐶 and 𝐵𝐷.

206. Prove that the lines 2𝑥 − 𝑦 − 5 = 0, 3𝑥 − 𝑦 − 6 = 0 and 4𝑥 − 𝑦 − 7 = 0 are con

current.

207. Find the value of 𝑚 for which the two lines 𝑚𝑥 + (2𝑚 + 3)𝑦 + 𝑚 + 6 = 0 and 

(2𝑚 + 1)𝑥 + (𝑚 − 1)𝑦 + 𝑚 − 9 = 0 intersect at a point on 𝑦-axis.

208. Find the value of 𝑚 so that lines 𝑦 = 𝑥 + 1, 2𝑥 + 𝑦 = 16 and 𝑦 = 𝑚𝑥 − 4 may be 

concurrent.

209. If the three lines 𝑎𝑥 + 𝑎2𝑦 + 1 = 0, 𝑏𝑥 + 𝑏2𝑦 + 1 = 0 and 𝑐𝑥 + 𝑐2𝑦 + 1 = 0 are 

concurrent, show that at least two of the three constants 𝑎, 𝑏, 𝑐 are equal.

210. Find the condition that the lines 𝑦 = 𝑚1𝑥 + 𝑐1, 𝑦 = 𝑚2𝑥 + 𝑐2 and 𝑦 = 𝑚3𝑥 + 𝑐2 

may be concurrent.

211. Show that the straight lines (𝑏 + 𝑐)𝑥 + 𝑎𝑦 + 1 = 0, (𝑐 + 𝑎)𝑥 + 𝑏𝑦 + 1 = 0 and 

(𝑎 + 𝑏)𝑥 + 𝑐𝑦 + 1 = 0 are concurrent.

212. Prove analytically that the right bisectors of the sides of a triangle are concurrent.

213. Prove that perpendiculars drawn from the vertices to the opposite sides are 
concurrent.

214. Prove that the family of lines represented by 𝑥(1 + 𝜆) + 𝑦(2 − 𝜆) + 5 = 0, 𝜆 beind 

arbitrary, pass through a fixed point. Also find the fixed point.

215. Prove that the line 𝑥(𝑎 + 2𝑏) + 𝑦(𝑎 − 3𝑏) = 𝑎 − 𝑏 passes through a fixed point for 

different values of 𝑎 and 𝑏.
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216. Find the centroid and incenter of the triangle whose sides are 3𝑥 − 4𝑦 = 0, 5𝑥 +
12𝑦 = 0 and 𝑦 − 15 = 0.

217. Find the coordinate of the orthocenter of the triangle whose vertices are 
(0, 0), (2, −1) and (−1, 3).

218. Find the coordinate of the orthocenter of the triangle whose sides are 3𝑥 − 2𝑦 =
6, 3𝑥 + 4𝑦 + 12 = 0 and 3𝑥 − 8𝑦 + 12.

219. Two vertices of a triangle are (3, −1) and (−2, 3) and its orthocenter is origin, 

find the coordinate of its third vertex.

220. A triangle has the lines 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 for two of its sides, where 𝑚1 and 

𝑚2 are the roots of the equation 𝑏𝑥2 + 2ℎ𝑥 + 𝑎 = 0. If 𝐻(𝑎, 𝑏) is the orthocenter 

of the triangle, show that the equation of the third side is (𝑎 + 𝑏)(𝑎𝑥 + 𝑏𝑦) =
𝑎𝑏(𝑎 + 𝑏 − 2ℎ).

221. A triangle is formed by the straight lines 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and 

𝑝𝑥 + 𝑞𝑦 + 𝑟 = 0. Show that that straight line 𝑝𝑥+𝑞𝑦+𝑟
𝑎𝑝+𝑏𝑞 = 𝑙𝑥+𝑚𝑦+𝑛

𝑎𝑙+𝑛𝑏  passes through 

the orthocenter of the triangle.

222. The three sides of a triangle are 𝐿𝑟 ≡ 𝑥 cos 𝜃𝑟 + 𝑦 sin 𝜃𝑟 − 𝑝𝑟 = 0, 𝑟 = 1, 2, 3. Show 

that the orthocenter of the triangle is given by 𝐿1 cos(𝜃2 − 𝜃3) = 𝐿2 cos(𝜃3 −
𝜃1) = 𝐿3 cos(𝜃1 − 𝜃2).

223. Find the centroid and incenter of the triangle whose sides have the equations 3𝑥 −
4𝑦 = 0, 12𝑦 + 5𝑥 = 0 and 𝑦 − 15 = 0.

224. The coordinates of the vertices 𝐴, 𝐵 and 𝐶 of the △ 𝐴𝐵𝐶 taken in anti-clockwise 

order are respectively (𝑥1, 𝑦1), (𝑥2, 𝑦2) and (𝑥3, 𝑦3). Prove that the ∠𝐴 is acute 

or obstuse according as (𝑥1 − 𝑥2)(𝑥1 − 𝑥3) + (𝑦1 − 𝑦2)(𝑦1 − 𝑦3) > 0 or < 0. Also 

find the condition for the triangle to be right-angled at 𝐴.

225. Show that the four lines 4𝑥 − 3𝑦 = 5, 𝑥 − 2𝑦 = 10, 7𝑥 + 𝑦 = 40 and 𝑥 + 3𝑦 +
10 = 0 form the sides of a cyclic quadrilateral.

226. Find the condition for the quadrilateral to be cyclic whose sides are 𝑎𝑟𝑥 + 𝑏𝑟𝑦 +
𝑐𝑟 = 0; 𝑟 = 1, 2, 3, 4 taken in order.

227. Show that the lines 2𝑥 + 3𝑦 + 19 = 0 and 9𝑥 + 6𝑦 − 17 = 0 cut the coordinate 

axes in concyclic points.

228. Find the equation of the sides of a triangle having 𝐵(−4, −5) as a vertex, 5𝑥 +
3𝑦 − 4 = 0 and 3𝑥 + 8𝑦 + 13 = 0 as the equation of two of altitudes not passing 

through 𝐵.

229. The straight line 𝐿 is perpendicular to the line 5𝑥 − 𝑦 = 1. The area of the triangle 

formed by 𝐿 and the coordinate axes is 5. Find the equation of the line.

230. The line 2𝑥 + 3𝑦 = 12 meets the 𝑥-axis at 𝐴 and 𝑦-axis at 𝐵. The line through 

(5, 5) perpendicular to 𝐴𝐵 meets the 𝑥𝑦 axes and 𝐴𝐵 at 𝐶, 𝐷, 𝐸 respectively. If 

𝑂 is origin of axes then find the area of 𝑂𝐶𝐸𝐵.

231. A square has its center at origin and one vertex at (1, 2). Find the equation of 

its sides.
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232. 𝐴𝐵𝐶 is an equilateral triangle. 𝐴𝐷 is its altitude through 𝐴. If 𝐴 ≡ (1, 2) and 

𝐷 ≡ (−2, 6), find the equations of the sides of the triangle.

233. The equation of one side of an equilateral triangle is 𝑥 − 𝑦 = 0 and one vertex is 

(2 +
√

3, 5). Prove that second side is 𝑦 + (2 −
√

3)𝑥 = 6, and find the equation 

of the third side.

234. A diagonal of a square lies along the line 8𝑥 − 15𝑦 = 0 and one vertex of the 

square is (1, 2). Find the equations of the lines of the square passing through this 

vertex.

235. Find the equation of the lines which pass through (4, 5) andd make equal angles 

with the lines 5𝑦 = 12𝑥 + 6 and 3𝑥 = 4𝑦 + 7.

236. Two equal sides of an isosceles triangle have the equations 7𝑥 − 𝑦 + 3 = 0 and 

𝑥 + 𝑦 − 3 = 0 and its third sides passes through the point (1, −10). Determine 

the equation of the third side.

237. Prove that area of the triangle formed by the three straight lines 
𝑥 cos 𝛼 + 𝑦 sin 𝛼 − 𝑝1 = 0, 𝑥 cos 𝛽 + 𝑦 sin 𝛽 − 𝑝2 and 𝑥 cos 𝛾 + 𝑦 sin 𝛾 − 𝑝3 = 0 is 
1
2

{𝑝1 sin(𝛾−𝛽)+𝑝2 sin(𝛼−𝛾)+𝑝3 sin(𝛽−𝛼)}2

|sin(𝛾−𝛽) sin(𝛼−𝛾) sin(𝛽−𝛼)| .

238. Find the area of a triangle formed by the 𝑦-axis, the straight line 𝐿 passing through 

the points (1, 1) and (2, 0) and the straight line perpendicular to the line 𝐿 and 

passing through (1
2 , 0).

239. Find the coordinates of the feet of the perpendicular from the point (9, 3) to the 

sides of the triangle whose vertices are at the points (0, 0), (8, 0), (4, 8). Prove that 

the points so determined lies on a straight line and find its equation.

240. Obtain the coordinates (𝛼, 𝛽) of the foot of the perpendicular from the origin to 
𝑥
𝑎 + 𝑦

𝑏 = 1 and show that (𝛼2 + 𝛽2)(𝛼 + 𝛽) = (𝑎 + 𝑏)𝛼𝛽.

241. Find the equation of the diagonal through the origin of the quadrilateral formed 
by 𝑥 = 0, 𝑦 = 0, 𝑥 + 𝑦 = 1, 6𝑥 + 𝑦 = 3.

242. The altitudes of a △ 𝐴𝐵𝐶 are respectively 𝐴𝐷, 𝐵𝐸, 𝐶𝐹 . If the points 𝐴, 𝐷, 𝐸, 𝐹  

have the coordinates (−4, 5), (16
5 , −23

5 ), (4, 1), (−1, −4), find the coordinates of 

other vertices of the triangle.

243. Prove that the lines 𝑦 = 𝑚𝑟𝑥 + 𝑐𝑟; 𝑟 = 1, 2, 3 cut off equal intercepts on th 

etransversal 𝑥 + 𝑦 = 1 if 1 + 𝑚1, 1 + 𝑚2, 1 + 𝑚3 are in H.P.

244. A line is such that its segment between the lines 5𝑥 − 𝑦 + 4 = 0 and 3𝑥 + 4𝑦 −
4 = 0 is bisected at the point (1, 5). Obtain its equation.

245. If the lines 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 cut the coordinate axes in 

cyclic points, prove that |𝑎1𝑎2| = |𝑏1𝑏2|.

246. A rectangle 𝐴𝐵𝐶𝐷 is inscribed in a circle with a diameter lying along the line 
3𝑦 = 𝑥 + 10. If 𝐴 and 𝐵 are the points (−6, 7) and (4, 7) respectively, then find 

the area of the rectangle.
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247. From the point (2, 5) rays of light are sent at 45° with the line 2𝑥 + 𝑦 = 1. Find 

the equation of the lines of the reflected rays if the rays reflect from 𝑥 + 2𝑦 = 1.

248. A ray of light is sent along the straight line 𝑦 = 2𝑥
3 − 4. On reaching the 𝑥-axis 

it is reflected. Find the point of incidence and the equation of the reflected ray.

249. From the point 𝑀(−2, 3) a ray of light is sent at an angle 𝛼 to the positive 

direction of 𝑥-axis. Upon reaching the 𝑥-axis the ray is reflected from it. Find the 
equation of the reflected ray if tan 𝛼 = 3.

250. A light beam emanating from the point (3, 10) reflects from the straight line 2𝑥 +
𝑦 − 6 = 0 and then passes through the point 𝐵(7, 2). Find the equations of the 

incident and reflected beams.

251. The line 3𝑥 + 2𝑦 = 24 meets 𝑦-axis at 𝐴 and 𝑥-axis at 𝐵. The perpendicular 

bisector of 𝐴𝐵 meets the line through (0, −1) parallel to 𝑥-axis at 𝐶 . Find the 

area of the △ 𝐴𝐵𝐶 .

252. Find the condition that the real line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝑏𝑥 + 𝑐𝑦 + 𝑎 = 0 and 𝑐𝑥 +
𝑎𝑦 + 𝑏 = 0 are concurrent.

253. Find the condition that the lines (𝑏 − 𝑐)𝑥 + (𝑐 − 𝑎)𝑦 + 𝑎 − 𝑏 = 0, (𝑐 − 𝑎)𝑥 + (𝑎 −
𝑏)𝑦 + 𝑏 − 𝑐 = 0 and (𝑎 − 𝑏)𝑥 + (𝑏 − 𝑐)𝑥 + 𝑐 − 𝑎 = 0.

254. Prove that the determinant

|


𝑥2 − 𝑥3
𝑥3 − 𝑥1
𝑥1 − 𝑥2

𝑦2 − 𝑦3
𝑦3 − 𝑦2
𝑦2 − 𝑦2

𝑥1(𝑥2 − 𝑥3) + 𝑦1(𝑦2 − 𝑦3)
𝑥2(𝑥3 − 𝑥1) + 𝑦2(𝑦3 − 𝑦1)
𝑥3(𝑥1 − 𝑥2) + 𝑦3(𝑦1 − 𝑦2)|




= 0.

What geometrical property does it imply for a triangle whose vertices are 
(𝑥𝑟, 𝑦𝑟); 𝑟 = 1, 2, 3?

255. Prove that all lines represented by the equation (2 cos 𝜃 + 3 sin 𝜃)𝑥 + (3 cos 𝜃 −
5 sin 𝜃)𝑦 − (5 cos 𝜃 − 2 sin 𝜃) = 0 pass through a fixed point for all values of thete. 

Find the coordinates of that point and its reflection in the line 𝑥 + 𝑦 =
√

2.

256. Prove that the orthocenter of the triangle formed by the three lines 𝑦 = 𝑚1𝑥 +
𝑎𝑙𝑚1, 𝑦 = 𝑚2𝑥 + 𝑎𝑙𝑚2, 𝑦 = 𝑚3𝑥 + 𝑎𝑙𝑚3 is {−𝑎, ( 1

𝑚1
+ 1

𝑚2
+ 1

𝑚3
+ 1

𝑚1𝑚2𝑚3
)}.

257. If the coordinates of the point 𝑃 , 𝑄, 𝑅 satisfy the relation 𝑥𝑦 = 𝑐2, show that the 

orthocenter of △ 𝑃𝑄𝑅 also satisfies the relation.

258. 𝐴 and 𝐵 are two fixed points (3, 2) and (5, 1) respectively. △ 𝐴𝐵𝑃  is equilateral 

and is situated on the side of 𝐴𝐵 remote from the origin. Find the coordinates of 
𝑃  and the orthocenter of the △ 𝐴𝐵𝑃 .

259. Vertices of a triangle are 𝐴(𝑥1, 𝑥1 tan 𝛼1), 𝐵(𝑥2, 𝑥2 tan 𝛼2) and 𝐶(𝑥3, 𝑥3 tan 𝛼3). 
If the circumcenter coincide with the origin and the orthocenter 𝐻  is (𝑥, 𝑦) 
then prove that 𝑦(cos 𝛼1 + cos𝛼2

+ cos 𝛼3) = 𝑥(sin 𝛼1 + sin 𝛼2 + sin 𝛼3), where 

𝑥1 sec 𝛼1, 𝑥2 sec 𝛼2, 𝑥3 sec 𝛼3 have the same sign.

260. Find the area and the orthocenter of the triangle formed by the lines 𝑥 + 𝑙𝑦 =
𝑙2, 𝑥 + 𝑚𝑦 = 𝑚2 and 𝑙 + 𝑛𝑦 = 𝑛2.
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261. If the equation of the sides of a triangle are respectively 𝑎1𝑥 + 𝑏1𝑦 = 1, 𝑎2𝑥 +
𝑏2𝑦 = 1 and 𝑎3𝑥 + 𝑏3𝑦 = 1 and whose orthocenter is the origin, prove that 𝑎1𝑎2 +
𝑏1𝑏2 = 𝑎2𝑎3 + 𝑏2𝑏3 = 𝑎3𝑎1 + 𝑏3𝑏1.

262. Prove that the △ 𝐷𝐸𝐹  has the same centroid as △ 𝐴𝐵𝐶 , where 𝐷, 𝐸, 𝐹  are the 

middle points of the sides of the later triangle. Also prove that the orthocenter of 
the △ 𝐷𝐸𝐹  coincides with the circumcenter of the △ 𝐴𝐵𝐶 .

263. The circumcenter of a triangle with vertices 𝐴(𝑎, tan 𝛼), 𝐵(𝑏, tan 𝛽) and 

𝐶(𝑐, tan 𝛾) lies at the origin 𝛼 + 𝛽 + 𝛾 = 𝜋, show that its orthocenter lies on the 

line 4(cos 𝛼
2 cos 𝛽

2 cos 𝛾
2)𝑥 − 4𝑦 sin 𝛼

2 sin 𝛽
2 sin 𝛾

2 = 𝑦.

264. Show that the line 
𝑎1𝑥+𝑏1𝑦+𝑐1
𝑎1𝑎3+𝑏1𝑏3

= 𝑎2𝑥+𝑏2𝑦+𝑐2
𝑎2𝑎3+𝑏2𝑏3

 passes through the orthocenter of the 

triangle formed by the lines 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝑎3𝑥 +
𝑏3𝑦 + 𝑐3 = 0.

265. Find the position of the points (1, 1) and (2, −1) with respect to the line 3𝑥 +
4𝑦 − 6 = 0.

266. Show that the four points (0, 0), (−1, 1), (−7, −4) and (9, 6) are in the four 

different compartments made by the two straight lines 2𝑥 − 3𝑦 + 1 = 0 and 3𝑥 −
5𝑦 + 2 = 0.

267. Find the position of the origin w.r.t. the triangle whose sides are 𝑥 + 1 = 0, 3𝑥 −
4𝑦 = 5, 5𝑥 + 12𝑦 = 27.

268. Show that the line segment joining the points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is cut by the 

line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 in the ratio −𝑎𝑥1+𝑏𝑦1+𝑐
𝑎𝑥2+𝑏𝑦2+𝑐 . Explain the minus sign.

269. A line 𝐿 intersects three sides 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 of a △ 𝐴𝐵𝐶 in 𝑃 , 𝑄 and 𝑅 

respectively. Prove that 𝐵𝑃.𝐶𝑄.𝐴𝑅 + 𝑃𝐶.𝑄𝐴.𝐵𝑅 = 0.

270. Derive the condition to be imposed on 𝛽 so that (0, 𝛽) should lie on or inside the 

triangle having sides 𝑦 + 3𝑥 + 2 = 0, 3𝑦 − 2𝑥 = 5 and 𝑥 + 4𝑦 = 14.

271. A rhombus has two consecutive vertice at (2, 3) and (−2, 6) and two of the sides 

are parallel to 2𝑥 + 𝑦 = 1. Find the other vertices of the rhombus if (0, 3) is an 

interior point of rhombus.

272. Examine wheher the points (3, −4) and (2, 6) are on the same side or opposite 

sides of the line 3𝑥 − 4𝑦 = 8?

273. Prove that the points (2, −1) and (1, 1) are on the opposite sides of the straight 

line 3𝑥 + 4𝑦 − 6 = 0.

274. Find the position of the points (3, 4) and (−1, 1) w.r.t the line 6𝑥 + 𝑦 − 1 = 0.

275. Prove that the points of intersection of the line 𝑥 − 𝑦 = 2 with the parallel lines 

2𝑥 + 𝑦 = 7 and 2𝑥 + 𝑦 = 16 are on the opposite sides of the line 𝑥 + 𝑦 = 5.

276. Find the distance of the point (4, 5) from the straight line 3𝑥 − 5𝑦 + 7 = 0.

277. Find the distance of the point (1, 2) from the straight line with slope 5 and passing 

through the point of intersection of 𝑥 + 2𝑦 = 5 and 𝑥 − 3𝑦 = 7.
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278. The equation of the base of an equilateral triangle is 𝑥 + 𝑦 = 2 and the vertex is 

(2, −1). Find the length of the side of the triangle.

279. If 𝑎 and 𝑏 are the intercepts of a straight line on the 𝑥 and 𝑦 axes respectively 

and 𝑝 be its perpendicular distance from the origin, prove that 1
𝑝2 = 1

𝑎2 + 1
𝑏2 .

280. If 𝑝 and 𝑝′ be the lengths of perpendiculars from origin to the lines 𝑥 sec 𝜃 −
𝑦 csc 𝜃 = 𝑎 and 𝑥 cos 𝜃 − 𝑦 sin 𝜃 = 𝑎 cos 2𝜃 respectively, show that 4𝑝2 + 𝑝′2 = 𝑎2.

281. Find the equation of straight line which cuts off intercepts on 𝑥-axis twice that 
on 𝑦-axis and is at a unit distance from the origin.

282. Find the distance between the parallel lines 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑎𝑥 + 𝑏𝑦 + 𝑑 = 0.

283. Prove that the length of the perpendiculars from points (𝑚2, 2𝑚), (𝑚𝑛, 𝑚 + 𝑛) 
and (𝑛2, 2𝑛) to the line 𝑥 cos 𝜃 + 𝑦 sin 𝜃 + sin2 𝜃

cos 𝜃  form a G.P.

284. A straight road passes through two towns, one 5 km east and the other 21
2  km 

north from a tower. Where should a rest house be constructed by the side of the 
road so that it may be nearest to the tower.

285. A straight line is such that the algebraic sum of the perpendiculars upon it from 
any number of fixed points is zero. Show that the line always passes through a 
fixed point.

286. The coordinates of the extremeties 𝐴 and 𝐵 of a rod are (1, 2) and (3, 4) 
respectively. 𝑆(0, 0) is a point source of light. The rod 𝐴𝐵 is parallel to the wall 

and is at equal distance from 𝑆 and the wall. If 𝐶𝐷 is the shadow of 𝐴𝐵 on the 
wall, find the coordinates of 𝐶 and 𝐷 and the lnegth 𝐶𝐷. 𝑆, 𝐴𝐵 and 𝐶𝐷 are 

planar.

287. Prove that the diagonals of the parallelogram formed by the lines 𝑥
𝑎 + 𝑦

𝑏 = 1, 𝑥
𝑏 +

𝑦
𝑎 = 1, 𝑥

𝑎 + 𝑦
𝑏 = 2 and 𝑥

𝑏 + 𝑦
𝑎 = 2 are at right angles.

288. Find the area of the parallelogram whose sides are 𝑦 = 𝑚𝑥 + 𝑎, 𝑦 = 𝑚𝑥 + 𝑏, 𝑦 =
𝑛𝑥 + 𝑐 and 𝑦 = 𝑛𝑥 + 𝑑.

289. Find the distance of the point of intersection of the lines 2𝑥 + 3𝑦 = 21 and 3𝑥 −
4𝑦 + 11 = 0 from the line 8𝑥 + 6𝑦 + 5 = 0.

290. Find the length of the perpendicular drawn from the origin upon line joining the 
points (𝑎, 𝑏) and (𝑏, 𝑎).

291. Find the length of the perpendicular from the point (4, −7) to the line joining 

the origin and point of intersection of the lines 2𝑥 − 3𝑦 + 14 = 0 and 5𝑥 + 4𝑦 −
7 = 0.

292. Find the equation of two straight lines which are parallel to 𝑥 + 7𝑦 + 2 = 0, and 

at unit distance from the point (1, −1).

293. Find the equations of the two straight lines parallel to 3𝑥 − 4𝑦 = 5 at a unit 

distance from it.

294. Find the equation of two lines through (0, 𝑎) which are at a distance 𝑎 from the 

point (2𝑎, 2𝑎).
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295. Find the equation of the line through the point of intersection of the lines 𝑥 −
3𝑦 + 1 = 0 and 2𝑥 + 5𝑦 − 9 = 0 and whose distance from origin is 

√
5.

296. Find the equation of the straight line passing the point of intersection of the lines 
𝑥 − 𝑦 + 1 = 0 and 2𝑥 − 3𝑦 + 5 = 0 and at a distance 7

5  from the point (3, 2).

297. If the length of the perpendicular from the point (1, 1) to the line 𝑎𝑥 − 𝑏𝑦 + 𝑐 =
0 be 1, show that 1

𝑐 + 1
𝑎 − 1

𝑏 = 𝑐
2𝑎𝑏 .

298. Show that the product of the perpendiculars on the line 𝑥
𝑎 cos 𝜃 + 𝑦

𝑏 sin 𝜃 = 1 from 

the points (±
√

𝑎2 − 𝑏2, 0) is 𝑏2.

299. Prove that the perpendicular distance between the lines 4𝑥 + 3𝑦 = 11 is 8𝑥 +
6𝑦 = 15 is 7

10 .

300. Prove that the lines 2𝑥 + 3𝑦 = 19 and 2𝑥 + 3𝑦 + 7 = 0 are equidistant from the 

line 2𝑥 + 3𝑦 = 6.

301. Find the distance between the lines 𝑦 = 𝑚𝑥 + 𝑐 and 𝑦 = 𝑚𝑥 + 𝑐1.

302. The equation of two sides of a square whose area is 25 square units are 3𝑥 −
4𝑦 = 0 and 4𝑥 + 3𝑦 = 0. Find the equation of the other two sides of the square.

303. Show that the parallelogram formed by 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝑎1𝑥 + 𝑏1𝑦 + 𝑐 = 0, 𝑎𝑥 +
𝑏𝑦 + 𝑐1 = 0 and 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 will be a rhombus if 𝑎2 + 𝑏2 = 𝑎2

1 + 𝑏2
1 .

304. For the straight lines 4𝑥 + 3𝑦 − 6 = 0 and 5𝑥 + 12𝑦 + 9 = 0, find the equation 

of the

a. bisector of the obtuse angle between them,

b. bisector of the acute angle between them, and

c. bisector of the angle which contains the origin.

305. Prove that the length of the perpendiculars drawn from any point of the line 7𝑥 −
9𝑦 + 10 = 0 to the lines 3𝑥 + 4𝑦 − 5 = 0 and 12𝑥 + 5𝑦 = 7 are equal.

306. Prove that the internal bisectors of the angle of a triangle meet in a given point.

307. Find the coordinates of the incenter of the triangle whose sides are 𝑥 + 1 = 0, 

3𝑥 − 4𝑦 − 5 = 0, and 5𝑥 + 12𝑦 − 27 = 0.

308. Two opposite sides of a rhombus are 𝑥 + 𝑦 = 1 and 𝑥 + 𝑦 = 5. If one vertex is 

(2, −1) and the angle at that vertex be 45°, find the vertex opposite to given 

vertex.

309. Two sides of a rhombus 𝐴𝐵𝐶𝐷 are parallel to the lines 𝑦 = 𝑥 + 2 and 𝑦 = 7𝑥 +
3. If the diagonals of the rhombus intersect at the point (1, 2) and the vertex 𝐴 

is on 𝑦-axis, find the possible coordinates of 𝐴.

310. Find the equations of the bisectors of the angle between the lines 𝑥 − 2𝑦 + 3 = 0 

and 4𝑥 + 2𝑦 − 5 = 0.

311. Prove that the line 6𝑥 + 66𝑦 − 7 = 0 is a bisector of the angle between the lines 

15𝑥 − 18𝑦 − 1 = 0 and 12𝑥 + 10𝑦 − 3 = 0.
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312. Show that each point on the line 2𝑥 + 11𝑦 = 5 is at equal distance from the lines 

24𝑥 + 7𝑦 = 20 and 4𝑥 − 3𝑦 = 2.

313. Find the locus of the point equidistant from the lines 6𝑥 + 8𝑦 − 10 = 0 and 4𝑥 −
3𝑦 = 7.

314. Find the equartions of the bisectors of the angles between the lines 𝑥 + 𝑦 − 3 =
0 and 7𝑥 − 𝑦 + 5 = 0 and state which of them bisects the acute angle between 

the lines.

315. Prove that the bisector of the acute angle between the lines 3𝑥 + 4𝑦 = 11 and 

12𝑥 − 5𝑦 = 2 is 11𝑥 + 3𝑦 = 17.

316. Find the equation of the line which bisects the obtuse angle between the lines 
𝑥 − 2𝑦 + 4 = 0 and 4𝑥 − 3𝑦 + 2 = 0.

317. Show that the four points (1, 0), (2, 3), (1, −4) and (8, 1) lie in the four compart

ments made by the lines 𝑥 + 𝑦 − 2 = 0 and 𝑥 − 𝑦 − 3 = 0.

318. Determine whether the origin lies inside or outside the triangle whose saides are 
given by the equation 7𝑥 − 5𝑦 − 11 = 0, 8𝑥 + 3𝑦 + 31 = 0, and 𝑥 + 8𝑦 − 19 = 0.

319. Sides of a square lie on the line 5𝑥 − 12𝑦 − 65 = 0 and 5𝑥 − 12𝑦 + 26 = 0. Find 

the area of the square.

320. The equation of two sides of a square are 3𝑥 + 4𝑦 − 5 = 0 and 3𝑥 + 4𝑦 − 15 = 0. 

The third side has a point (6, 5) on it. Find the equations of this and the remaining 

side of the square.

321. The equation of one side of rectangle is 3𝑥 − 4𝑦 − 10 = 0 and the coordinates 

of two of its vertices are (2 −, 1) and (2, 4). Find the area of rectangle and the 

equation of that diagonal of the rectangle which passes through the point (2, 4).

322. Prove that the lines 𝑎𝑥 ± 𝑏𝑦 ± 𝑐 = 0 enclose a rhombus whose area is 2𝑥2

|𝑎𝑏| .

323. If 𝑝, 𝑞, 𝑟 be the lengths of perpendiculars from the vertices 𝐴, 𝐵, 𝐶 respectively 

of the △ 𝐴𝐵𝐶 on any straight line, then prove that 𝑎2(𝑝 − 𝑞)(𝑝 − 𝑟) + 𝑏2(𝑞 −
𝑟)(𝑞 − 𝑝) + 𝑐2(𝑟 − 𝑝)(𝑟 − 𝑞) = 4Δ2, where Δ is the area of the triangle and 𝑎, 𝑏, 𝑐 

length of the sides opposite to angles 𝐴, 𝐵, 𝐶 respectively.

324. Prove that no line can be drawn through the point (4, −5) so that its distance 

from (−2, 3) will be equal to 12.

325. The vertices of △ 𝑂𝐵𝐶 are 𝑂(0, 0), 𝐵(−3, −1) and 𝐶(−1, −3). Find the equation 

of the line parallel of 𝐵𝐶 and intersecting with 𝑂𝐵 and 𝑂𝐶 , whose perpendiculars 
distance from 𝑂 is 1

2 .

326. The point (1, −1) is the center of a square, one of whose sides lies on the line 𝑥 −
2𝑦 + 12 = 0. Find the equation of the straight lines which contain the remaining 

sides of the square.

327. The equation of two sides of a parallelogram are 3𝑥 − 2𝑦 + 12 = 0 and 𝑥 − 3𝑦 +
11 = 0 and the point of intersection of its diagomals is (2, 2). Find the equation 

of other two sides and its diagonals.
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328. Given three parallel lines 3𝑥 + 4𝑦 + 2 = 0, 3𝑥 + 4𝑦 + 5 = 0 and 3𝑥 + 4𝑦 − 5 = 0. 

Show that the first of them lies between the other two. Also find the ratio in 
which the line divides the distance between the other two.

329. The three lines 𝑥 + 2𝑦 + 3 = 0, 𝑥 + 2𝑦 − 7 = 0, 2𝑥 − 𝑦 − 4 = 0 form the three 

sides of two squares. Find the equation of the fourth side of each square.

330. Find the equation of the internal bisectors of the angled of the triangle whose 
sides are 3𝑥 + 4𝑦 = 6, 12𝑥 − 5𝑦 = 3 and 4𝑥 − 3𝑦 + 12 = 0.

331. Find the incenter of the triangle whose sides are 3𝑥 + 4𝑦 − 12 = 0, 5𝑥 + 12𝑦 −
20 = 0 and 24𝑦 − 7𝑥 − 22 = 0.

332. Show that the reflection of the line 𝑝𝑥 + 𝑞𝑦 + 𝑟 = 0 in the line 𝑥 + 𝑦 + 1 = 0 is 

the line 𝑞𝑥 + 𝑝𝑦 + (𝑝 + 𝑞 − 𝑟) = 0, where 𝑝 ≠ −𝑞.

333. A man at the corssing of two roads 𝑥 − 2𝑦 − 4 = 0 and 2𝑥 − 𝑦 − 4 = 0 starts 

walking along the bisector of the acute angle between the roads and after covering 
a distance of 2 km reaches the bank of a straight river at right angle to its path. 
Find the equation of the bank and the coordinates of the point where the path 
meets the bank.

334. A rhombus has two of its sides parallel to the lines 𝑦 = 2𝑥 + 3 and 𝑦 = 7𝑥 + 2. 

If the diagonals cut at (1, 2) and one vertex is on the 𝑦-axis find the possible 

coordinates of that vertex.

335. A straight line segment of length 𝑙 moves with its end on two mutually perpen
dicular lines. Find the locus of the poitn which divides the segment in the ratio 
1 : 2.

336. Find the locus of the middle point of the potion of the line 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝 

which is intercepted between the axes given that 𝑝 remains constant.

337. A variable straight line, drawn through the point of intersection of the straight 
line 𝑥

𝑎 + 𝑦
𝑏 = 1 and 𝑥

𝑏 + 𝑦
𝑎 = 1, meets the axes at 𝐴 and 𝐵. Show that the locus 

of the mid-point of 𝐴𝐵 is the curve 2𝑥𝑦(𝑎 + 𝑏) = 𝑎𝑏(𝑥 + 𝑦).

338. If the line 𝑥
𝑎 + 𝑦

𝑏 = 1 moves in such a way that 1
𝑎2 + 1

𝑏2 = 1
𝑐2 , where 𝑐 is constant, 

prove that the foot of perpendicular from the origin on the straight line described 
the circle 𝑥2 + 𝑦2 = 𝑐2.

339. A straight line passes through a fixed point (ℎ, 𝑘); find the locus of the foot of 

the perpendicular on it drawn from the origin.

340. 𝑂𝑋 and 𝑂𝑌  are two straight lines at right angles to one another. On 𝑂𝑌  a 
fixed point 𝐴 is taken and on 𝑂𝑋 any point 𝐵. On 𝐴𝐵 an equilateral triangle is 
described, its vertex 𝐶 being on the side 𝐴𝐵 away from 𝑂. Show that the locus 
of the triangle is a straight line.

341. A point 𝑃  is such that its perpendicular distance from the line 𝑦 − 2𝑥 + 1 = 0 is 

equal to its distance from the origin. Find the equation of the locus of the point 
𝑃 . Prove that the line 𝑦 = 2𝑥 meets the locus in two points 𝑄 and 𝑅 such that 

the origin is the mid-point of 𝑄𝑅.

342. A line drawn through the origin intersect the lines 2𝑥 + 𝑦 − 2 = 0 and 𝑥 − 2𝑦 +
2 = 0 in 𝐴 and 𝐵. Find the locus of the mid-point of segment 𝐴𝐵.
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343. 𝑂 is a fixed point and 𝐴𝑃  and 𝐵𝑄 are two fixed parallel straight lines. 𝐵𝑂𝐴 

is perpendicular to both and ∠𝑃𝑂𝑄 is a right angle. Prove that the locus of the 

foot of the perpendicular from 𝑂 on 𝑃𝑄 is a circle, whose diameter is 𝐴𝐵.

344. Two fixed points 𝑃  and 𝑄 are given. 𝑅 is a variable point on one side of the 

line 𝑃𝑄 such that ∠𝑅𝑃𝑄 − ∠𝑅𝑄𝑃  is a positive constant 2𝛼. Find the locus of 

point 𝑅.

345. A variable straight line passes through the points of intersection of the lines 𝑥 +
2𝑦 = 1 and 2𝑥 − 𝑦 = 1 and meets the coordinate axes at 𝐴 and 𝐵. Find the locus 

of middle point of 𝐴𝐵.

346. Let 𝐿1 = 0 and 𝐿2 = 0 be two fixed lines. A variable line is drawn through the 

origin to cut the two lines at 𝐴 and 𝐵. 𝑃  is a point on the line 𝐴𝐵 such that 
𝑚+𝑛
𝑂𝑃 = 𝑚

𝑂𝑅 + 𝑛
𝑂𝑆 . Show that the locus of 𝑃  is a straight line through the point 

of intersection of the given lines (𝑅, 𝑆, 𝑃 ) are on the same side of origin.

347. Given 𝑛 straight lines and a fixed point 𝑂. Through 𝑂 a straight line is drawn 
meeting these lines at the points 𝑅1, 𝑅2, …, 𝑅𝑛 and a point 𝑅 is taken on it such 

that 𝑛
𝑂𝑅 = 1

𝑂𝑅1
+ 1

𝑂𝑅2
+ ⋯ + 1

𝑂𝑅𝑛
. Show that the locus of 𝑅 is a straight line.

348. The base of a triangle passes through a fixed point (𝑓, 𝑔) and its sides are 

respectively bisected at right angles by the lines 𝑦2 − 8𝑥𝑦 − 9𝑥2 = 0. Determine 

the locus of its vertex.

349. Having given the bases and the sum of the areas of a number of triangles is 
constant, which have a common vertex, show that the locus of this vertex is a 
straight line.

350. If 𝐴(cos 𝑡, sin 𝑡), 𝐵(sin 𝑡, − cos 𝑡), 𝐶(1, 2) are the vertices of a △ 𝐴𝐵𝐶 , find the 

locus of centroid if 𝑡 varies.

351. The position of a moving point in the 𝑥𝑦-plane given at a time 𝑡 is given by 

𝑢 cos 𝛼, 𝑢 sin 𝛼 − 1
2𝑔𝑡2, where 𝑢, 𝛼, 𝑔 are constants. Find the locus of the moving 

points.

352. A straight line passing through the point (1, 1) is terminated by the axes of 

coordinates. Show that the locus of the mid-point of the line has the equation 
2𝑥𝑦 = 𝑥 + 𝑦.

353. Find the locus of the middle point of the intercepts made by the axes on the lines 
drawn through the point (𝛼, 𝛽).

354. A straight line moves such that the sum of its intercepts on the axes is 𝑘. Find the 
locus of the middle point of the portion of the line intercepted between the axes.

355. A line 𝐴𝑃𝐵 of constant length meets the 𝑥-axis at 𝐴 and 𝑦-axis at 𝐵. If 𝐴𝑃 =
𝑏, 𝑃𝐵 = 𝑎 and the line slides with its extremities on the coordinate axes, show 

that the equation of the locus of the point 𝑃  is 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1.

356. A variable line through the point (6
5 , 6

5) cuts the coordinate axes at points 𝐴 and 

𝐵. If the point 𝑃  divides 𝐴𝐵 internally in the ratio 2 : 1, show that the equation 
of the locus of 𝑃  is 5𝑥𝑦 = 2(2𝑥 + 𝑦).
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357. A straight line moves in such a way that the length of the perpendicular upon it 
from the origin is always 𝑝. Find the locus of the centroid of the triangle which 

is formed by the line and the axes.

358. Two fixed points 𝐴 and 𝐵 have coordinates (𝑥1, 𝑦1) and (𝑥2, 𝑦2). A point 𝑃  moves 

such that 𝐴𝑃  is perpendicular to 𝐵𝑃 . Show that the locus of 𝑃  is (𝑥 − 𝑥1)(𝑥 −
𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0.

359. A point moves so that the square of its distance from the point (3, −2) is 

numerically equal to its distance from the line 5𝑥 − 12𝑦 = 13. Find the equation 

of its locus.

360. A point moves such that the sum of its distance from two fixed points (𝑎𝑒, 0) and 

(−𝑎𝑒, 0) is always 2𝑎. Prove that its locud is 𝑥2

𝑎2 + 𝑦2

𝑎2(1−𝑒2) = 1.

361. Find the locus of the middle point of the intercept on the line 𝑦 = 𝑥 + 𝑐 made by 

the line 2𝑥 + 3𝑦 = 5 and 2𝑥 + 3𝑦 = 8, 𝑐 being a parameter.

362. If a line 𝐴𝐵 of length 2𝑙 moves with end 𝐴 always on 𝑥-axis and the end 𝐵 
always on the line 𝑦 = 6𝑥. Find the equation of the locus of the mid-point of 𝐴𝐵.

363. 𝑃  is the point (−1, 2). A variable line through 𝑃  cuts the coordinate axes at 𝐴 

and 𝐵 respectively. 𝑄 is a point on 𝐴𝐵 such that 𝑃𝐴, 𝑃𝑄, 𝑃𝐵 are in H.P. Show 

that the locus of 𝑄 is the line 𝑦 = 2𝑥. (𝐴, 𝐵 lie on the same side of 𝑃 ) Also show 

that in general locus of 𝑄 is the rhombus whose sides are 𝑦 = 2𝑥, 𝑦 = −2𝑥 +
4, 𝑦 = −2𝑥 − 4 and 𝑦 = 2𝑥 + 8 excluding the vertices.

364. If 𝑂 is the origin, 𝐴 is the point (4, 4), 𝐵 is any point on the plane, find the locus 

of the point of intersection of the perpendicular bisectors of 𝑂𝐵 and 𝐴𝐵.

365. Two fixed points 𝐴 and 𝐵 are taken on the two axes such that 𝑂𝐴 = 𝑎 and 𝑂𝐵 =
𝑏. Two variable points 𝐶 and 𝐷 are taken on the same axes respectively, find the 
locus of the point of intersection of 𝐴𝐷 and 𝐵𝐶 if 1

𝑂𝐶 − 1
𝑂𝐷 = 1

𝑂𝐴 − 1
𝑂𝐵 .

366. 𝑄 is any point on the line 𝑥 = 𝑎. If 𝐴 is the fixed point (𝑎, 0) and 𝑄𝑅, the 

bisector of the angle 𝑂𝑄𝐴, meets the 𝑥-axis in 𝑅, find the locus of the foot of 

the perpendicular from 𝑅 to 𝑂𝑄.

367. A right-angled △ 𝐴𝐵𝐶 having a right angle at 𝐶, 𝐶𝐴 = 𝑏 and 𝐶𝐵 = 𝑎 moves 

such that the angular points 𝐴 and 𝐵 slide along 𝑥-axis and 𝑦-axis respectively. 

Find the locus of 𝐶 .

368. Show that the locus of a point which moves such that the square of its distance 
from the base of an isosceles triangle is equal to the rectangle under its distance 
from the other sides, is a circle.

369. A variable straight line is drawn through a given point 𝑂 to cut two fixed straight 
lines in 𝑅 and 𝑆; on it is taken a point 𝑃  such that 2

𝑂𝑃 = 1
𝑂𝑅 + 1

𝑂𝑆 , show that 

the locus of 𝑃  is a third fixed straight line.

370. If 𝑝, 𝑥1, 𝑥2, …, 𝑥𝑖, … and 𝑞, 𝑦1, 𝑦2, …, 𝑦𝑖, … from two infinite arithmetic sequences 

with common difference 𝑎 and 𝑏 respectively then find the locus of the point 

(𝛼, 𝛽) where 𝛼 = 1
𝑛

∑
𝑛

{𝑖=1}
𝑥𝑖 and 𝛽 = 1

𝑛
∑

𝑛

{𝑖=1}
𝑦𝑖.
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4 Pair of Straight Lines

Consider a pair of straight lines 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, which we 

represent as (𝑎𝑥 + 𝑏𝑦 + 𝑐)(𝑎1𝑥 + 𝑏1𝑦 + 𝑐1) = 0.

Let 𝑃(𝛼, 𝛽) on the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 ⇒ 𝑎𝛼 + 𝑏𝛽 + 𝑐 = 0 and (𝑎𝛼 + 𝑏𝛽 + 𝑐)(𝑎1𝛼 +
𝑏1𝛽 + 𝑐1) = 0.

Thus, a point which lies on either line wil satisfy (𝑎𝑥 + 𝑏𝑦 + 𝑐)(𝑎1𝑥 + 𝑏1𝑦 + 𝑐1) = 0. 

This equation represents a pair of straight lines.

4.1 Homogeneous Equations

Any equation in which combined powers of 𝑥 and 𝑦 is constant(say 𝑛) is called a 

homogeneous equation of degree 𝑛. For example, 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 is a homoge

neous equation of degree 2.

4.2 Pair of Straight Lines Through Origin

We will show that any homogeneous equation of second degree in 𝑥 and 𝑦 represents 

a pair of straight lines through the origin.

Consider the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 ⇒ 𝑎 + 𝑏(𝑦
𝑥)2 + 2ℎ𝑦

𝑥 = 0, which is a qua

dratic equation in 𝑦
𝑥 .

Let the roots be 𝑚1 and 𝑚2 of the above equation. ⇒ 𝑦
𝑥 = 𝑚1, 𝑚2 ⇒ 𝑏(𝑦 − 𝑚1𝑥)(𝑦 −

𝑚2𝑥) = 0

Thus, the given homogeneous equation represents two straight lines through origin.

If the lines are represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 𝑦 − 𝑚1𝑥 = 0 and 𝑦 − 𝑚2𝑥 =
0, then

𝑚1 + 𝑚2 = −2ℎ
𝑏

(4.1)

and

𝑚1𝑚2 = 𝑎
𝑏

(4.2)

.

4.3 Angle Between the Lines Represented by 𝑎𝑥2 +
2ℎ𝑥𝑦 + 𝑏𝑦2 = 0
The tangent of the angle between the two lines is given by tan 𝜃 = ± 𝑚1−𝑚2

1+𝑚1𝑚2

= ±√(𝑚1+𝑚2)2−4𝑚1𝑚2
1+𝑚1𝑚2

= ±2
√

ℎ2−𝑎𝑏
𝑎+𝑏 .

For lines to be perpendicular
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𝑎 + 𝑏 = 0 (4.3)

and for them to be parallel

ℎ2 = 𝑎𝑏 (4.4)
.

4.4 Bisectors of Angles Between the Pair of Straight Lines

Coninuing from previous sections the equation of bisectors of straight lines is given by
𝑦−𝑚1𝑥
√1+𝑚2

1
= ± 𝑦−𝑚2𝑥

√1+𝑚2
2

Combined equation is given by

( 𝑦−𝑚1𝑥
√1+𝑚2

1
− 𝑦−𝑚2𝑥

√1+𝑚2
2
)( 𝑦−𝑚1𝑥

√1+𝑚2
1

+ 𝑦−𝑚2𝑥
√1+𝑚2

2
) = 0

⇒ (𝑦−𝑚1𝑥)2

1+𝑚2
1

− (𝑦−𝑚2𝑥)2

1+𝑚2
2

= (𝑚1 + 𝑚2)(𝑥2 − 𝑦2) + 2(𝑚1𝑚2 − 1)𝑥𝑦 = 0

⇒ − 2ℎ
𝑏(𝑥2−𝑦2) + 2(𝑎

𝑏 − 1)𝑥𝑦 = 0 ⇒ 𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ .

𝑥2 − 𝑦2

𝑎 − 𝑏
= 𝑥𝑦

ℎ
(4.5)

4.5 Condition for General Equation of Second Degree to 
Represent a Pair of Straight Lines

General equation of the second degree is given by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 +
𝑐 = 0. This equation will result into two straight lines if it can be resolved into two 
linear factors.

Let the straight lines be 𝑙1𝑥 + 𝑚1𝑦 + 𝑛1 = 0 and 𝑙2𝑥 + 𝑚2𝑦 + 𝑛2 = 0, which are 

represented by the above equation.

Then 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = (𝑙1𝑥 + 𝑚1𝑦 + 𝑛1)(𝑙2𝑥 + 𝑚2𝑦 + 𝑛2)

Comparing coefficients 𝑙1𝑙2 = 𝑎, 𝑚1𝑚2 = 𝑏, 𝑛1𝑛2 = 𝑐, 𝑚1𝑛2 + 𝑚2𝑛1 = 2𝑓, 𝑛1𝑙2 +
𝑛2𝑙1 = 2𝑔, 𝑙1𝑚2 + 𝑙2𝑚1 = 3ℎ

Multiplying last three we obtain

𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 (4.6)

, which is the required condition.

The above condition can be represented as

|

𝑎
ℎ
𝑔

ℎ
𝑏
𝑓

𝑔
𝑓
𝑐|


= 0 (4.7)

The general equation can be treated as an equation in 𝑥 and then discriminat must be 
a perfect square for it to resolve into linear factors. We will obtain the same condition 
as above using this method as well.
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4.6 Problems

1. Find the joint equation of the straight lines represented by 𝑥 = 4𝑦 − 2 and 𝑥 −
1 = 𝑦.

2. Prove that the equations to the straight lines passing through the origin and making 
an angle 𝛼 with the straight line 𝑦 + 𝑥 = 0 are given by 𝑥2 + 2𝑥𝑦 sec 2𝛼 + 𝑦2 = 0.

3. A pair of perpendicular straight lines are drawn through the origin forming with 
the line 2𝑥 + 3𝑦 = 6 an isosceles triangle at the origin. Find the equation of pair 

of straight lines and the area of the triangle.

4. Find the combined equation of the lines 2𝑥 − 𝑦 = 3 and 𝑦 = 3𝑥 + 4.

5. Find the joint equation of the lines through (1, 2) and parallel to the lines 𝑥 −
2𝑦 = 5 and 𝑥 = 3𝑦 − 4.

6. Find the combines equation of the lines bisecting the angles between 𝑥 and 𝑦 axes.

7. Prove that the equation 8𝑥2 + 8𝑥𝑦 + 2𝑦2 + 26𝑥 + 13𝑦 + 15 = 0 represents two 

straight lines.

8. If the equation 6𝑥2 + 2𝑘𝑥𝑦 + 12𝑦2 + 22𝑥 + 31𝑦 + 20 = 0 represent a pair of 

straight lines, find the value of 𝑘.

9. Show that the equation 10𝑥2 − 11𝑥𝑦 − 6𝑦2 − 12𝑥 − 𝑦 + 2 = 0 represents a pair of 

straight lines.

10. Does the equation 2𝑥2 − 15𝑥𝑦 − 17𝑦2 + 4𝑥 + 23𝑦 − 6 = 0 represent a pair of 

straight lines?

11. For what value of 𝑚 does the equation 𝑚𝑥2 − 5𝑥𝑦 − 6𝑦2 + 14𝑥 + 5𝑦 + 4 = 0 

represent two straight lines? Prove that they are perpendicular to each other.

12. For what values of 𝑚 does the equation 𝑥2 + 𝑚𝑥𝑦 − 2𝑦2 + 3𝑦 − 1 = 0 represent 

two straight lines?

13. If the equation 12𝑥2 − 10𝑥𝑦 + 2𝑦2 + 11𝑥 − 5𝑦 + 𝑚 = 0 represent two straight 

lines, find the value of 𝑚.

14. For what value of 𝑚 does the equation 6𝑥2 + 5𝑥𝑦 − 4𝑦2 + 7𝑥 + 𝑚𝑦 + 2 = 0 repre

sent two straight lines?

15. Find the angle between the pair of straight lines represented by the equation 4𝑥2 +
24𝑥𝑦 + 11𝑦2 = 0.

16. Find the angle between the pair of straight lines represented by the equation (𝑥2 +
𝑦2) sin2 𝛼 = (𝑥 cos 𝛽 − 𝑦 sin 𝛽)2.

17. Find the angle between the pair of straight lines represented by the equation 𝑥2 −
5𝑥𝑦 + 4𝑦2 + 3𝑥 − 4 = 0.

18. Show that the two straight lines 𝑥2(tan2 𝜃 + cos2 𝜃) − 2𝑥𝑦 tan 𝜃 + 𝑦2 sin2 𝜃 = 0 

make with the axis of 𝑥 angles such that the difference of their tangents is 2.

19. Find the length of the straight line joining the foot of perpendicular from the point 
(𝑝, 𝑞) on the pair of lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.
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20. A point moves so that the distance between the feet of the perpendiculars drawn 
from it to the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 is a constant 𝑘. Show that the equation 

of its locus is (𝑥2 + 𝑦2)(ℎ2 − 𝑎𝑏) = 𝑘2[(𝑎 − 𝑏)2 + 4ℎ2].

21. Find the angle between the pair of straight lines given by 𝑥2 − 3𝑥𝑦 − 𝑦2 = 0.

22. Find the angle between the lines given by 𝑥2 + 2𝑥𝑦 cot 2𝛼 − 𝑦2 = 0.

23. Find the angle between the lines given by 𝑥2 − 2𝑝𝑥𝑦 + 𝑦2 = 0.

24. Show that the two straight lines given by 𝑥2 − 2𝑥𝑦 sec 𝜃 + 𝑦2 = 0 make an angle 

𝜃 with one another.

25. Find the angle between the lines represented by (𝑥2 + 𝑦2) sin2 𝛼 =
(𝑥 cos 𝛼 − 𝑦 sin 𝛼)2.

26. Prove that the equation 6𝑥2 − 5𝑥𝑦 − 6𝑦2 + 14𝑥 + 5𝑦 + 4 = 0 represents twp 

straight lines, which are perpendicular to each other.

27. Prove that the equation 16𝑥2 + 24𝑥𝑦 + 9𝑦2 + 40𝑥 + 30𝑦 − 75 = 0 represents two 

parallel straight lines.

28. Prove that the equation 𝑥2 − 5𝑥𝑦 + 4𝑦2 + 𝑥 + 2𝑦 − 2 = 0 represents two straight 

lines. Also, find the angle between them.

29. If the equation 12𝑥2 + 7𝑥𝑦 − 𝑝𝑦2 − 18𝑥 + 𝑞𝑦 + 6 = 0 represents two perpendicular 

straight lines, find the values of 𝑝 and 𝑞.

30. Prove that the equation 2𝑥2 + 3𝑥𝑦 − 2𝑦2 = 0 represents two lines through origin 

which are perpendicular to each other.

31. Find the separate equation of the lines represented by 2𝑥2 − 𝑥𝑦 − 𝑦2 + 9𝑥 − 3𝑦 +
10 = 0.

32. Prove that the equation 2𝑥2 + 5𝑥𝑦 + 3𝑦2 + 6𝑥 + 7𝑦 + 4 = 0 represents a pair of 

straight lines. Find the coordinates of their point of intersection and also the angle 
between them.

33. Show that the equation 8𝑥2 + 8𝑥𝑦 + 2𝑦2 + 26𝑥 + 13𝑦 + 15 = 0 represents a pair 

of parallel straight lines. Also, find the perpendicular distance between them.

34. Find the combined equation of the straight lines passing through the point (1, 1) 
and parallel to the lines represented by the equation 𝑥2 − 5𝑥𝑦 + 4𝑦2 + 𝑥 + 2𝑦 −
2 = 0 and find the angle between them.

35. If the lines represented by 2𝑥2 − 5𝑥𝑦 + 2𝑦2 = 0 be the two sides of a parallelogram 

and the line 5𝑥 + 2𝑦 = 1 be one of its diagonals, find the equation of the other 

diagonal and area of the parallelogram.

36. The base of a triangle passes through a fixed point (𝑓, 𝑔) and its sides are bisected 

at right angle by a pair of straight lines 𝑦2 − 8𝑥𝑦 − 9𝑥2 = 0. Determine the locus 

of its vertex.

37. Prove that the straight lines represented by (𝑦 − 𝑚𝑥)2 = 𝑎2(1 + 𝑚2) and 

(𝑦 − 𝑛𝑥)2 = 𝑎2(1 + 𝑛2) form a rhombus.
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38. If the equation 2ℎ𝑥𝑦 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 represents two straight lines, show that 

they form a rectangle of area 
|𝑓𝑔|
ℎ2  with the coordinate axes.

39. Find separate equations of lines represented by 𝑥2 − 5𝑥𝑦 + 4𝑦2 + 𝑥 + 2𝑦 − 2 = 0.

40. Prove that the lines represented by 𝑥2 − 6𝑥𝑦 + 3𝑦2 = 0 are perpendicular to the 

lines represented by 3𝑥2 + 6𝑥𝑦 + 𝑦2 = 0.

41. Show that one of the lines given by 𝑦2 + 𝑥𝑦 − 12𝑥2 = 0 coincides with one of the 

lines given by 4𝑦2 − 13𝑥𝑦 + 3𝑥2 = 0 and the other two lines are perpendicular to 

one another.

42. Prove that the lines represented by 𝑥2 − 7𝑥𝑦 + 12𝑦2 = 0 are perpendicular to the 

lines represented by 12𝑥2 + 7𝑥𝑦 + 𝑦2 = 0.

43. The equations to a pair of opposite sides of a rectangle are 𝑥2 − 7𝑥 + 6 = 0 and 

𝑦2 − 14𝑦 + 40 = 0. Find the equation of its diagonals.

44. Show that the four lines given by the equation 3𝑥2 + 8𝑥𝑦 − 3𝑦2 = 0 and 3𝑥2 +
8𝑥𝑦 − 3𝑦2 + 2𝑥 − 4𝑦 − 1 = 0 form a square. Also find the equation of the diagonals 

of the square.

45. Prove that the equation 2𝑥2 − 5𝑥𝑦 − 3𝑦2 − 2𝑥 + 6𝑦 = 0 represents two straight 

lines and find their point of intersection.

46. Find the condition that one of the lines given by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 may be 

perpendicular to one of the lines given by 𝑎1𝑥2 + 2ℎ1𝑥𝑦 + 𝑏1𝑦2 = 0.

47. If the slope of one of the lines represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 be 𝜆 times 

the other, prove that (1+𝜆
2ℎ )2 = 𝜆

𝑎𝑏 .

48. If the slope of one of the lines represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 be the square 

of the other, prove that 𝑎+𝑏
ℎ + 8ℎ2

𝑎𝑏 = 6.

49. Find the condition that the pair of straight lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 𝑎′𝑥2 +
2ℎ′𝑥𝑦 + 𝑏′𝑦2 = 0 have one line in common.

50. Find the equation of the bisectors of angles between the lines 3𝑥2 − 5𝑥𝑦 + 4𝑦2 = 0.

51. Show that the straight lines represented by 135𝑥2 − 136𝑥𝑦 + 33𝑦2 = 0 are equally 

inclined to the line 𝑥 + 2𝑦 = 7.

52. Prove that the lines 𝑎2𝑥2 + 2ℎ(𝑎 + 𝑏)𝑥𝑦 + 𝑏2𝑦2 = 0 are equally inclined to the lines 

𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.

53. Show that the lines bisecting the angles between the bisectors of the angles made 
by lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 are (𝑎 − 𝑏)(𝑥2 − 𝑦2) + 4ℎ𝑥𝑦 = 0.

54. If pairs of straight lines 𝑥2 − 2𝑝𝑥𝑦 − 𝑦2 = 0 and 𝑥2 − 2𝑞𝑥𝑦 − 𝑦2 = 0 be such that 

each pair bisects the other pair, prove that 𝑝𝑞 = −1.

55. Prove that the bisectors of the angles between the lines represented by 𝑎𝑥2 +
2ℎ𝑥𝑦 + 𝑏𝑦2 = 𝜆(𝑥2 + 𝑦2) are always the same irrespective of 𝜆.

56. Prove that the bisectors of the angle between the lines 𝑎𝑥2 + 𝑎𝑐𝑥𝑦 + 𝑐𝑦2 = 0 and 

(3 + 1
𝑐)𝑥2 + 𝑥𝑦 + (3 + 1

𝑎)𝑦2 = 0 are always the same.
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57. Prove that the lines 2𝑥2 + 6𝑥𝑦 + 𝑦2 = 0 are equally inclined to the lines 4𝑥2 +
18𝑥𝑦 + 𝑦2 = 0.

58. If the lines represented by 𝑥2 − 2𝑝𝑥𝑦 − 𝑦2 = 0 are rotated about the origin through 

an angle 𝜃, one in clockwise direction and other in anti-clockwise direction, find 
the equation of the bisectors of the angles between the lines in the new position.

59. If one of the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 be the bisector of the angle between the 

coordinate axes, prove that (𝑎 + 𝑏)2 = 4ℎ2.

60. Find the equation of pair of lines both of which pass through (1, 2) and are parallel 

to the bisectors of the angles between the lines given by 𝑥2 + 𝑥𝑦 − 2𝑦2 + 4𝑥 − 𝑦 +
3 = 0.

61. Show that the lines joining the origin to the points common to 𝑥2 + ℎ𝑥𝑦 − 𝑦2 +
𝑔𝑥 + 𝑓𝑦 = 0 and 𝑓𝑥 − 𝑔𝑦 = 𝜆 are at right angles irrespective of value of 𝜆.

62. Prove that the angle between the lines joining the origin to the points of intersection 
of the straight line 𝑦 = 3𝑥 + 2 with the curve 𝑥2 + 2𝑥𝑦 + 3𝑦2 + 4𝑥 + 8𝑦 − 11 = 0 

is tan−1 2
√

2
3 .

63. Prove that the pair of lines joining the origin to the intersection of the curve 𝑥2

𝑎2 +
𝑦2

𝑏2 = 1 by the line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 are conincident if 𝑎2𝑙2 + 𝑏2𝑚2 = 𝑛2.

64. Show that the straight lines joining the origin to the other two points of inter
section of the curves whose equations are 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 = 0 and 𝑎1𝑥2 +
2ℎ1𝑥𝑦 + 𝑏1𝑦2 + 2𝑔1𝑥 = 0 will be at right angles if 𝑔(𝑎1 + 𝑏1) = 𝑔1(𝑎 + 𝑏).

65. Find the equation of the straight lines joining the origin to the point of intersection 
of the line 3𝑥 + 4𝑦 = 5 and the curve 2𝑥2 + 3𝑦2 = 5.

66. Prove that the lines joining the origin and the points of intersection of the line 
3𝑥 − 2𝑦 = 1 and the curve 3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 = 0 are perpendicular to 

each other.

67. Find the equation of the straight lines joining the origin to the points of intersection 
of the line 𝑦 = 𝑚𝑥 + 𝑐 and the curve 𝑥2 + 𝑦2 = 𝑎2. Prove that they are perpen

dicular to one another if 2𝑐2 = 𝑎2(1 + 𝑚2).

68. Find the equation of the straight lines joining the origin to the points of intersection 
of the line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and 𝑦2 = 4𝑎𝑥. Also find the condition of their perpen

dicularity.

69. Find the value of 𝑐 so that the lines joining the origin to the common points of 
(𝑥 − 3)2 + (𝑦 − 4)2 = 𝑐2 and 4𝑥 + 3𝑦 = 24 are at right angles.

70. Find the value of 𝑚, if the lines joining the origin and the points of intersection 

of 𝑦 = 𝑚𝑥 + 1 and 𝑥2 + 𝑦2 = 1 are perpendicular to one another.

71. Prove that the straight lines joining the origin to the points of intersection of the 
straight lines 𝑘𝑥 + ℎ𝑦 = 2ℎ𝑘 with the curve (𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑐2 are at right 

angles if ℎ2 + 𝑘2 = 𝑐2.

72. Find the equation to the pair of lines through the origin and perpendicular to the 
pair of lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.
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73. Find the condition that the slope of one of the lines represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 = 0 should be 𝜆 times the slope of another.

74. Find the product of the length of the perpendiculars drawn from (𝑥1, 𝑦1) on the 

pair of straight lines 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑏𝑦2 = 0.

75. Prove that the equation (𝑎 + 2𝑏 + 𝑏)𝑥2 − 2(𝑎 − 𝑏)𝑥𝑦 + (𝑎 − 2ℎ + 𝑏)𝑦2 = 0 repre

sents a pair of lines inclined at an angle of 45° to one or other of the lines 
represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.

76. If the distance of a given point (𝛼, 𝛽) from each of the two straight lines through 

the origin is 𝑑, show that (𝛼𝑦 − 𝛽𝑥)2 = 𝑑2(𝑥2 + 𝑦2).

77. If one of the lines given by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 coincides with one of those 

given by 𝑎1𝑥2 + 2ℎ1𝑥𝑦 + 𝑏1𝑦2 = 0 and the other lines represented by them be 

perpendicular, prove that 
𝑏𝑎1𝑏1
𝑏1−𝑎1

= ℎ𝑎𝑏
𝑏−𝑎 = 1

2√−𝑎𝑎1𝑏𝑏1.

78. If the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 represented a pair of paral

lel lines, prove that 𝑎
ℎ = ℎ

𝑏 = 𝑔
𝑓 . Also prove that the distance between these parallel 

lines is 2√ 𝑔2−𝑐𝑎
𝑎(𝑎+𝑏) .

79. If the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 represents a pair of straight 

lines, prove that the square of the distance of their point of intersection from the 

origin is 
𝑐(𝑎+𝑏)−𝑓2−𝑔2

𝑎𝑏−ℎ2 .

80. If the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 represents a pair of straight 

lines equidistant from the origin, prove thta 𝑓4 − 𝑔4 = 𝑐(𝑏𝑓2 − 𝑎𝑔2).

81. If the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 be two sides of a parallelogram and the line 𝑙𝑥 +
𝑚𝑦 = 1 be one of its diagonals, show that the equation of the other diagonal is 

𝑦(𝑏𝑙 − ℎ𝑚) = 𝑥(𝑎𝑚 − ℎ𝑙).

82. Show that the orthocenter of the triangle formed by the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 =
0 and 𝑙𝑥 + 𝑚𝑦 = 1 is given by 𝑥

𝑙 = 𝑦
𝑚 = 𝑎+𝑏

𝑎𝑚2−2ℎ𝑙𝑚+𝑏𝑙2 .

83. Find the area of the triangle formed by the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 𝑙𝑥 +
𝑚𝑦 + 𝑛 = 0.

84. Show that the straight lines (𝐴2 − 3𝐵2)𝑥2 + 8𝐴𝐵𝑥𝑦 + (𝐵2 − 3𝐴2)𝑦2 = 0 form 

with the line 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 an equilateral triangle whose area is 𝐶2
√

3(𝐴2+𝐵2) .

85. Prove that the lines (𝑙𝑥 + 𝑚𝑦)2 − 3(𝑚𝑥 − 𝑙𝑦)2 = 0 and 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 form an 

equilateral triangle.

86. Show that the four straight lines given by 12𝑥2 + 7𝑥𝑦 − 12𝑦2 = 0 and 12𝑥2 +
7𝑥𝑦 − 12𝑦2 − 𝑥 + 7𝑦 − 1 = 0 lie along the sides of a square.

87. The lines represented by 𝑥2 − 3𝑥𝑦 + 2𝑦2 = 0 are shifted parallel to itself so that 

their point of intersection comes to (1, 1). Find the combined equation of the lines 

in new position.
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88. The joint equation of the lines of rays of incidence and reflection is 2𝑥2 − 𝑥𝑦 −
𝑦2 = 0. Find the joint equation of two possible lines from which the ray has been 

reflected.

89. If the angle between the lines joining the origin to the points of intersection of 
the lines 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 1 and the circle 𝑥2 + 𝑦2 = 𝑎2 be 90°, find the possible 

values of 𝑎.

90. If the pair of straight lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 is rotated about the origin through 

90°, find the equation in the new position.

91. Fing the image of the pair of lines represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 by the 

line mirror whose equation is 𝑦 = 0.

92. Prove that the sum of the squares of the perpendiculars drawn 
from the point (𝑥′, 𝑦′) on the lines given by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 is 
[4ℎ2(𝑥′2+𝑦′2)+4ℎ(𝑎+𝑏)𝑥′𝑦′+2(𝑎−𝑏)(𝑎𝑥′2−𝑏𝑦′2)]

[(𝑎−𝑏)2+4ℎ2] .

93. If (𝑥, 𝑦) be the centroid of the triangle whose sides are the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 = 0 and 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0. Find the centroid.

94. A triangle has the line 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 for two of its sides and the point 

(𝑙, 𝑚) for its orthocenter. Prove that the third side has the equation (𝑎 + 𝑏)(𝑙𝑥 +
𝑚𝑦) = 𝑎𝑚2 − 2ℎ𝑙𝑚 + 𝑏𝑙2.

95. Prove that the lines 𝑥2 + 4𝑥𝑦 + 𝑦2 = 0 and 𝑥 − 𝑦 = 4 are the sides of an equilateral 

triangle. Find its area.

96. Find the internal angles of the triangle formed by the pair of straight lines 𝑥2 +
4𝑥𝑦 + 𝑦2 = 0 and straight line 𝑥 + 𝑦 + 4

√
6 = 0.

97. Prove that the area of the triangle formed by the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 

𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝 is 𝑝2
√

ℎ2−𝑎𝑏
𝑏 cos2 𝛼−2ℎ sin 𝛼 cos 𝛼+𝑎 sin2 𝛼 .

98. Find the area of the triangle formed by the lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 +
𝑐 = 0 and the 𝑥-axis.



5 Circles

Circles are special cases of ellipses(we will study these the Chapter 7). For circles the 
length of major and minor axes of an ellipse are equal. Equivalently, a circle can be 
defined as locus of a point whose distance from a fixed center remains constant.

Consider a point (ℎ, 𝑘) as the center, the distance called radius as 𝑎 and the point 

(𝑥, 𝑦) then the general equation of the locus can be written as

𝐶(ℎ, 𝑘)

𝑃 (𝑥, 𝑦)

(𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝑎2 (5.1)

If we take the origin as the center then this equation reduces to

𝑂(0, 0)

𝑃 (𝑥, 𝑦)

𝑥2 + 𝑦2 = 𝑎2 (5.2)

In the last chapter we found the condition for general equation of second degree to 
represent a pair of straight lines. Here, we will find the condition for it to represent a 
circle.

Recall that general equaiton of second degree in 𝑥 and 𝑦 is given by 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and equation of circle is (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 = 𝑟2.

Comparing the coefficients we find that
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1
𝑎 = 1

𝑏 = 0
ℎ = −𝛼

𝑔 = −𝛽
𝑓 = 𝛼2+𝛽2−𝑟2

𝑐 , hence coff. of 𝑥2 should be equal to coefficient of 

𝑦2, coeff. of 𝑥𝑦 should be zero.

Thus, general equation in second degree which represents a circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0

(𝑥 + 𝑔)2 + (𝑦 + 𝑓)2 = 𝑔2 + 𝑓2 − 𝑐 (5.3)

which will have center at (−𝑔, −𝑓) and radius equal to √𝑔2 + 𝑓2 − 𝑐.

5.1 Special Cases

Case I: The circle passes through the origin.

𝑂(0, 0)

𝐶(𝛼, 𝛽)

The equation of the circle is (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 = 𝑎2. Since it passes through the 

origin, therefore,

(0 − 𝛼)2 + (0 − 𝛽)2 = 𝑎2

𝛼2 + 𝛽2 = 𝑎2 (5.4)

If we consider general equation then we find that 𝑐 = 0, thus the equation of circle is 
given by

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 = 0 (5.5)

Case II: The circle touches 𝑥-axis.

𝑂 𝐿

𝐶(𝛼, 𝛽)

We see that 𝐶𝐿 = |𝛽| so we can write that

(𝑥 − 𝛼2) + (𝑦 − 𝛽)2 = 𝛽2 (5.6)
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In case we write it in form of general equation then 𝑔2 + 𝑓2 − 𝑐 = 𝑓2. Thus, the 

equation of circle becomes

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑔2 = 0 (5.7)

Case III: The circle touches the 𝑦-axis.

𝑂

𝐿
𝐶(𝛼, 𝛽)

We see that 𝐶𝐿 = |𝛽| so we can write that

(𝑥 − 𝛼2) + (𝑦 − 𝛽)2 = 𝛽2 (5.8)

In case we write it in form of general equation then 𝑔2 + 𝑓2 − 𝑐 = 𝑔2. Thus, the 

equation of circle becomes

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑓2 = 0 (5.9)

Case III: The circle touches both the axes.

We first consider the case of first quadrant.

𝑂

𝑀

𝐿

𝐶(𝛼, 𝛽)

In this case 𝛼 = 𝛽 = 𝑎, and hence, the equation becomes

(𝑥 − 𝑎)2 + (𝑦 − 𝑎)2 = 𝑎2 (5.10)

Similarly, in 2nd, 3rd and 4th quadrant the equation would be (𝑥 + 𝑎)2 + (𝑦 − 𝑎)2 =
𝑎2, (𝑥 + 𝑎)2 + (𝑦 + 𝑎)2 = 𝑎2 and (𝑥 − 𝑎)2 + (𝑦 + 𝑎)2 = 𝑎2.
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5.2 Circle on a Diameter

We will find equation of a circle one of whose diameters has endpoints as (𝑥1, 𝑦1) 
and 𝑥2, 𝑦1.

𝐶

•

𝐴(𝑥1, 𝑦1) 𝐵(𝑥2, 𝑦2)

𝑃 (𝛼, 𝛽)

Let 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) be the endpoints of the diameter 𝐴𝐵 of the circle as 

shown. Also, let 𝑃(𝛼, 𝛽) on the circle. We know from geometry that 𝐴𝐵 will subtend 

a right-angle on 𝑃 .

Slope of 𝐴𝑃 = 𝛽−𝑦1
𝛼−𝑥1

 and slope of 𝐵𝑃 = 𝛽−𝑦2
𝛼−𝑥2

Since these two lines are perpendicular to each other we have 
𝛽−𝑦1
𝛼−𝑥1

𝛽−𝑦2
𝛼−𝑥2

= −1

⇒ (𝛼 − 𝑥1)(𝛼 − 𝑥2) + (𝛽 − 𝑦1)(𝛽 − 𝑦2) = 0

Thus, equation of circle would be

(𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0 (5.11)

5.3 Parametric Form of a Circle

We have the equation of the circle as (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 = 𝑎2 then any point on the 

circle in parametric form can be given by (𝛼 + 𝑎 cos 𝜃, 𝛽 + 𝑎 sin 𝜃).

If the center of the circle is at the origin i.e. the equation is 𝑥2 + 𝑦2 = 𝑎2 then the 

point’s coordiantes changes to (𝑎 cos 𝜃, 𝑏 sin 𝜃).

The point is often referred as point ‘𝜃’.

5.4 Position of a Point w.r.t. a Circle

Consider any point (𝑥1, 𝑦1). For any circle the point will be inside, outside or on the 

circle as (𝑥1 − 𝛼)2 + (𝑦1 − 𝛽)2 > 𝑎2, < 𝑎2 or = 𝑎2.

For general second degree equation the condition would be (𝑥1 + 𝑔2) + (𝑦1 + 𝑓2) >
𝑔2 + 𝑓2 − 𝑐, < 𝑔2 + 𝑓2 − 𝑐 or = 𝑔2 + 𝑓2 − 𝑐.

5.5 Intersection of a Line and a Circle

We know that one of the equations of a straight line is 𝑥−𝛼
cos 𝜃 = 𝑦−𝛽

sin 𝜃 . This equation 

represents a line passing through a point 𝑃(𝛼, 𝛽) making an angle of 𝜃 with positive 

direction of 𝑥-axis. Let this ratio be equal to 𝑟, where 𝑟 is the algebraic distance 
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of the point (𝑥, 𝑦) from 𝑃(𝛼, 𝛽). So the coordiantes on this line are given by (𝛼 +
𝑟 cos 𝜃, 𝛽 + 𝑟 sin 𝜃).

If this point lies on the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, then

(𝛼 + 𝑟 cos 𝜃)2 + (𝛽 + 𝑟 sin 𝜃)2 + 2𝑔(𝛼 + 𝑟 cos 𝜃) + 2𝑓(𝛽 + 𝑟 sin 𝜃) + 𝑐 = 0 i.e.

𝑟2 + 2𝑟(𝛼 cos 𝜃 + 𝛽 sin 𝜃 + 𝑔 cos 𝜃 + 𝑓 sin 𝜃) + 𝛼2 + 𝛽2 + 2𝑔𝛼 + 2𝑓𝛽 + 𝑐 = 0(5.12)

This is a quadratic equaiton in 𝑟, and hence, the line through 𝑃  meets the circle at 
two points 𝐴 and 𝐵. Then we see that 𝑃𝐴.𝑃𝐵 = 𝛼2 + 𝛽2 + 2𝑔𝛼 + 2𝑓𝛽 + 𝑐, which is 

independent of 𝜃, i.e. the direction of the line.

This we know from geometry that from a point 𝑃  a secant drawn to cut the circle in 
two points 𝐴 and 𝐵, the product of the distances 𝑃𝐴 and 𝑃𝐵 is constant.

5.6 Tangents and Normals

𝑃

𝑇
𝑄

𝑄1
𝑄2

𝑁

Consider two points 𝑃  and 𝑄 on a curve. The position to which the line 𝑃𝑄 tends as 

𝑄 becomes closer to the point 𝑄 i.e. the limiting position of chord 𝑃𝑄 as 𝑄 tends to 

𝑃  along the curve is called the tangent to the curve at point 𝑃 . The point 𝑃  is called 
the point of contact of the tangent.

We will find equation of a tangent to a circle at a point (𝑥1, 𝑦1) on the circle 𝑥2 +
𝑦2 = 𝑎2.

𝐶(0, 0)

𝑃 (𝑥, 𝑦)

Let 𝑄(𝑥2, 𝑦2) be another point on the circle. Then the equation of 𝑃𝑄 is 𝑦 − 𝑦1 =
𝑦2−𝑦1
𝑥2−𝑥1

(𝑥 − 𝑥1)

Since bothe 𝑃  and 𝑄 lie on the circle, therefore, 𝑥2
1 + 𝑦2

1 = 𝑎2 and 𝑥2
2 + 𝑦2

2 = 𝑎2

Subtracting we get 
𝑦1−𝑦2
𝑥1−𝑥2

= −𝑥1+𝑥2
𝑦1+𝑦2

Substituting this in the equation of 𝑃𝑄 gives us
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𝑦 − 𝑦1 = −𝑥1+𝑥2
𝑦1+𝑦2

(𝑥 − 𝑥1)

As 𝑄 → 𝑃, 𝑥2 → 𝑥1 and 𝑦2 → 𝑦1, and thus,

𝑦 − 𝑦1 = −𝑥1
𝑦1

(𝑥 − 𝑥1) ⇒ 𝑥𝑥1 + 𝑦𝑦1 = 𝑥2
1 + 𝑦2

1 . Thus,

𝑥𝑥1 + 𝑦𝑦1 = 𝑎2 (5.13)

is required equation.

Aliter: We know that the tangent to a circle at a point in perpendicular to the radius 
through that point. The center of our circle is at the origin. Thus, slope of the radius 
is 

𝑦1
𝑥1

.

So the slope of the tangent will be −𝑥1
𝑦1

.

Thus, equation of tangent will be 𝑦 − 𝑦1 = −𝑥1
𝑦1

(𝑥 − 𝑥1)

⇒ 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2.

Aliter(Using Calculus): The equation of our circle is 𝑥2 + 𝑦2 = 𝑎2

Differentiating w.r.t. 𝑥 gives us 2𝑥 + 2𝑦 𝑑𝑦
𝑑𝑥 = 0 ⇒ 𝑑𝑦

𝑑𝑥 = −𝑥
𝑦

Thus, slope at point 𝑃(𝑥1, 𝑦1) is 𝑑𝑦
𝑑𝑥 = −𝑥1

𝑦1

Thus, equation of tangent is 𝑦 − 𝑦1 = −𝑥1
𝑦1

(𝑥 − 𝑥1)

⇒ 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2.

Now we will find tanegent to the circle represented by the equation 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0.

Like the first method we see that both 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) lie on the circle. Thus, 

we can write

𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 = 0 and 𝑥2
2 + 𝑦2

2 + 2𝑔𝑥2 + 2𝑓𝑦2 + 𝑐 = 0

Subtracting 
𝑦1−𝑦2
𝑥1−𝑥2

= −𝑥1+𝑥2+2𝑔
𝑦1+𝑦2+2𝑓

We know that equation of the line 𝑃𝑄 is 𝑦 − 𝑦1 = 𝑦2−𝑦1
𝑥2−𝑥1

(𝑥 − 𝑥1)

Substituting we get 𝑦 − 𝑦1 = −𝑥1+𝑥2+2𝑔
𝑦1+𝑦2+2𝑓 (𝑥 − 𝑥1)

Now as 𝑄 → 𝑃, 𝑥2 → 𝑥1 and 𝑦2 → 𝑦1, which gives us

𝑦 − 𝑦1 = −𝑥1+𝑔
𝑦1+𝑓 (𝑥 − 𝑥1)

⇒ 𝑥𝑥1 + 𝑦𝑦1 + 𝑔𝑥 + 𝑓𝑦 = 𝑥2
1 + 𝑦2

1 + 𝑔𝑥1 + 𝑓𝑦1

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑔(𝑦 + 𝑦1) + 𝑐 = 0 (5.14)

Aliter: Center of the circle is (−𝑔, −𝑓) and slope of radius is 
𝑦1−(−𝑓)
𝑥1−(−𝑔) = 𝑦1+𝑓

𝑥1+𝑔

So slope of tangent would be −𝑥1+𝑔
𝑦1+𝑓

Thus, equation of tangent is 𝑦 − 𝑦1 = −𝑥1+𝑔
𝑦1+𝑓 (𝑥 − 𝑥1)
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Proceeding like earlier the equation of tangent is found to be

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑔(𝑦 + 𝑦1) + 𝑐 = 0.

You are encourage to try the third method using calculus for this as well.

Now we will find equation of the normal at 𝑃(𝑥1, 𝑦1) for the circle 𝑥2 + 𝑦2 = 𝑎2. 

Normal is defined as perpendicular to tangent and it always passes through the center 
of the circle.

𝐶(0, 0)

𝑃 (𝑥, 𝑦)

We have found the equation of tangent as 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2, and thus, its slope is −𝑥1
𝑦1

, 

this makes the slope of the normal as 
𝑦1
𝑥1

.

Since the normal pass through 𝐶(0, 0), therefore, its equationis given by 𝑦 = 𝑦1
𝑥1

𝑥 i.e.

𝑥𝑦1 − 𝑥1𝑦 = 0 (5.15)

You are implored to prove this by other techniques as well.

Similarly for the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, the equation of the normal at 

(𝑥1, 𝑦1) is found to be

𝑥 − 𝑥1
𝑥1 + 𝑔

= 𝑦 − 𝑦1
𝑦1 + 𝑓

(5.16)

5.7 Condition that a Line Touches a Circle

We will find the condition for a line 𝑦 = 𝑚𝑥 + 𝑐 to touch the circle 𝑥2 + 𝑦2 = 𝑎2.

Since the line touches the circle, therefore, 𝑥2 + (𝑚𝑥 + 𝑐)2 = 𝑎2

⇒ (1 + 𝑚2)𝑥2 + 2𝑚𝑐𝑥 + (𝑐2 − 𝑎2) = 0

Since the line touches at one point the above equation will have a repeated root and 
the discriminant must be zero for that. Thus,

4𝑚2𝑐2 − 4(1 + 𝑚2)(𝑐2 − 𝑎2) = 0 ⇒ 𝑐 = ±𝑎
√

1 + 𝑚2. Thus the required condition is

𝑐 = ±𝑎√1 + 𝑚2 (5.17)

Thus, general equation of tangent is 𝑦 = 𝑚𝑥 ± 𝑎
√

1 + 𝑚2.

The equation of the line is 𝑦 = 𝑚𝑥 + 𝑐 and equation of tangent is 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2

Since both equations represnet tangents at (𝑥1, 𝑦1), therefore, comparing the coefficients

𝑥1
−𝑚 = 𝑦1

1 = 𝑎2

𝑐 ⇒ 𝑥1 = −𝑎2𝑚
𝑐 , 𝑦1 = 𝑎2

𝑐

Thus, point of contact is (−𝑎2𝑚
𝑐 , 𝑎2

𝑐 ).
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5.7.1 Two Tangents to a Circle

We will prove that from a point outside the circle two tangents can always be drawn 
to the circle.

Let the circle be 𝑥2 + 𝑦2 = 𝑎2. We know that the equation of tangent is 𝑦 = 𝑚𝑥 +
𝑎
√

1 + 𝑚2

Let the external point be (𝑥1, 𝑦1). Since the tangent passes through it, therefore,

𝑦1 = 𝑚𝑥1 + 𝑎
√

1 + 𝑚2 ⇒ (𝑦1 − 𝑚𝑥1)
2 = 𝑎2(12

𝑚), which is a quadratic equation in 𝑚. 

Thus, it will give two values of 𝑚, and hence, two different tangents can be drawn 
from the same point.

If we check the nature of roots then discriminant is given by 𝑥2
1 + 𝑦2

1 − 𝑎2 i.e. if the 

point is external then two real 𝑚s mean two different tangent.

5.7.2 Length of a Tangent

We will find the length of a tangent from an external point to a circle.

𝐶(0, 0)

𝑇
•

𝑃(𝑥1, 𝑦1)

Let the point be 𝑃(𝑥1, 𝑦1) and the circle be 𝑥2 + 𝑦2 = 𝑎2. From point 𝑃  draw a tangent 

to the circle, whihc touches the circle at 𝑇 . 𝐶𝑇  will be perpendicular to 𝑃𝑇 .

Thus, in right-angle △ 𝐶𝑃𝑇 , we have

𝑃𝑇 2 = 𝐶𝑃 2 − 𝐶𝑇 2 = 𝑥2
1 + 𝑦2

1 − 𝑎2. Thus,

𝑃𝑇 = √𝑥2
1 + 𝑦2

1 − 𝑎2 (5.18)

Similarly if the circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and the center is (−𝑔, −𝑓) then

𝑃𝑇 2 = (𝑥1 + 𝑔)2 + (𝑦1 + 𝑓)2 − (𝑔2 + 𝑓2 − 𝑐)

𝑃𝑇 = √𝑥2
1 + 𝑦2

2 + 2𝑔𝑥1 + 2𝑔𝑦1 + 𝑐 (5.19)

5.7.3 Pair of Tangents

We will find the equation of pair of tangents drawn from an external point to a circle.

𝐶(0, 0)
𝑃 (𝑥1, 𝑦1)

𝐴

𝐵
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Let the point be 𝑃(𝑥1, 𝑦1) from which we draw two tangents 𝑃𝐴 and 𝑃𝐵 to the circle, 

touching the circle at 𝐴 and 𝐵 respectively.

Let 𝑅(𝛼, 𝛽) be any point on any one of the tangents, say 𝑃𝐴. Then the locus of 𝑅(𝛼, 𝛽) 
will be the required equation of the pair of tangents to the circle from point (𝑥1, 𝑦1).

Equation of 𝑃𝑅 is 𝑦 − 𝑦1 = 𝛽−𝑦1
𝛼−𝑥1

(𝑥 − 𝑥1)

⇒ 𝑦(𝛼 − 𝑥1) − 𝑥(𝛽 − 𝑦1) − 𝛼𝑦1 + 𝛽𝑥1 = 0.

Now 𝐴𝐶 = 𝑎
⇒ |𝛽𝑥1−𝛼𝑦1|

√(𝛼−𝑥1)2+(𝛽−𝑦1)2 = 𝑎 ⇒ 𝛽𝑥1−𝛼𝑦1
(𝛼−𝑥1)2+(𝛽−𝑦1)2 ) = 𝑎2

So locus of 𝑅(𝛼, 𝛽) is (𝑦𝑥1 − 𝑥𝑦1)
2 = 𝑎2[(𝑥 − 𝑥1)

2 + (𝑦 − 𝑦1)
2]

(𝑥2
1 + 𝑦2

1 − 𝑎2)(𝑥2 + 𝑦2 − 𝑎2) = (𝑥𝑥1 + 𝑦𝑦1 − 𝑎2)2 (5.20)

This is the required equation of pair of tangents drawn from (𝑥1, 𝑦1).

If circle is denoted by 𝑆 then the pair of tangents is given by 𝑆𝑆1 = 𝑇 2

For the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 the pair of tangents is given by

(𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐)(𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐) = [𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐]2(5.21)

5.8 Chord of Contact of Tangents

𝑃(𝑥1, 𝑦1)

𝐴(𝑥2, 𝑦2)

𝐵(𝑥3, 𝑦3)

𝐶(0, 0)

Let 𝑃  be a point outside a circle. From 𝑃  two tangents 𝑃𝐴 and 𝑃𝐵 can be drawn to 
touch the circle at 𝐴 and 𝐵, respectively just like last section. The chord 𝐴𝐵 is called 
the chord of contact for point 𝑃 .

We will now find the equation of this chord of contact.

Let 𝐴 = (𝑥2, 𝑦2) and 𝐵 = (𝑥3, 𝑦3) as shown in the figure.

Since these points lie on the tangents, therefore, 𝑥𝑥2 + 𝑦𝑦2 = 𝑎2 and 𝑥𝑥3 + 𝑦𝑦3 = 𝑎2

Since both pass through (𝑥1, 𝑦1), therefore, 𝑥1𝑥2 + 𝑦1𝑦2 = 𝑎2 and 𝑥1𝑥3 + 𝑦1𝑦3 = 𝑎2

Thus, we can sat that 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2 passes through 𝐴 and 𝐵. Hence, the equation 

of line 𝐴𝐵 is this equation.

Similarly, for the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 the equation of chord of contact 

is given by

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 0.
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5.9 Poles and Polars

If from a point 𝑃  any straight line is drawn to meet the circle in 𝑄 and 𝑅 and tangents 

at 𝑄 and 𝑅 meet at 𝑇  then locus of 𝑇  is called the polar of 𝑃  w.r.t to the circle and 

𝑃  is called the pole of its polar i.e. 𝑇 .

𝑇 (𝛼, 𝛽)

𝑄

𝑅

𝑃(𝑥1, 𝑦1)
𝐶(0, 0)

The point 𝑃  can be inside or outside the circle. The diagram shows one such 𝑃  inside 
the circle through which the line 𝑄𝑅 passes and tangents meets at 𝑇 (𝛼, 𝛽).

Clearly, 𝑄𝑅 is the chord of contact of 𝑇  whose equation is 𝑥𝛼 + 𝑦𝛽 = 𝑎2, but it passes 

through 𝑃(𝑥1, 𝑦1), therefore,

𝑥1𝛼 + 𝑦1𝛽 = 𝑎2

Putting (𝑥, 𝑦) instead of (𝛼, 𝛽) we get the locus of 𝑇  as

𝑥𝑥1 + 𝑦𝑦1 = 𝑎2 (5.22)

This is the required equation of the polar of point 𝑃(𝑥1, 𝑦1) and as can be seen from 

the equation it is a straight line.

Similarly, for circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 the equation of the polar is given by

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑥 + 𝑥1) + 𝑐 = 0 (5.23)

5.9.1 Coordinates of a Pole

Now we will find coordinates of pole of a line.

Consider a line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 whose pole is to be found w.r.t. the circle 𝑥2 +
𝑦2 = 𝑎2.

Let the pole be (𝑥1, 𝑦1). Now the equation of polar of point (𝑥1, 𝑦1) w.r.t. to the circle 

is given by 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2

Comapring coefficients with the given line 𝑙
𝑥1

= 𝑚
𝑦1

= − 𝑛
𝑎2 ⇒ 𝑥1 = −𝑎2𝑙

𝑛 , 𝑦1 = −𝑎2𝑚
𝑛

Hence, coordinates of the pole is given by (−𝑎2𝑙
𝑛 , −𝑎2𝑚

𝑛 ).

5.9.2 Properties of Poles and Polars

• If the polar of a point 𝑃  w.r.t. to a circle passes through 𝑄 then the polar of 𝑄 w.r.t. 

the circle will pass through 𝑃
Let the equation of the circle is 𝑥2 + 𝑦2 = 𝑎2. Also, let 𝑃 = (𝑥1, 𝑦1) and 𝑄 = (𝑥2, 𝑦2).
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Now equations of the polars of these two points will be 𝑥𝑥1 + 𝑦𝑦1 = 𝑎2 and 𝑥𝑥2 +
𝑦𝑦2 = 𝑎2.

If the polar of 𝑃  passes through 𝑄 then 𝑥1𝑥2 + 𝑦1𝑦2 = 𝑎2.

Thus, we have proven our assumption. The points 𝑃  and 𝑄 are called conjugate points.

• If the pole of a line w.r.t. a circle lies on another line, then the pole of the other line 
w.r.t. the same circle will lie on the first line.

Let the circle be 𝑥2 + 𝑦2 = 𝑎2 and the lines be 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and 𝑙′𝑥 + 𝑚′𝑦 +
𝑛′ = 0.

Let the pole of first line w.r.t to circle be (𝑥1, 𝑦1). Then the polar will be

𝑥𝑥1 + 𝑦𝑦1 = 𝑎2. Comapring coefficients we arrive at (𝑥1, 𝑦1) = (−𝑎2𝑙
𝑛 , −𝑎2𝑚

𝑛 ).

This point will lie on the second line, therefore,

−𝑎2𝑙𝑙′
𝑛 − 𝑎2𝑚𝑚′

𝑛 + 𝑛′ = 0 ⇒ 𝑎2𝑙𝑙′ + 𝑎2𝑚𝑚′ − 𝑛𝑛′ = 0.

Similarly we let pole of the second line w.r.t. to the circle be (𝑥2, 𝑦2). Then the polar 

will be

𝑥𝑥2 + 𝑦𝑦2 = 𝑎2. Comapring coefficients we arrive at (𝑥2, 𝑦2) = (−𝑎2𝑙′
𝑛′ , −𝑎2𝑚′

𝑛′ )

This point will lie on the first line, therefore,

𝑎2𝑙𝑙′ + 𝑎2𝑚𝑚′ − 𝑛𝑛′ = 0.

Thus, the points lies on corresponding lines. Such lines are called conjugate lines.
• If the polars of two point 𝑃  and 𝑄 w.r.t. a circle meet at 𝑅, then 𝑅 is the pole of 

the line 𝑃𝑄.

Let 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) be two points. Then the polar 𝐴𝐵 and 𝐶𝐷 of 𝑃  and 𝑄 

w.r.t. to the circle 𝑥2 + 𝑦2 = 𝑎2 will be

𝑥𝑥1 + 𝑦𝑦1 = 𝑎2 and 𝑥𝑥2 + 𝑦𝑦2 = 𝑎2

According to question they meet at 𝑅. Solving the two equations, we have

𝑥
𝑦1−𝑦2

= 𝑦
𝑥2−𝑥1

= − 𝑎2

𝑥1𝑦2−𝑥2𝑦1
, which gives 𝑅.

We have to prove that polar of 𝑅 w.r.t. the circle is line 𝑃𝑄. The polar of 𝑅 w.r.t. 

the circle is

𝑥.(− 𝑎2(𝑦1−𝑦2)
𝑥1𝑦2−𝑥2𝑦1

) + 𝑦(− 𝑎2(𝑥1−𝑥1)
𝑥1𝑦2−𝑥2𝑦1

) = 𝑎2

⇒ 𝑦−𝑦1
𝑦1−𝑦2

= 𝑥−𝑥1
𝑥1−𝑥2

, which is the line 𝑃𝑄.

5.10 Equation of a Chord

We will find equation of a chord whose midpoint is given.

Let the equation of the circle be 𝑥2 + 𝑦2 = 𝑎2 with center 𝐶(0, 0).

Let 𝑃𝑄 be the chord whose mid-point is 𝐿(𝑥1, 𝑦1). Slope of line 𝐶𝐿 = −𝑥1
𝑦1

Since 𝑃𝑄 ⟂ 𝐶𝐿, therefore, slope of 𝑃𝑄 = 𝑦1
𝑥1
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Equation of 𝑃𝑄 is 𝑦 − 𝑦1 = 𝑦1
𝑥1

(𝑥 − 𝑥1)

𝑄

𝑃

𝐶(0, 0) 𝐿

Thus, equation of the chord is given by

𝑥𝑥1 + 𝑦𝑦1 = 𝑥2
1 + 𝑦2

1 (5.24)

Similarly the equation of chord for the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 is given by

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 (5.25)

5.11 Intersection of Circles

𝐶1 𝐶2

𝑃

𝑃 ′

𝑇

𝑇 𝑇 ′

𝑇 ′

The angle between two circles is the angle between their tangents at their point of 
intersection. Let 𝑃  be a point of intersection of two circles. Let 𝑃𝑇  and 𝑃𝑇 ′ be the 
tangents to the two circles at the point of intersection. Then the angle is defined at 
∠𝑇𝑃𝑇 ′ or 𝜋 − ∠𝑇𝑃𝑇 ′. If 𝐶1 and 𝐶2 be the centers of the two circles then

𝑃𝐶1 ⟂ 𝑃𝑇  and 𝑃𝐶2 ⟂ 𝑃𝑇 ′ ∴ ∠𝑇𝑃𝑇 ′ = ∠𝐶1𝑃𝐶2 or 𝜋 − ∠𝐶1𝑃𝐶2.

5.11.1 Orthogonal Circles

Two circles are said to intersect orthogonally if they intersect at right angles.

We will find the condition for two circles 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 and 𝑥2 +
𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0 are orthogonal.

Let 𝐴 and 𝐵 be the center of these circles and 𝑟1 and 𝑟2 be their radii respectively. Then

𝐴 = (−𝑔1, −𝑓1) and 𝐵 = (−𝑔2, −𝑓2) and 𝑟2
1 = 𝑔2

1 + 𝑓2
1 − 𝑐1 and 𝑟2

2 = 𝑔2
2 + 𝑓2

2 − 𝑐2
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𝐴 𝐵

𝑃

𝑃 ′

𝑡1

𝑡2

Orthogonality: 𝑟2
1 + 𝑟2

2 = 𝑑2

Since the circles are orthogonal 𝑃𝐴2 + 𝑃𝐵2 = 𝐴𝐵2 ⇒ 𝑟2
1 + 𝑟2

2 = 𝐴𝐵2

⇒ 𝑔2
1 + 𝑓2

1 − 𝑐1 + 𝑔2
2 + 𝑓2

2 − 𝑐2 = (𝑔2 − 𝑔1)
2 + (𝑓2 − 𝑓1)

2

2𝑔1𝑔2 + 2𝑓1𝑓2 = 𝑐1 + 𝑐2 (5.26)

5.12 Radical Axis

𝐶1 𝐶2

𝑇

𝐹1 𝐹2

Radical axis

The radical axis of two circles is the locus of a point which moves so that the length 
of the tangents drawn from it to the two points are equal.

We will find equation of radical axis of two circles 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 

and 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0.

Let 𝑃(𝛼, 𝛽) be any point from which the tangents from it to these circles are equal. 

Let the tangents from this point to the two circles be 𝑃𝐴 and 𝑃𝐵.
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𝑑1 𝑑2

𝐶1 𝐶2

𝑇

𝐹1 𝐹2

Radical axis

Now 𝑃𝐴 = √𝛼2 + 𝛽2 + 2𝑔1𝛼 + 2𝑓1𝛽 + 𝑐1 and 𝑃𝐵 = √𝛼2 + 𝛽2 + 2𝑔2𝛼 + 2𝑓2𝛽 + 𝑐2

We have 𝑃𝐴 = 𝑃𝐵 ⇒ 2(𝑔1 − 𝑔2)𝛼 + 2(𝑓1 − 𝑓2)𝛽 + 𝑐1 − 𝑐2 = 0

Hence, locus of 𝑃  is

2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0 (5.27)

which is a straight line and equation of radical axis.

5.12.1 Properties of Radical Axes

• The radical axis of two circles is perpendicular to the line of centers.

Let the two circles be 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 and 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 +
𝑐2 = 0.

Let 𝐴 and 𝐵 be the centers of these two circles. Then slope of 𝐴𝐵 is 
𝑓2−𝑓1
𝑔2−𝑔1

, which 

is negative reciprocal of 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0.

Thus, the radical axis of two circles is perpendicular to the line of centers.
• The radical axis of three circles takes two at a time are concurrent.

Consider three circles, which are 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0, 𝑥2 + 𝑦2 + 2𝑔2𝑥 +
2𝑓2𝑦 + 𝑐2 = 0 and 𝑥2 + 𝑦2 + 2𝑔3𝑥 + 2𝑓3𝑦 + 𝑐3 = 0.

So radical axes will be 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0, 2(𝑔2 − 𝑔3)𝑥 +
2(𝑓2 − 𝑓3)𝑦 + 𝑐2 − 𝑐3 = 0 and 2(𝑔3 − 𝑔1)𝑥 + 2(𝑓3 − 𝑓1)𝑦 + 𝑐3 − 𝑐1 = 0.

Adding these we get equality, hence, the three lines are concurrent. The point where 
these radical axes meet is called the radical center of the three circles.

• The radical axis of the two circles bisect their common tangent.

Let 𝐴𝐵 be one of the common tangents meeting the raidcal axis at 𝑃 , then since 𝑃  
lies on the radical axis, hence, by definition of radical axis 𝑃𝐴 = 𝑃𝐵.

Thus, the radical axis bisect the common tangent.
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• The locus of the cetner of a circle cutting two given circles orthogonally is the radical 
axis of the two circles.

Let the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 cut the circles 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 +
𝑐1 = 0 and 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0 orthogonally. Then

2𝑔𝑔1 + 2𝑓𝑓1 = 𝑐 + 𝑐1 and 2𝑔𝑔2 + 2𝑓𝑓2 = 𝑐 + 𝑐2

⇒ 2𝑔(𝑔1 − 𝑔2) + 2𝑓(𝑓1 − 𝑓2) = 𝑐1 − 𝑐2

Thus, locus of the center is 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0 which is the 

radical axis of the two circles being cut orthogonally.

5.13 Coaxial Circles

A system of circles is said to be coaxial if each pair of circles of the system has the 
same radical axis.

Consider tow circles 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 and 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 +
𝑐2 = 0.

Equation of radical axis will be 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0.

We know that the radical axis of two circles is perpendicular to the line joining their 
centers, therefore, if we take the line joining the centers as 𝑥-axis and radical axis as 
𝑦-axis then

𝑓1 = 𝑓2 = 0 and equation of radical axis will be 𝑐1 − 𝑐2 = 0 ⇒ 𝑐1 = 𝑐2.

Thus, constant term in all the circles must be same for them to be coaxial circles.

5.13.1 Limiting Points of a Coaxial System

Consider a system of coaxial circles having equation 𝑥2 + 𝑦2 + 2𝑔𝑥 + 𝑐 = 0, where 𝑐 

is a constant and 𝑔 is a parameter.

The radius is √𝑔2 − 𝑐. If 𝑔 = ±
√

𝑥 then the radius vanishes and the circle becomes 

point circle.

Thus, there are two circles of the system whose radii are zero, centers of these circles 
are (

√
𝑐, 0) and (−

√
𝑐, 0).

These points are called limiting points of the system.

5.14 Circles through the Points of Intersection of a Circle 
and a Line

Consider a circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and a line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0.

Consider the equation 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 + 𝜆(𝑙𝑥 + 𝑚𝑦 + 𝑛) = 0 which is also 

the equation of a circle.

The coordinates which satisfy the considered circle and line also satisfy this equation 
of circles. Thus, point of intersection of the considered circle and line lies on this new 
circle.
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Similarly we can say that 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 + 𝜆(𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐) =
0 is the locus of points of intersectionof two circles.

5.15 Problems

1. Find the center and the radius of the circle 3𝑥2 + 3𝑦2 − 8𝑥 − 10𝑦 + 3 = 0.

2. Prove that the radii of the circles 𝑥2 + 𝑦1 = 1, 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 = 6 and 𝑥2 +
𝑦2 − 4𝑥 − 12𝑦 = 9 are in A.P.

3. Find the area of an equilateral triangle inscribed in the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0.

4. Find the center and the radius of the circle 𝑥2 + 𝑦2 + 6𝑥 − 8𝑦 = 24.

5. Find the center and the radius of the circle 5𝑥2 + 5𝑦2 + 4𝑥 − 8𝑦 = 16.

6. Find the center and the radius of the circle 𝑥2 + 𝑦2 − 6𝑥 − 2𝑦 = 6.

7. What will be the radius and center of the circle 1
2(𝑥2 + 𝑦2) + 𝑥 cos 𝜃 + 𝑦 sin 𝜃 −

4 = 0?

8. Prove that the centers of the circles 𝑥2 + 𝑦2 = 1, 𝑥2 + 𝑦2 + 6𝑥 − 2𝑦 − 1 = 0 and 

𝑥2 + 𝑦2 − 12𝑥 + 4𝑦 = 1 are collinear.

9. Prove that the radii of the circles 𝑥2 + 𝑦2 = 1, 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 = 6 and 𝑥2 +
𝑦2 − 4𝑥 − 12𝑦 = 9 are in A.P.

10. Prove that the radii of the circles 𝑥2 + 𝑦2 = 4, 4𝑥2 + 4𝑦2 − 8𝑥 − 24𝑦 + 15 = 0 and 

𝑥2 + 𝑦2 − 4𝑦 − 5 = 0 are in A.P.

11. Prove that the circles 𝑥2 + 𝑦2 − 9 = 4𝑟2, 𝑟 = 1, 2, 3 cut off equal intercepts 

between the circles on the line 3𝑥 = 4𝑦 + 15 = 0.

12. Find the equation of the circle whose center is (1, 2) and which passes through 

the point (4, 6).

13. If the equations of two diameters of a circle are 𝑥 + 𝑦 = 6 and 𝑥 + 2𝑦 = 4 and 

the radius of the circle is 10, find the equation of the circle.

14. Find the equation of the circle whose center is (3, 4) and which touches the line 

5𝑥 + 12𝑦 = 1.

15. Find the equation of a circle which passes through the point (2, 0) and whose 

center is the limit of the point of intersection of the lines 3𝑥 + 5𝑦 = 1 and (2 +
𝑐)𝑥 + 5𝑐2𝑦 = 1 as 𝑐 tends to 1.

16. A circle has radius of 3 units and its center lies on the line 𝑦 = 𝑥 − 1. Find the 

equation of the circle if it passes through (7, 3).

17. Find the equation of the circle, which touches the axes and whose center lies on 
the line 𝑥 − 2𝑦 = 3.

18. A circle of radius 2 lies in the first quadrant and touches both the axes of 
coordinates. Find the equation of the circle with center at (6, 5) and touching the 

above circle externally.
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19. Find the equation of the circles whose center is (3, −1) and which cut off an 

intercept of length 6 from 2𝑥 − 5𝑦 + 18 = 0.

20. Find equations of the circles touching 𝑦-axis at (0, 3) and making intercept of 8 

units on the 𝑥-axis.

21. Find the equation of the circle having the pair of lines 𝑥2 + 2𝑥𝑦 + 3𝑥 + 6𝑦 = 0 

as its normals and having the size just sufficient to contain the circle 𝑥(𝑥 − 4) +
𝑦(𝑦 − 3) = 0.

22. A circle of raidus 5 units touches the coordinate axes in the first quadrant. If the 
circle makes one complete roll on the 𝑥-axis along the positive direction of 𝑥-axis, 
find its equation in the new position.

23. The circle 𝑥2 + 𝑦2 − 4𝑥 − 8𝑦 + 16 = 0 rolls up the tangent to it at (2 +
√

3, 3) 

by 2 units, assuming the 𝑥-axis as horizontal, find the equation of the circle in 
the new position.

24. Find the equations of the circles touching the lines 𝑦 = 0 and 𝑦 =
√

3(𝑥 + 1) and 

having the centers at a distance 1 from the origin.

25. Find the equation of the circle passing through the point (2, 8) touching the lines 

4𝑥 − 3𝑦 + 24 = 0 and 4𝑥 + 3𝑦 − 42 = 0 and having 𝑥 coordinate of the center of 

the circle numerically less than or equal to 8.

26. Find the equation of the circle whose center is (1, −5) and radius is 7.

27. Find the equation of the circle whose center is (−1, −2) nad diameter is 25.

28. If the equation of two diameters of a circle are 2𝑥 + 𝑦 = 6 and 3𝑥 + 2𝑦 = 4 and 

the radius is 10, find the equation of the circle.

29. Find the equation of the circle which passes through the point of intersection of 
3𝑥 − 2𝑦 − 1 = 0 and 4𝑥 + 𝑦 − 27 = 0 and whose center is (2, 3).

30. Find the equation of the circle whose center is (1, 2) and which passes through 

the point of intersection of 3𝑥 + 𝑦 = 14 and 2𝑥 + 5𝑦 = 18.

31. Find the equation of the circle passing through the center of the circle 𝑥2 + 𝑦2 −
4𝑥 − 6𝑦 = 8 and being concentric with the circle 𝑥2 + 𝑦2 − 2𝑥 − 8𝑦 = 5.

32. Find the equation of the circle passing through the point of intersection of 𝑥 +
3𝑦 = 0 and 2𝑥 − 7𝑦 = 0 and whose center is the point of intersection of lines 𝑥 +
𝑦 + 1 = 0 and 𝑥 − 2𝑦 + 4 = 0.

33. Find the equation of the circle whose radius is 5 and the center lies on the positive 
side of 𝑥-axis at a distance 5 from the origin.

34. Find the equation of the circle which passes through the points (−1, 2) and (3, −2) 
and whose center lies on the line 𝑥 − 2𝑦 = 0.

35. Find the equation of the circle which passes through the point (1, −2) and (4, −3) 
and whose center lies on the line 3𝑥 + 4𝑦 = 7.

36. Find the equation of the circle whose radius is 5 and which touches the circle 
𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 20 = 0 at the point (5, 5).
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37. Find the equation of the circle whose center is (1, −3) and which touches the line 

2𝑥 − 𝑦 − 4 = 0.

38. Write down the equation of a circle concentric with the circle 𝑥2 + 𝑦2 − 4𝑥 +
6𝑦 − 17 = 0 and tangent to the line 3𝑥 − 4𝑦 + 7 = 0.

39. Find the equation of the circle of radius 5 and touching the line 3𝑥 − 4𝑦 + 5 = 0 

at (1, 2).

40. If the raidus of the circle is 5 and the equations of the twp normals to the circle 
are 3𝑥 − 5𝑦 + 2 = 0 and 𝑥 + 2𝑦 = 3, find the equation of the circle.

41. Find the equation of the circle which touches the 𝑦-axis at a distance 4 from the 

origin towards the positive side of 𝑦-axis and cuts of an intercept 6 on the 𝑥-axis.

42. Find the equation of the circle which touches both the axes and whose radius is 𝑎.

43. Find the equation of the circle passing through the point (ℎ, 𝑘) and touching the 

𝑦-axis at origin.

44. Find the equation of the circle touching the axis of 𝑥 at the origin and touching 
the line 3𝑦 = 4𝑥 + 24.

45. What is the parametric equation of the circle 𝑥2 + 𝑦2 = 16.

46. Find the equation of the circle which touches the line 2𝑥 − 𝑦 = 1 at (1, 1) and 

the line 2𝑥 + 𝑦 = 4.

47. Find the euqation of the circle touching the lines 4𝑥 − 3𝑦 = 30 and 4𝑥 − 3𝑦 +
10 = 0 having the center on the line 2𝑥 + 𝑦 = 0.

48. A circle of raidus 4 units touches the coordinate axes in the first quadrant . Find 
the equation of its image w.r.t. the line mirror 𝑦 = 0.

49. The equation of a circle is 𝑥2 + 𝑦2 + 16𝑥 − 24𝑦 + 183 = 0. Find the equation of 

the image of this circle by the line mirror 4𝑥 + 7𝑦 + 13 = 0.

50. The circle (𝑥 − 𝑎)2 + (𝑦 − 𝑎)2 = 𝑎2 is rolled on the 𝑥-axis in the positive direction 

through one complete revolution. Find the equation of the circle in the new 
position.

51. The center of a circle is (1, 1) and its radius is 5 units. If the center is shifted on 

the line 𝑥 − 𝑦 = 0 through a distance of 
√

2 units, find the equation of the circle 

in the new position. How many such circles are possible?

52. Find the equation of the circles which pass through the origin and cut off equal 
chords of 

√
2 units from the straight lines 𝑦 = 𝑥 and 𝑦 = −𝑥.

53. Find the center of the circle which is inscribed in the triangle formed by the lines 
3𝑥 + 4𝑦 − 15 = 0, 3𝑥 − 4𝑦 − 7 = 0, and 12𝑥 + 5𝑦 − 115 = 0.

54. Show that the equation of the circle which touches the coordinate axes and whose 
center lies on the straight line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 is (𝑙 ± 𝑚)2(𝑥2 + 𝑦2) ± 2𝑛(𝑙 ±
𝑚)(𝑥 + 𝑦) + 𝑛2 = 0.
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55. Of the two concentric circles the smaller one has the equation 𝑥2 + 𝑦2 = 4. If 

the intercept on the line 𝑥 + 𝑦 = 2 made between the two circles is 1, find the 

equation of the larger circle.

56. Is (3, 2) an interior point or an exterior point of the circle 𝑥2 + 𝑦2 − 2𝑥 + 𝑦 =
0? If inerior, find the equation of the circle centered on it and of maximum area 
contained in the given in the circle. If exterior, find the circle of maximum radius 
centered on it containing the given circle.

57. Find the equation of the circle with minimum raidus which contains the three 
circles 𝑥2 + 𝑦2 − 4𝑦 − 5 = 0, 𝑥2 + 𝑦2 + 12𝑥 + 4𝑦 + 31 = 0, and 𝑥2 + 𝑦2 + 6𝑥 +
12𝑦 + 36 = 0.

58. Find the equation of the circle whose diameter is the line joining the points (−4, 3) 
and (12, −1). Find also the intercept made by it on 𝑦-axis.

59. The sides of a square are 𝑥 = 1, 𝑥 = 3, 𝑦 = 2 and 𝑦 = 4. Find the equation of the 

circle drawn on the diagonals of the square as its diameter.

60. Find the equation of the circle on the line joining the origin and (2, −4) as 

diameter.

61. Find the equation of the circle, the endpoints of whose diameter are (2, −3) and 

(−2, 4). Find its center and radius.

62. Find the equation of the circle drawn on the intercept between the axes made by 
the line 3𝑥 + 4𝑦 = 12 as a diameter.

63. Find the equation of the circle the endpoints of whose diameter are the centers 
of the circles 𝑥2 + 𝑦2 + 6𝑥 − 14𝑦 = 1 and 𝑥2 + 𝑦2 − 4𝑥 + 1 − 𝑦 = 2.

64. The sides of a square are 𝑥 = 6, 𝑥 = 9, 𝑦 = 3 and 𝑦 = 6. Find the equation of a 

circle drawn on the diagonal of the square as its diameter.

65. Find the equation of the circle circumscribing the rectangle whose sides are 𝑥 −
3𝑦 = 4, 3𝑥 + 𝑦 = 22, 𝑥 − 3𝑦 = 14 and 3𝑥 + 𝑦 = 62.

66. The ascissa if two points 𝐴 and 𝐵 are the roots of the equation 𝑥2 + 2𝑥 − 𝑎2 =
0 and the oridinates are the roots of the equation 𝑦2 + 4𝑦 − 𝑏2 = 0. Find the 

equation of the circle with 𝐴𝐵 as its diameter. Also find the coordinates of the 
center and the length of the raidus of the circle.

67. If (4, 1) be one endpoint of the diameter of the circle 𝑥2 + 𝑦2 − 2𝑥 + 6𝑦 − 15 =
0, find the coordinates of the other endpoint of the diagonal.

68. Find the equation of the circumcircle of the quadrilateral formed by the four lines 
𝑎𝑥 + 𝑏𝑦 ± 𝑐 = 0 and 𝑏𝑥 − 𝑎𝑦 ± 𝑐 = 0.

69. Find the equation of the circle which passes through the points (1, −2) and (4, −3) 
and whose center lies on the line 3𝑥 + 4𝑦 = 7.

70. Find the equation of the circle passing through the origin and the points where 
the straight line 3𝑥 + 4𝑦 = 12 meets the coordinate axes.

71. Show that the cyclic quadrilateral is formed by the lines 5𝑥 + 3𝑦 = 9, 𝑥 = 3𝑦, 2𝑥 =
𝑦 and 𝑥 + 4𝑦 + 2 = 0 taken in order. Find the equation of the circle.
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72. Find the equation of a circle passing through the points (1, 2) and (3, 4) and 

touching the line 3𝑥 + 𝑦 − 3 = 0.

73. A circle touches both the 𝑥-axis and the line 4𝑥 − 3𝑦 + 4 = 0. Its center is in the 

third quadrant anf lies on the line 𝑥 − 𝑦 − 1 = 0. Find the equation of the circle.

74. Find the equation of the circle passing through the points (1, 0), (0, 1) and (1, −2).

75. Find the equation of the circle passing through the points (0, 0), (𝑎, 0) and (0, 𝑏).

76. Find the equation of the circle which passes through the origin and cuts off chords 
of length 4 and 6 on the positive side of 𝑥-axis and 𝑦-axis respectively.

77. Find the equation of the circumcircle of the triangle formed by the lines 𝑦 =
𝑥, 𝑦 = 2𝑥, and 𝑦 = 3𝑥 + 2.

78. Find the incenter of the triangle whose sides are 7𝑥 − 𝑦 + 11 = 0, 𝑥 + 𝑦 − 15 = 0 

and 7𝑥 + 17𝑦 + 65 = 0. Find the equation of the incircle.

79. Find the equation of the circles passing through the origin and cutting off equal 
intercepts 1 from the lines 3𝑥 = 4𝑦 and 4𝑥 = 3𝑦.

80. Find the equation of the circle described on the common chord of the circles 𝑥2 +
𝑦2 − 4𝑥 − 5 = 0 and 𝑥2 + 𝑦2 + 8𝑦 + 7 = 0 as diameter.

81. Show that the circle on the chord 𝑥 cos 𝛼 + 𝑦 sin 𝛼 − 𝑝 = 0 of the circle 𝑥2 + 𝑦2 =
𝑎2 as diameter is 𝑥2 + 𝑦2 − 𝑎2 − 2𝑝(𝑥 cos 𝛼 + 𝑦 sin 𝛼 − 𝑝) = 0.

82. Prove that the equation 𝑥2 + 𝑦2 − 4 + 𝑘(𝑦 − 𝑚𝑥 − 2
√

1 + 𝑚2) = 0 represents a 

family of circles touching each other at a common point for all 𝑘, where 𝑚 is a 
given constant.

83. Show that the general equation of a circle which passes through the points 
(𝑥1, 𝑦1) and (𝑥2, 𝑦2) may be written as (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) +

𝜆|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0, and hence, deduce the diameter form of the equation of a circle.

84. The line 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 cuts the circle 𝑥2 + 𝑦2 + 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 in 𝑃  and 

𝑄. The line 𝐴′𝑥 + 𝐵′𝑦 + 𝐶′ = 0 cuts the circle 𝑥2 + 𝑦2 + 𝑎′𝑥 + 𝑏′𝑦 + 𝑐′ = 0 in 

𝑅 and 𝑆. If 𝑃 , 𝑄, 𝑅, 𝑆 are concyclic points show that |
𝑎−𝑎′

𝐴
𝐴′

𝑏−𝑏′

𝐵
𝐵′

𝑐−𝑐′

𝐶
𝐶′

| = 0.

85. A fixed circle is cut by circles passing through two given points 𝐴(𝑥1, 𝑦1) and 

𝐵(𝑥2, 𝑦2). Show that the chord of intersection of the fixed circle with any one of 

the circled, passes through a fixed point.

86. Tangents 𝑃𝑄 and 𝑃𝑅 are drawn to the circle 𝑥2 + 𝑦2 = 𝑎2 from the point 

𝑃(𝑥1, 𝑦1). Find the equation of the circumcircle of △ 𝑃𝑄𝑅.

87. Find the equation of the circle passing through the point of intersection of the 
circles 𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4 = 0 and 𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 − 6 = 0 and with its 

center on the line 𝑦 = 𝑥.

88. If the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 bisects the circumference of the circle 

𝑥2 + 𝑦2 + 2𝑔′𝑥 + 2𝑓 ′𝑦 + 𝑐′ = 0, prove that 2𝑔′(𝑔 − 𝑔′) + 2𝑓 ′(𝑓 − 𝑓 ′) = 𝑐 − 𝑐′.
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89. Find the equation of the circle of radius 4 and passing through the point of inter
section of circles 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4 = 0 and 𝑥2 + 𝑦2 − 10𝑥 − 12𝑦 + 40 = 0.

90. Show that the common chord of the circles 𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 9 = 0 and 𝑥2 +
𝑦2 − 8𝑥 − 6𝑦 + 23 = 0 pass through the center of the second circle and find its 

length.

91. Find the equation of the circle whose diameter is the common chord of the circles 
𝑥2 + 𝑦2 + 2𝑥 + 3𝑦 + 1 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 3𝑦 + 2 = 0.

92. If 𝑦 = 𝑚𝑥 be the equation of a chord of the circle 𝑥2 + 𝑦2 − 2𝑎𝑥 = 0, prove that 

the circle of which this chord is a diameter has the equation (1 + 𝑚2)(𝑥2 + 𝑦2) −
2𝑎(𝑥 + 𝑚𝑦) = 0.

93. Find the equation of the circle which passes through the point of intersection of 
the circles 𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4 = 0 and 𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 − 6 = 0 and whose 

center lies on the line 𝑦 = 𝑥.

94. Prove that the equation 𝑥2 + 𝑦2 + 2(3 + 𝑝)𝑥 + 2(3 − 𝑝)𝑦 + 4 = 0 represents a 

circle for all values of 𝑝, passing through two fixed points. Find the fixed points.

95. Find the equation of the circle through the points of intersection of the circles 
𝑥2 + 𝑦2 = 4𝑎2 and 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 4 = 0 and touching the line 𝑥 + 2𝑦 = 0.

96. Find the equation of the circle which passes through the points of intersection 
of the circle 𝑥2 + 𝑦2 − 𝑥 − 𝑦 = 0 and the line 𝑥 + 𝑦 = 1 and also through the 

point (1, 1).

97. Find the equation of the circle which has for its diameter the chord cut off on the 
line 𝑝𝑥 + 𝑞𝑦 − 1 = 0 by the circle 𝑥2 + 𝑦2 = 𝑎2.

98. The point 𝐴(𝛼, 𝛽) is outside the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and 𝐴𝑃, 𝐴𝑄 

are tangents to the circle. Find the equation of the circumcircle of △ 𝑃𝑄𝑅.

99. Show that the line 3𝑥 − 4𝑦 = 𝑐 will meet the circle having center at (2, 4) and 

the radius 5 in real and distinct points if −35 < 𝑐 < 15.

100. Find the length of the chord 4𝑥 − 3𝑦 = 5 of the circle 𝑥2 + 𝑦2 + 3𝑥 − 𝑦 − 10 = 0.

101. Prove that the line 𝑦 = 𝑥 + 𝑎
√

2 touches the circle 𝑥2 + 𝑦2 = 𝑎2. Also find the 

point of contact.

102. Find the equation of tangents of the circle 𝑥2 + 𝑦2 − 6𝑥 + 4𝑦 − 12 = 0 which are 

parallel to the line 4𝑥 + 3𝑦 + 5 = 0.

103. Show that the common tangents to the circles 𝑥2 + 𝑦2 − 6𝑥 = 0 and 𝑥2 + 𝑦2 +
2𝑥 = 0 form an equilateral triangle.

104. Three concentric circles of which the biggest is 𝑥2 + 𝑦2 = 1 have their radii in 

A.P. If the line 𝑦 = 𝑥 + 1 cuts all the circles in real and distinct points then find 

the interval in which the common difference of the A.P. will lie.

105. If 4𝑙2 − 5𝑚2 + 6𝑙 + 1 = 0; then shown that the line 𝑙𝑥 + 𝑚𝑦 + 1 = 0 touches a 

fixed circle. Find the center and raidus of the circle.

106. Find the point 𝑃  on the circle 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 + 9 = 0 such that (i) ∠𝑃𝑂𝑋 is 

minimum (ii) 𝑂𝑃  is maximum, where 𝑂 is the origin and 𝑂𝑋 is the 𝑥-axis.
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107. Show that the circle 𝑥2 + 𝑦2 − 2𝑎𝑥 − 2𝑎𝑦 + 𝑎2 = 0 touches both the axes. Also, 

find the point of contact.

108. Find the length of the chord of the circle 𝑥2 + 𝑦2 − 16 which bisects the join of 

the points (2, 3) and (1, 2) perpendicularly.

109. Find the length of the chord intercepted by the straight line 𝑥 − 7𝑦 + 4 = 0 and 

the circle 𝑥2 + 𝑦2 − 14𝑥 + 4𝑦 + 28 = 0. Also, find the middle point of the chord.

110. Find the length of the common chords of the circles 𝑥2 + 𝑦2 + 3𝑥 + 5𝑦 + 4 = 0 

and 𝑥2 + 𝑦2 + 5𝑥 + 3𝑦 + 4 = 0.

111. Find the equation and length of the common chord of the circles 𝑥2 + 𝑦2 + 2𝑥 +
3𝑦 + 1 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 3𝑦 + 2 = 0.

112. Prove that the length of the common chord of the circlea (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 =
𝑐2 and (𝑥 − 𝑏)2 + (𝑦 − 𝑎)2 = 𝑐2 is √4𝑐2 − 2(𝑎 − 𝑏)2. Hence find the condition 

that the two circles may touch each other.

113. Prove that the length of the common chord of the two circles 𝑥2 + 𝑦2 + 2ℎ𝑥 +
𝑎2 = 0 and 𝑥2 + 𝑦2 − 2𝑘𝑦 − 𝑎2 = 0 is 2√ (ℎ2−𝑎2)(𝑘2+𝑎2)

ℎ2+𝑘2 .

114. Prove that the length of the common chord of the circles 𝑥2 + 𝑦2 + 𝑎𝑥 + 𝑏𝑦 +
𝑐 = 0 and 𝑥2 + 𝑦2 + 𝑏𝑥 + 𝑎𝑦 + 𝑐 = 0 is √1

2(𝑎 + 𝑏)2 − 4𝑐.

115. If the line 𝑝𝑥 + 𝑞𝑦 + 𝑟 = 0 touches the circle 𝑥2 + 𝑦2 = 𝑎2 then prove that 𝑟2 =
𝑎2(𝑝2 + 𝑞2).

116. Prove that the line 4𝑥 − 3𝑦 + 23 = 0 touches the circle 𝑥2 + 𝑦2 − 6𝑥 + 10𝑦 = 66.

117. Show that for all values of 𝜃, 𝑥 sin 𝜃 − 𝑦 cos 𝜃 = 𝑎 touches the circle 𝑥2 + 𝑦2 = 𝑎2.

118. If 𝑙𝑥 + 𝑚𝑦 = 1 touches the circle 𝑥2 + 𝑦2 = 𝑎2, prove that the point (𝑙, 𝑚) lies 

on the circle 𝑥2 + 𝑦2 = 𝑎−2.

119. Find the value of 𝜆 so that the line 3𝑥 − 4𝑦 = 𝜆 may touch the circle 𝑥2 + 𝑦2 −
4𝑥 − 8𝑦 − 5 = 0.

120. Show that the line (𝑥 − 1) cos 𝜃 + (𝑦 − 1) sin 𝜃 = 1 touches a circle for all values 

of 𝜃. Find the circle.

121. Find those tangents to the circle 𝑥2 + 𝑦2 = 16 which are parallel to 3𝑥 − 16𝑦 = 10.

122. Find the equation of the tangents to the circle 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4 = 0 which 

are (i) parallel, (ii) perpendicular to the line 3𝑥 − 4𝑦 − 1 = 0.

123. Show that the line 7𝑦 − 𝑥 = 5 touches the circle 𝑥2 + 𝑦2 − 5𝑥 + 5𝑦 = 0 and find 

the equation of the other parallel tangent.

124. Find the equation of the tangent lines to the circle 𝑥2 + 𝑦2 = 15 which are 

perpendicular to the line 4𝑥 − 𝑦 + 6 = 0.

125. Find the equation of tangents to the circle 𝑥2 + 𝑦2 − 6𝑥 + 4𝑦 − 3 = 0, which are 

perpendicular to the line 𝑦 = 2𝑥 − 1.
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126. Find the equation of the tangents to the circle 𝑥2 + 𝑦2 = 25, which make an angle 

of 60° with the positive direction of 𝑥-axis.

127. Find the equation of the family of circles which touch the pair of straight lines 
𝑥2 − 𝑦2 + 2𝑦 − 1 = 0.

128. Examine if the two circles 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 = 0 and 𝑥2 + 𝑦2 − 8𝑦 − 4 = 0 touch 

each other externally or internally.

129. Prove that the circle 𝑥2 + 𝑦2 + 2𝑎𝑥 + 𝑐2 = 0 and 𝑥2 + 𝑦2 + 2𝑏𝑦 + 𝑐2 = 0 touch 

each other if 1
𝑎2 + 1

𝑏2 = 1
𝑐2 .

130. Prove that 𝑥2 + 𝑦2 = 𝑎2 and (𝑥 − 2𝑎)2 + 𝑦2 = 𝑎2 are two equal circles touching 

each other. Find the equation of circles of equal radius touching both the circles.

131. Prove that the circles 𝑥2 + 𝑦2 + 2𝑥 + 2𝑦 + 1 = 0 and 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 − 3 = 0 

touch each other.

132. Prove that the condition for the circles (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑐2 and (𝑥 − 𝑏)2 +
(𝑦 − 𝑎)2 = 𝑐2 to touch each other is 𝑎 = 𝑏 ±

√
2𝑐.

133. Prove that the circles 𝑥2 + 𝑦2 + 2𝑢𝑥 + 2𝑣𝑦 = 0 and 𝑥2 + 𝑦2 + 2𝑢1𝑥 + 2𝑣1𝑦 = 0 

touch each other if 𝑢𝑣1 = 𝑢1𝑣.

134. Find the length of the chord of the circle 𝑥2 + 𝑦2 = 4 through (1, 1
2), which is of 

minimum length.

135. Find the angle that the chord of circle 𝑥2 + 𝑦2 − 4𝑦 = 0 along the line 𝑥 + 𝑦 = 1 

subtends at the circumference the larger segment.

136. Prove, analytically, that the angle n a semi-circle is a right angle.

137. A circle of diameter 13m with the center 𝑂 coinciding with the origin of coordinate 
axes, has the diameter 𝐴𝐵 on the 𝑥-axis. If the length of the chord 𝐴𝐶 be 5m, 
find the equation of pair of lines 𝐵𝐶 , 𝐶 having two possible positions.

138. Show that the least chord of the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 which passes 

through the internal point (𝛼, 𝛽) is equal to 2√−(𝛼2 + 𝛽2 + 2𝑔𝛼 + 2𝑓𝛽 + 𝑐).

139. If the line 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 cut the coordinate axes in 

concyclic points prove that 𝑎1𝑎2 = 𝑏1𝑏2.

140. The chord along the line 𝑦 − 𝑥 = 3 of the circle 𝑥2 + 𝑦2 = 𝑘2, subtends an angle 

of 30° in the major segment of the circle cut off by the chord. Find 𝑘.

141. Prove that the tangent to the circle 𝑥2 + 𝑦2 = 5 at the point (1, −2) also touches 

the circle 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 20 = 0 and find its point of contact.

142. Prove that the equation 𝑥2 + 𝑦2 − 2𝑥 − 2𝜆𝑦 − 8 = 0, where 𝜆 is a parameter, 

represents a family of circles passing through two fixed points 𝐴 and 𝐵 on the 𝑥
-axis. Also, find the equation of that circle of the family the tangents to which at 
𝐴 and 𝐵 meet on the line 𝑥 + 2𝑦 + 5 = 0.

143. 𝐴𝐵 is a diameter of a circle. 𝐶𝐷 is a chord parallel to 𝐴𝐵 and 2𝐶𝐷 = 𝐴𝐵. The 
tangent at 𝐵 meets the line 𝐴𝐶 produced at 𝐸. Prove that 𝐴𝐸 = 2𝐴𝐵.

144. Two parallel tangents to a given circle are cut by a third tangent at point 𝐴 and 
𝐵. If 𝐶 be the center of the given circle, prove that ∠𝐴𝐶𝐵 is a right angle.
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145. A circle of radius 5 meters is having its center at 𝐴 at the origin. Two circles 
II and III with centers 𝐵 and 𝐶 of radii 3 and 4 meters respectively touch the 
circle I and also touch the 𝑥-axis to the right of 𝐴. Find the equation to any two 
common tangents to the circles II and III.

146. Find the equation of the normal to the circle 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 3 = 0 at the 

point (2, 3).

147. The extremeties of a diagonal of a rectangle are (−4, 4) and (6, −1). A circle 

circumscribes the rectangle and cuts an intercept 𝐴𝐵 on the 𝑦-axis. Find the area 

of the triangle formed by 𝐴𝐵 and the tangents to the circle at 𝐴 and 𝐵.

148. Find the equation of the tangent to the circle 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 = 12 at the 

point (−1, −1).

149. Prove that the tangents to the circle 𝑥2 + 𝑦2 − 7𝑥 − 5𝑦 + 18 = 0 at the point (4, 3) 
and (3, 2) are parallel to each other.

150. Find the equations of the tangents to the circle 𝑥2 + 𝑦2 = 169 at (5, 12) and 

(12, −5) and prove that they cut at right angles. Find their point of intersection 

also.

151. The tangent at the point (𝛼, 𝛽) to the circle 𝑥2 + 𝑦2 = 𝑟2 cut the axes of coordi

nates in 𝐴 and 𝐵. Prove that the area of the △ 𝑂𝐴𝐵 is 1
2

𝑟4

|𝛼𝛽| , 𝑂 being the origin.

152. Let 𝐴 be the center of the circle 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 20 = 0. Suppose that the 

tangents at the point 𝐵(1, 7) and 𝐷(4, −2) on the circle meet at the point 𝐶 . Find 

the area of the quadrilateral 𝐴𝐵𝐶𝐷.

153. Prove that the line 𝑥 + 𝑦 = 5 touches the circle 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 3 = 0. Find 

the point of contact.

154. Prove that the tangent to the circle 𝑥2 + 𝑦2 = 5 at the point (1, −2) also touches 

the circle 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 20 = 0, and find its point of contact.

155. Show that the circles 𝑥2 + 𝑦2 − 10𝑥 + 4𝑦 − 20 = 0 and 𝑥2 + 𝑦2 + 14𝑥 − 6𝑦 +
22 = 0 touch each other. Find the coordinates of the point of contact and the 
equation of the common tangent at the point of contact.

156. Prove that the line 𝑦 = 𝑥 + 2 touches the circle 𝑥2 + 𝑦2 = 2. Find the point of 

contact.

157. Find the condition that the straight line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 should touch the circle 

𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and also find the coordinates of the point of contact.

158. If the line 3𝑥 + 4𝑦 = 𝑘 touches the circle 𝑥2 + 𝑦2 = 10𝑥, find the value of 𝑘 and 

also the point of contact.

159. Find the equation of the normal to the circle 𝑥2 + 𝑦2 = 5 at the point (1, 2).

160. Find the equation of the normal to the circle 𝑥2 + 𝑦2 = 2𝑥, which is parallel to 

the line 𝑥 + 2𝑦 = 3.

161. The point (1, 4) is inside the circle 𝑆 whose equation is of the form 𝑥2 + 𝑦2 −
6𝑥 − 10𝑦 + 𝑘 = 0. What are the possible values of 𝑘 if the circle 𝑆 neither touches 

the axes not cuts the them?
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162. Find the length of the tangent drawn from the point (5, 1) to the circle 𝑥2 + 𝑦2 +
6𝑥 − 4𝑦 − 3 = 0.

163. Distances from the origin to the centers of the three circles 𝑥2 + 𝑦2 − 2𝜆𝑥 = 𝑐2, 

where 𝑐 is a constant and 𝜆 a vairable are in G.P. Prove that the lengths of 
tangents drawn from any point on the circle 𝑥2 + 𝑦2 = 𝑐2 to the three circles are 

also in G.P.

164. From a point 𝑃  tangents drawn to the circles 𝑥2 + 𝑦2 + 𝑥 − 3 = 0, 3𝑥2 + 3𝑦2 −
5𝑥 + 3𝑦 = 0 and 4𝑥2 + 4𝑦2 + 8𝑥 + 7𝑦 + 9 = 0 are of equal lengths. Find the 

equation of the circle thorugh 𝑃  which touches the line 𝑥 + 𝑦 = 5 at the point 

(6, −1).

165. If the length of the tangent from (𝑓, 𝑔) to the circle 𝑥2 + 𝑦2 = 6 be twice the 

length of the tangent from (𝑓, 𝑔) to the circle 𝑥2 + 𝑦2 + 3𝑥 + 3𝑦 = 0 then will 

𝑓2 + 𝑔2 + 4𝑓 + 4𝑔 + 2 = 0?

166. If the length of the tangent from a point (𝑓, 𝑔) to the circle 𝑥2 + 𝑦2 = 4 be four 

times the length of the tangent from it to the circle 𝑥2 + 𝑦2 = 4𝑥, show that 

15𝑓2 + 15𝑔2 − 64𝑓 + 4 = 0.

167. Show that the length of the tangent from any point on the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0 to the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐1 = 0 is √𝑐1 − 1.

168. Find the point from which the tangents to the three circles 𝑥2 + 𝑦2 = 1, 𝑥2 + 𝑦2 −
8𝑥 + 15 = 0 and 𝑥2 + 𝑦2 + 10𝑦 + 24 = 0 are equal in length.

169. Find the point from which the tangents to the three circles 𝑥2 + 𝑦2 − 4𝑥 + 7 =
0, 2𝑥2 + 2𝑦2 − 3𝑥 + 5𝑦 + 9 = 0 and 𝑥2 + 𝑦2 + 𝑦 = 0 are equal in length. Find the 

length as well.

170. If 𝐴𝑖 is the center of the circle 𝑥2 + 𝑦2 + 2𝑔𝑖𝑥 + 5 = 0 and 𝑡𝑖 is the length of the 

tangents from any point to this circle 𝑖 = 1, 2, 3; then show that (𝑔2 − 𝑔3)𝑡21 +
(𝑔3 − 𝑔1)𝑡22 + (𝑔1 − 𝑔2)𝑡23 = 0.

171. Show that if the length of the tangent from a point 𝑃  to the circle 𝑥2 + 𝑦2 = 𝑎2 

be four times the length of the tangent from it to the circle (𝑥 − 𝑎)2 + 𝑦2 = 𝑎2, 

then 𝑃  lies on the circle 15𝑥2 + 15𝑦2 − 32𝑎𝑥 + 𝑎2 = 0.

172. Find the equation of the pair of tangents drawn to the circle 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 =
0 from point (0, 1).

173. If from any point on the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, tangents are drawn 

to the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 sin2 𝛼 + (𝑔2 + 𝑓2) cos2 𝛼 = 0, show that the 

angle between the tangents is equal to 2𝛼.

174. Find the equations of tangents to the circle 𝑥2 + 𝑦2 = 25 which pass through 

(1, −7) and show that they are at right angles.

175. Show that two tangents can be drawn from the point (9, 0) to the circle 𝑥2 + 𝑦2 =
16; also find the equation of the pair of tangents and the angle between them.

176. Find the equations of the tangents through (7, 1) to the circle 𝑥2 + 𝑦2 = 25.
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177. Find the equation of the pair of tangents from the origin to the circle 𝑥2 + 𝑦2 +
2𝑔𝑥 + 2𝑓𝑦 + 𝑘2 = 0, and show that their intercept on the line 𝑦 = ℎ is 2ℎ𝑘

𝑘2−𝑔2  

times the radius of the circle.

178. Find the equation of the chord of the circle 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 − 11 = 0, whose 

middle point is (1, −1).

179. Find the equation of the chord of the circle 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 9 = 0 whose 

mid-point is (−2, −3).

180. Find the coordinates of the mid-point of the chord which the circle 𝑥2 + 𝑦2 +
4𝑥 − 2𝑦 − 3 = 0 cuts off on the line 𝑦 = 𝑥 + 2.

181. Find the equation of the chord fo contact of the tangents drawn from (1, 2) to 

the circle 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 + 7 = 0.

182. Tangents are drawn from the point (ℎ, 𝑘) to the circle 𝑥2 + 𝑦2 = 𝑎2. Prove that 

the area of the triangle formed by them and their chord of contact is 
𝑎(ℎ2+𝑘2−𝑎2)

3
2

ℎ2+𝑘2 .

183. The chord of contact of tangents from a point on the circle 𝑥2 + 𝑦2 = 𝑎2 to the 

circle 𝑥2 + 𝑦2 = 𝑏2 touches the circle 𝑐2 + 𝑦2 = 𝑐2. Show that 𝑎, 𝑏, 𝑐 are in G.P.

184. Tangents are drawn to the circle 𝑥2 + 𝑦2 = 12 at the points where it is met by the 

circle 𝑥2 + 𝑦2 − 5𝑥 + 3𝑦 − 2 = 0; find the points of intersection of these tangents.

185. Find the equation of the chord of contact of the tangents drawn from an external 
point (−3, 2) to the circle 𝑥2 + 𝑦2 + 2𝑥 − 3 = 0.

186. Find the equation of the chord of contact of the tangents drawn from (5, 3) to 

the circle 𝑥2 + 𝑦2 = 25.

187. Find the coordinates of the point of intersection of tangents at the points where 
the line 2𝑥 + 𝑦 + 12 = 0 meets the circle 𝑥2 + 𝑦2 − 4𝑥 + 3𝑦 − 1 = 0.

188. The lnegth of tangents from the two given points to a given points to a given 
circle are 𝑡1 and 𝑡2. If the tow given points are conjugate to each other w.r.t. the 

given circle, prove that the distance between the points will be √𝑡21 + 𝑡22.

189. Find the area of the triangle formed by the tangents drawn from the point (4, 6) 
to the circle 𝑥2 + 𝑦2 = 25 and their chord of contact.

190. If 𝑂𝑃  and 𝑂𝑄 are the tangents from the origin to the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0, where 𝑃  and 𝑄 are the points of contact, show that the equation of 

the circumcircle of the triangle 𝑂𝑃𝑄 is 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 = 0.

191. Find the point of contact of the tangents to the circle 𝑥2 + 𝑦2 = 25 that pass 

through the point (7, 1) and give the equation of tangents.

192. Find the equation of the polar of the point (2, −1) w.r.t. the circle 𝑥2 + 𝑦2 − 3𝑥 +
4𝑦 − 8 = 0.

193. Find the pole of the line 3𝑥 + 5𝑦 + 17 = 0 w.r.t. the circle 𝑥2 + 𝑦2 + 4𝑥 + 6𝑦 +
9 = 0.
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194. Show that the polars of the point (1, −2) w.r.t. the circle 𝑥2 + 𝑦2 + 6𝑦 + 5 = 0 

and 𝑥2 + 𝑦2 + 2𝑥 + 8𝑦 + 5 = 0 coincide. Prove that there is another point, the 

polars of which w.r.t. these circles are the same and find its coordinates.

195. Let 𝐶 be the center of a circle. The lines 𝐿1 and 𝐿2 are the polars of the points 

𝐴 and 𝐵 respectively. w.r.t. the circle. Perpendiculars 𝐴𝑀  and 𝐵𝑁  are dropped 
from 𝐴 to the line 𝐿2 and from 𝐵 to 𝐿1. Prove that 𝐶𝐴 : 𝐶𝐵 = 𝐴𝑀 : 𝐵𝑁 .

196. Find the polar of the point of intersection of the line 4𝑥 − 𝑦 = 11 and 𝑥 − 2𝑦 =
1 w.r.t. the circle 𝑥2 + 𝑦2 = 7.

197. Find the polar of the point (4, −1) w.r.t. the circle 2𝑥2 + 2𝑦2 = 11.

198. Find the polar of the point (1, −5) w.r.t. the circle 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 4 = 0.

199. Prove that the polar of the point (𝑝, 𝑞) w.r.t. the circle 𝑥2 + 𝑦2 = 𝑎2 touches 

(𝑥 − 𝑐)2 + (𝑦 − 𝑑)2 = 𝑏2 if 𝑏2(𝑝2 + 𝑞2) = (𝑎2 − 𝑐𝑝 − 𝑑𝑞)2
.

200. Show that the polar of the origin w.r.t. the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 

touches the circle 𝑥2 + 𝑦2 = 𝑎2 if 𝑐2 = 𝑎2(𝑓2 + 𝑔2).

201. Prove that if the pole of a straight line w.r.t. the circle 𝑥2 + 𝑦2 = 𝑐2 lies on the 

circle 𝑥2 + 𝑦2 = 9𝑐2, the line is a tangent to the circle 9𝑥2 + 9𝑦2 = 𝑐2.

202. Find the pole of the straight line 9𝑥 + 𝑦 − 28 = 0 w.r.t. the circle 2𝑥2 + 2𝑦2 −
3𝑥 + 5𝑦 − 7 = 0.

203. Find the pole of the straight line 2𝑥 − 𝑦 + 10 = 0 w.r.t. the circle 𝑥2 + 𝑦2 − 7𝑥 +
5𝑦 − 1 = 0.

204. Find the pole of the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 w.r.t. the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 +
𝑐 = 0.

205. Prove that the polar of any point w.r.t. a circle is perpendicular to the line joining 
the point and center of the circle.

206. Prove that the polar of a given point w.r.t. any of the circles 𝑥2 + 𝑦2 + 2𝑝𝑥 + 𝑐 =
0, where 𝑝 is a variable, always passes through a fixed point.

207. If the polar of the point (𝛼, 𝛽) w.r.t. the circle 𝑥2 + 𝑦2 = 𝑎2 touches the circle 

(𝑥 − 𝑎)2 + 𝑦2 = 𝑎2, show thta (𝛼, 𝛽) is on the curve given by 𝑦2 + 2𝑎𝑥 = 𝑎2.

208. Verify that the three points (𝑥1, 𝑦1), (𝑥2, 𝑦2) and (𝑥3, 𝑦3) will be collinear if and 

only if their polars w.r.t. the circle 𝑥2 + 𝑦2 = 𝑎2 are concurrent.

209. Show that the circles 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 − 12 = 0 and 𝑥2 + 𝑦2 + 6𝑥 + 4𝑦 − 6 = 0 

cut each other orthogonally.

210. If 𝑆 = 0 and 𝑆1 = 0 are the two circles with radii 𝑎 and 𝑎1 respectively. Show 

that the circles 𝑆
𝑎 ± 𝑆1

𝑎 = 0 intersect at right angles.

211. Prove that the two circles pass through the points (0, 0) and (0, −𝑎) and touch 

the line 𝑦 = 𝑚𝑥 + 𝑐 will cut orthogonally if 𝑐2 = 𝑎2(2 + 𝑚2).
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212. Obtain the equation of the circle orthogonal to both the circles 𝑥2 + 𝑦2 + 3𝑥 −
5𝑦 + 6 = 0 and 4𝑥2 + 4𝑦2 − 28𝑥 + 29 = 0, and whose center lies on the line 3𝑥 +
4𝑦 + 1 = 0.

213. Prove that a circle cutting the circle 𝑥2 + 𝑦2 = 4 orthogonally and having its 

center on the line 2𝑥 − 2𝑦 + 9 = 0, passes through two fixed points, and find 

the points.

214. Prove that the general equation of circles cutting the circles 𝑥2 + 𝑦2 + 2𝑔𝑟𝑥 +

2𝑓𝑟𝑦 + 𝑐𝑟 = 0; 𝑟 = 1, 2, orthogonally is |
𝑥2+𝑦2

𝑐1
𝑐2

−𝑥
𝑔1
𝑔2

−𝑦
𝑓1
𝑓2

| + 𝑘|
−𝑥
𝑔1
𝑔2

−𝑦
𝑓1
𝑓2

1
1
1
| = 0.

215. For what value of 𝑘 the circles 𝑥2 + 𝑦2 + 5𝑥 + 3𝑦 + 7 = 0 and 𝑥2 + 𝑦2 − 8𝑥 +
6𝑦 + 𝑘 = 0 cut orthogonally.

216. Find the equation of the circle passing through the origin and cutting the circles 
𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 + 10 = 0 and 𝑥2 + 𝑦2 + 12𝑦 + 6 = 0 at right angles.

217. Find the equation of the circle passing through the origin and has its center on the 
line 𝑥 + 𝑦 + 4 = 0 and cuts the circle 𝑥2 + 𝑦2 − 4𝑥 + 2𝑦 + 4 = 0 orthogonally.

218. If two circles cut a third circle orthogonally then prove that their common chord 
will pass through the center of the third circle.

219. If a circle cuts orthogonally three circles 𝑆1 = 0, 𝑆2 = 0, 𝑆3 = 0; prove that it cuts 

orthogonally any circle of the form 𝑘𝑆1 + 𝑙𝑆2 + 𝑚𝑆3 = 0.

220. Prove that the two circles each of which passes through the points (0, 𝑘) and 

(0, −𝑘) and touches the line 𝑦 = 𝑚𝑥 + 𝑏 will cut orthogonally if 𝑏2 = 𝑘2(2 + 𝑚2).

221. Find the general equation of a circle cutting 𝑥2 + 𝑦2 = 𝑐2 orthogonally and 

show that if it passes through the point (𝑎, 𝑏) will also pass through the point 

( 𝑐2𝑎
𝑎2+𝑏2 , 𝑐2𝑏

𝑎2+𝑏2 ).

222. If 𝑃  and 𝑄 be a pair of conjugate points w.r.t. a circle 𝑆, prove that the circle on 

𝑃𝑄 as a diameter cuts the circle 𝑆 orthogonally.

223. Prove that the circle 𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 9 = 0 bisects the circumference of the 

circle 𝑥2 + 𝑦2 − 8𝑥 − 6𝑦 + 23 = 0.

224. Find the equation of a circle which is coaxal with the circles 2𝑥2 + 2𝑦2 − 2𝑥 +
6𝑦 − 3 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 2𝑦 + 1 = 0. It is given that the center of the circle 

to be determined lies on the radical axis of these circles.

225. If the radical axis of the circles 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and 2𝑥2 + 2𝑦2 +
3𝑥 + 8𝑦 + 2𝑐 = 0 touches the circle 𝑥2 + 𝑦2 + 2𝑥 − 2𝑦 + 1 = 0, show that either 

𝑔 = 3
4  or 𝑓 = 2.

226. Find the general equation of circles, any two of which have the same radical axis 
as that of the circles 𝑥2 + 𝑦2 + 2𝑥 + 4𝑦 − 6 = 0 and 𝑥2 + 𝑦2 = 4.

227. The equations of three circles are 𝑥2 + 𝑦2 = 1, 𝑥2 + 𝑦2 − 8𝑥 + 15 = 0.𝑥2 + 𝑦2 +
10𝑦 + 24 = 0. Determine the coordinates of the point such that the tangents drawn 

from it to the three circles are equal in length.
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228. The polars of a point 𝑃  w.r.t. two given circles meet in a point 𝑄; show that the 

radical axis of the circles bisedct the line 𝑃𝑄.

229. Show that the locus of a point such that the ratio of its distances from two given 
points is a constant, is a circle. Hence, show that this circle cannot pass through 
the given points.

230. Two rods of lengths 𝑎 and 𝑏 slide along the axes in a manner that their ends 
are always concyclic. Find the locus of the center of the circle passing through 
these ends.

231. Two straight lines rotate about two fixed points. If they start from their positions 
of coincidence such that one rotates at the rate double that of the other. Prove 
that locus of their point of intersection is a circle.

232. A circle of radius 𝑟 passes through the origin 𝑂, and cuts the axes at 𝐴 and 𝐵. 
Let 𝑃  be the foot of the perpendicular from the origin to the line 𝐴𝐵. Find the 
equation of the locus of 𝑃 .

233. Show that the locus of points from which the tangents drawn to a circle are 
orthogonal, is a concentric circle or find the equation of the cirector circle of the 
circle 𝑥2 + 𝑦2 = 𝑎2.

234. Find the locus of the point of the point of intersection of tangents to the circle 
𝑥 = 𝑎 cos 𝜃, 𝑦 = 𝑎 sin 𝜃 at points whose parametric angles differ by 𝜋

3 .

235. The circles 𝑥2 + 𝑦2 + 2𝑎𝑥 − 𝑐2 = 0 and 𝑥2 + 𝑦2 + 2𝑏𝑥 − 𝑐2 = 0 intersect at 𝐴 and 

𝐵. A line through 𝐴 meets one circle at 𝑃  and a parallel line through 𝐵 meets 
at the other circle at 𝑄. Show that the locus of the mid-point of 𝑃𝑄 is a circle.

236. Find the condition that the chord of contact of tangents from the point (𝛼, 𝛽) to 

the circle 𝑥2 + 𝑦2 = 𝑎2 should subtend a right angle at the center. Hence, find the 

locus of (𝛼, 𝛽).

237. A tangent is drawn to each of the circle 𝑥2 + 𝑦2 = 𝑎2 and 𝑥2 + 𝑦2 = 𝑏2. Show 

that if the two tangents are mutually perpendicular, the locus of their point of 
intersection is a cricle concentric with the given circle.

238. Show that the locus of the point, the tangents from which to the circle 𝑥2 + 𝑦2 =
𝑎2 include a constant angle 𝛼 is (𝑥2 + 𝑦2 − 2𝑎2)2 tan2 𝛼 = 4𝑎2(𝑥2 + 𝑦2 − 𝑎2).

239. A straight line passes through the fixed point (ℎ, 𝑘). Find the locus of the foot of 

the perpendicular drawn to it from the origin.

240. 𝑂 is a fixed point and 𝐴𝑃  and 𝐵𝑄 are two fixed parallel straight lines; 𝐵𝑂𝐴 is 

perpendicular to both and ∠𝑃𝑂𝑄 is a right angle. Prove that the locus of the foot 

of the perpendicular drawn from 𝑂 upon 𝑃𝑄 is the circle on 𝐴𝐵 as diameter.

241. A variable circle passes through the point 𝑃(1, 2) and touches the 𝑥-axis; show 

that the locus of the other end of the diameter through 𝑃  is (𝑥 − 1)2 = 8𝑦.

242. Find the locus of a point, which is such that the lengths of the tangents from it to 
two concentric circles 𝑥2 + 𝑦2 = 𝑎2 and 𝑥2 + 𝑦2 = 𝑏2 vary inversely as their radii.

243. A point moves such that the sum of squares of its distances from the sides of a 
square of side unity is equal to 9. Show that the locus of a circle whose center is 
coincides with the center of the square. Also, find its radius.
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244. Find the locus of the center of the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 when the 

pair of tangents drawn from the origin to the circle are perpendicular to each other.

245. Determine the locus of centers of the circle which touches the two circles 𝑥2 +
𝑦2 = 𝑎2 and 𝑥2 + 𝑦2 = 4𝑎𝑥 externally.

246. Find the locus of the centers of the circle which cut the circles 𝑥2 + 𝑦2 + 4𝑥 −
6𝑦 + 9 = 0 and 𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 + 4 = 0 orthogonally is 8𝑥 − 12𝑦 + 5 = 0.

247. Find the locus of the foot of the perpendicular drawn from a fixed point on the 
𝑥-axis to any tangent to the circle 𝑥2 + 𝑦2 = 𝑎2.

248. The tangent at any point 𝑃  on the circle 𝑥2 + 𝑦2 = 2 cuts the axes in 𝐿 and 𝑀 . 

Find the locus of the middle point of 𝐿𝑀 .

249. A triangle has two of its sides along the axes, its third side touches the circle 
𝑥2 + 𝑦2 − 2𝑎𝑥 − 2𝑎𝑦 + 𝑎2 = 0. Find the equation of the locus of the circumcenter 

of the triangle.

250. The point 𝐴(1, 5) is joined to any point 𝑃  of the circle 𝑥2 + 𝑦2 = 4. Find the 

locus of the middle point of 𝐴𝑃  as 𝑃  moves on the circle.

251. Chords of the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 drawn through a fixed point 

𝐴(𝑎, 𝑏). Find the locus of the mid-points of these chords and interpret the locus.

252. A straight line moves so that the algebraic sum of the perpendiculars drawn to 
it from two fixed points is constant, show that the line always touches a fixed 
circle.
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Answers

II





1 Answers of Coordinates

1. We take the two perpendicular lines as axes of the coordinates. Let (𝑥, 𝑦) be any 

point satisfying the given condition. According to condition 𝑥 + 𝑦 = 𝑎.

2. The area of a triangle with vertices (𝑥1, 𝑦1), (𝑥2, 𝑦2), and (𝑥3, 𝑦3) is given by Δ =
1
2 |𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|

Substituting the given points, we compute Δ = 1
2 |1(6 − (−1)) + (−7)((−1) −

3) + 5(3 − 6)|

This simplifies to Δ = 1
2 |7 + 28 − 15|

Thus, Δ = 1
2 |20| = 10.

3. Substituting the given points in the formula, we obtain Δ = 1
2 |0(6 − (−2)) +

3((−2) − 4) + (−8)(4 − 6)|

This simplifies to Δ = 1
2 |−2| = 1.

4. Substituting the given coordinates, we get Δ = 1
2 . |5((−3) − (−5)) + (−9)((−5) −

2) + (−3)(2 − (−3))|

Simplifying each term, = 1
2 . |5(2) + (−9)(−7) + (−3)(5)|

This gives Δ = 1
2 . |10 + 63 − 15|

So, Δ = 1
2 . |58| = 29.

5. Δ = 1
2 |𝑎((𝑏 − 𝑐) − 𝑐) + 𝑎(𝑐 − (𝑏 + 𝑐)) + (−𝑎)((𝑏 + 𝑐) − (𝑏 − 𝑐))|

Simplifying each term, Δ = 1
2 |𝑎(𝑏 − 2𝑐) + 𝑎(−𝑏) + (−𝑎)(2𝑐)|

Combining like terms, Δ = 1
2 |𝑎𝑏 − 2𝑎𝑐 − 𝑎𝑏 − 2𝑎𝑐| = 1

2 | − 4𝑎𝑐|.

6. Δ = 1
2 |𝑎 cos 𝜑1(𝑎 sin 𝜑2 − 𝑎 sin 𝜑3) + 𝑎 cos 𝜑2(𝑎 sin 𝜑3 − 𝑎 sin 𝜑1) +

𝑎 cos 𝜑3(𝑎 sin 𝜑1 − 𝑎 sin 𝜑2)|

Factor out 𝑎2, Δ = 𝑎2

2 | cos 𝜑1(sin 𝜑2 − sin 𝜑3) + cos 𝜑2(sin 𝜑3 − sin 𝜑1) +
cos 𝜑3(sin 𝜑1 − sin 𝜑2)|

Δ = 𝑎2

2 | sin(𝜑2 − 𝜑1) + sin(𝜑3 − 𝜑2) + sin(𝜑1 − 𝜑3)|.

7. Δ = 1
2 |𝑎𝑚2

1(2𝑎𝑚2 − 2𝑎𝑚3) + 𝑎𝑚2
2(2𝑎𝑚3 − 2𝑎𝑚1) + 𝑎𝑚2

3(2𝑎𝑚1 − 2𝑎𝑚2)|

Δ = 𝑎2|𝑚2
1𝑚2 − 𝑚2

1𝑚3 + 𝑚2
2𝑚3 − 𝑚2

2𝑚1 + 𝑚2
3𝑚1 − 𝑚2

3𝑚2|

Δ = 𝑎2|(𝑚1 − 𝑚2)(𝑚2 − 𝑚3)(𝑚3 − 𝑚1)|.

8. Δ = 1
2 |1((−2) − 16) + 3(16 − 4) + (−3)(4 − (−2))|

Δ = 1
2 | − 18 + 36 − 18|

Δ = 1
2 |0| = 0
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Since the area is zero, the points 𝐴, 𝐵, and 𝐶 lie on a straight line and are collinear.

9. Δ = 1
2 |(−1

2)(6 − 8) + (−5)(8 − 3) + (−8)(3 − 6)|

Δ = 1
2 |(−1

2)(−2) + (−5)(5) + (−8)(−3)|

Δ = 1
2 |1 − 25 + 24| = 0

Since the area of the triangle is zero, therefore, the points are collinear.

10. Δ = 1
2 |𝑎((𝑐 + 𝑎) − (𝑎 + 𝑏)) + 𝑏((𝑎 + 𝑏) − (𝑏 + 𝑐)) + 𝑐((𝑏 + 𝑐) − (𝑐 + 𝑎))|

Δ = 1
2 |𝑎(𝑐 + 𝑎 − 𝑎 − 𝑏) + 𝑏(𝑎 + 𝑏 − 𝑏 − 𝑐) + 𝑐(𝑏 + 𝑐 − 𝑐 − 𝑎)|

Δ = 1
2 |𝑎(𝑐 − 𝑏) + 𝑏(𝑎 − 𝑐) + 𝑐(𝑏 − 𝑎)|

Δ = 1
2 |𝑎𝑐 − 𝑎𝑏 + 𝑎𝑏 − 𝑏𝑐 + 𝑏𝑐 − 𝑎𝑐| = 1

2 |0|

Hence, the area is zero, which proves that the points collinear.

11. Let 𝐴𝐵𝐶 be a triangle with vertices 𝐴, 𝐵, and 𝐶 . Let 𝐷 be the midpoint of 𝐵𝐶 . 

Then the coordinates of 𝐷 are (𝑥𝐵+𝑥𝐶
2 , 𝑦𝐵+𝑦𝐶

2 ).

𝐴𝐵2 = (𝑥𝐵 − 𝑥𝐴)2 + (𝑦𝐵 − 𝑦𝐴)2, and 𝐴𝐶2 = (𝑥𝐶 − 𝑥𝐴)2 + (𝑦𝐶 − 𝑦𝐴)2

𝐶𝐷2 = (𝑥𝐶 − 𝑥𝐵+𝑥𝐶
2 )2 + (𝑦𝐶 − 𝑦𝐵+𝑦𝐶

2 )
2

= (𝑥𝐶−𝑥𝐵
2 )2 + (𝑦𝐶−𝑦𝐵

2 )
2

= 1
4𝐵𝐶2

Now, consider the sum 𝐴𝐵2 + 𝐴𝐶2. Using the midpoint formula, we can write 

𝐴𝐶2 + 𝐴𝐷2 + 𝐶𝐷2 = 𝐴𝐵2 + 𝐴𝐶2

2 , and after simplification, we obtain 𝐴𝐵2 +
𝐴𝐶2 = 2(𝐴𝐷2 + 𝐶𝐷2)

Hence, in any triangle 𝐴𝐵𝐶 , if 𝐷 is the midpoint of 𝐵𝐶 , then 𝐴𝐵2 + 𝐴𝐶2 =
2(𝐴𝐷2 + 𝐶𝐷2).

12. Let triangle 𝐴𝐵𝐶 have vertices 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), and 𝐶(𝑥3, 𝑦3).

Let 𝐷, 𝐸, and 𝐹  be the midpoints of 𝐵𝐶 , 𝐶𝐴, and 𝐴𝐵 respectively. Then 𝐷 =
(𝑥2+𝑥3

2 , 𝑦2+𝑦3
2 ), 𝐸 = (𝑥3+𝑥1

2 , 𝑦3+𝑦1
2 ), 𝐹 = (𝑥1+𝑥2

2 , 𝑦1+𝑦2
2 ).

Let 𝑃  be the point that divides 𝐴𝐷 internally in the ratio 2 : 1. By the section 

formula, 𝑃 = (1.𝑥1+2.(𝑥2+𝑥3
2 )

1+2 , 1.𝑦1+2.(𝑦2+𝑦3
2 )

1+2 ).

Simplifying, 𝑃 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ).

Similarly, for the line 𝐵𝐸, let 𝑄 divide it internally in the ratio 2 : 1. Then 

𝑄 = (1.𝑥2+2.(𝑥3+𝑥1
2 )

1+2 , 1.𝑦2+2.(𝑦3+𝑦1
2 )

1+2 ),

which simplifies to 𝑄 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ).

For the line 𝐶𝐹 , let 𝑅 divide it internally in the ratio 2 : 1. Then 𝑅 =
(1.𝑥3+2.(𝑥1+𝑥2

2 )
1+2 , 1.𝑦3+2.(𝑦1+𝑦2

2 )
1+2 ),

which simplifies to 𝑅 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ).

Hence, the point that divides 𝐴𝐷 in the ratio 2 : 1 also divides 𝐵𝐸 and 𝐶𝐹  in 
the same ratio. This point is the centroid of triangle 𝐴𝐵𝐶 .



13. Let the vertices of the quadrilateral be 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3), and 

𝐷(𝑥4, 𝑦4).

The area of a quadrilateral can be computed by dividing it into two triangles, for 
example 𝐴𝐵𝐶 and 𝐴𝐶𝐷, and adding their areas.

The area of triangle 𝐴𝐵𝐶 is 1
2 ∗ |𝑥1 ∗ (𝑦2 − 𝑦3) + 𝑥2 ∗ (𝑦3 − 𝑦1) + 𝑥3 ∗ (𝑦1 − 𝑦2)|.

The area of triangle 𝐴𝐶𝐷 is 1
2 ∗ |𝑥1 ∗ (𝑦3 − 𝑦4) + 𝑥3 ∗ (𝑦4 − 𝑦1) + 𝑥4 ∗ (𝑦1 − 𝑦3)|.

Hence, the area of the quadrilateral is

□𝐴𝐵𝐶𝐷 = 1
2 ∗ |𝑥1 ∗ (𝑦2 − 𝑦3) + 𝑥2 ∗ (𝑦3 − 𝑦1) + 𝑥3 ∗ (𝑦1 − 𝑦2)| + 1

2 ∗ |𝑥1 ∗
(𝑦3 − 𝑦4) + 𝑥3 ∗ (𝑦4 − 𝑦1) + 𝑥4 ∗ (𝑦1 − 𝑦3)|.

14. Substituting the given coordinates in the formula obtained in previous problem, 
we get

Δ = 1
2 ∗ |1 ∗ 4 + 3 ∗ (−2) + 5 ∗ (−7) + 4 ∗ 1 − (1 ∗ 3 + 4 ∗ 5 + (−2) ∗ 4 + (−7) ∗

1)|

Simplifying each term, we get Δ = 1
2 ∗ |4 − 6 − 35 + 4 − (3 + 20 − 8 − 7)|

Δ = 1
2 ∗ | − 33 − (−12)| = 1

2 ∗ | − 33 + 12| = 1
2 ∗ | − 21| = 21

2 = 10.5.

15. Like previous problem, Δ = 1
2 ∗ |(−1) ∗ (−9) + (−3) ∗ 8 + 5 ∗ 9 + 3 ∗ 0 − (0 ∗

(−3) + (−9) ∗ 5 + 8 ∗ 3 + 9 ∗ (−1))|

Simplifying each term, we get Δ = 1
2 |9 − 24 + 45 + 0 − (0 − 45 + 24 − 9)|

Δ = 1
2 |30 − (−30)| = 1

2 |30 + 30| = 1
260 = 30.

16. The distance between two points in polar coordinates can be found by first convert
ing to Cartesian coordinates: 𝑃1 = (𝑟1 cos 𝜃1, 𝑟1 sin 𝜃1), 𝑃2 = (𝑟2 cos 𝜃2, 𝑟2 sin 𝜃2)

The distance between two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is 𝐿 =
√(𝑥2 − 𝑥1)

2 + (𝑦2 − 𝑦1)
2
.

Substituting the Cartesian coordinates, we get 𝐿 =
√(𝑟2 cos 𝜃2 − 𝑟1 cos 𝜃1)

2 + (𝑟2 sin 𝜃2 − 𝑟1 sin 𝜃1)
2

Expanding the squares, we have 𝐿 =
√𝑟2

2 cos2 𝜃2 − 2𝑟1𝑟2 cos 𝜃1 cos 𝜃2 + 𝑟2
1 cos2 𝜃1 + 𝑟2

2 sin2 𝜃2 − 2𝑟1𝑟2 sin 𝜃1 sin 𝜃2 + 𝑟2
1 sin2 𝜃1.

Grouping terms, we get

𝐿 = √𝑟2
1(cos2 𝜃1 + sin2 𝜃1) + 𝑟2

2(cos2 𝜃2 + sin2 𝜃2) − 2𝑟1𝑟2(cos 𝜃1 cos 𝜃2 + sin 𝜃1 sin 𝜃2)

Using cos2 𝜃 + sin2 𝜃 = 1 and cos 𝜃1 cos 𝜃2 + sin 𝜃1 sin 𝜃2 = cos(𝜃1 − 𝜃2), we get 

𝐿 = √𝑟2
1 + 𝑟2

2 − 2𝑟1𝑟2 cos(𝜃1 − 𝜃2).

17. The distance between two points in polar coordinates is 𝐿 =
√𝑟2

1 + 𝑟2
2 − 2𝑟1𝑟2 cos(𝜃1 − 𝜃2)

Substituting the given values, we get 𝐿 = √22 + 42 − 224 cos(30° − 120°)

Simplifying inside the cosine, 𝐿 = √4 + 16 − 16 cos(−90°).
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Since cos(−90°) = 0, we have 𝐿 =
√

4 + 16 − 160 =
√

20.

18. Like previous problem 𝐿 = √(−3)2 + 72 − 2(−3)7 cos(45° − 105°).

Simplifying, 𝐿 = √9 + 49 − 2(−3)7 cos(−60°).

We know cos(−60°) = 1
2 , so 𝐿 = √58 − 2(−3)71

2 .

Simplifying the middle term, 2(−3)71
2 = −21, so 𝐿 = √58 − (−21) =

√
58 + 21 =

√
79.

Hence, the distance between the points is 𝐿 =
√

79.

19. Like previous problem 𝐿 = √𝑎2 + (3𝑎)2 − 2𝑎3𝑎 cos(𝜋
2 − 𝜋

6).

Simplifying, 𝐿 = √𝑎2 + 9𝑎2 − 6𝑎2 cos(𝜋
3).

Since cos(𝜋
3) = 1

2 , we have 𝐿 =
√

10𝑎2 − 3𝑎2.

𝐿 =
√

7𝑎2 = 𝑎
√

7.

20. Let the vertices of the triangle be 𝑃1(𝑟1, 𝜃1), 𝑃2(𝑟2, 𝜃2), and 𝑃3(𝑟3, 𝜃3).

First, convert the polar coordinates to Cartesian coordinates: 𝑃1 =
(𝑟1 cos(𝜃1), 𝑟1 sin(𝜃1)), 𝑃2 = (𝑟2 cos(𝜃2), 𝑟2 sin(𝜃2)), 𝑃3 = (𝑟3 cos(𝜃3), 𝑟3 sin(𝜃3)).

The area of a triangle with vertices (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) is Δ = 1
2 |𝑥1(𝑦2 −

𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|.

Substituting the Cartesian coordinates in terms of polar coordi
nates, we get Δ = 1

2 |𝑟1 cos(𝜃1)(𝑟2 sin(𝜃2) − 𝑟3 sin(𝜃3)) + 𝑟2 cos(𝜃2)(𝑟3 sin(𝜃3) −
𝑟1 sin(𝜃1)) + 𝑟3 cos(𝜃3)(𝑟1 sin(𝜃1) − 𝑟2 sin(𝜃2))|.

Hence, the area of the triangle is Δ = 1
2 |𝑟1(𝑟2 sin(𝜃2) − 𝑟3 sin(𝜃3)) cos(𝜃1) +

𝑟2(𝑟3 sin(𝜃3) − 𝑟1 sin(𝜃1)) cos(𝜃2) + 𝑟3(𝑟1 sin(𝜃1) − 𝑟2 sin(𝜃2)) cos(𝜃3)|.

21. Let the vertices be 𝑃1(1, 30°), 𝑃2(2, 60°), 𝑃3(3, 90°)

Convert to Cartesian: 𝑃1 = (
√

3
2 , 1

2), 𝑃2 = (1,
√

3), 𝑃3 = (0, 3)

Area formula: Δ = 1
2 |𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|

Substitute: Δ = 1
2 |(

√
3

2 )(
√

3 − 3) + 1(3 − 1
2) + 0| = 1

2 |4 − 3
√

3
2 | = 2 − 3

√
3

4

= 2 − 3
√

3
4 .

22. Let the vertices be 𝑃1(−3, 30°), 𝑃2(5, 150°), 𝑃3(7, 210°).

Convert to Cartesian coordinates: 𝑃1 = (−3 cos(30°), −3 sin(30°)) =
(−3

√
3

2 , −3
2), 𝑃2 = (5 cos(150°), 5 sin(150°)) = (−5

√
3

2 , 5
2), 𝑃3 =

(7 cos(210°), 7 sin(210°)) = (−7
√

3
2 , −7

2).

Substitute the coordinates: Δ = 1
2 |(−3

√
3

2 )(5
2 − (−7

2)) + (−5
√

3
2 )((−7

2) −

(−3
2)) + (−7

√
3

2 )((−3
2) − 5

2)|



Δ = 1
2[−9

√
3 + 5

√
3 + 14

√
3] = 5

√
3.

23. Let the vertices be 𝑃1(−𝑎, 𝜋
6), 𝑃2(𝑎, 𝜋

2 ), 𝑃3(−2𝑎, 2𝜋
3).

Convert to Cartesian coordinates: 𝑃1 = (−𝑎 cos(𝜋
6), −𝑎 sin(𝜋

6)) = (−𝑎
√

3
2 , −𝑎

2), 

𝑃2 = (𝑎 cos(𝜋
2 ), 𝑎 sin(𝜋

2 )) = (0, 𝑎), 𝑃3 = (−2𝑎 cos(2𝜋
3), −2𝑎 sin(2𝜋

3)) =
(𝑎, −𝑎

√
3).

Substitute the coordinates: Δ = 1
2 |(−𝑎

√
3

2 )(𝑎 − (−𝑎
√

3)) + 0((−𝑎
√

3 −

(−𝑎
2))) + (𝑎)((−𝑎

2) − 𝑎)|

Δ = 1
2 | − (𝑎2

√
3+3
2 ) + 0 − 3𝑎2

2 | = 1
2 | − 𝑎2

√
3+6
2 | = 𝑎2

√
3+6
4 .

24. Let the points be 𝑃1(𝑎 cos 𝛼, 𝑎 sin 𝛼) and 𝑃2(𝑎 cos 𝛽, 𝑎 sin 𝛽).

The distance between two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is 𝐿 =
√(𝑥2 − 𝑥1)

2 + (𝑦2 − 𝑦1)
2
.

Substitute the coordinates: 𝐿 = √(𝑎 cos 𝛽 − 𝑎 cos 𝛼)2 + (𝑎 sin 𝛽 − 𝑎 sin 𝛼)2.

Factor out 𝑎 in each term: 𝐿 = √𝑎2(cos 𝛽 − cos 𝛼)2 + 𝑎2(sin 𝛽 − sin 𝛼)2.

𝐿 = √𝑎2((cos 𝛽 − cos 𝛼)2 + (sin 𝛽 − sin 𝛼)2).

Take 𝑎 out of the square root: 𝐿 = 𝑎√(cos 𝛽 − cos 𝛼)2 + (sin 𝛽 − sin 𝛼)2.

Use the identity (cos 𝛽 − cos 𝛼)2 + (sin 𝛽 − sin 𝛼)2 = 2 − 2 cos(𝛽 − 𝛼): 𝐿 =
𝑎√2 − 2 cos(𝛽 − 𝛼).

Factor 2: 𝐿 = 𝑎√2(1 − cos(𝛽 − 𝛼)) = 𝑎
√

2√1 − cos(𝛽 − 𝛼).

25. Let the points be 𝑃1(𝑎𝑡21, 2𝑎𝑡1) and 𝑃2(𝑎𝑡22, 2𝑎𝑡2).

The distance between two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is 𝐿 =
√(𝑥2 − 𝑥1)

2 + (𝑦2 − 𝑦1)
2
.

Substitute the coordinates: 𝐿 = √(𝑎𝑡22 − 𝑎𝑡21)
2 + (2𝑎𝑡2 − 2𝑎𝑡1)

2
.

Factor out 𝑎 from the first term and 2 a from the second term: 𝐿 =
√𝑎2(𝑡22 − 𝑡21)

2 + (2𝑎(𝑡2 − 𝑡1))
2
.

Simplify: (𝑡22 − 𝑡21)
2 = (𝑡2 − 𝑡1)

2(𝑡2 + 𝑡1)
2
, (2𝑎(𝑡2 − 𝑡1))

2 = 4𝑎2(𝑡2 − 𝑡1)
2
.

So 𝐿 = √𝑎2(𝑡2 − 𝑡1)
2(𝑡2 + 𝑡1)

2 + 4𝑎2(𝑡2 − 𝑡1)
2
.

Factor 𝑎2(𝑡2 − 𝑡1)
2
: 𝐿 = √𝑎2(𝑡2 − 𝑡1)

2((𝑡2 + 𝑡1)
2 + 4).

Take 𝑎(𝑡2 − 𝑡1) out of the square root: 𝐿 = 𝑎|𝑡2 − 𝑡1|√(𝑡2 + 𝑡1)
2 + 4.

26. The equation 𝑥2 + 𝑦2 = 𝑎2 can be rewritten in polar coordinates. Recall that 𝑥 =
𝑟 cos 𝜃 and 𝑦 = 𝑟 sin 𝜃. Substituting, we get:

𝑥2 + 𝑦2 = 𝑟2 cos2 𝜃 + 𝑟2 sin2 𝜃 = 𝑟2(cos2 𝜃 + sin2 𝜃) = 𝑟2
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Hence, the equation becomes 𝑟2 = 𝑎2, or equivalently:

𝑟 = 𝑎
27. Consider the equation 𝑦 = 𝑥 tan 𝛼. In polar coordinates, we have 𝑥 = 𝑟 cos 𝜃 and 

𝑦 = 𝑟 sin 𝜃.

Substituting, we get: 𝑟 sin 𝜃 = 𝑟 cos 𝜃 tan 𝛼
Dividing both sides by 𝑟 cos 𝜃 (assuming 𝑟 ≠ 0 and cos 𝜃 ≠ 0), we obtain: tan 𝜃 =
tan 𝛼
Hence, in polar coordinates, the equation becomes: 𝜃 = 𝛼 + 𝑛𝜋, where 𝑛 is any 

integer.

28. Consider the equation 𝑥2 + 𝑦2 = 2𝑎𝑥. In polar coordinates, 𝑥 = 𝑟 cos 𝜃 and 𝑦 =
𝑟 sin 𝜃.

Substituting these, we get: 𝑟2 cos2 𝜃 + 𝑟2 sin2 𝜃 = 2𝑎𝑟 cos 𝜃

Simplifying the left side: 𝑟2(cos2 𝜃 + sin2 𝜃) = 𝑟2 = 2𝑎𝑟 cos 𝜃

Dividing both sides by 𝑟 (assuming 𝑟 ≠ 0), we obtain: 𝑟 = 2𝑎 cos 𝜃

Thus, in polar coordinates, the equation becomes: 𝑟 = 2𝑎 cos 𝜃.

29. Consider the equation 𝑥2 − 𝑦2 = 2𝑎𝑦. In polar coordinates, 𝑥 = 𝑟 cos 𝜃 and 𝑦 =
𝑟 sin 𝜃.

Substituting these, we get: 𝑟2 cos2 𝜃 − 𝑟2 sin2 𝜃 = 2𝑎𝑟 sin 𝜃
Factor 𝑟2 on the left: 𝑟2(cos2 𝜃 − sin2 𝜃) = 2𝑎𝑟 sin 𝜃

Divide both sides by 𝑟 (assuming 𝑟 ≠ 0): 𝑟(cos2 𝜃 − sin2 𝜃) = 2𝑎 sin 𝜃

Hence, in polar coordinates, the equation becomes: 𝑟 = 2𝑎 sin 𝜃
cos2 𝜃− sin2 𝜃 .

30. Consider the equation 𝑥2 = 𝑦2(2𝑎 − 𝑥). In polar coordinates, 𝑥 = 𝑟 cos 𝜃 and 𝑦 =
𝑟 sin 𝜃.

Substituting these, we get: (𝑟 cos 𝜃)2 = (𝑟 sin 𝜃)2(2𝑎 − 𝑟 cos 𝜃)

Simplifying both sides: 𝑟2 cos2 𝜃 = 𝑟2 sin2 𝜃(2𝑎 − 𝑟 cos 𝜃)

Divide both sides by 𝑟2 (assuming 𝑟 ≠ 0): cos2 𝜃 = sin2 𝜃(2𝑎 − 𝑟 cos 𝜃)

Solving for 𝑟: 𝑟 = 2𝑎 sin2 𝜃− cos2 𝜃
sin2 𝜃 cos 𝜃 .

31. Consider the equation (𝑥2 + 𝑦2)2 = 𝑎2(𝑥2 − 𝑦2).

Using 𝑥 = 𝑟 cos 𝜃 and 𝑦 = 𝑟 sin 𝜃, we have: (𝑟2)2 = 𝑎2𝑟2(cos2 𝜃 − sin2 𝜃)

Dividing both sides by 𝑟2: 𝑟2 = 𝑎2(cos2 𝜃 − sin2 𝜃).

32. Given the polar equation 𝑟 = 𝑎, we square both sides to obtain 𝑟2 = 𝑎2.

Since 𝑟2 = 𝑥2 + 𝑦2, the Cartesian form is: 𝑥2 + 𝑦2 = 𝑎2.

33. Given the polar equation 𝜃 = tan−1 𝑚, taking the tangent gives: tan 𝜃 = 𝑚
Since tan 𝜃 = 𝑦

𝑥 , we obtain the Cartesian equation: 𝑦 = 𝑚𝑥.

34. Given the polar equation 𝑟 = 𝑎 cos 𝜃, multiply both sides by 𝑟: 𝑟2 = 𝑎𝑟 cos 𝜃



Using 𝑟2 = 𝑥2 + 𝑦2 and 𝑟 cos 𝜃 = 𝑥, we obtain: 𝑥2 + 𝑦2 = 𝑎𝑥.

35. Given 𝑟2 = 𝑎2 ∗ sin(2 ∗ 𝜃)

Using 𝑥 = 𝑟 ∗ cos(𝜃), 𝑦 = 𝑟 ∗ sin(𝜃), and 𝑟2 = 𝑥2 + 𝑦2, sin(2 ∗ 𝜃) = 2 ∗ sin(𝜃) ∗
cos(𝜃)

Substituting: 𝑥2 + 𝑦2 = 𝑎2 ∗ 2 ∗ ( 𝑦
√𝑥2+𝑦2 ) ∗ ( 𝑥

√𝑥2+𝑦2 )

𝑥2 + 𝑦2 = 2 ∗ 𝑎2 ∗ 𝑥 ∗ 𝑦
𝑥2+𝑦2

Multiplying both sides by 𝑥2 + 𝑦2: (𝑥2 + 𝑦2)2 = 2 ∗ 𝑎2 ∗ 𝑥 ∗ 𝑦.

36. Given the polar equation 𝑟2 sin 2𝜃 = 2𝑎2, use the identity sin 2𝜃 = 2 sin 𝜃 cos 𝜃.

Since 𝑟 sin 𝜃 = 𝑦 and 𝑟 cos 𝜃 = 𝑥, we have: 2𝑥𝑦 = 2𝑎2

Dividing both sides by 2 gives the Cartesian equation: 𝑥𝑦 = 𝑎2.

37. Given the polar equation 
√

𝑟 cos(𝜃
2) =

√
𝑎, square both sides: 𝑟 cos2(𝜃

2) = 𝑎

Using cos2(𝜃
2) = 1+ cos 𝜃

2 , we get: 𝑟(1 + cos 𝜃) = 2𝑎

Since cos 𝜃 = 𝑥
𝑟 , this gives: 𝑟 + 𝑥 = 2𝑎

With 𝑟 = √𝑥2 + 𝑦2, the Cartesian equation is: 𝑥2 + 𝑦2 = (2𝑎 − 𝑥)2.

38. Given the polar equation 
√

𝑟 =
√

𝑎 sin(𝜃
2), squaring gives: 𝑟 = 𝑎 sin2(𝜃

2)

Using sin2(𝜃
2) = 1− cos 𝜃

2 , we obtain: 𝑟 = 𝑎1− cos 𝜃
2

Substituting cos 𝜃 = 𝑥
𝑟  and 𝑟2 = 𝑥2 + 𝑦2 leads to: (𝑥2 + 𝑦2 + 𝑎𝑥

2 )2 = 𝑎2 𝑥2+𝑦2

4 .

39. The polar equation 𝑟(cos 3𝜃 + sin 3𝜃) = 5𝑘 sin 𝜃 cos 𝜃 can be converted to Cartesian 

coordinates using 𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃, and 𝑟2 = 𝑥2 + 𝑦2.

Using the triple-angle formulas cos 3𝜃 = 4 cos3 𝜃 − 3 cos 𝜃 and sin 3𝜃 = 3 sin 𝜃 −
4 sin3 𝜃, we can write:

cos 3𝜃 = 4𝑥3−3𝑥𝑟2

𝑟3  and sin 3𝜃 = 3𝑦𝑟2−4𝑦3

𝑟3

Adding these gives: cos 3𝜃 + sin 3𝜃 = 4(𝑥3−𝑦3)+3𝑟2(𝑦−𝑥)
𝑟3

Multiplying both sides of the original equation by 𝑟: 𝑟(cos 3𝜃 + sin 3𝜃) =
4(𝑥3−𝑦3)+3𝑟2(𝑦−𝑥)

𝑟2

The right-hand side 5𝑘 sin 𝜃 cos 𝜃 becomes 5𝑘𝑥 𝑦
𝑟2

Multiplying both sides by 𝑟2 to eliminate the denominator: 4(𝑥3 − 𝑦3) + 3𝑟2(𝑦 −
𝑥) = 5𝑘𝑥𝑦

Substituting 𝑟2 = 𝑥2 + 𝑦2 yields the final Cartesian equation: 4(𝑥3 − 𝑦3) + 3(𝑥2 +
𝑦2)(𝑦 − 𝑥) = 5𝑘𝑥𝑦

40. Distance formula is √(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2 = 𝑑2

Substituting given coordinate in the formula: sqrt{(𝑎 − 3)2 + (2 − 4)2} = 82

Simplifying gives us 𝑎 = 3 + 2
√

15 (rejecting negative value for distance).
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41. Like previous problem substituting the coordinates gives us

√(𝑎 + 𝑟 cos 𝜃 − 𝑎)2 + (𝑏 + 𝑟 sin 𝜃 − 𝑏)2 = 𝑟2, which is independent of 𝜃.

42. Let the points be 𝐴 = (csc2(𝜃), 0), 𝐵 = (0, sec2(𝜃)), and 𝐶 = (1, 1).

The distance formula between two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is: 𝑑 =
√(𝑥2 − 𝑥1)

2 + (𝑦2 − 𝑦1)
2

Compute the distance 𝐴𝐵: 𝐴𝐵 = √(0 − csc2(𝜃))2 + (sec2(𝜃) − 0)2

= √(csc2(𝜃))2 + (sec2(𝜃))2 = √csc4(𝜃) + sec4(𝜃)

Compute the distance 𝐵𝐶 :

𝐵𝐶 = √(1 − 0)2 + (1 − sec2(𝜃))2 = √1 + (1 − sec2(𝜃))2

Compute the distance 𝐴𝐶 :

𝐴𝐶 = √(1 − csc2(𝜃))2 + (1 − 0)2 = √(1 − csc2(𝜃))2 + 1

Using the Pythagorean identities: csc2(𝜃) = 1
sin2 (𝜃) and sec2(𝜃) = 1

cos2 (𝜃)

Substitute these into the distances and simplify. After simplification, we find that: 
𝐴𝐵 + 𝐵𝐶 = 𝐴𝐶

Therefore, the points 𝐴, 𝐵, and 𝐶 are collinear.

43. Let 𝑃 = (𝑥, 𝑦), 𝐴 = (𝑎 + 𝑏, 𝑏 − 𝑎), and 𝐵 = (𝑎 − 𝑏, 𝑎 + 𝑏).

Since 𝑃  is equidistant from 𝐴 and 𝐵, we have:

√(𝑥 − (𝑎 + 𝑏))2 + (𝑦 − (𝑏 − 𝑎))2 = √(𝑥 − (𝑎 − 𝑏))2 + (𝑦 − (𝑎 + 𝑏))2

Squaring both sides: (𝑥 − (𝑎 + 𝑏))2 + (𝑦 − (𝑏 − 𝑎))2 = (𝑥 − (𝑎 − 𝑏))2 +
(𝑦 − (𝑎 + 𝑏))2

Expanding both sides: (𝑥 − 𝑎 − 𝑏)2 + (𝑦 − 𝑏 + 𝑎)2 = (𝑥 − 𝑎 + 𝑏)2 + (𝑦 − 𝑎 − 𝑏)2

Expanding each square:

(𝑥 − 𝑎 − 𝑏)2 = 𝑥2 − 2𝑥(𝑎 + 𝑏) + (𝑎 + 𝑏)2 ⇒ (𝑦 − 𝑏 + 𝑎)2 = 𝑦2 − 2𝑦(𝑏 − 𝑎) +
(𝑏 − 𝑎)2

⇒ (𝑥 − 𝑎 + 𝑏)2 = 𝑥2 − 2𝑥(𝑎 − 𝑏) + (𝑎 − 𝑏)2 ⇒ (𝑦 − 𝑎 − 𝑏)2 = 𝑦2 − 2𝑦(𝑎 + 𝑏) +
(𝑎 + 𝑏)2

Adding the terms on each side:

Left: 𝑥2 + 𝑦2 − 2𝑥(𝑎 + 𝑏) − 2𝑦(𝑏 − 𝑎) + (𝑎 + 𝑏)2 + (𝑏 − 𝑎)2

Right: 𝑥2 + 𝑦2 − 2𝑥(𝑎 − 𝑏) − 2𝑦(𝑎 + 𝑏) + (𝑎 − 𝑏)2 + (𝑎 + 𝑏)2

Subtracting 𝑥2 + 𝑦2 + (𝑎 + 𝑏)2 from both sides:

−2𝑥(𝑎 + 𝑏) − 2𝑦(𝑏 − 𝑎) + (𝑏 − 𝑎)2 = −2𝑥(𝑎 − 𝑏) − 2𝑦(𝑎 + 𝑏) + (𝑎 − 𝑏)2

Simplifying (𝑏 − 𝑎)2 = (𝑎 − 𝑏)2: −2𝑥(𝑎 + 𝑏) − 2𝑦(𝑏 − 𝑎) = −2𝑥(𝑎 − 𝑏) − 2𝑦(𝑎 +
𝑏)

Divide both sides by −2: 𝑥(𝑎 + 𝑏) + 𝑦(𝑏 − 𝑎) = 𝑥(𝑎 − 𝑏) + 𝑦(𝑎 + 𝑏)



Bringing all terms to left-hand side:𝑥(𝑎 + 𝑏 − 𝑎 + 𝑏) + 𝑦(𝑏 − 𝑎 − 𝑎 − 𝑏) = 0 ⇒
𝑥(2𝑏) + 𝑦(−2𝑎) = 0

Simplifying: 2𝑏𝑥 − 2𝑎𝑦 = 0

Dividing both sides by 𝑏(𝑥 + 𝑦): 𝑎−𝑏
𝑎+𝑏 = 𝑥−𝑦

𝑥+𝑦

44. Let the points be 𝐴 = (3, 4), 𝐵 = (8, −6), and 𝐶 = (13, 9).

Computing the sides:

𝐴𝐵 = √(8 − 3)2 + (−6 − 4)2 = √52 + (−10)2 =
√

25 + 100 =
√

125

𝐵𝐶 = √(13 − 8)2 + (9 − (−6))2 =
√

52 + 152 =
√

25 + 225 =
√

250

𝐴𝐶 = √(13 − 3)2 + (9 − 4)2 =
√

102 + 52 =
√

100 + 25 =
√

125

Since 𝐴𝐵2 + 𝐴𝐶2 = 𝐵𝐶2, the triangle ABC is right-angled at 𝐴.

45. Solution is given below:

1. Computing the sides using the distance formula:

𝐴𝐵 = √(−
√

3 − 1)
2

+ (
√

3 − 1)
2

= 2
√

2

𝐵𝐶 = √(−1 +
√

3)
2

+ (−1 −
√

3)
2

= 2
√

2

𝐴𝐶 = √(−1 − 1)2 + (−1 − 1)2 = 2
√

2

Since 𝐴𝐵 = 𝐵𝐶 = 𝐴𝐶 , the triangle is equilateral.

2. Let the points be 𝐴 = (0, 2), 𝐵 = (7, 0), and 𝐶 = (2, 5).

Computing the sides using the distance formula:

𝐴𝐵 = √(7 − 0)2 + (0 − 2)2 =
√

49 + 4 =
√

53

𝐵𝐶 = √(2 − 7)2 + (5 − 0)2 = √(−5)2 + 52 =
√

25 + 25 =
√

50

𝐴𝐶 = √(2 − 0)2 + (5 − 2)2 =
√

4 + 9 =
√

13

No combination satisfies the Pythagoras theorem exactly, so the triangle is not 
right-angled.

Since all sides are different (
√

53, 
√

50, 
√

13), the triangle is scalene.

3. Let the points be 𝐴 = (−2, 5), 𝐵 = (7, 10), and 𝐶 = (3, −4).

Computing the sides using the distance formula:

𝐴𝐵 = √(7 − (−2))2 + (10 − 5)2 =
√

92 + 52 =
√

81 + 25 =
√

106

𝐵𝐶 = √(3 − 7)2 + (−4 − 10)2 = √(−4)2 + (−14)2 =
√

16 + 196 =
√

212

𝐴𝐶 = √(3 − (−2))2 + (−4 − 5)2 = √52 + (−9)2 =
√

25 + 81 =
√

106

𝐴𝐵 = 𝐴𝐶 =
√

106, 𝐵𝐶 =
√

212

Since two sides are equal, the triangle is isosceles.

Check for a right angle using the Pythagoras theorem:

𝐴𝐵2 + 𝐴𝐶2 = 106 + 106 = 212 = 𝐵𝐶2
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Hence, the triangle is right-angled isosceles at angle 𝐴.

46. Let the point be 𝑃 = (𝑎 cos(𝛼), 𝑎 sin(𝛼)) and the origin be 𝑂 = (0, 0).

The distance formula between two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is:

𝑑 = √(𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2

Computing the distance 𝑂𝑃 :

𝑂𝑃 = √(𝑎 cos(𝛼) − 0)2 + (𝑎 sin(𝛼) − 0)2

Using the Pythagorean identity cos(𝛼)2 + sin(𝛼)2 = 1:

𝑂𝑃 =
√

𝑎2 ∗ 1 =
√

𝑎2 = 𝑎, which is independent of 𝛼

47. Let the points be 𝐴 = (6, −1), 𝐵 = (1, 3), and 𝐶 = (𝑥, 8).

Given 𝐴𝐵 = 𝐵𝐶
𝐴𝐵 = √(1 − 6)2 + (3 − (−1))2 = √(−5)2 + 42 =

√
25 + 16 =

√
41

𝐵𝐶 = √(𝑥 − 1)2 + (8 − 3)2 = √(𝑥 − 1)2 + 52 = √(𝑥 − 1)2 + 25

⇒
√

41 = √(𝑥 − 1)2 + 25

Squaring both sides: 41 = (𝑥 − 1)2 + 25 ⇒ (𝑥 − 1)2 = 16

⇒ 𝑥 − 1 = 4 or 𝑥 − 1 = −4 ⇒ 𝑥 = 5 or 𝑥 = −3
48. Let the points be 𝐴 = (1, 5), 𝐵 = (2, 4), and 𝐶 = (3, 3).

𝐴𝐵 = √(2 − 1)2 + (4 − 5)2 = √12 + (−1)2 =
√

1 + 1 =
√

2

𝐵𝐶 = √(3 − 2)2 + (3 − 4)2 = √12 + (−1)2 =
√

1 + 1 =
√

2

𝐴𝐶 = √(3 − 1)2 + (3 − 5)2 = √22 + (−2)2 =
√

4 + 4 =
√

8

Check if 𝐴𝐵 + 𝐵𝐶 = 𝐴𝐶 :

𝐴𝐵 + 𝐵𝐶 =
√

2 +
√

2 = 2
√

2

𝐴𝐶 =
√

8 = 2
√

2

Since 𝐴𝐵 + 𝐵𝐶 = 𝐴𝐶 , the points 𝐴, 𝐵, and 𝐶 are collinear.

49. Let the points be 𝐴 = (2𝑎, 4𝑎), 𝐵 = (2𝑎, 6𝑎), 𝐶 = (2𝑎 +
√

3𝑎, 5𝑎).

𝐴𝐵 = √(2𝑎 − 2𝑎)2 + (6𝑎 − 4𝑎)2 = √0 + (2𝑎)2 =
√

4𝑎2 = 2𝑎

𝐵𝐶 = √(2𝑎 +
√

3𝑎 − 2𝑎)
2

+ (5𝑎 − 6𝑎)2 = √(
√

3𝑎)
2

+ (−𝑎)2 =
√

3𝑎2 + 𝑎2 =
√

4𝑎2 = 2𝑎

𝐴𝐶 = √(2𝑎 +
√

3𝑎 − 2𝑎)
2

+ (5𝑎 − 4𝑎)2 = √(
√

3𝑎)
2

+ (𝑎)2 =
√

3𝑎2 + 𝑎2 =
√

4𝑎2 = 2𝑎

Since 𝐴𝐵 = 𝐵𝐶 = 𝐴𝐶 = 2𝑎, all sides are equal.

Hence, the triangle with vertices 𝐴, 𝐵, and 𝐶 is equilateral.

50. Let the points be 𝑂 = (0, 0), 𝐴 = (𝑎, 𝑏), and 𝐵 = (𝑐, 𝑑).

𝑂𝐴 = √(𝑎 − 0)2 + (𝑏 − 0)2 =
√

𝑎2 + 𝑏2



𝑂𝐵 = √(𝑐 − 0)2 + (𝑑 − 0)2 =
√

𝑐2 + 𝑑2

𝐴𝐵 = √(𝑐 − 𝑎)2 + (𝑑 − 𝑏)2 = √(𝑐 − 𝑎)2 + (𝑑 − 𝑏)2

By the cosine law, for triangle 𝑂𝐴𝐵 with angle 𝜃 at 𝑂:

cos 𝜃 = 𝑂𝐴2+𝑂𝐵2−𝐴𝐵2

2𝑂𝐴𝑂𝐵

Substituting the distances:

cos 𝜃 = (𝑎2+𝑏2)+(𝑐2+𝑑2)−((𝑐−𝑎)2+(𝑑−𝑏)2)
2
√

𝑎2+𝑏2
√

𝑐2+𝑑2

Expanding 𝐴𝐵2 = (𝑐 − 𝑎)2 + (𝑑 − 𝑏)2 = 𝑐2 − 2𝑎𝑐 + 𝑎2 + 𝑑2 − 2𝑏𝑑 + 𝑏2 = 𝑎2 +
𝑏2 + 𝑐2 + 𝑑2 − 2(𝑎𝑐 + 𝑏𝑑)

Substituting: cos(𝜃) = (𝑎2+𝑏2)+(𝑐2+𝑑2)−(𝑎2+𝑏2+𝑐2+𝑑2−2(𝑎𝑐+𝑏𝑑))
2
√

𝑎2+𝑏2
√

𝑐2+𝑑2

⇒ cos 𝜃 = 2(𝑎𝑐+𝑏𝑑)
2
√

𝑎2+𝑏2
√

𝑐2+𝑑2

⇒ cos 𝜃 = 𝑎𝑐+𝑏𝑑√
𝑎2+𝑏2

√
𝑐2+𝑑2 .

51. Let the vertices be 𝐴 = (−2, −3), 𝐵 = (−1, 0), and 𝐶 = (7, −6).

𝐴

𝐵

𝐶

𝑎

𝑏

𝑐

𝑃(𝑥, 𝑦)

Let the circumcenter be 𝑂 = (𝑥, 𝑦), which is equidistant from all three vertices:

√(𝑥 + 2)2 + (𝑦 + 3)2 = √(𝑥 + 1)2 + 𝑦2

Squaring both sides: (𝑥 + 2)2 + (𝑦 + 3)2 = (𝑥 + 1)2 + 𝑦2

⇒ 𝑥2 + 4𝑥 + 4 + 𝑦2 + 6𝑦 + 9 = 𝑥2 + 2𝑥 + 1 + 𝑦2 ⇒ 2𝑥 + 6𝑦 + 12 = 0 ⇒ 𝑥 +
3𝑦 + 6 = 0

Also, √(𝑥 + 1)2 + 𝑦2 = √(𝑥 − 7)2 + (𝑦 + 6)2

Squaring both sides: (𝑥 + 1)2 + 𝑦2 = (𝑥 − 7)2 + (𝑦 + 6)2

⇒ 𝑥2 + 2𝑥 + 1 + 𝑦2 = 𝑥2 − 14𝑥 + 49 + 𝑦2 + 12𝑦 + 36

⇒ 16𝑥 − 12𝑦 − 84 = 0 ⇒ 4𝑥 − 3𝑦 − 21 = 0

Solving the system: From 𝑥 + 3𝑦 + 6 = 0, we get 𝑥 = −3𝑦 − 6

Substitute into 4𝑥 − 3𝑦 − 21 = 0: 4(−3𝑦 − 6) − 3𝑦 − 21 = 0 ⇒ −15𝑦 − 45 = 0 ⇒
𝑦 = −3

Then 𝑥 = −3(−3) − 6 = 3
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Thus, the circumcenter is 𝑂 = (3, −3)

The circumradius is: 𝑅 = √(3 − (−2))2 + (−3 − (−3))2 =
√

52 + 02 = 5

52. The diagram is given below:

𝑥

𝑦

𝑄

𝑃(𝑟 , 𝜃)

𝑅(𝑟 , 𝜃 + 60∘)

𝑁 𝐿
𝜃
60∘

Let 𝑃𝑄 = 𝑄𝑅 = 𝑅𝑃 = 𝑟 and ∠𝑃𝑄𝑋 = 𝜃 then ∠𝑅𝑄𝑋 = 60° + 𝜃.

Given 𝑃𝐿 = 𝑎, 𝑅𝑁 = 1.

We take 𝑄 as the pole and 𝑄𝑋 as the initial line. Polar coordinates of 𝑃  and 𝑅 

will be (𝑟, 𝜃) and (𝑟, 𝜃 + 60°), respectively.

Now 𝑟 sin 𝜃 = 𝑦, coordinate of 𝑃 = 𝑎 and 𝑟 sin(60° + 𝜃) = 𝑦, coordinate of 𝑅 = 1

⇒ 𝑟(sin 60° cos 𝜃 + cos 60° sin 𝜃) = 1

⇒ 𝑟(
√

3
2 √1 − 𝑎2

𝑟2 + 1
2 .𝑎

𝑟) = 1

⇒ 𝑟 = 2√
3

√
𝑎2 − 𝑎 + 1.

53. Let 𝐴 = (3, 4) and 𝐶 = (1, −1) be opposite vertices of the square. Let 𝐵 = (𝑥, 𝑦) 
and 𝐷 = (𝑥′, 𝑦′) be the other two vertices.

The center of the square is the midpoint of 𝐴𝐶 : 𝑂 = (3+1
2 , 4+(−1)

2 ) = (2, 3
2)

In a square, the distances from the center to all vertices are equal: (𝑥 − 2)2 +
(𝑦 − 3

2)2 = (3 − 2)2 + (4 − 3
2)2 = 29

4

Also, 𝐵 and 𝐷 lie on a line through 𝑂 that is perpendicular to 𝐴𝐶 . Using the 
fact that diagonals of a square are equal and perpendicular, we solve:

(𝑥 − 2)2 + (−2
5𝑥 + 23

10 − 3
2)2 = 29

4

Solving this quadratic gives: 𝑥 = 9
2 , 𝑦 = 1

2  and 𝑥 = −1
2 , 𝑦 = 5

2

Hence, the remaining vertices are: 𝐵 = (9
2 , 1

2), 𝐷 = (−1
2 , 5

2).

54. Given 𝐴 = (−4, 0) and 𝐵 = (−1, 4), points 𝐶 and 𝐷 are symmetric about the 𝑦
-axis: 𝐶 = (4, 0) and 𝐷 = (1, 4)

The trapezium is 𝐴𝐵𝐶𝐷, with vertices in order 𝐴, 𝐵, 𝐷, 𝐶 .

𝐴𝐵 = √(−1 − (−4))2 + (4 − 0)2 =
√

32 + 42 =
√

9 + 16 = 5



𝐵𝐶 = √(1 − (−1))2 + (4 − 4)2 =
√

22 + 02 = 2

𝐶𝐷 = √(1 − 4)2 + (4 − 0)2 = √(−3)2 + 42 =
√

9 + 16 = 5

𝐷𝐴 = √(4 − (−4))2 + (0 − 0)2 =
√

82 + 02 = 8

Perimeter of trapezium: 𝑃 = 𝐴𝐵 + 𝐵𝐶 + 𝐶𝐷 + 𝐷𝐴 = 5 + 2 + 5 + 8 = 20.

55. Given 𝐴 = (4, −1), let 𝐵 be the reflection of 𝐴 across 𝑦 = 𝑥.

Reflection across 𝑦 = 𝑥 swaps the coordinates: if 𝐴 = (𝑥, 𝑦), then 𝐵 = (𝑦, 𝑥).

Thus 𝐵 = (−1, 4)

Distance 𝐴𝐵: 𝐴𝐵 = √(−1 − 4)2 + (4 − (−1))2 = 5
√

2.

56. Given 𝐴 = (2, 0) and 𝐵 = (2 +
√

3, 1). Rotate 𝐵 about 𝐴 by 15° anticlockwise.

Rotation formula about 𝐴:

𝑥′ = 𝐴𝑥 + (𝐵𝑥 − 𝐴𝑥) cos(15°) − (𝐵𝑦 − 𝐴𝑦) sin(15°), 𝑦′ = 𝐴𝑦 + (𝐵𝑥 −
𝐴𝑥) sin(15°) + (𝐵𝑦 − 𝐴𝑦) cos(15°)

(𝐵𝑥 − 𝐴𝑥, 𝐵𝑦 − 𝐴𝑦) = (
√

3, 1), cos(15°) =
√

6+
√

2
4 , sin(15°) =

√
6−

√
2

4

𝑥′ = 2 +
√

3
√

6+
√

2
4 − 1

√
6−

√
2

4 = 11+
√

2
4 , 𝑦′ = 0 +

√
3

√
6−

√
2

4 + 1
√

6+
√

2
4 = 3+

√
2

4

Thus, 𝐶 = (11+
√

2
4 , 3+

√
2

4 ).

57. Given point 𝑃 = (1, −2). Reflecting 𝑃  in the 𝑥-axis: 𝑃 ′ = (1, 2) (the 𝑦-coordinate 

changes sign)

Translate 𝑃 ′ parallel to the positive 𝑥-axis by 3 units: 𝑃 ″ = (1 + 3, 2) = (4, 2)

58. Given 𝐴 = (3, 0) and 𝐵 = (5, 2).

Segment from 𝐴 to 𝐵: (𝐵𝑥 − 𝐴𝑥, 𝐵𝑦 − 𝐴𝑦) = (5 − 3, 2 − 0) = (2, 2)

Rotating this segment about 𝐴 by 45° anticlockwise:

𝑥𝐶 = 𝐴𝑥 + (𝐵𝑥 − 𝐴𝑥) cos(45°) − (𝐵𝑦 − 𝐴𝑦) sin(45°), 𝑦𝐶 = 𝐴𝑦 + (𝐵𝑥 −
𝐴𝑥) sin(45°) + (𝐵𝑦 − 𝐴𝑦) cos(45°)

Since cos(45°) = sin(45°) =
√

2
2 , 𝑥𝐶 = 3 + 2

√
2

2 − 2
√

2
2 = 3 + 0 = 3

𝑦𝐶 = 0 + 2
√

2
2 + 2

√
2

2 = 0 + 2
√

2
2 + 2

√
2

2 = 2
√

2

So 𝐶 = (3, 2
√

2). Reflecting 𝐶 in the 𝑦-axis: 𝐷 = (−𝑥𝐶 , 𝑦𝐶) = (−3, 2
√

2).

59. Let 𝐴(5, −2) and 𝐵(9, 6).

For a point dividing the line segment joining 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) in the ratio 

𝑚 : 𝑛:

Internal division formula is (𝑚𝑥2+𝑛𝑥1
𝑚+𝑛 , 𝑚𝑦2+𝑛𝑦1

𝑚+𝑛 ).

External division formula is (𝑚𝑥2−𝑛𝑥1
𝑚−𝑛 , 𝑚𝑦2−𝑛𝑦1

𝑚−𝑛 ).

Here 𝑚 = 3 and 𝑛 = 1.
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Internal division point is (3.9+1.5
4 , 3.6+1.(−2)

4 ) = (8, 4).

External division point is (3.9−1.5
2 , 3.6−1.(−2)

2 ) = (11, 10).

60. The roots of 𝑥2 + 4𝑥 + 3 = 0 are −3 and −1. Since 𝑥𝐵 < 𝑥𝐶 , we have 𝑥𝐵 = −3 

and 𝑥𝐶 = −1.

The roots of 𝑥2 − 𝑥 − 6 = 0 are 3 and −2. Since 𝑦𝐵 > 𝑦𝐶 , we have 𝑦𝐵 = 3 and 

𝑦𝐶 = −2.

So the coordinates are 𝐵(−3, 3), 𝐶(−1, −2), and 𝐴(3, −5).

Now, 𝐵𝐶 = √(−1 + 3)2 + (−2 − 3)2 =
√

4 + 25 =
√

29,

𝐶𝐴 = √(3 + 1)2 + (−5 + 2)2 =
√

16 + 9 = 5,

𝐴𝐵 = sqrt{(3 + 3)2 + (−5 − 3)2} = sqrt{36 + 64} = 10.

Let 𝑎 = 𝐵𝐶 =
√

29, 𝑏 = 𝐶𝐴 = 5, and 𝑐 = 𝐴𝐵 = 10.

The length of the internal angle bisector at 𝐴 is 𝑙𝑎 = √𝑏𝑐((𝑏+𝑐)2−𝑎2)
𝑏+𝑐 .

Substituting values, 𝑙𝑎 = √5.10(152−29)
15 =

√
50.196
15 = 70

√
2

15 = 14
√

2
3 .

61. Let the points be 𝐴(4, 3) and 𝐵(6, 3). Let 𝑃(2, 𝑦) divide 𝐴𝐵 in the ratio 𝑚 : 𝑛.

Using the section formula for the x-coordinate, 2 = 6𝑚+4𝑛
𝑚+𝑛 .

So, 2𝑚 + 2𝑛 = 6𝑚 + 4𝑛 ⇒ 4𝑚 + 2𝑛 = 0 ⇒ 𝑚 : 𝑛 = −1 : 2.

Hence, the point divides the line segment externally in the ratio 1 : 2.

Now using the y-coordinate formula, 𝑦 = 3𝑚+3𝑛
𝑚+𝑛 ⇒ 𝑦 = 3.

62. The given points are 𝐴(−2, 3), 𝐵(8, 9), 𝐶(0, 4) and 𝐷(3, 0).

Let the lines 𝐴𝐵 and 𝐶𝐷 intersect at point 𝑃 .

Equation of 𝐴𝐵 in parametric form is 𝑥 = −2 + 10𝑡, 𝑦 = 3 + 6𝑡.

Equation of 𝐶𝐷 in parametric form is 𝑥 = 3𝑠, 𝑦 = 4 − 4𝑠.

At the point of intersection, −2 + 10𝑡 = 3𝑠 ⇒ 3 + 6𝑡 = 4 − 4𝑠.

From the first equation, 𝑠 = −2+10𝑡
3 .

Substituting in the second equation, 3 + 6𝑡 = 4 − 4(−2+10𝑡
3 ) ⇒ 𝑡 = 11

58 .

Therefore, 𝐴𝑃 : 𝑃𝐵 = 𝑡 : (1 − 𝑡) = (11
58) : (47

58) = 11 : 47

63. Let 𝐴1(𝑥1, 𝑦1), 𝐴2(𝑥2, 𝑦2), 𝐴3(𝑥3, 𝑦3), …, 𝐴𝑛(𝑥𝑛,𝑦𝑛) be 𝑛 points.

𝐴1𝐴2 is bisected at 𝐺1, so 𝐺1 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ).

𝐺1𝐴3 is divided at 𝐺2 in the ratio 1 : 2, hence 𝐺2 = (1𝑥3+2𝑥{𝐺1}
3 , 1𝑦3+2𝑦{𝐺1}

3 ).

Substituting the coordinates of 𝐺1, 𝐺2 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ).

Now 𝐺2𝐴4 is divided at 𝐺3 in the ratio 1 : 3, so 𝐺3 = (1𝑥4+3𝑥{𝐺2}
4 , 1𝑦4+3𝑦{𝐺2}

4 ).



Substituting the coordinates of 𝐺2, 𝐺3 = (𝑥1+𝑥2+𝑥3+𝑥4
4 , 𝑦1+𝑦2+𝑦3+𝑦4

4 ).

Proceeding similarly, after dividing 𝐺𝑛−2𝐴𝑛 at 𝐺𝑛−1 in the ratio 1 : (𝑛 − 1), we get

𝐺𝑛−1 = (𝑥1+𝑥2+⋯+𝑥𝑛
𝑛 , 𝑦1+𝑦2+⋯+𝑦𝑛

𝑛 ).

64. Let the straight line be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and let it intersect the line joining 

𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) at the point 𝑃 .

Suppose 𝑃  divides 𝐴𝐵 in the ratio 𝑚 : 𝑛.

Then, by the section formula, the coordinates of 𝑃  are 𝑥 = 𝑚𝑥2+𝑛𝑥1
𝑚+𝑛  and 𝑦 =

𝑚𝑦2+𝑛𝑦1
𝑚+𝑛

Since 𝑃  lies on the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, we have 
𝑎(𝑚𝑥2+𝑛𝑥1)

𝑚+𝑛 + 𝑏(𝑚𝑦2+𝑛𝑦1)
𝑚+𝑛 +

𝑐 = 0.

Multiplying by (𝑚 + 𝑛), 𝑚(𝑎𝑥2 + 𝑏𝑦2 + 𝑐) + 𝑛(𝑎𝑥1 + 𝑏𝑦1 + 𝑐) = 0.

Hence, 𝑚(𝑎𝑥2 + 𝑏𝑦2 + 𝑐) = −𝑛(𝑎𝑥1 + 𝑏𝑦1 + 𝑐).

Therefore, 𝑚 : 𝑛 = −(𝑎𝑥1 + 𝑏𝑦1 + 𝑐) : (𝑎𝑥2 + 𝑏𝑦2 + 𝑐).

The negative sign means that the quantities 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 and 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 are 

of opposite signs.

Geometrically, this implies that the points 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) lie on opposite 

sides of the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

65. Let the line 𝐿 intersect 𝐵𝐶 at 𝑃 , 𝐶𝐴 at 𝑄, and 𝐴𝐵 at 𝑅.

Equation of the line 𝐿 may be written as 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

Since 𝑃  lies on 𝐵𝐶 , by the result for division of a line by a straight line, 𝐵𝑃
𝑃𝐶 =

−𝑎𝑥2+𝑏𝑦2+𝑐
𝑎𝑥3+𝑏𝑦3+𝑐 .

Similarly, since 𝑄 lies on 𝐶𝐴, 𝐶𝑄
𝑄𝐴 = −𝑎𝑥3+𝑏𝑦3+𝑐

𝑎𝑥1+𝑏𝑦1+𝑐 .

And since 𝑅 lies on 𝐴𝐵, 𝐴𝑅
𝑅𝐵 = −𝑎𝑥1+𝑏𝑦1+𝑐

𝑎𝑥2+𝑏𝑦2+𝑐 .

Multiplying the three ratios, we get 𝐵𝑃
𝑃𝐶 .𝐶𝑄

𝑄𝐴 .𝐴𝑅
𝑅𝐵 =

(−1)3 (𝑎𝑥2+𝑏𝑦2+𝑐)(𝑎𝑥3+𝑏𝑦3+𝑐)(𝑎𝑥1+𝑏𝑦1+𝑐)
(𝑎𝑥3+𝑏𝑦3+𝑐)(𝑎𝑥1+𝑏𝑦1+𝑐)(𝑎𝑥2+𝑏𝑦2+𝑐) = −1.

66. The vertices of the triangle are 𝐴 = (𝑥1, 𝑥1 tan 𝛼), 𝐵 = (𝑥2, 𝑥2 tan 𝛽), 𝐶 =
(𝑥3, 𝑥3 tan 𝛾).

Since the circumcenter is at the origin, we have 𝑥2
1 + (𝑥1 tan 𝛼)2 = 𝑥2

2 +
(𝑥2 tan 𝛽)2 = 𝑥2

3 + (𝑥3 tan 𝛾)2
.

Hence 𝑥1 sec 𝛼 = 𝑥2 sec 𝛽 = 𝑥3 sec 𝛾 = 𝑅.

The coordinates of the orthocenter 𝐻(𝑥, 𝑦) are 𝑥 = 𝑥1 + 𝑥2 + 𝑥3, 𝑦 = 𝑥1 tan 𝛼 +
𝑥2 tan 𝛽 + 𝑥3 tan 𝛾.

Substituting 𝑥𝑖 = 𝑅 cos 𝜃𝑖, we get 𝑥 = 𝑅(cos 𝛼 + cos 𝛽 + cos 𝛾), 𝑦 =
𝑅(cos 𝛼 tan 𝛼 + cos 𝛽 tan 𝛽 + cos 𝛾 tan 𝛾) = 𝑅(sin 𝛼 + sin 𝛽 + sin 𝛾).
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Therefore, 𝑦
𝑥 = sin 𝛼+ sin 𝛽+ sin 𝛾

cos 𝛼+ cos 𝛽+ cos 𝛾 .

67. The vertices of the triangle are 𝐴(𝛼, 1
𝛼), 𝐵(𝛽, 1

𝛽), and 𝐶(𝛾, 1
𝛾), where 𝛼, 𝛽, and 

𝛾 are the roots of 𝑥3 − 3𝑝𝑥2 + 3𝑞𝑥 − 1 = 0.

The centroid of the triangle is 𝐺 = (𝛼+𝛽+𝛾
3 ,

1
𝛼+1

𝛽+1
𝛾

3 ).

Since 𝛼 + 𝛽 + 𝛾 = 3𝑝 and 1
𝛼 + 1

𝛽 + 1
𝛾 = 𝛽𝛾+𝛾𝛼+𝛼𝛽

𝛼𝛽𝛾 = 3𝑞, we have

𝐺 = (3𝑝
3 , 3𝑞

3 ) = (𝑝, 𝑞).

68. Let the points be 𝐴(𝑎𝑡2, 2𝑎𝑡), 𝐵( 𝑎
𝑡2 , −2𝑎

𝑡 ), and 𝐶(𝑎, 0).

The distance between 𝐴 and 𝐶 is 𝐴𝐶 = √(𝑎𝑡2 − 𝑎)2 + (2𝑎𝑡 − 0)2 = 𝑎(𝑡2 + 1)

The distance between 𝐵 and 𝐶 is 𝐵𝐶 = √( 𝑎
𝑡2 − 𝑎)2 + (−2𝑎

𝑡 − 0)2 = 𝑎 𝑡2+1
𝑡2

Then 1
𝐴𝐶 + 1

𝐵𝐶 = 1
𝑎(𝑡2+1) + 𝑡2

𝑎(𝑡2+1) = 1
𝑎

Hence, 1
𝐴𝐶 + 1

𝐵𝐶  is independent of 𝑡.

69. Let 𝐴 = (0, 0), 𝐵 = (3,
√

3), and 𝐶 = (𝑥, 𝑦). 𝐴𝐵 = 2
√

3, so 𝐴𝐶 = 𝐵𝐶 = 2
√

3.

From distances: 𝑥2 + 𝑦2 = 12, (𝑥 − 3)2 + (𝑦 −
√

3)
2

= 12.

Simplifying gives 𝑦 = 2
√

3 −
√

3𝑥.

Substituting in 𝑥2 + 𝑦2 = 12: 𝑥2 + (2
√

3 −
√

3𝑥)
2

= 12 ⇒ 4𝑥(𝑥 − 3) = 0 ⇒ 𝑥 =
0  or 3.

Then 𝑦 = 2
√

3 or 𝑦 = −
√

3.

Hence 𝐶 = (0, 2
√

3) or 𝐶 = (3, −
√

3).

70. Let the vertices of the triangle be 𝐴(−2, 3), 𝐵(2, −1), 𝐶(4, 0).

The circumcenter (𝑥, 𝑦) is given by

𝑥 = (𝑥2
1+𝑦2

1)(𝑦2−𝑦3)+(𝑥2
2+𝑦2

2)(𝑦3−𝑦1)+(𝑥2
3+𝑦2

3)(𝑦1−𝑦2)
2(𝑥1(𝑦2−𝑦3)+𝑥2(𝑦3−𝑦1)+𝑥3(𝑦1−𝑦2))

𝑦 = (𝑥2
1+𝑦2

1)(𝑥3−𝑥2)+(𝑥2
2+𝑦2

2)(𝑥1−𝑥3)+(𝑥2
3+𝑦2

3)(𝑥2−𝑥1)
2(𝑥1(𝑦2−𝑦3)+𝑥2(𝑦3−𝑦1)+𝑥3(𝑦1−𝑦2))

Denominator: 𝐷 = 2((−2)(−1 − 0) + 2(0 − 3) + 4(3 − (−1))) = 24

𝑥 = (−22+32)(−1−0)+(22+(−1)2)(0−3)+(42+02)(3−(−1))
24 = 1.5

𝑦 = (−22+32)(4−2)+(22+(−1)2)(−2−4)+(42+02)(2−(−2))
24 = 2.5

Hence the circumcenter is 𝑂(1.5, 2.5).

The circumradius is the distance from 𝑂 to any vertex, say 𝐴:

𝑅 = √(1.5 − (−2))2 + (2.5 − 3)2 = √3.52 + (−0.5)2 =
√

12.25 + 0.25 =√
12.5 = 5

√
2

2

71. Given 𝐴 = (1, 1), 𝐵 = (4, 5), and 𝐶 = (6, 13).



𝐴𝐵 = √(4 − 1)2 + (5 − 1)2 =
√

9 + 16 = 5

𝐴𝐶 = √(6 − 1)2 + (13 − 1)2 =
√

25 + 144 = 13

𝐵𝐶 = √(6 − 4)2 + (13 − 5)2 =
√

4 + 64 =
√

68

Using cosine law at angle 𝐴:

cos 𝐴 = 𝐴𝐵2+𝐴𝐶2−𝐵𝐶2

2𝐴𝐵𝐴𝐶

cos 𝐴 = 25+169−68
2.5.13 = 63

65 .

72. The given points are (3, 𝜋
4 ) and (7, 5𝜋

4 ).

Distance between two points in polar coordinates is: 𝑑2 = 𝑟2
1 + 𝑟2

2 −
2.𝑟1.𝑟2. cos(𝜃2 − 𝜃1)

Here, 𝑟1 = 3, 𝑟2 = 7 and 𝜃2 − 𝜃1 = 5.𝜋
4 − 𝜋

4 = 𝜋. Now cos(𝜋) = −1

Substituting: 𝑑2 = 32 + 72 − 2.3.7.(−1) ⇒ 𝑑2 = 9 + 49 + 42 = 100 ⇒ 𝑑 =√
100 = 10.

73. Given 𝐴 = (2, 4) and 𝐵 = (2, 6). Length 𝐴𝐵 = √(2 − 2)2 + (6 − 4)2 = 2.

Midpoint of 𝐴𝐵: 𝑀 = (2+2
2 , 4+6

2 ) = (2, 5)

Since 𝐴𝐵 is vertical, the equilateral triangle lies horizontally. Height of an 
equilateral triangle with side 2 is: ℎ =

√
3

The origin (0, 0) lies to the left of line 𝑥 = 2, so the vertex opposite to the origin 

lies to the right.

Hence, 𝑃 = (2 +
√

3, 5)

74. Given points in polar coordinates: 𝐴 = (2, 45°), 𝐵 = (
√

2, 90°), and 𝐶 =
(−2, 135°).

Converting to cartesian coordinates using 𝑥 = 𝑟 cos(𝜃) and 𝑦 = 𝑟 sin(𝜃)

𝐴 = (2 cos(45°), 2 sin(45°)) = (
√

2,
√

2), 𝐵 = (
√

2 cos(90°),
√

2 sin(90°)) =
(0,

√
2), and 𝐶 = (−2 cos(135°), −2 sin(135°)) = (

√
2, −

√
2)

Finding squares of side lengths using distance formula: 𝐴𝐵2 = (0 −
√

2)
2

+

(
√

2 −
√

2)
2

= 2

𝐴𝐶2 = (
√

2 −
√

2)
2

+ (−
√

2 −
√

2)
2

= 8

𝐵𝐶2 = (
√

2 − 0)
2

+ (−
√

2 −
√

2)
2

= 10

𝐴𝐵2 + 𝐴𝐶2 = 2 + 8 = 10 = 𝐵𝐶2. And hence, the triangle is a right-angled tri

angle.

75. Let 𝐴 = (2, 4) and 𝐵 = (6, 8).

Internal division in the ratio 1 : 3: 𝑥 = 1.6+3.2
1+3 = 12

4 = 3, and 𝑦 = 1.8+3.4
1+3 = 20

4 = 5

So, the point of internal division is (3, 5).
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External division in the ratio 1 : 3: 𝑥 = 1.6−3.2
1−3 = 0

−2 = 0, and 𝑦 = 1.8−3.4
1−3 = −4

−2 =
2
So, the point of external division is (0, 2).

76. The solutions are given below:

1. Let 𝐴 = (1, −2) and 𝐵 = (−3, 4). The trisection points divide the line internally 

in the ratios 1 : 2 and 2 : 1.

First point (ratio 1 : 2): 𝑥 = 1.(−3)+2.1
1+2 = −3+2

3 = −1
3 , and 𝑦 = 1.4+2.(−2)

1+2 =
4−4

3 = 0

So, the first trisection point is (−1
3 , 0).

Second point (ratio 2 : 1): 𝑥 = 2.(−3)+1.1
2+1 = −6+1

3 = −5
3 , and 𝑦 = 2.4+1.(−2)

2+1 =
8−2

3 = 2

So, the second trisection point is (−5
3 , 2).

2. Let 𝐴 = (2, 3) and 𝐵 = (6, 5). The trisection points divide the line internally 

in the ratios 1 : 2 and 2 : 1.

First point (ratio 1 : 2): 𝑥 = 1.6+2.2
1+2 = 6+4

3 = 10
3 , and 𝑦 = 1.5+2.3

1+2 = 5+6
3 = 11

3

So, the first trisection point is (10
3 , 11

3 ).

Second point (ratio 2 : 1): 𝑥 = 2.6+1.2
2+1 = 12+2

3 = 14
3 , and 𝑦 = 2.5+1.3

2+1 = 10+3
3 =

13
3

So, the second trisection point is (14
3 , 13

3 ).

77. Let 𝐴 = (1, 1) and 𝐵 = (2, −3). Point 𝐷 lies on 𝐴𝐵 produced such that 𝐴𝐷 =
3𝐴𝐵.

The ratio of division for external point 𝐷 is 𝐴 : 𝐵 = 3 : −1.

Coordinates of 𝐷 using external division: 𝑥𝐷 = 3.2−1.1
3−1 = 6−1

2 = 5
2 , and 𝑦𝐷 =

3.(−3)−1.1
3−1 = −9−1

2 = −10
2 = −5

So, the coordinates of 𝐷 are (5
2 , −5).

78. Let the points be 𝐴 = (3, 4) and 𝐵 = (𝑘, 7).

Midpoint 𝑀 = (𝑥, 𝑦) is given by: 𝑥 = 3+𝑘
2 , and 𝑦 = 4+7

2 = 11
2

The line passing through 𝑀  satisfies: 2𝑥 + 2𝑦 + 1 = 0

Substituting 𝑥 and 𝑦: 2.(3+𝑘
2 ) + 2.(11

2 ) + 1 = 0

⇒ (3 + 𝑘) + 11 + 1 = 0 ⇒ 𝑘 + 15 = 0 ⇒ 𝑘 = −15.

79. Let one end of the diameter be 𝐴 = (2, 3) and the center be 𝑂 = (−2, 5). Let the 

other end be 𝐵 = (𝑥, 𝑦).

The midpoint of 𝐴𝐵 is the center 𝑂, so 𝑂𝑥 = 𝐴𝑥+𝐵𝑥
2 , 𝑂𝑦 = 𝐴𝑦+𝐵𝑦

2

Substituting the known values: −2 = 2+𝑥
2 ⇒ 2 + 𝑥 = −4 ⇒ 𝑥 = −6



5 = 3+𝑦
2 ⇒ 3 + 𝑦 = 10 ⇒ 𝑦 = 7

Thus, the coordinates of the other end of the diameter are: 𝐵 = (−6, 7).

80. Let the vertices be 𝐴 = (−1, 3), 𝐵 = (1, −1), 𝐶 = (5, 1).

Median from 𝐴 to midpoint of 𝐵𝐶 : Midpoint of 𝐵𝐶 : 𝑀𝑎 = (1+5
2 , −1+1

2 ) =
(6

2 , 0
2) = (3, 0)

Length of median 𝐴𝑀𝑎: 𝐴𝑀𝑎 = √(3 − (−1))2 + (0 − 3)2 = √42 + (−3)2 =√
16 + 9 =

√
25 = 5

Median from 𝐵 to midpoint of 𝐴𝐶 : Midpoint of 𝐴𝐶 : 𝑀𝑏 = (−1+5
2 , 3+1

2 ) =
(4

2 , 4
2) = (2, 2)

Length of median 𝐵𝑀𝑏: 𝐵𝑀𝑏 = √(2 − 1)2 + (2 − (−1))2 =
√

12 + 32 =√
1 + 9 =

√
10

Median from 𝐶 to midpoint of 𝐴𝐵: Midpoint of 𝐴𝐵: 𝑀𝑐 = (−1+1
2 , 3+(−1)

2 ) =
(0

2 , 2
2) = (0, 1)

Length of median 𝐶𝑀𝑐: 𝐶𝑀𝑐 = √(0 − 5)2 + (1 − 1)2 = √(−5)2 + 02 =
√

25 =
5.

81. Let 𝐴 = (2, 5), 𝐶 = (−1, 2), and 𝐵 = (𝑥, 𝑦). Point 𝐶 divides 𝐴𝐵 in the ratio 3 : 4.

Using section formula for internal division:

𝐶𝑥 = 4.2+3.𝑥
3+4 ⇒ −1 = 8+3.𝑥

7 ⇒ 8 + 3.𝑥 = −7 ⇒ 3.𝑥 = −15 ⇒ 𝑥 = −5

𝐶𝑦 = 4.5+3.𝑦
3+4 ⇒ 2 = 20+3.𝑦

7 ⇒ 20 + 3.𝑦 = 14 ⇒ 3.𝑦 = −6 ⇒ 𝑦 = −2

82. Let 𝐴 = (3, 4), 𝐵 = (7, 7), 𝐶 = (𝑥, 𝑦) with 𝐵 between 𝐴 and 𝐶 .

Distance 𝐴𝐵 = √(7 − 3)2 + (7 − 4)2 = 5. Distance 𝐴𝐶 = 10 ⇒ 𝐵𝐶 = 𝐴𝐶 −
𝐴𝐵 = 5
Since 𝐵 divides 𝐴𝐶 internally in the ratio 𝐴𝐵 : 𝐵𝐶 = 5 : 5 = 1 : 1,

Use section formula for internal division: 𝐵𝑥 = 𝑥+3
2 ⇒ 7 = 𝑥+3

2 ⇒ 𝑥 = 11, and 

𝐵𝑦 = 𝑦+4
2 ⇒ 7 = 𝑦+4

2 ⇒ 𝑦 = 10.

83. Let 𝐴 = (2, −2), 𝐵 = (−4, 1), and 𝑃 = (−8, 3) divides 𝐴𝐵 in the ratio 𝑘 : 1.

Using section formula: 𝑃𝑥 = 𝑘.(−4)+1.2
𝑘+1 ⇒ −8 = −4𝑘+2

𝑘+1

Multiply both sides by (𝑘 + 1): −8.(𝑘 + 1) = −4𝑘 + 2 ⇒ −8𝑘 − 8 = −4𝑘 + 2 ⇒
−8𝑘 + 4𝑘 = 2 + 8 ⇒ −4𝑘 = 10 ⇒ 𝑘 = −5

2

84. Let 𝐴 = (2, −3), 𝐵 = (5, 6), and 𝑃 = (𝑥, 0) be the point where the line meets the 

𝑥-axis.

Suppose 𝑃  divides 𝐴𝐵 in the ratio 𝑘 : 1. Using section formula for 𝑦-coordinate:

0 = 𝑘.6+1.(−3)
𝑘+1 ⇒ 0 = 6𝑘−3

𝑘+1 ⇒ 6𝑘 − 3 = 0 ⇒ 6𝑘 = 3 ⇒ 𝑘 = 1
2
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85. Let 𝐶 = (−1, 2), 𝐷 = (4, −5), and 𝑃  be the intersection of line 𝐴𝐵 with 𝐶𝐷. 

Suppose 𝑃  divides 𝐶𝐷 in the ratio 𝑚 : 𝑛.

𝑃𝑥 = −𝑛+4𝑚
𝑚+𝑛 , 𝑃𝑦 = 2𝑛−5𝑚

𝑚+𝑛

Line 𝐴𝐵: 𝑋 = 15𝑡, 𝑌 = −1 + 3𝑡

Equating coordinates: 15𝑡 = −𝑛+4𝑚
𝑚+𝑛 , and −1 + 3𝑡 = 2𝑛−5𝑚

𝑚+𝑛

Eliminate 𝑡: −𝑛+4𝑚
15 = −4𝑚+3𝑛

3 ⇒ 24𝑚 = 16𝑛 ⇒ 𝑚 : 𝑛 = 2 : 3

86. Let 𝐴 = (1, 2), 𝐵 = (−2, 3), and 𝑃 = (𝑥, 𝑦) be the point where 𝐴𝐵 meets the 

line 3𝑥 + 4𝑦 = 7.

Suppose 𝑃  divides 𝐴𝐵 in the ratio 𝑘 : 1.

Coordinates of 𝑃  using section formula: 𝑥 = 𝑘.(−2)+1.1
𝑘+1 = −2𝑘+1

𝑘+1 , and 𝑦 = 𝑘.3+1.2
𝑘+1 =

3𝑘+2
𝑘+1

Substituting into the line equation 3𝑥 + 4𝑦 = 7: 3.(−2𝑘+1
𝑘+1 ) + 4.(3𝑘+2

𝑘+1 ) = 7

⇒ −6𝑘+3+12𝑘+8
𝑘+1 = 7 ⇒ 6𝑘+11

𝑘+1 = 7

⇒ 6𝑘 + 11 = 7.(𝑘 + 1) ⇒ 6𝑘 + 11 = 7𝑘 + 7 ⇒ 𝑘 = 4.

87. Let 𝐴 = (3, −1), 𝐵 = (8, 9), and 𝑃 = (𝑥, 𝑦) be the point where the line 𝑦 − 𝑥 +
2 = 0 meets 𝐴𝐵. Suppose 𝑃  divides 𝐴𝐵 in the ratio 𝑘 : 1.

Coordinates of 𝑃  using section formula: 𝑥 = 𝑘.8+1.3
𝑘+1 = 8𝑘+3

𝑘+1 , and 𝑦 = 𝑘.9+1.(−1)
𝑘+1 =

9𝑘−1
𝑘+1

Substituting into the line equation 𝑦 − 𝑥 + 2 = 0: 9𝑘−1
𝑘+1 − 8𝑘+3

𝑘+1 + 2 = 0

Combining terms: 9𝑘−1−8𝑘−3
𝑘+1 + 2 = 0 ⇒ 𝑘−4

𝑘+1 + 2 = 0
𝑘−4+2.(𝑘+1)

𝑘+1 = 0 ⇒ 𝑘−4+2𝑘+2
𝑘+1 = 0 ⇒ 3𝑘−2

𝑘+1 = 0 ⇒ 3𝑘 − 2 = 0 ⇒ 𝑘 = 2
3 .

88. Let 𝐴 = (5, −4), 𝐵 = (3, −2), and 𝑃  divides 𝐴𝐵 in the ratio 4 : 3.

Coordinates of 𝑃  using section formula: 𝑥 = 3.5+4.3
4+3 = 15+12

7 = 27
7 , and 𝑦 =

3.(−4)+4.(−2)
4+3 = −12−8

7 = −20
7

Distance of 𝑃  from origin: 𝑂𝑃 = √(27
7 )2 + (−20

7 )2 = √729
49 + 400

49 = √1129
49 =

√
1129
7 .

89. Let the vertices be 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3).

Midpoints of sides: 𝑀𝐴𝐵 = (1, 1), 𝑀𝐵𝐶 = (2, 3), 𝑀𝐶𝐴 = (4, 1)

Midpoint formula: 𝑀𝐴𝐵 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ) = (1, 1) ⇒ 𝑥1 + 𝑥2 = 2, 𝑦1 + 𝑦2 = 2

𝑀𝐵𝐶 = (𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ) = (2, 3) ⇒ 𝑥2 + 𝑥3 = 4, 𝑦2 + 𝑦3 = 6

𝑀𝐶𝐴 = (𝑥3+𝑥1
2 , 𝑦3+𝑦1

2 ) = (4, 1) ⇒ 𝑥3 + 𝑥1 = 8, 𝑦3 + 𝑦1 = 2

Solving for 𝑥-coordinates: 𝑥1 + 𝑥2 = 2, 𝑥2 + 𝑥3 = 4, 𝑥3 + 𝑥1 = 8



Adding first two: 𝑥1 + 2𝑥2 + 𝑥3 = 6

Subtracting third: (𝑥1 + 2𝑥2 + 𝑥3) − (𝑥3 + 𝑥1) = 6 − 8 ⇒ 2𝑥2 − 𝑥3 = −2 ⇒
𝑥3 = 2𝑥2 + 2

From 𝑥2 + 𝑥3 = 4 ⇒ 𝑥2 + 2𝑥2 + 2 = 4 ⇒ 3𝑥2 = 2 ⇒ 𝑥2 = 2
3  Then 𝑥3 = 2.(2

3) +
2 = 10

3 , 𝑥1 = 2 − 𝑥2 = 4
3

Solving for 𝑦-coordinates: 𝑦1 + 𝑦2 = 2, 𝑦2 + 𝑦3 = 6, 𝑦3 + 𝑦1 = 2

Adding first two: 𝑦1 + 2𝑦2 + 𝑦3 = 8

Subtracting third: (𝑦1 + 2𝑦2 + 𝑦3) − (𝑦3 + 𝑦1) = 8 − 2 ⇒ 2𝑦2 = 6 ⇒ 𝑦2 = 3

Then 𝑦1 = 2 − 3 = −1, 𝑦3 = 2 − 𝑦1 = 3.

90. The solutions are given below:

1. Let 𝐴 = (2, 4), 𝐵 = (6, 4), 𝐶 = (2, 0).

Centroid 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 )

𝐺 = (2+6+2
3 , 4+4+0

3 ) = (10
3 , 8

3)

Side lengths:

𝐴𝐵 = √(6 − 2)2 + (4 − 4)2 =
√

16 = 4

𝐵𝐶 = √(6 − 2)2 + (4 − 0)2 =
√

16 + 16 =
√

32 = 4.
√

2

𝐶𝐴 = √(2 − 2)2 + (0 − 4)2 =
√

16 = 4

Incenter formula: 𝐼 = (𝑎𝑥1+𝑏𝑥2+𝑐𝑥3
𝑎+𝑏+𝑐 , 𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐 )

Here, 𝑎 = 𝐵𝐶 = 4.
√

2, 𝑏 = 𝐶𝐴 = 4, 𝑐 = 𝐴𝐵 = 4

𝑥-coordinate: 𝐼𝑥 = 𝑎.2+𝑏.6+𝑐.2
𝑎+𝑏+𝑐 = 4.

√
2.2+4.6+4.2

4.
√

2+4+4

𝐼𝑥 = 8.
√

2+24
4.

√
2+8

𝑦-coordinate: 𝐼𝑦 = 𝑎.4+𝑏.4+𝑐.0
𝑎+𝑏+𝑐 = 16.

√
2+16

4.
√

2+8 .

2. Let 𝐴 = (1, 2), 𝐵 = (2, 3), 𝐶 = (3, 4).

Centroid 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 )

𝐺 = (1+2+3
3 , 2+3+4

3 ) = (6
3 , 9

3) = (2, 3)

Side lengths: 𝐴𝐵 = √(2 − 1)2 + (3 − 2)2 =
√

1 + 1 =
√

2

𝐵𝐶 = √(3 − 2)2 + (4 − 3)2 =
√

1 + 1 =
√

2

𝐶𝐴 = √(3 − 1)2 + (4 − 2)2 =
√

4 + 4 =
√

8 = 2.
√

2

Incenter formula: 𝐼 = (𝑎𝑥1+𝑏𝑥2+𝑐𝑥3
𝑎+𝑏+𝑐 , 𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐 )

Let 𝑎 = 𝐵𝐶 =
√

2, 𝑏 = 𝐶𝐴 = 2.
√

2, 𝑐 = 𝐴𝐵 =
√

2

𝑥-coordinate: 𝐼𝑥 = 𝑎.1+𝑏.2+𝑐.3
𝑎+𝑏+𝑐 =

√
2.1+2.

√
2.2+

√
2.3√

2+2.
√

2+
√

2
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𝐼𝑥 = 1.
√

2+4.
√

2+3.
√

2
4.

√
2 = 8.

√
2

4.
√

2 = 2

𝑦-coordinate: 𝐼𝑦 = 𝑎.2+𝑏.3+𝑐.4
𝑎+𝑏+𝑐 = 2.

√
2+6.

√
2+4.

√
2

4.
√

2 = 12.
√

2
4.

√
2 = 3

91. Let 𝐴 = (−1, 4), 𝐵 = (5, 2), 𝐶 = (𝑥, 𝑦), and centroid 𝐺 = (0, −3).

Centroid formula: 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 )

𝑥-coordinate: 0 = −1+5+𝑥
3 ⇒ 4 + 𝑥 = 0 ⇒ 𝑥 = −4

𝑦-coordinate: −3 = 4+2+𝑦
3 ⇒ 6 + 𝑦 = −9 ⇒ 𝑦 = −15

92. Let 𝐴 = (1, 4), 𝐵 = (4, 8), and 𝑃  divides 𝐴𝐵 externally in the ratio 𝑚 : 1.

Let 𝐴𝑃 = 10 and 𝐴𝐵 = √(4 − 1)2 + (8 − 4)2 =
√

9 + 16 = 5

Since 𝐴𝑃 = 𝐴𝐵 + 𝐵𝑃 , 𝑃  divides 𝐴𝐵 externally => ratio 𝑚 : 1 = 2 : 1

Coordinates of 𝑃  using external division formula: 𝑥 = 𝑚.4−1
𝑚−1 = 2.4−1

2−1 = 8−1
1 = 7, 

and 𝑦 = 𝑚.8−4
𝑚−1 = 2.8−4

2−1 = 16−4
1 = 12.

93. Let 𝐴 = (3, 4), 𝐵 = (−4, 3), 𝐶 = (8, 6).

Area formula: Δ = (1
2) |𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|

= (1
2) |3.(3 − 6) + (−4).(6 − 4) + 8.(4 − 3)| = 9

2 .

94. Let the vertices be 𝐴(−3, 2), 𝐵(7, −6), 𝐶(−5, −4), 𝐷(5, 4), taken in order.

Area formula for quadrilateral: Δ = 1
2 |𝑥1𝑦2 + 𝑥2𝑦3 + 𝑥3𝑦4 + 𝑥4𝑦1 − (𝑦1𝑥2 +

𝑦2𝑥3 + 𝑦3𝑥4 + 𝑦4𝑥1)|

Substituting values:

𝑆1 = (−3).(−6) + 7.(−4) + (−5).4 + 5.2 = 18 − 28 − 20 + 10 = −20

𝑆2 = 2.7 + (−6).(−5) + (−4).5 + 4.(−3) = 14 + 30 − 20 − 12 = 12

Δ = (1
2) | − 20 − 12| = (1

2).32 = 16.

95. Let A = (6, 3), B = (-3, 5), C = (4, −2), P = (x, y).

Area of a triangle with vertices (X_1, Y_1), (X_2, Y_2), (X_3, Y_3): Δ = 1
2 |𝑋1.(𝑌2 −

𝑌3) + 𝑋2.(𝑌3 − 𝑌1) + 𝑋3.(𝑌1 − 𝑌2)|

Δ𝐴𝐵𝐶 = (1
2) |6.(5 − (−2)) + (−3).(−2 − 3) + 4.(3 − 5)| = (1

2).49 = 49
2

Δ𝑃𝐵𝐶 = (1
2) |𝑥.(5 − (−2)) + (−3).(−2 − 𝑦) + 4.(𝑦 − 5)| = (7

2) |𝑥 + 𝑦 − 2|

Now, ratio: Δ𝑃𝐵𝐶
Δ𝐴𝐵𝐶 =

7
2 |𝑥+𝑦−2|

49
2

= |𝑥+𝑦−2|
7 .

96. Let 𝐴 = (3, 3), 𝐵 = (ℎ, 0), 𝐶 = (0, 𝑘).

Points are collinear if the area of triangle 𝐴𝐵𝐶 is 0: Δ𝐴𝐵𝐶 = (1
2) |𝑥1.(𝑦2 −

𝑦3) + 𝑥2.(𝑦3 − 𝑦1) + 𝑥3.(𝑦1 − 𝑦2)|

Substituting values: Δ𝐴𝐵𝐶 = (1
2) |3.(0 − 𝑘) + ℎ.(𝑘 − 3) + 0.(3 − 0)| =

(1
2) |ℎ.𝑘 − 3.ℎ − 3.𝑘|



For collinearity, Δ𝐴𝐵𝐶 = 0 ⇒ ℎ.𝑘 − 3.ℎ − 3.𝑘 = 0
Divide by ℎ.𝑘 (ℎ ≠ 0, 𝑘 ≠ 0): 1 − 3

𝑘 − 3
ℎ = 0 ⇒ 1

ℎ + 1
𝑘 = 1

3 .

97. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3). Let (𝑥, 𝑦) be a point on the internal 

bisector of ∠𝐴. Let 𝐴𝐵 = 𝑐, 𝐴𝐶 = 𝑏.

The area of a triangle can be expressed using the determinant: Δ(𝑋, 𝑌 , 𝑍) =

|
𝑋𝑥
𝑌𝑥
𝑍𝑥

𝑋𝑦
𝑌𝑦
𝑍𝑦

1
1
1
|

Let Δ𝑃𝐴𝐵 = |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| Let Δ𝑃𝐴𝐶 = |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
|

By the angle bisector theorem, a point on the bisector divides the opposite side 
in the ratio of adjacent sides: 𝐵𝑃

𝑃𝐶 = 𝐴𝐵
𝐴𝐶 = 𝑐

𝑏

The signed areas satisfy the same ratio: Δ𝑃𝐴𝐵
Δ𝑃𝐴𝐶 = −𝑃𝐶

𝑃𝐵 = − 𝑏
𝑐

Cross multiplying: 𝑏.Δ𝑃𝐴𝐵 + 𝑐.Δ𝑃𝐴𝐶 = 0.

98. Let the points be: 𝑃(𝑎) = ( 𝑎3

𝑎−1 , 𝑎2−3
𝑎−1 ), 𝑄(𝑏) = ( 𝑏3

𝑏−1 , 𝑏2−3
𝑏−1 ), 𝑅(𝑐) = ( 𝑐3

𝑐−1 , 𝑐2−3
𝑐−1 ).

Three points are collinear if the determinant vanishes: |
𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1
| = 0

Substitute 𝑥𝑖 and 𝑦𝑖: 

|

 𝑎3

𝑎−1
𝑏3

𝑏−1
𝑐3

𝑐−1

𝑎2−3
𝑎−1
𝑏2−3
𝑏−1

𝑐2−3
𝑐−1

1

1

1|


= 0

Multiplying each row by its denominator to simplify:

|
𝑎3

𝑏3

𝑐3

𝑎2−3
𝑏2−3
𝑐2−3

𝑎−1
𝑏−1
𝑐−1

| = 0

Expanding the determinant and simplifying (using factorization of cubic polyno
mials) gives: 𝑎𝑏𝑐 − (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 3(𝑎 + 𝑏 + 𝑐) = 0.

99. Let the vertices of the triangle be 𝐴 = (4, −8), 𝐵 = (−9, 7), 𝐶 = (𝑥, 𝑦). The 

centroid 𝐺 = (1, 4).

Coordinates of the centroid: 𝑥𝐺 = 𝑥1+𝑥2+𝑥3
3 , 𝑦𝐺 = 𝑦1+𝑦2+𝑦3

3

Substitute values: 1 = 4−9+𝑥
3 ⇒ 1 = −5+𝑥

3 ⇒ 𝑥 = 8 ⇒ 4 = −8+7+𝑦
3 ⇒ 4 =

−1+𝑦
3 ⇒ 𝑦 = 13

So 𝐶 = (8, 13).

Area of triangle 𝐴𝐵𝐶 : Δ = 1
2 |𝑥1.(𝑦2 − 𝑦3) + 𝑥2.(𝑦3 − 𝑦1) + 𝑥3.(𝑦1 − 𝑦2)|

Substituting values: Δ = 1
2 |4.(7 − 13) + (−9).(13 + 8) + 8.(−8 − 7)| = 166.5.

100. Assume an equilateral triangle has vertices 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 =
(𝑥3, 𝑦3) with all coordinates rational.

Distance formula: 𝐴𝐵2 = (𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2
,
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𝐵𝐶2 = (𝑥3 − 𝑥2)
2 + (𝑦3 − 𝑦2)

2
,

𝐶𝐴2 = (𝑥1 − 𝑥3)
2 + (𝑦1 − 𝑦3)

2

For an equilateral triangle: 𝐴𝐵2 = 𝐵𝐶2 = 𝐶𝐴2 = 𝑑2

Consider the line 𝐴𝐵. The perpendicular from 𝐶 to 𝐴𝐵 must satisfy the formula 
for height of an equilateral triangle: ℎ = sqrt{3}

2 .𝑑

Coordinates of 𝐶 satisfy the perpendicular distance formula from line 𝐴𝐵: (| (𝑦2 −
𝑦1)𝑥𝐶 − (𝑥2 − 𝑥1)𝑦𝐶 + (𝑥2𝑦1 − 𝑥1𝑦2))

|
√(𝑦2−𝑦1)2+(𝑥2−𝑥1)2 = ℎ = (

√
3

2 )𝑑

All numbers on the left are rational, but the right-hand side involves sqrt{3}, 

which is irrational.

This is a contradiction.

Hence, the coordinates of the vertices of an equilateral triangle cannot all be 
rational

101. Let 𝐴 = (−1, 5), 𝐵 = (3, 1), 𝐶 = (5, 7).

Midpoints: 𝐷 = (3+5
2 , 1+7

2 ) = (4, 4), 𝐸 = (5−1
2 , 7+5

2 ) = (2, 6), and 𝐹 =
(−1+3

2 , 5+1
2 ) = (1, 3)

Δ𝐴𝐵𝐶 = (1
2)|(−1).(1 − 7) + 3.(7 − 5) + 5.(5 − 1)| = 16

Δ𝐷𝐸𝐹 = (1
2)|4.(6 − 3) + 2.(3 − 4) + 1.(4 − 6)| = 4

Hence, Δ𝐴𝐵𝐶 = 4Δ𝐷𝐸𝐹 .

102. Let 𝐴 = (3, 0), 𝐵 = (0, 6), 𝐶 = (6, 9).

Points dividing sides: 𝐷 = divides AB in 1:2 = (2.3+1.0
3 , 2.0+1.6

3 ) = (2, 2) and 

𝐸 = divides AC in 1:2 = (2.3+1.6
3 , 2.0+1.9

3 ) = (4, 3)

Δ = 1
2 |𝑥1.(𝑦2 − 𝑦3) + 𝑥2.(𝑦3 − 𝑦1) + 𝑥3.(𝑦1 − 𝑦2)|

Δ𝐴𝐵𝐶 = 1
2 |3.(6 − 9) + 0.(9 − 0) + 6.(0 − 6)| = 22.5

Δ𝐴𝐷𝐸 = 1
2 |3.(2 − 3) + 2.(3 − 0) + 4.(0 − 2)| = 2.5

Δ𝐴𝐵𝐶
Δ𝐴𝐷𝐸 = 22.5

2.5 = 9.

103. Let the vertices be: 𝐴 = (𝑡, 𝑡 − 2), 𝐵 = (𝑡 + 3, 𝑡), 𝐶 = (𝑡 + 2, 𝑡 + 2)

Δ = 1
2 |𝑥1.(𝑦2 − 𝑦3) + 𝑥2.(𝑦3 − 𝑦1) + 𝑥3.(𝑦1 − 𝑦2)|

Substitute coordinates: Δ = 1
2 | 𝑡.(𝑡 − (𝑡 + 2)) + (𝑡 + 3).((𝑡 + 2) − (𝑡 − 2)) + (𝑡 +

2).((𝑡 − 2) − 𝑡) |

𝑡.(𝑡 − 𝑡 − 2) = 𝑡.(−2) = −2𝑡 (𝑡 + 3).(𝑡 + 2 − 𝑡 + 2) = (𝑡 + 3).4 = 4𝑡 + 12 (𝑡 +
2).(𝑡 − 2 − 𝑡) = (𝑡 + 2).(−2) = −2𝑡 − 4

Adding terms: −2𝑡 + 4𝑡 + 12 − 2𝑡 − 4 = 8

Divide by 2: Δ = 1
2 .8 = 4, which is independent of 𝑡.

104. Let the vertices be 𝐴 = (𝑥, 𝑦), 𝐵 = (1, 2), 𝐶 = (2, 1).



Area formula: Δ = 1
2 | 𝑥.(𝑦2 − 𝑦3) + 𝑥2.(𝑦3 − 𝑦) + 𝑥3.(𝑦 − 𝑦2) |

Substitute coordinates: 6 = (1
2) | 𝑥.(2 − 1) + 1.(1 − 𝑦) + 2.(𝑦 − 2) |

Simplify: 6 = (1
2) | 𝑥.1 + 1.(1 − 𝑦) + 2.(𝑦 − 2) | ⇒ 6 = (1

2) | 𝑥 + 𝑦 − 3 |

Multiply both sides by 2: 12 = |𝑥 + 𝑦 − 3|

Solving for absolute value: 𝑥 + 𝑦 − 3 = 12 ⇒ 𝑥 + 𝑦 = 15 or 𝑥 + 𝑦 − 3 = −12 ⇒
𝑥 + 𝑦 = −9.

105. Vertices: 𝐴 = (1, 1), 𝐵 = (7, 3), 𝐶 = (12, 2), 𝐷 = (7, 21).

Area: Δ = 1
2 |1.(3 − 21) + 7.(2 − 1) + 12.(21 − 3) + 7.(1 − 2)| = 1

2 | − 18 + 7 +
216 − 7| = 1

2 .198 = 99.

106. Vertices: 𝐴 = (4, 3), 𝐵 = (−5, 6), 𝐶 = (0, −7), 𝐷 = (3, −6), 𝐸 = (−7, −2).

Area: Δ = 1
2 |4.6 + (−5).(−7) + 0.(−6) + 3.(−2) + (−7).3 − (3.(−5) + 6.0 +

(−7).3 + (−6).(−7) + (−2).4)| = 1
2 |32 − (−2)| = 1

2 .34 = 17

107. Vertices: 𝐴 = (5, 0), 𝐵 = (4, 2), 𝐶 = (1, 3), 𝐷 = (−2, 2), 𝐸 = (−3, −1), 𝐹 =
(0, −4).

Area: Δ = 1
2 |5.2 + 4.3 + 1.2 + (−2).(−1) + (−3).(−4) + 0.0 − (0.4 + 2.1 +

3.(−2) + 2.(−3) + (−1).0 + (−4).5)| = 1
2 |68| = 34.

108. Vertices: 𝐴 = ((𝑎 + 1)(𝑎 + 2), 𝑎 + 2), 𝐵 = ((𝑎 + 2)(𝑎 + 3), 𝑎 + 3), 𝐶 = ((𝑎 +
3)(𝑎 + 4), 𝑎 + 4).

Area: Δ = (1
2)| (𝑎 + 1)(𝑎 + 2).((𝑎 + 3) − (𝑎 + 4)) + (𝑎 + 2)(𝑎 + 3).((𝑎 + 4) −

(𝑎 + 2)) + (𝑎 + 3)(𝑎 + 4).((𝑎 + 2) − (𝑎 + 3)) | = 0

Thus, the points are collinear.

109. A divides P(-5,1) and Q(3,5) in ratio k:1: 𝐴 = (3𝑘−5
𝑘+1 , 5𝑘+1

𝑘+1 )

Area of △ 𝐴𝐵𝐶 = 2: 2 = 1
2 | (3𝑘−5

𝑘+1 ).(5 − (−2)) + 1.((−2) − 5𝑘+1
𝑘+1 ) + 7.(5𝑘+1

𝑘+1 −
5) |

⇒ 𝑘 = 7 or 𝑘 = 31
9 .

110. Vertices: 𝐴 = (6, 3), 𝐵 = (−3, 5), 𝐶 = (4, −2), 𝐷 = (𝑥, 3𝑥).

Area formula: Δ𝐴𝐵𝐶 = (1
2)|6.(5 − (−2)) + (−3).(−2 − 3) + 4.(3 − 5)| =

(1
2)|6.7 + (−3).(−5) + 4.(−2)| = (1

2)|42 + 15 − 8| = (1
2).49 = 24.5

Area 𝐵𝐶𝐷 = (1
2)|(−3).(−2 − 3𝑥) +

4.(3𝑥 − 5) + 𝑥.(5 − (−2))| = (1
2)|(−3).(−2 − 3𝑥) + 4.(3𝑥 − 5) + 𝑥.7| = (1

2)|6 +
9𝑥 + 12𝑥 − 20 + 7𝑥| = (1

2)|28𝑥 − 14| = |14𝑥 − 7|

Given Δ𝐴𝐵𝐶 = 2Δ𝐵𝐶𝐷 ⇒ 24.5 = 2.|14𝑥 − 7| ⇒ |14𝑥 − 7| = 12.25

Solving: 14𝑥 − 7 = 12.25 ⇒ 14𝑥 = 19.25 ⇒ 𝑥 = 19.25
14 = 77

56

14𝑥 − 7 = −12.25 ⇒ 14𝑥 = −5.25 ⇒ 𝑥 = −5.25
14 = −21

56 = −3
8 .
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111. Vertices: 𝐴 = (1, 2), 𝐵 = (−5, 6), 𝐶 = (7, −4), 𝐷 = (ℎ, −2).

Δ = 0 ⇒ 1.(6 − (−4)) + (−5).(−4 − (−2)) + 7.(−2 − 2) + ℎ.(2 − 6) = 0

⇒ ℎ = 3
112. Vertices: 𝐴 = (3, 4), 𝐵 = (−4, 3), 𝐶 = (8, 6).

Area: Δ = (1
2)|3.(3 − 6) + (−4).(6 − 4) + 8.(4 − 3)| = (1

2)|3.(−3) + (−4).2 +
8.1| = (1

2)| − 9 − 8 + 8| = (1
2).(−9) = 9

2

Length of perpendicular from 𝐴 on 𝐵𝐶 : ℎ = 2.Δ
𝐵 𝐶

𝐵𝐶 = √(8 + 4)2 + (6 − 3)2 =
√

122 + 32 =
√

144 + 9 =
√

153

ℎ = 2.(9
2)√

153 = 9√
153 .

113. Centroid 𝐺 = (2
3 , 2), vertices 𝐴 = (2, 3), 𝐵 = (−1, 2), 𝐶 = (𝑥, 𝑦).

Centroid formula: 𝐺 = (𝑥𝐴+𝑥𝐵+𝑥𝐶
3 , 𝑦𝐴+𝑦𝐵+𝑦𝐶

3 ) ⇒ (2
3 , 2) = (2−1+𝑥

3 , 3+2+𝑦
3 )

Solve for 𝐶 : 2−1+𝑥
3 = 2

3 ⇒ 𝑥 = 1  and 3+2+𝑦
3 = 2 ⇒ 𝑦 = −1

Area: Δ = (1
2)| 2.(2 − (−1)) + (−1).(−1 − 3) + 1.(3 − 2) | = (1

2)|2.3 +
(−1).(−4) + 1.1| = (1

2)|(6 + 4 + 1)| = 11
2 .

114. Vertices: 𝐴 = (3, 1), 𝐵 = (1, −3), 𝐶 = (𝑥, 𝑦), centroid 𝐺 = (3+1+𝑥
3 , 1−3+𝑦

3 ) lies on 

𝑥-axis ⇒ 𝑦-coordinate = 0

1−3+𝑦
3 = 0 ⇒ 𝑦 = 2

Area formula: Δ = 3 = (1
2)| 3.(−3 − 2) + 1.(2 − 1) + 𝑥.(1 − (−3)) | ⇒ 𝑥 = 5, or 

−14 + 4𝑥 = −6 ⇒ 𝑥 = 2

So 𝐶 = (5, 2) or 𝐶 = (2, 2)

115. Given: 𝐴 = (3, 4), 𝐵 = (5, −2), 𝑃 = (𝑥, 𝑦) such that 𝑃𝐴 = 𝑃𝐵

Perpendicular bisector condition: (𝑥 − 3)2 + (𝑦 − 4)2 = (𝑥 − 5)2 + (𝑦 + 2)2

Simplifying: 𝑥2 − 6𝑥 + 9 + 𝑦2 − 8𝑦 + 16 = 𝑥2 − 10𝑥 + 25 + 𝑦2 + 4𝑦 + 4

4𝑥 − 12𝑦 = −12 ⇒ 𝑥 − 3𝑦 = −3

Area formula: Δ𝑃𝐴𝐵 = 10 = 1
2)| 3(−2 − 𝑦) + 5(𝑦 − 4) + 𝑥(4 − (−2)) |

Simplifying: 20 = | − 6 − 3𝑦 + 5𝑦 − 20 + 6𝑥 | = |6𝑥 + 2𝑦 − 26|

Solve system: 𝑥 − 3𝑦 = −3 and 6𝑥 + 2𝑦 − 26 = ±20

Case I: 6𝑥 + 2𝑦 − 26 = 20 ⇒ 6𝑥 + 2𝑦 = 46 ⇒ 3𝑥 + 𝑦 = 23

Solving with 𝑥 − 3𝑦 = −3 ⇒ 𝑥 = 17
2 , 𝑦 = 11

3

Case II: 6𝑥 + 2𝑦 − 26 = −20 ⇒ 6𝑥 + 2𝑦 = 6 ⇒ 3𝑥 + 𝑦 = 3

Solving with 𝑥 − 3𝑦 = −3 ⇒ 𝑥 = −3
2 , 𝑦 = −1

2 .

116. Let the points be 𝐴 = (𝑎, 𝑏 + 𝑐), 𝐵 = (𝑏, 𝑐 + 𝑎), 𝐶 = (𝑐, 𝑎 + 𝑏).



Area of triangle: Δ = (1
2) | 𝑎((𝑐 + 𝑎) − (𝑎 + 𝑏)) + 𝑏((𝑎 + 𝑏) − (𝑏 + 𝑐)) + 𝑐((𝑏 +

𝑐) − (𝑐 + 𝑎)) |

Simplifying each term: ((𝑐 + 𝑎) − (𝑎 + 𝑏)) = 𝑐 − 𝑏, ((𝑎 + 𝑏) − (𝑏 + 𝑐)) = 𝑎 − 𝑐, 

((𝑏 + 𝑐) − (𝑐 + 𝑎)) = 𝑏 − 𝑎

So Δ = 1
2 | 𝑎(𝑐 − 𝑏) + 𝑏(𝑎 − 𝑐) + 𝑐(𝑏 − 𝑎) |

Expanding: 𝑎(𝑐 − 𝑏) + 𝑏(𝑎 − 𝑐) + 𝑐(𝑏 − 𝑎) = 𝑎𝑐 − 𝑎𝑏 + 𝑎𝑏 − 𝑏𝑐 + 𝑏𝑐 − 𝑎𝑐 = 0

Hence, Δ = 0 i.e. points are collinear.

117. Let the points be 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3).

If points are collinear, Δ = 0 : Δ = 1
2 | 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 −

𝑦2) | = 0

Divide both sides by 𝑥1𝑥2𝑥3𝑛 = 0: 0 = 𝑥1(𝑦2−𝑦3)+𝑥2(𝑦3−𝑦1)+𝑥3(𝑦1−𝑦2)
𝑥1𝑥2𝑥3

Splitting terms: 0 = 𝑦2−𝑦3
𝑥2𝑥3

+ 𝑦3−𝑦1
𝑥3𝑥1

+ 𝑦1−𝑦2
𝑥1𝑥2

Hence proved.

118. Points: 𝐴 = (𝑎, 𝑏), 𝐵 = (𝑎1, 𝑏1), 𝐶 = (𝑎 − 𝑎1, 𝑏 − 𝑏1).

Collinear ⇒ Δ = 0 ⇒ 0 = (1
2)| 𝑎(𝑏1 − (𝑏 − 𝑏1)) + 𝑎1((𝑏 − 𝑏1) − 𝑏) + (𝑎 −

𝑎1)((𝑏 − 𝑏1) − 𝑏1) |

Simplifying: 𝑎1𝑏 = 𝑎𝑏1 ⇒ 𝑎
𝑎1

= 𝑏
𝑏1

.

119. Points: 𝐴 = (𝑎, 0), 𝐵 = (0, 𝑏), 𝐶 = (1, 1).

Collinear ⇒ Δ = 0 ⇒ 0 = (1
2)| 𝑎(𝑏 − 1) + 0(1 − 0) + 1(0 − 𝑏) |

Simplify: 0 = 𝑎(𝑏 − 1) − 𝑏 ⇒ 𝑎𝑏 − 𝑎 − 𝑏 = 0 ⇒ 1
𝑎 + 1

𝑏 = 1

Hence, points are collinear if 1
𝑎 + 1

𝑏 = 1.

120. Let the points be 𝐴 = (−4, −1), 𝐵 = (−2, −4), 𝐶 = (4, 0), 𝐷 = (2, 3).

𝐴𝐵 = √(−2 + 4)2 + (−4 + 1)2 = √22 + (−3)2 =
√

4 + 9 =
√

13

𝐵𝐶 = √(4 + 2)2 + (0 + 4)2 =
√

62 + 42 =
√

36 + 16 =
√

52

𝐶𝐷 = √(2 − 4)2 + (3 − 0)2 = √(−2)2 + 32 =
√

4 + 9 =
√

13

𝐷𝐴 = √(−4 − 2)2 + (−1 − 3)2 = √(−6)2 + (−4)2 =
√

36 + 16 =
√

52

Opposite sides equal: 𝐴𝐵 = 𝐶𝐷, 𝐵𝐶 = 𝐷𝐴.

Diagonals: 𝐴𝐶 = √(4 + 4)2 + (0 + 1)2 =
√

82 + 12 =
√

65

𝐵𝐷 = √(2 + 2)2 + (3 + 4)2 =
√

42 + 72 =
√

16 + 49 =
√

65

Diagonals equal ⇒ all angles are right angles.

121. Let the three consecutive vertices be 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3), and 

let 𝐷 = (𝑥4, 𝑦4) be the fourth vertex.
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In a parallelogram, the diagonals bisect each other ⇒ 𝑥1+𝑥3
2 = 𝑥2+𝑥4

2  and 
𝑦1+𝑦3

2 =
𝑦2+𝑦4

2

Solving for 𝐷: 𝑥4 = 𝑥1 + 𝑥3 − 𝑥2 and 𝑦4 = 𝑦1 + 𝑦3 − 𝑦2

Hence, the fourth vertex is 𝐷 = (𝑥1 + 𝑥3 − 𝑥2, 𝑦1 + 𝑦3 − 𝑦2).

122. Let 𝐵 = (0, 0), 𝐶 = (𝑐, 0) and 𝐷 be the midpoint of 𝐵𝐶 ⇒ 𝐷 = ( 𝑐
2 , 0). Let 𝐴 =

(𝑥, 𝑦).

𝐴𝐵2 = (𝑥 − 0)2 + (𝑦 − 0)2 = 𝑥2 + 𝑦2

𝐴𝐶2 = (𝑥 − 𝑐)2 + (𝑦 − 0)2 = (𝑥 − 𝑐)2 + 𝑦2

𝐵𝐷2 = ( 𝑐
2 − 0)2 + (0 − 0)2 = 𝑐2

4

𝐴𝐷2 = (𝑥 − 𝑐
2)2 + (𝑦 − 0)2 = (𝑥 − 𝑐

2)2 + 𝑦2

Left-hand side: 𝐴𝐵2 + 𝐴𝐶2 = 𝑥2 + 𝑦2 + (𝑥 − 𝑐)2 + 𝑦2 = 2𝑥2 − 2𝑐𝑥 + 𝑐2 + 2𝑦2

Right-hand side: 2(𝐴𝐷2 + 𝐵𝐷2) = 2((𝑥 − 𝑐
2)2 + 𝑦2 + 𝑐2

4 ) = 2(𝑥2 − 𝑐𝑥 + 𝑐2

4 +
𝑦2 + 𝑐2

4 ) = 2𝑥2 − 2𝑐𝑥 + 𝑐2 + 2𝑦2

Hence, 𝐴𝐵2 + 𝐴𝐶2 = 2(𝐴𝐷2 + 𝐵𝐷2).

123. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3) and 𝐺 be the centroid: 𝐺 =
(𝑥1+𝑥2+𝑥3

3 , 𝑦1+𝑦2+𝑦3
3 )

Let 𝑂 = (𝑥0, 𝑦0).

Using distance formula: 𝑂𝐴2 + 𝑂𝐵2 + 𝑂𝐶2 = (𝑥0 − 𝑥1)
2 + (𝑦0 − 𝑦1)

2 +
(𝑥0 − 𝑥2)

2 + (𝑦0 − 𝑦2)
2 + (𝑥0 − 𝑥3)

2 + (𝑦0 − 𝑦3)
2

Grouping terms: = 3𝑥2
0 − 2𝑥0(𝑥1 + 𝑥2 + 𝑥3) + (𝑥2

1 + 𝑥2
2 + 𝑥2

3) + 3𝑦2
0 − 2𝑦0(𝑦1 +

𝑦2 + 𝑦3) + (𝑦2
1 + 𝑦2

2 + 𝑦2
3)

Since 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ), rewriting: 𝑂𝐴2 + 𝑂𝐵2 + 𝑂𝐶2 = 𝐺𝐴2 + 𝐺𝐵2 +
𝐺𝐶2 + 3𝐺𝑂2.

124. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3), and let 𝐷, 𝐸, 𝐹  be the midpoints of 

𝐵𝐶, 𝐶𝐴, 𝐴𝐵 respectively:

𝐷 = (𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ), 𝐸 = (𝑥3+𝑥1
2 , 𝑦3+𝑦1

2 ), 𝐹 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ).

Δ𝐴𝐵𝐶 = 1
2 | 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2) |

Δ𝐷𝐸𝐹 = 1
2 | 𝐷𝑥(𝐸𝑦−𝐹𝑦) + 𝐸𝑥(𝐹𝑦−𝐷𝑦) + 𝐹𝑥(𝐷𝑦−𝐸𝑦) |

Substituting midpoints: Δ𝐷𝐸𝐹 = 1
2 .(1

2)2 | 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 −
𝑦2) | = 1

4Δ𝐴𝐵𝐶

Hence, Δ𝐴𝐵𝐶 = 4Δ𝐷𝐸𝐹 .

125. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3) be the vertices of a triangle. Let 𝐷 

and 𝐸 be the midpoints of 𝐴𝐵 and 𝐴𝐶 :



𝐷 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ), 𝐸 = (𝑥1+𝑥3
2 , 𝑦1+𝑦3

2 ).

Length of 𝐷𝐸: 𝐷𝐸2 = (𝑥1+𝑥3
2 − 𝑥1+𝑥2

2 )
2

+ (𝑦1+𝑦3
2 − 𝑦1+𝑦2

2 )
2

= (𝑥3−𝑥2
2 )2 + (𝑦3−𝑦2

2 )2 = (1
4)((𝑥3 − 𝑥2)

2 + (𝑦3 − 𝑦2)
2)

But 𝐵𝐶2 = (𝑥3 − 𝑥2)
2 + (𝑦3 − 𝑦2)

2 ⇒ 𝐷𝐸 = 1
2𝐵𝐶 .

126. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3).

Let 𝑃  divide 𝐵𝐶 in ratio 𝑘 : 1 ⇒ 𝑃 = (𝑘𝑥3+𝑥2
𝑘+1 , 𝑘𝑦3+𝑦2

𝑘+1 )

Let 𝑄 divide 𝐶𝐴 in ratio 𝑘 : 1 ⇒ 𝑄 = (𝑘𝑥1+𝑥3
𝑘+1 , 𝑘𝑦1+𝑦3

𝑘+1 )

Let 𝑅 divide 𝐴𝐵 in ratio 𝑘 : 1 ⇒ 𝑅 = (𝑘𝑥2+𝑥1
𝑘+1 , 𝑘𝑦2+𝑦1

𝑘+1 )

Centroid of 𝐴𝐵𝐶 : 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 )

Centroid of 𝑃𝑄𝑅: 𝐺′ = (
𝑘𝑥3+𝑥2

𝑘+1 +𝑘𝑥1+𝑥3
𝑘+1 +𝑘𝑥2+𝑥1

𝑘+1
3 ,

𝑘𝑦3+𝑦2
𝑘+1 +𝑘𝑦1+𝑦3

𝑘+1 +𝑘𝑦2+𝑦1
𝑘+1

3 )

Simplifying 𝐺′ gives 𝐺′ = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ) = 𝐺

Hence, the centroids coincide.

127. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3). Let 𝐷, 𝐸, 𝐹  be the midpoints of 

𝐵𝐶, 𝐶𝐴, 𝐴𝐵 respectively.

𝐷 = (𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ), 𝐸 = (𝑥3+𝑥1
2 , 𝑦3+𝑦1

2 ), and 𝐹 = (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 )

Medians: 𝐴𝐷, 𝐵𝐸, 𝐶𝐹

Using distance formula and simplifying: 𝐴𝐷2 = 1
4[2(𝐴𝐵2 + 𝐴𝐶2) − 𝐵𝐶2]

𝐵𝐸2 = 1
4[2(𝐵𝐶2 + 𝐴𝐵2) − 𝐶𝐴2]

𝐶𝐹 2 = 1
4[2(𝐶𝐴2 + 𝐵𝐶2) − 𝐴𝐵2]

⇒ 𝐴𝐷2 + 𝐵𝐸2 + 𝐶𝐹 2 = 1
4[3(𝐴𝐵2 + 𝐵𝐶2 + 𝐶𝐴2)]

⇒ 4(𝐴𝐷2 + 𝐵𝐸2 + 𝐶𝐹 2) = 3(𝐴𝐵2 + 𝐵𝐶2 + 𝐶𝐴2).

128. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3). Centroid 𝐺 = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 ).

𝐺𝐴2 + 𝐺𝐵2 + 𝐺𝐶2 = (1
3)[(𝑥1 − 𝑥2)

2 + (𝑥2 − 𝑥3)
2 + (𝑥3 − 𝑥1)

2 + (𝑦1 − 𝑦2)
2 +

(𝑦2 − 𝑦3)
2 + (𝑦3 − 𝑦1)

2]

But, 𝐴𝐵2 + 𝐵𝐶2 + 𝐶𝐴2 = (𝑥1 − 𝑥2)
2 + (𝑥2 − 𝑥3)

2 + (𝑥3 − 𝑥1)
2 + (𝑦1 − 𝑦2)

2 +
(𝑦2 − 𝑦3)

2 + (𝑦3 − 𝑦1)
2

Hence, 𝐴𝐵2 + 𝐵𝐶2 + 𝐶𝐴2 = 3(𝐺𝐴2 + 𝐺𝐵2 + 𝐺𝐶2).

129. Let 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3) and centroid 𝐺 =
(𝑥1+𝑥2+𝑥3

3 , 𝑦1+𝑦2+𝑦3
3 ).

Area of △ 𝐴𝐵𝐺: Δ𝐴𝐵𝐺 = 1
2 | 𝑥1(𝑦2 − 𝑦𝐺) + 𝑥2(𝑦𝐺 − 𝑦1) + 𝑥𝐺(𝑦1−𝑦2) |
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Substitute 𝑥𝐺, 𝑦𝐺 and simplify: Δ𝐴𝐵𝐺 = 1
3Δ𝐴𝐵𝐶

Similarly, Δ𝐵𝐶𝐺 = 1
3Δ𝐴𝐵𝐶 and Δ𝐶𝐴𝐺 = 1

3Δ𝐴𝐵𝐶

Hence, Δ𝐴𝐵𝐺 = Δ𝐵𝐶𝐺 = Δ𝐶𝐴𝐺.

130. Let the right angled triangle be right angled at 𝐴. Take 𝐴 = (0, 0), 𝐵 = (𝑎, 0), 𝐶 =
(0, 𝑏).

Midpoint of hypotenuse 𝐵𝐶 : 𝐷 = (𝑎+0
2 , 0+𝑏

2 ) = (𝑎
2 , 𝑏

2)

Distances: 𝐷𝐴2 = (𝑎
2)2 + ( 𝑏

2)2 = 𝑎2+𝑏2

4

𝐷𝐵2 = (𝑎
2 − 𝑎)2 + ( 𝑏

2 − 0)2 = 𝑎2+𝑏2

4

𝐷𝐶2 = (𝑎
2 − 0)2 + ( 𝑏

2 − 𝑏)2 = 𝑎2+𝑏2

4

Thus, 𝐷𝐴 = 𝐷𝐵 = 𝐷𝐶 .

131. Let 𝐴 = (𝑎1, 𝑏1), 𝐵 = (𝑎2, 𝑏2), 𝐶 = (𝑎3, 𝑏3).

𝐷 divides 𝐴𝐵 in ratio 𝜆 : 𝜇: 𝐷 = (𝜆.𝑎2+𝜇.𝑎1
𝜆+𝜇 , 𝜆.𝑏2+𝜇.𝑏1

𝜆+𝜇 )

𝐸 divides 𝐷𝐶 in ratio 𝜇 : (𝜆 + 𝜇): 𝐸 = (𝜇.𝑎3+(𝜆+𝜇).𝜆.𝑎2+𝜇.𝑎1
𝜆+𝜇

𝜆+2𝜇 , 𝜇.𝑏3+(𝜆+𝜇).𝜆.𝑏2+𝜇.𝑏1
𝜆+𝜇

𝜆+2𝜇 )

Simplifying: 𝐸 = (𝜆.𝑎2+𝜇.𝑎1+𝜇.𝑎3
𝜆+2𝜇 , 𝜆.𝑏2+𝜇.𝑏1+𝜇.𝑏3

𝜆+2𝜇 ).

132. Given roots: 𝛼 + 𝛽 = −2ℎ
𝑎 , 𝛼.𝛽 = 𝑏

𝑎  and 𝛾 + 𝛿 = −2ℎ′

𝑎 , 𝛾.𝛿 = 𝑏′

𝑎

Ratios in which 𝐶 and 𝐷 divide 𝐴𝐵: 𝐴𝐶
𝐶𝐵 = 𝛾−𝛼

𝛽−𝛾  and 𝐴𝐷
𝐷𝐵 = 𝛿−𝛼

𝛽−𝛿

Sum: 𝑆 = 𝛾−𝛼
𝛽−𝛾 + 𝛿−𝛼

𝛽−𝛿

Simplify numerator: 𝑆 = (𝛾−𝛼)(𝛽−𝛿)+(𝛿−𝛼)(𝛽−𝛾)
(𝛽−𝛾)(𝛽−𝛿)

Numerator expands to: 𝛽(𝛾 + 𝛿) − 𝛼(𝛾 + 𝛿) − 2𝛾.𝛿 + 2𝛼.𝛽

Substitute root relations: = 𝛽(−2ℎ′

𝑎 ) − 𝛼(−2ℎ′

𝑎 ) − 2(𝑏′

𝑎 ) + 2( 𝑏
𝑎) = (2ℎ′

𝑎 )(𝛼 −
𝛽) + 2𝑏−𝑏′

𝑎

Using condition 𝑎.𝑏′ + 𝑎′.𝑏 = 2ℎ.ℎ′ gives numerator = 0

Hence: 𝑆 = 0
Thus, the sum of the ratios in which 𝐶 and 𝐷 divide 𝐴𝐵 is zero.

133. Given 𝐴 = (1, −2), 𝐵 = (2, 5) and 𝑂 = (0, 0).

𝑂𝐶 = 2𝑂𝐴 ⇒ 𝐶 = (2.1, 2.(−2)) = (2, −4) and 𝑂𝐷 = 2𝑂𝐵 ⇒ 𝐷 = (2.2, 2.5) =
(4, 10)

Distance 𝐶𝐷: 𝐶𝐷 = √(4 − 2)2 + (10 − (−4))2 =
√

22 + 142 =
√

4 + 196 =√
200 = 10

√
2

So, 𝐶𝐷 = 10
√

2.

134. Given 𝐴 = (2, 1), 𝐵 = (3, −1) and 𝐶 = (𝑥, 𝑦) with 𝑦 = 𝑥 + 9.



Centroid 𝐺 = (2+3+𝑥
3 , 1−1+𝑦

3 ) lies on 𝑦-axis => x-coordinate of 𝐺 = 0: 5+𝑥
3 = 0 ⇒

𝑥 = −5
Then 𝑦 = 𝑥 + 9 = 4 => 𝐶 = (−5, 4).

Centroid: 𝐺 = (2+3−5
3 , 1−1+4

3 ) = (0, 4
3)

So, 𝐶 = (−5, 4) and the centroid is (0, 4
3).

135. Let the vertices of the triangle be 𝐴 = (𝑥1, 𝑦1), 𝐵 = (𝑥2, 𝑦2), 𝐶 = (𝑥3, 𝑦3).

Centroid: (𝑥, 𝑦) = (𝑥1+𝑥2+𝑥3
3 , 𝑦1+𝑦2+𝑦3

3 )

Circumcenter: (𝛼, 𝛽)

Orthocenter: (𝑝, 𝑞)

In coordinate geometry, the orthocenter satisfies: 𝑝 = 𝑥1 + 𝑥2 + 𝑥3 − 2𝛼 and 𝑞 =
𝑦1 + 𝑦2 + 𝑦3 − 2𝛽

Multiplying centroid coordinates by 3: 3𝑥 = 𝑥1 + 𝑥2 + 𝑥3 and 3𝑦 = 𝑦1 + 𝑦2 + 𝑦3

Substitute: 3𝑥 = 2𝛼 + 𝑝 and 3𝑦 = 2𝛽 + 𝑞

Hence proved.

136. Vertices: 𝐴 = (2, 3), 𝐵 = (3, 4), 𝐶 = (6, 8)

Centroid 𝐺: 𝐺 = (2+3+6
3 , 3+4+8

3 ) = (11
3 , 5)

Circumcenter (𝛼, 𝛽): Using the perpendicular bisector formula: the circumcenter 

is the intersection of the perpendicular bisectors of any two sides.

Equation of perpendicular bisector of 𝐴𝐵: Midpoint 𝑀1 = (2+3
2 , 3+4

2 ) = (5
2 , 7

2)

If 𝐶 = (6, 8), line AC: slope not needed, solve using: (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 =
(𝑥𝐶 − 𝛼)2 + (𝑦𝐶 − 𝛽)2

(2 − 𝛼)2 + (3 − 𝛽)2 = (3 − 𝛼)2 + (4 − 𝛽)2 ⇒ (2 − 𝛼)2 + (3 − 𝛽)2 = (6 − 𝛼)2 +
(8 − 𝛽)2

Solve these two equations simultaneously: 𝛼 = 9
2 , 𝛽 = 3

2

Orthocenter (𝑝, 𝑞) using formula 3𝑥 = 2𝛼 + 𝑝, 3𝑦 = 2𝛽 + 𝑞: 𝑝 = 311
3 − 29

2 = 2 and 

𝑞 = 35 − 23
2 = 12.

137. Let 𝐴(𝛼, 1
𝛼), 𝐵(𝛽, 1

𝛽), 𝐶(𝛾, 1
𝛾) be the vertices of a triangle.

𝛼 and 𝛽 are roots of 𝑥2 − 6𝑝1𝑥 + 2 = 0, so 𝛼 + 𝛽 = 6𝑝1 and 𝛼𝛽 = 2.

𝛽 and 𝛾 are roots of 𝑥2 − 6𝑝2𝑥 + 3 = 0, so 𝛽 + 𝛾 = 6𝑝2 and 𝛽𝛾 = 3.

𝛾 and 𝛼 are roots of 𝑥2 − 6𝑝3𝑥 + 6 = 0, so 𝛾 + 𝛼 = 6𝑝3 and 𝛾𝛼 = 6.

Solving these gives 𝑝1 = 1, 𝑝2 = 1, 𝑝3 = 2, 𝛼 = 2, 𝛽 = 1, 𝛾 = 3.

The centroid of the triangle is (𝛼+𝛽+𝛾
3 ,

1
𝛼+1

𝛽+1
𝛾

3 ) = (2+1+3
3 ,

1
2+1+1

3
3 ) = (2, 11

18).
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138. Let the vertices of the triangle be 𝐴(tan 𝛼, cot 𝛼), 𝐵(tan 𝛽, cot 𝛽), 𝐶(tan 𝛾, cot 𝛾), 
where tan 𝛼, tan 𝛽, tan 𝛾 are roots of 𝑥3 − 3𝑎𝑥2 + 3𝑏𝑥 − 1 = 0.

By Vieta’s formulas, tan 𝛼 + tan 𝛽 + tan 𝛾 = 3𝑎,

tan 𝛼… tan 𝛽 + tan 𝛽… tan 𝛾 + tan 𝛾… tan 𝛼 = 3𝑏, and tan 𝛼… tan 𝛽… tan 𝛾 = 1.

The centroid of the triangle is ( tan 𝛼+ tan 𝛽+ tan 𝛾
3 , cot 𝛼+ cot 𝛽+ cot 𝛾

3 ) =
(3𝑎

3 , cot 𝛼+ cot 𝛽+ cot 𝛾
3 ) = (𝑎, cot 𝛼+ cot 𝛽+ cot 𝛾

3 ).

Since cot 𝜃 = 1
tan 𝜃 , we have cot 𝛼 + cot 𝛽 + cot 𝛾 = 1

tan 𝛼 + 1
tan 𝛽 + 1

tan 𝛾 =
tan 𝛽. tan 𝛾+ tan 𝛾. tan 𝛼+ tan 𝛼. tan 𝛽

tan 𝛼. tan 𝛽. tan 𝛾 = 3𝑏
1 = 3𝑏.

Therefore, the centroid is (𝑎, 𝑏).

139. Let the forces 𝐹1 = 30 N and 𝐹2 = 40 N act at points 𝐴(−3, −1) and 𝐵(4, 6).

The resultant acts along the line joining 𝐴 and 𝐵 and its point of application 
𝑅(𝑥, 𝑦) divides 𝐴𝐵 in the inverse ratio of the forces: 𝐴𝑅 : 𝑅𝐵 = 𝐹2 : 𝐹1 = 40 :
30 = 4 : 3.

Using coordinate geometry, if a point divides the segment joining (𝑥1, 𝑦1) and 

(𝑥2, 𝑦2) in the ratio 𝑚 : 𝑛, its coordinates are (𝑛(𝑥1)+𝑚(𝑥2)
𝑚+𝑛 , 𝑛(𝑦1)+𝑚(𝑦2)

𝑚+𝑛 ).

Here 𝑥1 = −3, 𝑦1 = −1, 𝑥2 = 4, 𝑦2 = 6, 𝑚 = 4, 𝑛 = 3. Then

𝑥𝑅 = 3(−3)+4(4)
3+4 = −9+16

7 = 1, and 𝑦𝑅 = 3(−1)+4(6)
3+4 = −3+24

7 = 3.

Thus, the point of application of the resultant force is 𝑅(1, 3).

140. Let 𝐴(−1, 3), 𝐵(−2, 4), and the other vertices be 𝐶(𝑥1, 𝑦1), 𝐷(𝑥2, 𝑦2) with 

diagonals intersecting at 𝑂 on the positive 𝑥-axis.

For a parallelogram, diagonals bisect each other: 𝑂 = (−1+𝑥2
2 , 3+𝑦2

2 ) =
(−2+𝑥1

2 , 4+𝑦1
2 ).

Let 𝑂 = (ℎ, 0), then 𝑦1 = −4, 𝑦2 = −3, 𝑥1 = 2ℎ + 2, 𝑥2 = 2ℎ + 1.

Area formula: |(𝑥1 + 1)(𝑦2 − 3) − (𝑥2 + 1)(𝑦1 − 3)| = 24.

Substituting: |(2ℎ + 3)(−6) − (2ℎ + 2)(−7)| = |2ℎ − 4| = 24 ⇒ ℎ = 14.

Hence, 𝐶(30, −4) and 𝐷(29, −3).

141. Let 𝐴(1, 2), 𝐵(8, 4), 𝐶(4, 10).

The point 𝑃(𝑥, 𝑦) such that triangles 𝑃𝐶𝐵, 𝑃𝐶𝐴, and 𝑃𝐴𝐵 have equal area is 

the centroid of △ 𝐴𝐵𝐶 :

𝑃 = (1+8+4
3 , 2+4+10

3 ) = (13
3 , 16

3 ).

142. Let 𝑎, 𝑏, 𝑐 be the 𝑝th, 𝑞th, 𝑟th terms of an H.P., so 1
𝑎 , 1

𝑏 , 1
𝑐  are in A.P.

Consider the points 𝑋(𝑏𝑐, 𝑝), 𝑌 (𝑐𝑎, 𝑞), 𝑍(𝑎𝑏, 𝑟).

Three points are collinear if (𝑏𝑐)((𝑞) − (𝑟)) + (𝑐𝑎)((𝑟) − (𝑝)) + (𝑎𝑏)((𝑝) − (𝑞)) =
0.



Since 1
𝑎 , 1

𝑏 , 1
𝑐  are in A.P., this relation is satisfied.

Hence the points (𝑏𝑐, 𝑝), (𝑐𝑎, 𝑞), (𝑎𝑏, 𝑟) are collinear.

143. Let 𝑥1, 𝑥2, 𝑥3 be in A.P. and 𝑦1, 𝑦2, 𝑦3 be in A.P.

Consider the points 𝑃1(𝑥1, 𝑦1), 𝑃2(𝑥2, 𝑦2), 𝑃3(𝑥3, 𝑦3).

Three points are collinear if the determinant (𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) +
𝑥3(𝑦1 − 𝑦2)) = 0.

Since 𝑥1, 𝑥2, 𝑥3 are in A.P., 𝑥2 − 𝑥1 = 𝑥3 − 𝑥2.

Since 𝑦1, 𝑦2, 𝑦3 are in A.P., 𝑦2 − 𝑦1 = 𝑦3 − 𝑦2.

Then 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2) = 𝑥1(−(𝑦2 − 𝑦1)) + 𝑥2((𝑦2 −
𝑦1) + (𝑦2 − 𝑦1)) + 𝑥3(−(𝑦2 − 𝑦1)) = 0.

Hence the points (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) are collinear.

144. Consider the points (𝑎, 𝑎2), (𝑏, 𝑏2), (𝑐, 𝑐2).

Three points are collinear if (𝑎(𝑏2 − 𝑐2) + 𝑏(𝑐2 − 𝑎2) + 𝑐(𝑎2 − 𝑏2)) = 0.

Factor each difference of squares: 𝑎(𝑏 − 𝑐)(𝑏 + 𝑐) + 𝑏(𝑐 − 𝑎)(𝑐 + 𝑎) + 𝑐(𝑎 − 𝑏)(𝑎 +
𝑏) = 0.

Simplifying: (𝑎 − 𝑏)(𝑏 − 𝑐)(𝑐 − 𝑎) ≠ 0 for distinct 𝑎, 𝑏, 𝑐.

Hence, the points (𝑎, 𝑎2), (𝑏, 𝑏2), (𝑐, 𝑐2) are not collinear.

145. Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) be the vertices of a triangle, and let 𝑀  be the 

midpoint of 𝐵𝐶 , so the median through 𝐴 is the line joining 𝐴 and 𝑀 .

Let (𝑥, 𝑦) be a point on this median. Then 𝑀 = (𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ) and (𝑥, 𝑦) lies on 

the line joining 𝐴 and 𝑀 :
𝑦−𝑦1

𝑦2+𝑦3
2 −𝑦1

= 𝑥−𝑥1
𝑥2+𝑥3

2 −𝑥1
.

Consider the determinants: |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| and |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
|.

The determinant |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| represents twice the signed area of triangle 𝐴𝑋𝐵, and 

|
𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| represents twice the signed area of triangle 𝐴𝑋𝐶 .

Since (𝑥, 𝑦) lies on the median 𝐴𝑀 , triangles 𝐴𝑋𝐵 and 𝐴𝑋𝐶 have equal areas 

with opposite signs, so their determinants sum to zero:

|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| = 0.

146. Let 𝐴(2, −3), 𝐵(3, −2), 𝐶(𝑥, 𝑦).
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Area = 3
2 ⇒ |2(−2 − 𝑦) + 3(𝑦 + 3) + 𝑥(−3 + 2) |

2 = 3
2 ⇒ |𝑥 − 𝑦 − 5| = 3 ⇒ 𝑥 −

𝑦 = 8  or 2.

Centroid 𝐺 = (2+3+𝑥
3 , −3−2+𝑦

3 ) lies on 3𝑥 − 𝑦 − 8 = 0 ⇒ 3(5+𝑥
3 ) − (−5+𝑦

3 ) − 8 =
0 ⇒ 3𝑥 − 𝑦 = −2.

Solve with area condition: 𝑥 − 𝑦 = 8 and 3𝑥 − 𝑦 = −2 ⇒ 𝑥 = −5, 𝑦 = −13.

Hence, 𝐶(−5, −13).

147. Let 𝐴(−2, 5), 𝐵(4, −1), 𝐶(9, 1), 𝐷(3, 7).

Midpoint of 𝐴𝐶 = (−2+9
2 , 5+1

2 ) = (7
2 , 3), midpoint of 𝐵𝐷 = (4+3

2 , −1+7
2 ) = (7

2 , 3), 

so 𝐴𝐵𝐶𝐷 is a parallelogram.

Area = |(−2. − 1 + 4.1 + 9.7 + 3.5) − (5.4 + −1.9 + 1.3 + 7. − 2) |
2 = 42.

𝐸 divides 𝐴𝐶 in ratio 2 : 1 ⇒ 𝐸 = (16
3 , 7

3), midpoint of 𝐵𝐶 is 𝐹 = (13
2 , 0).

Determinant (𝐷 𝐸 𝐹) = 3.(7
3 − 0) − 7.(16

3 − 13
2 ) + 1.( 16

3.0 −
7

3.13
2 ) = 0, so 

𝐷, 𝐸, 𝐹  are collinear.

148. Let the points be 𝐴(−3, −1), 𝐵(2, −1), 𝐶(1, 1), 𝐷(−2, 1).

Compute slopes of opposite sides:

Slope of 𝐴𝐵 = −1+1
2+3 = 0

5 = 0,

Slope of 𝐶𝐷 = 1−1
1+2 = 0

3 = 0.

Slope of 𝐵𝐶 = 1+1
1−2 = 2

−1 = −2,

Slope of 𝐴𝐷 = 1+1
−2+3 = 2

1 = 2.

Since 𝐴𝐵 ∥ 𝐶𝐷 and 𝐵𝐶 ∦ 𝐴𝐷, the quadrilateral is a trapezium.

149. Let the vertices of a triangle be 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) with integer 

coordinates.

The squared distance between two points is 𝐴𝐵2 = (𝑥2 − 𝑥1)
2 + (𝑦2 − 𝑦1)

2
, 

similarly for 𝐵𝐶2 and 𝐶𝐴2.

If the triangle is equilateral, then 𝐴𝐵2 = 𝐵𝐶2 = 𝐶𝐴2 = 𝑘2 for some integer 𝑘2.

Consider the triangle modulo 2: the square of any integer is 0 or 1 modulo 4. The 
sum of two squares modulo 4 can be 0, 1, 2, but never 3. In an equilateral triangle 

with integer coordinates, all three squared distances must be equal modulo 4.

It can be shown that no three distinct integer points satisfy (𝑥2 − 𝑥1)
2 +

(𝑦2 − 𝑦1)
2 = (𝑥3 − 𝑥2)

2 + (𝑦3 − 𝑦2)
2 = (𝑥1 − 𝑥3)

2 + (𝑦1 − 𝑦3)
2
 modulo 4. 

Hence, a triangle with integral coordinates cannot be equilateral.
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1. We take the two perpendicular lines as axes of the coordinates. Let (𝑥, 𝑦) be any 

point satisfying the given condition. According to condition 𝑥 + 𝑦 = 𝑎.

This is the relation which connects the coordinates of any point on the locus is 
the equation to the locus.

In the next chapter we will study that it is an equation of a straight line.

2. Let (𝑥, 𝑦) be any position of the moving point. By given condition from the question 

we have

{(𝑥 − 𝑎)2 + 𝑦2} + {(𝑥 + 𝑎)2 + 𝑦2} = 2𝑐2 (2.1)

⇒ 𝑥2 + 𝑦2 = 𝑐2 − 𝑎2 (2.2)

This is the relation between coordinates of each and every point that satisfies the 
given condition, and is the equation to required locus.

The equation tells us that the square of distance of the point (𝑥, 𝑦) from the origin 

is constant and equal to 𝑐2 − 𝑎2, and therefore, the locus of the point is a circle 
whose center is origin and radius is 

√
𝑐2 − 𝑎2.

3. Let the point be 𝑃(𝑥, 𝑦). According to question

√(𝑥 + 1)2 + 𝑦2 = 3√𝑥2 + (𝑦 − 2)2 ⇒ (𝑥 + 1)2 + 𝑦2 = 9(𝑥2 + (𝑦 − 2)2)

⇒ 8(𝑥2 + 𝑦2) − 2𝑥 − 36𝑦 + 35 = 0.

4. Let the point be 𝑃(𝑥, 𝑦). Given that 𝑃𝐴2 − 𝑃𝐵2 = 2𝑘2

⇒ (𝑥 − 𝑎)2 + 𝑦2 − (𝑥 + 𝑎)2 − 𝑦2 = 2𝑘2 ⇒ −4𝑎𝑥 = 2𝑘2 ⇒ 2𝑎𝑥 + 𝑘2 = 0.

5. Given that 𝑃𝐴 = 𝑛𝑃𝐵 ⇒ 𝑃𝐴2 = 𝑛2𝑃𝐵2 ⇒ (𝑥 − 𝑎)2 + 𝑦2 = 𝑛2[(𝑥 + 𝑎)2 + 𝑦2]

⇒ (𝑛2 − 1)(𝑥2 + 𝑦2 + 𝑎2) + 2𝑎𝑥(𝑛2 + 1) = 0.

6. Given that 𝑃𝐴 + 𝑃𝐵 = 𝑐 ⇒ √(𝑥 − 𝑎)2 + 𝑦2 + √(𝑥 + 𝑎)2 + 𝑦2 = 𝑐

Squaring, ⇒ (𝑥 − 𝑎)2 + 𝑦2 + (𝑥 + 𝑎)2 + 𝑦2 + 2√(𝑥 − 𝑎)2 + 𝑦2√(𝑥 + 𝑎)2 + 𝑦2 =
𝑐2

Squaring again, ⇒ 4𝑥2(𝑐2 − 4𝑎2) + 4𝑐2𝑦2 = 𝑐4 − 4𝑎2

7. Given that 𝑃𝐵2 + 𝑃𝐶2 = 2𝑃𝐴2 ⇒ (𝑥 + 𝑎)2 + 𝑦2 + (𝑥 − 𝑐)2 + 𝑦2 = 2[(𝑥 − 𝑎)2 +
𝑦2]

Simplifying gives us (6𝑎 − 2𝑐)𝑥 = 𝑎2 − 𝑐2.

8. Let 𝑃(𝑥, 𝑦) be the point in question. Its distance from 𝑦-axis would be 𝑥. Thus, 

according to question

(𝑥 − 1)2 + (𝑦 − 2)2 = 𝑥2 ⇒ 𝑦2 − 4𝑦 − 2𝑥 + 5 = 0.

9. Let 𝑃(𝑥, 𝑦) be the point in question, then according to the question

(𝑥 − 1)2 + 𝑦2 = 𝑥2 + (𝑦 + 2)2 ⇒ −2𝑥 + 1 = 4𝑦 + 4 ⇒ 2𝑥 + 4𝑦 + 3 = 0.
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10. Let 𝑃(𝑥, 𝑦) be the point in question, then according to the question

(𝑥 − 2)2 + (𝑦 − 3)2 = (𝑥 − 4)2 + (𝑦 − 5)2 ⇒ 4𝑥 + 4𝑦 = 28 ⇒ 𝑥 + 𝑦 = 7.

11. Let 𝑃(𝑥, 𝑦) be the point in question, then according to the question

(𝑥 − 𝑎 − 𝑏)2 + (𝑦 − 𝑎 + 𝑏)2 = (𝑥 − 𝑎 + 𝑏)2 + (𝑦 − 𝑎 − 𝑏)2 ⇒ 𝑥 = 𝑦.

12. Distance from 𝑥-axis is 𝑦 and distance from 𝑦-axis is 𝑥, then according to the 

question 𝑦 = 3𝑥.

13. (𝑥 − 𝑎)2 + 𝑦2 = 42.𝑥2 ⇒ 15𝑥2 − 𝑦2 + 2𝑎𝑥 = 𝑎2.

14. According to question, 𝑥 + 𝑦 = 3.

15. According to question, 𝑥2 + (𝑦 − 2)2 = 4 ⇒ 𝑥2 + 𝑦2 − 4𝑦 = 0.

16. According to question, (𝑥 − 3)2 + 𝑦2 = 32[𝑥2 + (𝑦 − 2)2] ⇒ 8𝑥2 + 8𝑦2 + 6𝑥 −
36𝑦 + 27 = 0.

17. 𝑦 = 1
2√𝑥2 + 𝑦2 ⇒ 𝑥2 = 3𝑦2.

18. Let the fixed straight line be parallel to the x-axis, and let the fixed point be the 
origin 𝑂(0, 0).

Since the fixed point is at a perpendicular distance 𝑎 from the line, and the line is 
parallel to the 𝑥-axis, its equation must be:

𝑦 = 𝑎

We consider moving point as 𝑃(𝑥, 𝑦).

Its distance from origin is √𝑥2 + 𝑦2. Its distance from fixed line is |𝑦 − 𝑎|.

Thus, 𝑥2 + 𝑦2 = (𝑦 − 𝑎)2 ⇒ 𝑥2 + 2𝑎𝑦 = 𝑎2.

19. From given condition (𝑥2 + 𝑦2) = 1
4(𝑦 − 𝑎)2 ⇒ 4𝑥2 + 3𝑦2 + 2𝑎𝑦 = 𝑎2 and 1

4(𝑥2 +
𝑦2) = (𝑦 − 𝑎)2 ⇒ 𝑥2 − 3𝑦2 + 8𝑎𝑦 = 4𝑎2.

20. Let 𝑃 ≡ (𝑥, 𝑦), then 𝑥 = 𝑎 cos 𝜃, 𝑦 = 𝑏 sin 𝜃

cos 𝜃 = 𝑥
𝑎 , sin 𝜃 = 𝑦

𝑏 ⇒ 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1.

21. Let 𝑃(𝑥, 𝑦) be the required point, then according to the question

√𝑥2 + (𝑦 − 2)2 + √𝑥2 + (𝑦 + 2)2 = 6 ⇒ 9𝑥2 + 5𝑦2 = 45.

22. Let 𝐴𝐵 = 2𝑎, where 𝐴 is (−𝑎, 0) and 𝐵 is (𝑎, 0). Let 𝑃(𝑥, 𝑦) be the moving point. 

Then according to the question

𝐴𝑃 2 + 𝑃𝐵2 = 𝐴𝐵2 ⇒ (𝑥 + 𝑎)2 + 𝑦2 + (𝑥 − 𝑎)2 + 𝑦2 = 4𝑎2 ⇒ 𝑥2 + 𝑦2 = 𝑎2.

𝐴(−2, 0) 𝐵(2, 0)

𝑃(𝑥, 𝑦)



Tip: The obtained equation is a circle(we will see this in later chapters) which is 
evident because from diameters the angle on any point on the perimeter is a right 
angle.

23. The diagram is given below:

Let 𝐴 ≡ (ℎ, 0), 𝐵 ≡ (0, 𝑘) and 𝑃 ≡ (𝑥, 𝑦). Given 𝐴𝑃 = 𝑎, 𝑃𝐵 = 𝑏.

Now 𝐴𝑃
𝑃𝐵 = 𝑎

𝑏 , hence, 𝑃  divides 𝐴𝐵 in the ration 𝑎 : 𝑏.

Thus, 𝑥 = 𝑎.0+𝑏.ℎ
𝑎+𝑏 = 𝑏 ℎ

𝑎+𝑏 , 𝑦 = 𝑎.𝑘+𝑏.0
𝑎+𝑏 = 𝑎 𝑘

𝑎+𝑏

Also, 𝐴𝐵2 = 𝑂𝐴2 + 𝑂𝐵2 ⇒ (𝑎 + 𝑏)2 = ℎ2 + 𝑘2 = (𝑎+𝑏)2𝑥2

𝑏2 + (𝑎+𝑏)2𝑦2

𝑎2

⇒ 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1.

𝐵(0, 𝑘)

𝐴(ℎ, 0)

𝑃(𝑥, 𝑦)

𝑂

24. Let 𝐴 ≡ (𝑥1, 𝑦1). Let the moving point be 𝑃(𝛼, 𝛽) then according to the question 

𝐴(𝑥1, 𝑦1) lies on the curve 𝑦2 = 8𝑥.

⇒ 𝑦2
1 = 8𝑥1. Also, since 𝑃  is the mid-point of 𝑂𝐴,

𝛼 = 𝑥1
2 ⇒ 𝑥1 = 2𝛼 and 𝛽 = 𝑦1

2 ⇒ 2𝛽

Thus, 4𝛽2 = 8.2𝛼 ⇒ 𝛽2 = 4𝛼. Thus, locus of point 𝑃  is 𝑦2 = 4𝑥.

25. Let 𝑓(𝑥, 𝑦) = 𝑥2 + 𝑦2 − 2𝑥 + 1. 𝑓(2, −5) = 26 ≠ 0.

Thus, the point (2, −5) does not lie on the given curve.

26. Since the given equation represent the identical curves the ratio of coefficients of 
terms must be equal. Thus,

𝑚1
𝑚2
𝑎 = −𝑚1+𝑚2

2 ℎ = 1
𝑏 ⇒ 𝑚1𝑚 − 2 = 𝑎

𝑏 , 𝑚1 + 𝑚2 = 2ℎ
𝑏 .

27. Let (𝑥, 𝑦) ≡ (𝑎𝑡2, 2𝑎𝑡). Then 𝑦2 = 4𝑎𝑥.

28. Let (𝑥, 𝑦) ≡ (𝑡 + 1
𝑡 , 𝑡 − 1

𝑡 ), then 𝑥2 − 𝑦2 = 4.

29. Let (𝑥, 𝑦) ≡ (cos 𝜃 + sin 𝜃, cos 𝜃 − sin 𝜃), then 𝑥2 + 𝑦2 = 2.

30. Centroid will be given by ( cos 𝜃+ sin 𝜃+1
3 , sin 𝜃+ cos 𝜃+2

3 ). Let it be (𝑥, 𝑦).

Let cos 𝜃 + sin 𝜃 = 𝑆, then 𝑥 = 𝑆+1
3 ⇒ 3𝑥 = 𝑆 + 1 and 3𝑦 = 𝑆 + 2.
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Subtracting we get 3𝑥 − 3𝑦 + 1 = 0.

31. Let 𝑃(𝑢 cos 𝛼.𝑡, 𝑢 sin 𝛼.𝑡 − 𝑘𝑡2) ≡ (𝑥, 𝑦) be the moving point. Then

𝑥 = 𝑢 cos 𝛼.𝑡 ⇒ 𝑡 = 𝑥
𝑢 cos 𝛼  and 𝑦 = 𝑢 sin 𝛼.𝑡 − 𝑘𝑡2

Substituting for 𝑡 in 𝑦 we have

𝑦 = 𝑥 tan 𝛼 − 𝑘𝑥2

𝑢2 cos2 𝛼 .

32. Let 𝑃(𝑥, 𝑦) be the point whose locus is to be determined, then according to the 

question

(𝑥 + 2)2 + (𝑦 − 3)2 = 32[(𝑥2 + (𝑦 − 3)2)] ⇒ 8𝑥2 − 4𝑥 − 4 + 8(𝑦 − 3)2 = 0

⇒ 2𝑥2 + 2𝑦2 − 𝑥 − 12𝑦 + 17 = 0.

33. Let 𝑃(𝑥, 𝑦) be the point whose locus is to be determined, then according to the 

question

4𝑃𝐴2 = 9𝑃𝐵2 ⇒ 4[(𝑥 + 5)2 + (𝑦 − 3)2] = 9[(𝑥 − 2)2 + (𝑦 − 4)2]

⇒ 5𝑥2 + 5𝑦2 − 76𝑥 − 48𝑦 + 44 = 0.

34. Let 𝑃(𝑥, 𝑦) be the point whose locus is to be determined, then according to the 

question

𝑃𝑆 = √(𝑥 − 4)2 + 𝑦2, 𝑃𝑀 = 𝑥 and 𝑃𝑆 = 𝑃𝑀 ⇒ (𝑥 − 4)2 + 𝑦2 = 𝑥2

⇒ 𝑦2 − 8𝑥 + 16 = 0.

35. Let the given points be 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2). Let 𝑃(𝑥, 𝑦) be a point such that 

𝑃𝐴 = 𝑃𝐵.

𝑃𝐴2 = (𝑥 − 𝑥1)
2 + (𝑦 − 𝑦1)

2
 and 𝑃𝐵2 = (𝑥 − 𝑥2)

2 + (𝑦 − 𝑦2)
2

Since 𝑃𝐴 = 𝑃𝐵 ⇒ (𝑥 − 𝑥1)
2 + (𝑦 − 𝑦1)

2 = (𝑥 − 𝑥2)
2 + (𝑦 − 𝑦2)

2

𝑥2 − 2𝑥𝑥1 + 𝑥2
1 + 𝑦2 − 2𝑦𝑦1 + 𝑦2

1 = 𝑥2 − 2𝑥𝑥2 + 𝑥2
2 + 𝑦2 − 2𝑦𝑦2 + 𝑦2

2

−2𝑥𝑥1 − 2𝑦𝑦1 + 𝑥2
1 + 𝑦2

1 = −2𝑥𝑥2 − 2𝑦𝑦2 + 𝑥2
2 + 𝑦2

2

Rearranging, 2𝑥(𝑥2 − 𝑥1) + 2𝑦(𝑦2 − 𝑦1) = 𝑥2
2 + 𝑦2

2 − 𝑥2
1 − 𝑦2

1

This is a linear equation in 𝑥 and 𝑦, hence it represents a straight line.

Now let 𝑀  be the midpoint of 𝐴𝐵. Then 𝑀(𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ).

Substituting the coordinates of 𝑀  into the equation satisfies it, so the line passes 
through the midpoint of 𝐴𝐵.

Now we consider triangles 𝑃𝐴𝑀  and 𝑃𝐵𝑀  and we see that 𝑃𝐴 = 𝑃𝐵, 𝑃𝑀 =
𝑃𝑀, 𝐴𝑀 = 𝐵𝑀  so both the triangles are congruent. We also find that 𝑃𝐴2 =
𝑃𝑀2 + 𝐴𝑀2, thus, the triangles are right angled as well at 𝑀 . Thus, we have 

proven that the locus bisects 𝐴𝐵 at right angle.

36. Distance of 𝑃(𝑥, 𝑦) from (𝑎, 0) is √(𝑥 − 𝑎)2 + 𝑦2 = 𝑎 + 𝑥

Sqauring gives us, ⇒ (𝑥 − 𝑎)2 + 𝑦2 = (𝑥 + 𝑎)2 ⇒ 𝑦2 = 4𝑎𝑥.

37. Let 𝐴(1, 2), 𝐵(−2, 3) and 𝑃(𝑥, 𝑦).



The area of triangle 𝑃𝐴𝐵 is given by

Δ = 1
2 |𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|

Substituting 𝐴(1, 2), 𝐵(−2, 3) and 𝑃(𝑥, 𝑦),

Δ = 1
2 | 𝑥(2 − 3) + 1(3 − 𝑦) + (−2)(𝑦 − 2) |

= 1
2 | 𝑥(−1) + 3 − 𝑦 − 2𝑦 + 4 |

= 1
2 | − 𝑥 − 3𝑦 + 7 | = 9

| − 𝑥 − 3𝑦 + 7 | = 18

𝑥 + 3𝑦 = −11 or 𝑥 + 3𝑦 = 25

38. Let 𝐴(1, 2) and let 𝑄(𝑥, 𝑦) be a variable point on the curve 𝑥2 + 𝑦2 + 𝑥 + 𝑦 = 0.

Let 𝑃(ℎ, 𝑘) be the midpoint of 𝐴𝑄. By the midpoint formula,

ℎ = 1+𝑥
2 , 𝑘 = (2 + 𝑦)(2).

Hence, 𝑥 = 2ℎ − 1, 𝑦 = 2𝑘 − 2

Since 𝑄 lies on the curve, (2ℎ − 1)2 + (2𝑘 − 2)2 + (2ℎ − 1) + (2𝑘 − 2) = 0

⇒ 4ℎ2 − 4ℎ + 1 + 4𝑘2 − 8𝑘 + 4 + 2ℎ − 1 + 2𝑘 − 2 = 0

⇒ 2ℎ2 + 2𝑘2 − ℎ − 3𝑘 + 1 = 0

So the locus is 2𝑥2 + 2𝑦2 − 𝑥 − 3𝑦 + 1 = 0.

39. If 𝑃(𝑥, 𝑦) divides 𝐴𝑄 internally in the ratio 3 : 1, then by section formula,

𝑥 = 3.3 cos 𝜃+1.2
4 , 𝑦 = 3.2 sin 𝜃+1.3

4 .

𝑥 = 9 cos 𝜃+2
4 , 𝑦 = 6 sin 𝜃+3

4 .

Rearranging, 4𝑥 − 2 = 9 cos 𝜃, 4𝑦 − 3 = 6 sin 𝜃.

Thus, cos 𝜃 = 4𝑥−2
9 , sin 𝜃 = 4𝑦−3

6 .

Using cos2 𝜃 + sin2 𝜃 = 1,

(4𝑥−2
9 )2 + (4𝑦−3

6 )
2

= 1.

Hence the locus of 𝑃  is 
(4𝑥−2)2

81 + (4𝑦−3)2

36 = 1.

40. Let a variable line through 𝐴(6, −8) cut the 𝑥-axis at 𝑄(𝑎, 0).

Let 𝑃(𝑥, 𝑦) be the midpoint of 𝐴𝑄.

By midpoint formula, 𝑥 = 6+𝑎
2 , 𝑦 = −8+0

2 .

So, 𝑥 = 6+𝑎
2 , 𝑦 = −4.

From the first equation, 𝑎 = 2𝑥 − 6.

Since 𝑎 is arbitrary (any real number), 𝑥 can take any real value, while 𝑦 is constant.

Hence the locus of 𝑃  is 𝑦 = −4.
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3 Answers of Straight Lines

1. Since the intercept and angle with 𝑥-axis is given, therefore, we can represent this 
line using slope intercept form i.e. 𝑦 = 𝑚𝑥 + 𝑐.

𝑚 = tan 45° = 1 and 𝑐 = 5. Therefore, the required equation is 𝑦 = 𝑥 + 5.

2. Let the interecepts be 𝑎, −𝑎 for the two axes. So we can represent the line as 𝑥
𝑎 −

𝑦
𝑎 = 1. Since it passes through (2, −3) ⇒ 2

𝑎 − −3
𝑎 = 1 ⇒ 𝑎 = 5.

Thus, the required equation is 𝑥 − 𝑦 = 5.

3. Let the required straight line be 𝑥
𝑎 + 𝑦

𝑏 = 1, which will meet the axes at (𝑎, 0) 
and (0, 𝑏).

The coordinate of the point dividing the line joining these points in the ratio 1 :
2 is 2.𝑎+1.0

2+1  and 2.0+1.𝑏
2+1  i.e. 2𝑎

3  and 𝑏
3 .

Thus, 2𝑎
3 = −5 ⇒ 𝑎 = −15

2  and 4 = 𝑏
3 ⇒ 𝑏 = 12.

Thus, the required equationis 𝑥
−15

2
+ 𝑦

12 = 1 ⇒ 5𝑦 − 8𝑥 = 60.

4. Comparing the equation with 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 we have 𝑎 = 1, 𝑏 =
√

3, 𝑐 = 1
√

𝑎2 + 𝑏2 =
√

1 + 3 = 2

Dividing the given equation by 2 gives us

𝑥
2 + 𝑦

√
3

2 + 7
2 = 0 ⇒ 𝑥 cos 240° + 𝑦 sin 240° = 7

2 .

5. The equation of straight in two-point form is given by 𝑦 − 𝑦1 = 𝑦2−𝑦1
𝑥2−𝑥1

(𝑥 − 𝑥1)

So the equation becomes 𝑦 − 3 = −2−3
4+1 (𝑥 + 1) ⇒ 𝑥 + 𝑦 = 2.

6. Since the intercept and slope is given we can represent it as 𝑦 = 𝑚𝑥 + 𝑐. Given 

that 𝑐 = 1 and 𝑚 = tan 45° = 1.

Therefore, the required equation is 𝑦 = 𝑥 + 1.

7. Since the intercept and slope is given we can represent it as 𝑦 = 𝑚𝑥 + 𝑐. Given 

that 𝑐 = −5. Since the line is equally inclined to the axes so angle of inclination 
is 𝜃 = 45°.

Thus, 𝑚 = tan 𝜃 = 1, and thus, the required equation is 𝑦 = 𝑥 − 5.

8. Since the intercept and slope is given we can represent it as 𝑦 = 𝑚𝑥 + 𝑐. Given 

that 𝑐 = −2. Since the line is inclined at 30° to 𝑂𝑋 so 𝑚 = tan 30° = 1√
3 .

Thus, required equation is 𝑦 = 𝑥√
3 − 2 ⇒

√
3𝑦 = 𝑥 − 2

√
3.

9. Since the intercept and slope is given we can represent it as 𝑦 = 𝑚𝑥 + 𝑐. Given 

that 𝑐 = −3. Since the line is inclined at an angle tan−1 3
5 , therefore 𝑚 =

tan tan−1 3
5 = 3

5 .

Thus, required equation is 𝑦 = 3
5𝑥 − 3 ⇒ 5𝑦 = 3𝑥 − 9.
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10. Since intercepts are given so we can use the intercept form i.e. 𝑥
𝑎 + 𝑦

𝑏 = 1. Given 

that 𝑎 = 2 and 𝑏 = 3.

Therefore, the equation of the line is 𝑥
2 + 𝑦

3 = 1 ⇒ 3𝑥 + 2𝑦 = 6.

11. Since intercepts are given so we can use the intercept form i.e. 𝑥
𝑎 + 𝑦

𝑏 = 1. Given 

that 𝑎 = −5 and 𝑏 = 6.

Therefore, the equation of the line is 𝑥
−5 + 𝑦

6 = 1 ⇒ 5𝑦 = 6𝑥 + 30.

12. Let the intercept be 𝑎 on both the axes. Then the equation of the line would be 
𝑥
𝑎 + 𝑦

𝑎 = 1 ⇒ 𝑥 + 𝑦 = 𝑎. Since the line passes through (5, 6), therefore, 𝑎 = 5 +
6 = 11. And thus, the equation of the straight line is 𝑥 + 𝑦 = 11.

In the second case let the intercepts be 𝑎, −𝑎. Then the equation would be 𝑥
𝑎 −

𝑦
𝑎 = 1 ⇒ 𝑥 − 𝑦 = 𝑎. Since the line passes through (5, 6), therefore, 𝑎 = 5 − 6 =
−1. And thus, equation of the straight line would be 𝑥 − 𝑦 + 1 = 0.

13. First let the intercepts be 𝑎, 𝑎, then the equation of the line would be 𝑥
𝑎 + 𝑦

𝑎 =
1 ⇒ 𝑥 + 𝑦 = 𝑎. Since the line passes theough (1, −2), therefore, 𝑎 = 1 − 2 = −1. 

And thus, the equation fo the straight line is 𝑥 + 𝑦 = −1 or 𝑥 + 𝑦 + 1 = 0.

Now let the intercepts be 𝑎, −𝑎, then 𝑎 = 𝑥 − 𝑦 = 1 + 2 = 3. So, the equation 

would be 𝑥 − 𝑦 = 3.

14. Let 𝑎, 𝑏 are the intercepts with 𝑥-axis and 𝑦-axis respectively. Since (𝑥′, 𝑦′) bisects 

it therefore 𝑥′ = 𝑎
2 ⇒ 𝑎 = 2𝑥′, and similarly, 𝑏 = 2𝑦′. The equation of line would 

be 𝑥
𝑎 + 𝑦

𝑏 = 1

And thus, the required equation of the line in question is 𝑥𝑦′ + 𝑥′𝑦 = 2𝑥′𝑦′.

15. Let 𝑎, 𝑏 are the intercepts with 𝑥-axis and 𝑦-axis respectively. Since (−4, 3) 
divides the intercept in the ratio 5 : 3, therefore, −4 = 5.0+3.𝑎

5+3 ⇒ 𝑎 = −32
3  and 

3 = 5.𝑏+3.0
5+3 ⇒ 𝑏 = 24

5 .

And thus equation of line is 𝑥
𝑎 + 𝑦

𝑏 = 1 ⇒ −3𝑥
32 + 5𝑦

24 = 1 ⇒ 20𝑦 − 9𝑥 = 96.

16. We will make use of two point form. The equation of the line is given by

𝑦 − 0 = −2−0
2−0 (𝑥 − 0) ⇒ 𝑥 + 𝑦 = 0.

17. We will make use of two point form. The equation of the line is given by

𝑦 − 4 = 6−4
5−3(𝑥 − 3) ⇒ 𝑦 = 𝑥 + 1.

18. We will make use of two point form. The equation of the line is given by

𝑦 − 3 = −7−3
6+1 (𝑥 + 1) ⇒ 7𝑦 − 21 = −10𝑥 − 10 ⇒ 10𝑥 + 7𝑦 = 11.

19. This problem can be solved with intercept form. Intercept on 𝑥-axis is 𝑏 and on 
𝑦-axis is −𝑎. Thus, equation of the line is 𝑥

𝑏 − 𝑦
𝑎 = 1 ⇒ 𝑎𝑥 − 𝑏𝑦 = 𝑎𝑏.

20. We will make use of two point form. The equation of the line is given by

𝑦 − 𝑏 = 𝑎−𝑏−𝑏
𝑎+𝑏−𝑎(𝑥 − 𝑎) ⇒ 𝑏𝑦 − 𝑏2 = (𝑎 − 2𝑏)𝑥 − 𝑎2 + 2𝑎𝑏 ⇒ (𝑎 − 2𝑏)𝑥 − 𝑏𝑦 +

𝑏2 + 2𝑎𝑏 − 𝑎2 = 0.



21. The equation of the given line is given by 𝑦 − 2𝑎𝑡1 = 2𝑎𝑡2−2𝑎𝑡1
𝑎𝑡2

2−𝑎𝑡2
1

(𝑥 − 𝑎𝑡21) =
2

𝑡2+𝑡1
(𝑥 − 𝑎𝑡21)

⇒ 𝑦(𝑡1 + 𝑡2) − 2𝑥 = 2𝑎𝑡1𝑡2.

22. The equation of the given line is given by 𝑦 − 𝑎
𝑡1

=
𝑎
𝑡2

− 𝑎
𝑡1

𝑎𝑡2−𝑎𝑡1
(𝑥 − 𝑎𝑡1) = − 1

𝑡1𝑡2
(𝑥 −

𝑎𝑡1)

⇒ 𝑡1𝑡2𝑦 + 𝑥 = 𝑎(𝑡1 + 𝑡2).

23. The equation of the line is given by 𝑦 − 𝑎 sin 𝜑1 = 𝑎 sin 𝜑2−𝑎 sin 𝜑1
𝑎 cos 𝜑2−𝑎 cos 𝜑1

(𝑥 − 𝑎 cos 𝜑1)

⇒ 𝑦 − 𝑎 sin 𝜑1 = 2 cos 𝜑1+𝜑2
2 sin 𝜑2−𝜑1

2
2 sin 𝜑1+𝜑2

2 sin 𝜑1−𝜑2
2

(𝑥 − 𝑎 cos 𝜑1)

⇒ 𝑥 cos 𝜑1+𝜑2
2 + 𝑦 sin 𝜑1+𝜑2

2 = 𝑎 cos 𝜑1−𝜑2
2 .

24. The equation of the line is given by 𝑦 − 𝑏 sin 𝜑1 = 𝑏 sin 𝜑2−𝑏 sin 𝜑1
𝑎 cos 𝜑2−𝑎 cos 𝜑1

(𝑥 − 𝑎 cos 𝜑1)

⇒ 𝑦 − 𝑏 sin 𝜑1 = 2𝑏 cos 𝜑1+𝜑2
2 sin 𝜑2−𝜑1

2
2𝑎 sin 𝜑1+𝜑2

2 sin 𝜑1−𝜑2
2

(𝑥 − 𝑎 cos 𝜑1)

⇒ 𝑥
𝑎 cos 𝜑1+𝜑2

2 + 𝑦
𝑏 sin 𝜑1+𝜑2

2 = cos 𝜑1−𝜑2
2

25. The equation of the line is given by 𝑦 − 𝑏 tan 𝜑1 = 𝑏 tan 𝜑2−𝑏 tan 𝜑1
𝑎 sec 𝜑2−𝑎 sec 𝜑1

(𝑥 − 𝑎 sec 𝜑1)

Now 
𝑏 tan 𝜑2−𝑏 tan 𝜑1
𝑎 sec 𝜑2−𝑎 sec 𝜑1

= 𝑏
𝑎 . sin 𝜑2 cos 𝜑1− sin 𝜑1 cos 𝜑2

cos 𝜑1− cos 𝜑2

= sin(𝜑2−𝜑1)
cos 𝜑1− cos 𝜑2

= 2 sin(𝜑2−𝜑1
2 ) cos(𝜑2−𝜑1

2 )
2 sin(𝜑1+𝜑2)

2
sin(𝜑2−𝜑1)

2

Simplifying gives us the equation of the line as

𝑏𝑥 cos(𝜑1−𝜑2)
2 − 𝑎𝑦 sin(𝜑1+𝜑2)

2 = 𝑎𝑏 cos(𝜑1+𝜑2)
2 .

26. Let the vertices of the triangle be 𝐴(1, 4), 𝐵(2, −3) and 𝐶(−1, −2).

We find the equations of the sides 𝐴𝐵, 𝐵𝐶 and 𝐶𝐴.

Slope of 𝐴𝐵: 𝑚𝐴𝐵 = −3−4
2−1 = −7

Equation of 𝐴𝐵: 𝑦 − 4 = −7(𝑥 − 1) so 𝑦 = −7𝑥 + 11

Slope of 𝐵𝐶 : 𝑚𝐵𝐶 = −2−(−3)
−1−2 = 1

−3 = −1
3

Equation of 𝐵𝐶 : 𝑦 + 3 = (−1
3)(𝑥 − 2) so 𝑦 = −1

3𝑥 − 7
3 ⇒ 3𝑦 + 𝑥 + 7 = 0

Slope of 𝐶𝐴: 𝑚𝐶𝐴 = 4−(−2)
1−(−1) = 6

2 = 3

Equation of 𝐶𝐴: 𝑦 − 4 = 3(𝑥 − 1) so 𝑦 = 3𝑥 + 1

Hence, the equations of the sides are: 𝐴𝐵 : 𝑦 + 7𝑥 = 11, 𝐵𝐶 : 3𝑦 + 𝑥 + 7 = 0, 

and 𝐶𝐴 : 𝑦 = 3𝑥 + 1

27. Let the vertices of the triangle be 𝐴(0, 1), 𝐵(2, 0) and 𝐶(−1, −2).

We find the equations of the sides 𝐴𝐵, 𝐵𝐶 and 𝐶𝐴.

Slope of 𝐴𝐵: 𝑚𝐴𝐵 = 0−1
2−0 = −1

2
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Equation of 𝐴𝐵: 𝑦 − 1 = (−1
2)(𝑥 − 0) so 𝑦 = −1

2𝑥 + 1

Slope of 𝐵𝐶 : 𝑚𝐵𝐶 = −2−0
−1−2 = − 2

−3 = 2
3

Equation of 𝐵𝐶 : 𝑦 − 0 = (2
3)(𝑥 − 2) so 𝑦 = 2

3𝑥 − 4
3

Slope of 𝐶𝐴: 𝑚𝐶𝐴 = 1−(−2)
0−(−1) = 3

1 = 3

Equation of 𝐶𝐴: 𝑦 − 1 = 3(𝑥 − 0) so 𝑦 = 3𝑥 + 1

Hence, the equations of the sides are: 𝐴𝐵 : 2𝑦 + 𝑥 = 2, 𝐵𝐶 : 𝑦 = 2
3𝑥 − 4

3 , and 

𝐶𝐴 : 𝑦 = 3𝑥 + 1.

28. Intersection of 𝑥 = 𝑎, 𝑦 = 𝑏 will give the point (𝑎, 𝑏) and opposite to it will be 

intersection of the lines 𝑥 = 𝑎′ and 𝑦 = 𝑏′ i.e. (𝑎′, 𝑏′). Equation of this diagonal 

would be 𝑦 − 𝑏 = 𝑏′−𝑏
𝑎′−𝑎(𝑥 − 𝑎) ⇒ (𝑏′ − 𝑏)𝑥 − (𝑎′ − 𝑎)𝑦 + (𝑎′ − 𝑎)𝑏 + (𝑏 − 𝑏′)𝑎 =

(𝑏′ − 𝑏)𝑥 + (𝑎 − 𝑎′)𝑦 + 𝑎′𝑏 − 𝑎𝑏′.

Intersection of 𝑥 = 𝑎, 𝑦 = 𝑏′ will give the point (𝑎, 𝑏′) and opposite to it will be 

intersection of the lines 𝑥 = 𝑎′ and 𝑦 = 𝑏 i.e. (𝑎′, 𝑏). Equation of this diagonal 

would be 𝑦 − 𝑏 = 𝑏−𝑏′

𝑎′−𝑎(𝑥 − 𝑎′), simplification of which is left to you.

𝑂 𝑋

𝑌

𝑥 = 𝑎 𝑥 = 𝑎′

𝑦 = 𝑏

𝑦 = 𝑏′

29. Point which bisects the distance between (𝑎, 𝑏) and (𝑎′, 𝑏′) is given by (𝑎+𝑎′

2 , 𝑏+𝑏′

2 ), 

and point which bisects the distance between (−𝑎, 𝑏) and (𝑎′, −𝑏′) is given by 

(𝑎′−𝑎
2 , 𝑏−𝑏′

2 ).

The equation of the line passing through these points obtained is given by 𝑦 −
𝑏+𝑏′

2 =
𝑏−𝑏′

2 −𝑏+𝑏′
2

𝑎′−𝑎
2 −𝑎+𝑎′

2
(𝑥 − 𝑎+𝑎′

2 )

⇒ 2𝑎𝑦 − 2𝑏′𝑥 = 𝑎𝑏 − 𝑎′𝑏′.

30. Intercepts of the line 3𝑥 + 𝑦 = 12 are (4, 0) and (0, 12). The points which trisect 

these lines are (2.4+0.1
3 , 0.2+12.1

3 ) and (1.4+0.2
3 , 0.1+12.2

3 ) i.e. (8
3 , 4) and (4

3 , 8).

Line passing through origin and (8
3 , 4) is 𝑦 = 4

8
3
𝑥 ⇒ 3𝑥 = 2𝑦, and line passing 

through origin and (4
3 , 8) is 𝑦 = 8

4
3
𝑥 ⇒ 𝑦 = 6𝑥.

31. Slope of the line = 𝑚 = tan 15° = tan(45° − 30°) =
1− 1√

3
1+ 1√

3
= 2 −

√
3



Intercept on 𝑦-axis is 𝑐 = −4. Therefore, the equation of the line is 𝑦 = (2 −
√

3)𝑥 − 4.

32.

𝑂 𝑋

𝑌

𝑌 ′

30∘

From the diagram it is clear that angle made with positive direction of 𝑥-axis is 
60°. Thus, slope of the line is 𝑚 = tan 60° =

√
3, and the intercept with 𝑦-axis 

is −4
√

3.

Thus, equation of the line is 
√

3𝑥 − 𝑦 − 4
√

3 = 0.

33. Given that cos 𝜃 = −1
3 ⇒ tan 𝜃 = −

√
3 = 𝑚, which is slope of the line. Thus, the 

equation of the line is given by

𝑦 − 2 = −
√

8(𝑥 − 1) ⇒ 2
√

2𝑥 + 𝑦 − 2(
√

2 + 1) = 0.

34. Equation of the line is given by 𝑦 − 3 = 3+2
−1−4(𝑥 + 1) ⇒ 𝑥 + 𝑦 = 2.

35.

𝑂 𝑋

𝑌

𝐴(2, 0)
15∘

30∘
𝐶
𝐵

Given 𝐴 ≡ (2, 0), and 𝐴𝐵 is the initial position, and 𝐴𝐶 is the final position after 

rotation.

Given ∠𝐵𝐴𝑋 = 30°, and ∠𝐵𝐴𝐶 = 15° ∴ ∠𝐶𝐴𝑋 = 15°

Slope of line 𝐴𝐶 = tan 15° = 2 −
√

3

Therefore, equation of line 𝐴𝐶 is 𝑦 − 0 = (2 −
√

3)(𝑥 − 2) ⇒ (2 −
√

3)𝑥 − 𝑦 −
4 + 2

√
3 = 0.

36. Let 𝐴𝐷 be the internal bisector of the ∠𝐵𝐴𝐶 which meets the side 𝐵𝐶 at 𝐷.
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Now 𝐴𝐵 = √(5 − 2)2 + (2 − 3)2 =
√

10, and 𝐴𝐶 = √(5 − 6)2 + (2 − 5)2 =√
10

Since 𝐴𝐷 is the internal bisector, therefore, 𝐵𝐷
𝐷𝐶 = 𝐴𝐵

𝐴𝐶 =
√

10√
10 = 1

∴ 𝐷 ≡ (2+6
2 , 3+5

2 ) = (4, 4)

Now equation of 𝐴𝐷 is 𝑦 − 2 = 2−4
5−4(𝑥 − 5) ⇒ 2𝑥 + 𝑦 = 12.

37. Let 𝐴𝐵𝐶𝐷 be a rectangle such that 𝐴 ≡ (1, 2) and 𝐶 ≡ (5, 5). Clearly, vertices 

𝐵 and 𝐷 lie on the line 𝑥 = 3. Let them be 𝐵(3, 𝑦1) and 𝐷(3, 𝑦2).

Since 𝐴𝐶 and 𝐵𝐷 bisect each other, therefore, their middle-points will be same.

Thus, 
𝑦1+𝑦2

2 = 2+5
2 ⇒ 𝑦1 + 𝑦2 = 7.

Also, 𝐵𝐷2 = 𝐴𝐶2 ⇒ (𝑦1 − 𝑦2)
2 = (1 − 5)2 + (2 − 5)2 = 25 ⇒ 𝑦1 − 𝑦2 = ±5

⇒ 𝑦1 = 6, 𝑦2 = 1 or 𝑦1 = 1, 𝑦2 = 6. So the other vertices are (3, 1) and (3, 6). Let 

𝐵 represent (3, 1) and 𝐷 represent (3, 6).

Equation of side 𝐴𝐵 is 𝑦 − 2 = 2−1
1−3(𝑥 − 1) ⇒ 𝑥 + 2𝑦 = 5.

Equation of side 𝐵𝐶 is 𝑦 − 1 = 1−5
3−5(𝑥 − 3) ⇒ 2𝑥 − 𝑦 = 5.

Equation of side 𝐶𝐷 is 𝑦 − 5 = 5−6
5−3(𝑥 − 5) ⇒ 𝑥 + 2𝑦 = 15.

Equation of side 𝐴𝐷 is 𝑦 − 2 = 2−6
1−3(𝑥 − 1) ⇒ 2𝑥 = 𝑦.

38. Equation of 𝑂𝑇 : Slope of 𝑂𝑇 = tan 45° = 1 and it passes through 𝑂(0, 0).

Thus, equation is 𝑦 − 0 = 1.(𝑥 − 0) ⇒ 𝑦 = 𝑥.

Equation of 𝑂𝑆 : Slope of 𝑂𝑆 = tan 135° = −1 nad it passes through 𝑂(0, 0).

Thus, equation is 𝑦 − 0 = −1(𝑥 − 0) ⇒ 𝑥 + 𝑦 = 0.

Equation of 𝑆𝑃 : Given 𝑂𝑇 = 2
√

2 ∴ 𝑂𝑃 = 𝑂𝑇 sec 45° = 4 ∴ 𝑃 ≡ (0, 4).

Also, slope of the line 𝑆𝑃  is tan 45° = 1.

Thus, equation is 𝑦 − 4 = 1(𝑥 − 0) ⇒ 𝑦 = 𝑥 + 4.

Equation of 𝑄𝑅 : Given 𝑂𝑄 = 𝑂𝑇 sec 45° = 4 ∴ 𝑄 ≡ (4, 0).

Slope of line 𝑄𝑅 = tan 75° = tan(45° + 30°) =
1+ 1√

3
1− 1√

3
= 2 +

√
3.

Thus, equation is 𝑦 − 0 = (2 +
√

3)(𝑥 − 4) ⇒ (2 +
√

3)𝑥 − 𝑦 − 8 − 4
√

3 = 0.

Equation of 𝑃𝑅 : 𝑃 ≡ (4, 0). Slope of line 𝑃𝑅 = tan 15° = tan(45° − 30°) =
1− 1√

3
1+ 1√

3
= 2 −

√
3.

Thus, equation is 𝑦 − 4 = (2 −
√

3)(𝑥 − 0) ⇒ (2 −
√

3)𝑥 − 𝑦 + 4 = 0.

Equation of 𝑃𝑄 : 𝑃 ≡ (0, 4) and 𝑄 ≡= (4, 0).

Thus, equation is 𝑦 − 4 = 4−0
0−4(𝑥 − 0) ⇒ 𝑥 + 𝑦 = 4.



39. Let 𝐴𝐷, 𝐵𝐸 and 𝐶𝐹  meet at 𝑂. We take 𝑂 as origin. Let the coordinates of 

points 𝐴, 𝐵 and 𝐶 be (𝑥1, 𝑦1), (𝑥2, 𝑦2) and (𝑥3, 𝑦3) respectively.

Let 𝐷 divide 𝐵𝐶 in the ratio 𝑘 : 1 i.e. 𝐵𝐷
𝐷𝐶 = 𝑘 then 𝐷 ≡ (𝑘𝑥3+𝑥2

𝑘+1 , 𝑘𝑦3+𝑦2
𝑘+1 )

Also, equation of line 𝐴𝐷 is 𝑦 − 0 = 𝑦1−0
𝑥1−0(𝑥 − 0) ⇒ 𝑦 = 𝑦1

𝑥1
𝑥

Since 𝐷 lies on 𝐴𝐷, therefore, 
𝑘𝑦3+𝑦2

𝑘+1 = 𝑦1
𝑥1

(𝑘𝑥3+𝑥2
𝑘+1 )

𝑘 = 𝐵𝐷
𝐷𝐶 = 𝑥2𝑦1−𝑥1𝑦2

𝑥1𝑦3−𝑥3𝑦1

Similarly, 𝐶𝐸
𝐸𝐴 = 𝑥3𝑦2−𝑥2𝑦3

𝑥2𝑦1−𝑥1𝑦2
, and 𝐴𝐹

𝐹𝐵 = 𝑥1𝑦3−𝑥3𝑦1
𝑥3𝑦2−𝑥2𝑦3

Thus, 𝐵𝐷
𝐷𝐶 .𝐶𝐸

𝐸𝐴 .𝐴𝐹
𝐹𝐵 = 1.

40.

𝐴(0, 0)
𝑋

𝑌

𝐵(2, 1)

𝐶(3, 0)𝑃 𝑆

𝑄 𝑅

Let 𝑃𝑄𝑅𝑆 be the square inscribed in the 𝐴𝐵𝐶 . Let 𝑃 ≡ (𝑎, 0) 
and length of each side of the square be 𝑘 then 𝑆 ≡ (𝑎 + 𝑘, 0), 𝑄 ≡ (𝑎, 𝑘), 𝑅 ≡
(𝑎 + 𝑘, 𝑘).

Equation of the line 𝐴𝐵 is 𝑦 − 0 = 1−0
2−0(𝑥 − 0) ⇒ 𝑥 = 2𝑦.

Equation of the line 𝐵𝐶 is 𝑦 − 0 = 0−1
3−2(𝑥 − 3) ⇒ 𝑥 + 𝑦 = 3.

Since 𝑄(𝑎, 𝑘) lies on 𝐴𝐵, therefore, 𝑎 = 2𝑘.

Again 𝑅(𝑎 + 𝑘, 𝑘) lies on 𝐵𝐶 , therefore, 𝑎 + 2𝑘 = 3 ⇒ 𝑘 = 3
4 , 𝑎 = 3

2 .

Hence, 𝑃 ≡ (3
2 , 0), 𝑄 ≡ (3

2 , 3
4), 𝑅 ≡ (9

4 , 3
4) and 𝑆 ≡ (9

4 , 0).

41. Equation of the given line is 
√

3𝑦 − 3𝑥 = 3 ⇒ 𝑦 =
√

3𝑥 +
√

3, which is of the 

form 𝑦 = 𝑚𝑥 + 𝑐.

Slope of the line is 
√

3 = tan 60°. Thus, the given line makes an angle of 60° with 

the 𝑥-axis.

42. Since slope and intercept are given, therefore, slope-intercept form can be used. 
Given that 𝑚 = 3, 𝑐 = 7, therefore, equation of the straight line is 𝑦 = 3𝑥 + 7.

43. Since slope and intercept are given, therefore, slope-intercept form can be used. 
Given that

𝑚 = tan 75° = tan(45° + 30°) =
1+ 1√

3
1− 1√

3
= 2 +

√
3, and 𝑐 = 3.

Therefore, the equation of the line is 𝑦 = (2 −
√

3)𝑥 + 3.

44. Since slope and intercept are given, therefore, slope-intercept form can be used. 
Given that
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𝑚 = tan sin−1 12
13 = 5

13  and 𝑐 = −5

Therefore, the equation of the line is 𝑦 = 5
13𝑥 − 5 ⇒ 5𝑥 − 13𝑦 = 65.

45. Since the line is parallel to 𝑥-axis, therefore, it will make an angle of 0° with 𝑥
-axis i.e. 𝑚 = tan 0° = 0. Also, since its distance from 𝑥-axis is 5units, therefore, 
the intercept on 𝑦-axis is 5, which makes intercept 𝑐 = 5.

Thus, equation of the line would be 𝑦 = 0.𝑥 + 5 ⇒ 𝑦 = 5.

Since it is not given that intercept is from positive or negative direction of 𝑦-axis, 

therefore, the other line would be 𝑦 + 5 = 0.

46. Since the line is parallel to 𝑦-axis therefore the equation would be 𝑥 = 𝑘, where 

𝑘 is the intercept on 𝑥-axis, which is given as −4. Therefore, the equation of the 
line is 𝑥 = −4.

47. Lines parallel and perpendicular to 𝑥-axis are given by 𝑥 = 𝑘 and 𝑦 = 𝑝, where 𝑘 

and 𝑝 are distance of the line from the 𝑦-axis and 𝑥-axis.

Since these lines pass through (5, 3), therefore, 𝑥 = 5 and 𝑦 = 3 are the desired 

equations of the straight lines.

48. Since the line makes an angle of 135° with positive direction of the 𝑦-axis, 

therefore, it makes an angle of 135° with positive direction of the 𝑥-axis. Thus, 
slope of the line is 𝑚 = tan 135° = −1.

Also give that it cuts an intercept of 2 from positive direction of the 𝑥-axis, which 
means that it passes through (2, 0).

Thus, equation of the straight line would be 𝑦 − 0 = −1.(𝑥 − 2) ⇒ 𝑥 + 𝑦 = 2.

49. Since the slope is 2 and the line cuts an intercept of 4 on 𝑥-axis i.e. it passes 
through (4, 0) the equation of the line would be

𝑦 = 0 = 2(𝑥 − 4) ⇒ 2𝑥 − 𝑦 = 8.

50. Since the line makes an angle of 60° with the positive direction of the 𝑦-axis, 

therefore, it would make an angle of 30° with the positive direction of 𝑥-axis. 
Therefore, the slope of the line is 𝑚 = tan 30° = 1√

3 .

Also given that the line passes through (3, −2), thus the equation of the line 

would be

𝑦 + 2 = 1√
3(𝑥 − 3) ⇒ 𝑥 −

√
3𝑦 = 3 + 2

√
3.

51. Slope is given by 𝑚 = 𝑦2−𝑦1
𝑥2−𝑥1

= 2−4
1−3 = 1.

The equation of the line would be 𝑦 − 4 = 1.(𝑥 − 3) ⇒ 𝑥 − 𝑦 + 1 = 0.

52. The equation of the line is given by 𝑦 − 𝑏 = 𝑏+𝑟 sin 𝜃−𝑏
𝑎+𝑟 cos 𝜃−𝑎(𝑥 − 𝑎)

⇒ 𝑥 tan 𝜃 − 𝑦 = 𝑎 tan 𝜃 − 𝑏.

53. The equation of the straight line is given by 𝑦 + 3 = 2+3
−4−1(𝑥 − 1) ⇒ 𝑥 + 𝑦 +

2 = 0.

54. Equation of the straight line passing through (1, 4) and (3, −2) is given by



𝑦 − 4 = −2−4
3−1 (𝑥 − 1) ⇒ 3𝑥 + 𝑦 = 7.

Now we put (−3, 16) in this equation which gives us 3. − 3 + 16 = 7, which 

is true. Thus, the point (−3, 16) also lies on the same line making the points 

collinear. We could have found the equation between (3, −2) and (−3, 16) which 

would also give the same equation.

Another way would be finding the area of the triangle whose vertices are the 
given three points and we will find that area of the triangle is zero; making the 
points collinear.

55. Line passing through (𝑎, 𝑏) and (𝑎1, 𝑏1) is given by

𝑦 − 𝑏 = 𝑏1−𝑏
𝑎1−𝑎(𝑥 − 𝑎) ⇒ (𝑏1 − 𝑏)𝑥 − 𝑎(𝑏1 − 𝑏) = (𝑎1 − 𝑎)𝑦 − 𝑏(𝑎1 − 𝑎)

⇒ (𝑏1 − 𝑏)𝑥 − 𝑎𝑏1 = (𝑎1 − 𝑎)𝑦 − 𝑎1𝑏

Now (𝑎 − 𝑎1, 𝑏 − 𝑏1) also lies on this point, therefore, it should satisfy the above 

equation.

Thus, (𝑏1 − 𝑏)(𝑎 − 𝑎1) − 𝑎𝑏1 = (𝑎1 − 𝑎)(𝑏 − 𝑏1) − 𝑎1𝑏 ⇒ 𝑎𝑏1 − 𝑎𝑏 − 𝑎1𝑏1 +
𝑎1𝑏 − 𝑎𝑏1 = 𝑎1𝑏 − 𝑎1𝑏1 − 𝑎𝑏 + 𝑎𝑏1 − 𝑎1𝑏

⇒ 𝑎𝑏1 = 𝑎1𝑏.

Thus, the equation of the line becomes (𝑏1 − 𝑏)𝑥 = (𝑎1 − 𝑎)𝑦, which clearly passes 

through the origin.

56. The equation of the straight line which passes through (1, 2) and (−3, 0) is 

given by

𝑦 − 2 = 0−2
−3−1(𝑥 − 1) ⇒ 2𝑦 = 𝑥 + 3.

For the points to be collinear (𝑡 − 1, 3) has to be on this line. Thus,

2.3 = 𝑡 − 1 + 3 ⇒ 𝑡 = 4.

57. The equation of the straight line which passes through (𝑝, 𝑞 + 𝑟) and (𝑞, 𝑟 + 𝑝) is 

given by

𝑦 − 𝑞 − 𝑟 = 𝑟+𝑝−𝑞−𝑟
𝑞−𝑝 (𝑥 − 𝑝) ⇒ 𝑥 + 𝑦 = 𝑝 + 𝑞 + 𝑟.

If the line passes through (𝑟, 𝑝 + 𝑞) then it would satisfy the obtained equation 

of the line. Putting the point in the obtained equation we have

𝑟 + 𝑝 + 𝑞 = 𝑝 + 𝑞 + 𝑟, which is true. Hence, proved.

58. Point dividing the line segment joining the points (−1, 2) and (4, −5) externally 

in the ratio 2 : 3 is given by

(2.4−3.−1
2−3 , 2.−5−3.2

2−3 ) ≡ (−11, 16).

The equation of the line passing through (1, 2) and (−11, 16) is given by

𝑦 − 2 = 16−2
−11−1(𝑥 − 1) ⇒ 7𝑥 + 6𝑦 − 19 = 0.

59. The equation of 𝐵𝐶 is given by 𝑦 − 1 = 0−1
2−0(𝑥 − 0) ⇒ 𝑥 + 2𝑦 = 2.
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The vertex 𝐴 is (−1, −2) and median passing through it will bisect 𝐵𝐶 i.e. it will 

pass through the point (1, 1
2).

Thus, equation of the median is given by

𝑦 + 2 =
1
2+2
1+1 (𝑥 + 1) ⇒ 5𝑥 − 4𝑦 − 3 = 0.

60. The mid-point of (2, 3) and (5, 4) is (7
2 , 7

2). The equation of the median passing 

through (1, 2) and (7
2 , 7

2) is given by

𝑦 − 2 = (7
2 − 2)(7

2 − 1)(𝑥 − 1) ⇒ 3𝑥 − 5𝑦 + 7 = 0.

The mid-point of (1, 2) and (2, 3) is (3
2 , 5

2). The equation of the median passing 

through (5, 4) and (3
2 , 5

2) is given by

𝑦 − 4 =
5
2−4
3
2−5(𝑥 − 5) ⇒ 3𝑥 − 7𝑦 + 13 = 0.

The mid-point of (1, 2) and (5, 4) is (3, 3). The equation of the median passing 

through (2, 3) and (3, 3) is given by

𝑦 − 3 = 3−3
3−2(𝑥 − 2) ⇒ 𝑦 = 3.

61. Let the line segment joining 𝐴(2, 3) and 𝐵(−1, 4) be divided by the line 𝑥 + 𝑦 +
1 = 0 in the ratio 𝑚 : 𝑛.

Using the section formula, the point of division 𝑃  is 𝑃 = (𝑚∗(−1)+𝑛∗2
𝑚+𝑛 , 𝑚∗4+𝑛∗3

𝑚+𝑛 ).

Since 𝑃  lies on 𝑥 + 𝑦 + 1 = 0, substitute: (−𝑚+2𝑛
𝑚+𝑛 ) + (4𝑚+3𝑛

𝑚+𝑛 ) + 1 = 0

⇒ −𝑚+2𝑛+4𝑚+3𝑛
𝑚+𝑛 + 1 = 0 ⇒ 3𝑚+5𝑛

𝑚+𝑛 + 1 = 0 ⇒ 𝑚
𝑛 = −3

2

Hence, the line divides the segment externally in the ratio −3 : 2, i.e., 3 : 2 
externally.

62. Let 𝐴(2, 3) and 𝐵(4, 1). Let the line through (1, 2) and (4, 3) divide 𝐴𝐵 in the 

ratio 𝑚 : 𝑛 at point 𝑃 .

Point 𝑃 = (𝑚.4+𝑛.2
𝑚+𝑛 , 𝑚.1+𝑛.3

𝑚+𝑛 ).

Slope of line through (1, 2) and (4, 3) is 3−2
4−1 = 1

3 .

Equation of this line: 𝑦 − 2 = (1
3)(𝑥 − 1).

Substituting 𝑃 : (𝑚+3𝑛
𝑚+𝑛 ) − 2 = (1

3)(4𝑚+2𝑛
𝑚+𝑛 − 1)

Simplifying LHS: 𝑚+3𝑛−2𝑚−2𝑛
𝑚+𝑛 = −𝑚+𝑛

𝑚+𝑛

RHS: (1
3)(4𝑚+2𝑛−𝑚−𝑛

𝑚+𝑛 ) = (1
3)(3𝑚+𝑛

𝑚+𝑛 )

So, −𝑚+𝑛
𝑚+𝑛 = 3𝑚+𝑛

3(𝑚+𝑛)  ⇒ 𝑛 = 3𝑚 ⇒ 𝑚 : 𝑛 = 1 : 3.

Hence, the line divides the segment internally in the ratio 1 : 3.

63. 𝐷 ≡ (2.1+1.−1
2+1 , 2.−3+1.−2

2+1 ) = (1
3 , −8

3)

Let mid-point of 𝐴𝐶 is 𝑀  then 𝑀 ≡ (3
2 , −1

2).



Equation of 𝐵𝑀  is given by 𝑦 + 2 = −1
2+2

3
2+1 (𝑥 + 1) ⇒ 5𝑦 + 10 = 3𝑥 + 3 ⇒ 3𝑥 −

5𝑦 = 7

Equation of 𝐴𝐷 is given by 𝑦 − 2 = −8
3−2

1
3−2 (𝑥 − 2) ⇒ 5𝑦 − 10 = 14𝑥 − 28 ⇒ 14𝑥 −

5𝑦 = 18

The point of intersection of two obtained equations is given by (1, −4
5).

Let this point divide 𝐵𝑀  in the ratio of 𝑘 : 1, then

1 = (𝑘 ∗ 3
2 + 1. − 1)(𝑘 + 1) ⇒ 𝑘 + 1 = 3

2𝑘 − 1 ⇒ 𝑘 = 4. Thus ratio is 4 : 1.

64. The equation of the the line can be written as 𝑦 =
√

3𝑥 + 3. Comparing it will 

𝑦 = 𝑚𝑥 + 𝑐 gives us 𝑚 =
√

3 and 𝑐 = 3.

Thus, slope of the line 𝑚 =
√

3 = tan 60°. Thus, the line makes an angle of 60° 

with the positive direction of the 𝑥-axis.

𝑐 = 3 tells us that the intercept on 𝑦-axis is 3 in positive direction.

65. Let the equation of the line be 𝑥
𝑎 + 𝑦

𝑏 = 1.

It is given that 𝑏 = 2𝑎 which makes the equation of the line 2𝑥 + 𝑦 = 2𝑎.

Since it passes through (3, 4), therefore, 2.3 + 4 = 2𝑎 ⇒ 𝑎 = 5, which makes the 

equation 2𝑥 + 𝑦 = 10.

66. Let the equation of the line is 𝑥
𝑎 + 𝑦

𝑏 = 1 so the point on 𝑥-axis where this line 

meets is (𝑎, 0) and on 𝑦-axis it is (0, 𝑏).

Given that (3, 4) divdes the line segment joining (𝑎, 0) and (𝑏, 0) in the ratio of 

2 : 3, therefore,

3 = (2.0 + 3.𝑎)(2 + 3) ⇒ 𝑎 = 5 and 4 = 2.𝑏+3.0
2+3 ⇒ 𝑏 = 10

Thus, equation of the line is 2𝑥 + 𝑦 = 10.

67. The line 3𝑥 + 4𝑦 = 12 can be written as 𝑥
4 + 𝑦

3 = 1 so the intercept of 𝑥-axis is 

4 and the intercept on 𝑦-axis is 3.

Thus, according to the question the required line makes an intercept of 8 on 𝑥-
axis and 9 on 𝑦-axis. Thus, the required line is

𝑥
8 + 𝑦

9 = 1 ⇒ 9𝑥 + 8𝑦 = 72.

68. 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 can be written as − 𝑥
𝑐
𝑎

− 𝑦
𝑐
𝑏

= 1. Thus, intercept on 𝑥-axis is − 𝑐
𝑎  

and on 𝑦-axis is −𝑐
𝑏 .

Let the equation of the line be 𝑦 = 𝑚𝑥 + 𝑐, but since the line passes through 

origin 𝑐 = 0.

Now mid-point of the intercept is given by (− 𝑐
2𝑎 , − 𝑐

2𝑏). Putting this point in 

the line

− 𝑐
2𝑏 = −𝑚 𝑐

2𝑎 ⇒ 𝑚 = 𝑎
𝑏 , which makes the line 𝑎𝑥 = 𝑏𝑦.
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69. Given line is 3𝑥 + 4𝑦 = 12 ⇒ 𝑥
4 + 𝑦

3 = 1. Let this line cut 𝑥 and 𝑦 axes at 𝐴 and 

𝐵 respectively. Then 𝐴 ≡ (4, 0) and 𝐵 ≡ (0, 3).

Let 𝑃  and 𝑄 be the points which trisect 𝐴𝐵 such that 𝐴𝑃
𝑃𝐵 = 1 : 2 and 𝐴𝑄

𝐵𝑄 = 2 : 1

⇒ 𝑃 ≡ (1.0+2.4
3 , 1.3+2.0

3 ) = (8
3 , 1) and 𝑄 ≡ (2.0+1.4

3 , 2.3+1.0
3 ) = (4

3 , 2)

Equation of the line passing through origin and 𝑃  is given by 𝑦 − 0 = 1−0
8
3−0(𝑥 −

0) ⇒ 3𝑥 − 8𝑦 = 0.

Equation of the line passing through origin and 𝑄 is given by 𝑦 − 0 = (2 − 0)(4
3 −

0)(𝑥 − 0) ⇒ 3𝑥 − 2𝑦 = 0.

70. Let the line be 𝑥
𝑎 + 𝑦

𝑏 = 1, which will cut intercepts 𝑎 and 𝑏. According to question

1
𝑎 + 1

𝑏 = 𝑘, where 𝑘 is a constant. Thus, 
1
𝑘
𝑎 +

1
𝑘
𝑏 = 1, which passes through the 

point (1
𝑘 , 1

𝑘).

71.

𝐴 𝐵(𝑎, 0)

𝐶(0, 𝑎)

𝑃(ℎ, 0)

𝑄(0, 𝑘)

𝑋

𝑌

Let 𝐴𝐵𝐶 be a right angles isosceles triangle in which 𝐴𝐵 = 𝐴𝐶 . We take 𝐴 as 
the origin and 𝐴𝐵 and 𝐴𝐶 as 𝑥 and 𝑦 axes respectively. Let 𝐴𝐵 = 𝐴𝐶 = 𝑎.

Also, let 𝐴𝑃 = ℎ, 𝐴𝑄 = 𝑘. The equation of the line 𝑃𝑄 is 𝑥
ℎ + 𝑦

𝑘 = 1

Given that 𝐵𝑃.𝐶𝑄 = 𝐴𝐵2 ⇒ (ℎ − 𝑎)(𝑘 − 𝑎) = 𝑎2 ⇒ 𝑎
ℎ + 𝑎

𝑘 = 1, which shows 

that 𝑃𝑄 passes through the point (𝑎, 𝑎).

72. Given that 𝑃 ≡ (𝛼, 𝛽) and the equation of the line 𝑥
𝑎 + 𝑦

𝑏 = 1.

The line will cut the axes at (𝑎, 0) and (0, 𝑏). Given that Δ𝑂𝐴𝐵 = 1
2 |𝑎𝑏| = 𝑆 ⇒

2𝑆 = 𝑎𝑏, where 𝑂 is the origin.

Since the line passes through 𝑃 , therefore 𝛼
𝑎 + 𝛽

𝑏 = 1 ⇒ 𝛼
𝑎 + 𝑎𝛽

2 𝑆 = 1

⇒ 𝑎2𝛽 − 2𝑎𝑆 + 2𝛼𝑆 = 0, which is a quadratic equation in 𝑎. However, 𝑎 is real, 

therefore 𝐷 = 4𝑆2 − 8𝛼𝛽𝑆𝑔 = 0 ⇒ 𝑆𝑔 = 2𝛼𝛽

Thus, the least value of 𝑆 is 2𝛼𝛽.

73. The equation of the line will be given by 𝑥 cos 75° + 𝑦 sin 75° = 3
√

2

Now cos 75° =
√

3−1
2
√

2  and sin 75° =
√

3+1
2
√

2

So the equation of the line is (
√

3 − 1)𝑥 + (
√

3 + 1)𝑦 = 12.



74. Slope is given as 5
12  so if tan 𝜃 = 5

12  then 𝜃 can lie in first or third quadrant. Thus, 

cos 𝜃 = ±12
13  and sin 𝜃 = ± 5

13 .

Equation of the line will be 𝑥.12
13 + 𝑦. 5

13 = 2 ⇒ 12𝑥 + 5𝑦 − 26 = 0

or 𝑥.(−12
13) + 𝑦.(− 5

13) = 2 ⇒ 12𝑥 + 5𝑦 + 26 = 0.

75. We can treat this place as origin, east direction as 𝑥-axis and north direction as 
𝑦-axis. Then the angle made by perpendicular from the place to the line will be 

45° as the direction of the canal is north-east.

Thus, equation for this canal would be 𝑥√
2 + 𝑦√

2 = 9
2 ⇒ 𝑥 + 𝑦 = 9√

2 .

The coordinate of the village is given by (3, 4); putting this in the equation for 

the canal gives us

3 + 4 = 9√
2 , which is false. Hence, the village does not lie on the canal.

76.

𝑂 𝑋

𝑌

𝐴

𝐵
𝐿

60∘
30∘

Let the reuired line be 𝐴𝐵 and 𝑂𝐿 is perpendicular from the origin 𝑂 to 𝐴𝐵. 
According to the question 𝑂𝐿 makes an angle of 30° with 𝑦-axis i.e. it will make 

an angle of 60° with 𝑥-axis.

Let 𝑂𝐿 = 𝑝, so the equation of the line will be 𝑥 cos 60° + 𝑦 sin 60° = 𝑝 ⇒ 𝑥 +√
3𝑦 = 2𝑝.

Intercept on 𝑥-axis is 2𝑝 and intercept on 𝑦axis is 2 𝑝√
3 .

Also given that Δ𝑂𝐴𝐵 = 96
√

3 = 1
2𝑂𝐴.𝑂𝐵 ⇒ 96

√
3 = 1

22𝑝. 2𝑝√
3 ⇒ 𝑝 = 12

Thus, equation of the line is 𝑥 +
√

3𝑦 = 24.

77. Given 𝑂𝐶 = 2, ∠𝐴𝐵𝐶 = 90° and 𝐴𝐵 = 𝐵𝐶

∴ ∠𝐵𝐶𝐴 = ∠𝐵𝐴𝐶 = 45°, 𝑂𝐵 = 𝑂𝐶 = 2, and 𝐵𝐶 =
√

22 + 22 = 2
√

2

Let 𝑂𝑀  be perpendicular to 𝐷𝐸. ∵ 𝑂𝐶 = 2, 𝑂𝐵 = 2, therefore, equation of 𝐵𝐶 

will be

𝑥
2 + 𝑦

2 = 1 ⇒ 𝑥 + 𝑦 = 2

Also, equation of 𝐴𝐵 will be 𝑥
−2 + 𝑦

2 = 1 ⇒ 𝑥 − 𝑦 = −2

∵ ∠𝐿𝐴𝐶 = 45° and 𝑂𝑀 = 𝑂𝐿 + 𝐿𝑀 = 𝑂𝐶 cos 45° + 𝐿𝑀 = 𝑂𝐶. 1√
2 + 𝐵𝐶 =

3
√

2

Thus, equation of 𝐷𝐸 is 𝑥 cos 45° + 𝑦 sin 45° = 3
√

2 ⇒ 𝑥 + 𝑦 = 6.
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78. Given equation is 
√

3𝑥 + 𝑦 = 8 ⇒ 𝑥
8√
3

+ 𝑦
8 = 1, which will meet 𝑥 and 𝑦 axes at 

( 8√
3 , 0) and (0, 8).

The equation can be rewritten as 
√

3
2 𝑥 + 𝑦

2 = 4 ⇒ 𝑥 cos 30° + 𝑦 sin 30° = 4, which 

is the equation in normal form.

The length of perpendicular on this line from origin is 4 and it makes an angle 
of 30° with the 𝑥-axis.

79. Let the equation of a line in intercept form be 𝑥
𝑎 + 𝑦

𝑏 = 1.

Since it passes through (3, 2), we have: 3
𝑎 + 2

𝑏 = 1.

Given 𝑎 − 𝑏 = 2, so 𝑎 = 𝑏 + 2.

Substitute into the first equation: 3
𝑏+2 + 2

𝑏 = 1.

Multiplying by 𝑏(𝑏 + 2): 3𝑏 + 2(𝑏 + 2) = 𝑏(𝑏 + 2), 𝑏2 − 3𝑏 − 4 = 0

Solving: 𝑏 = 3±5
2 . So, 𝑏 = 4 or 𝑏 = −1.

Then 𝑎 = 𝑏 + 2 gives: If 𝑏 = 4, then 𝑎 = 6. If 𝑏 = −1, then 𝑎 = 1.

Thus, the required lines are: 𝑥
6 + 𝑦

4 = 1 and 𝑥 − 𝑦 = 1.

80. Let 𝐴 be (𝑎, 0) abd 𝐵 be (0, 𝑏), then the equation of line will be given by 𝑥
𝑎 +

𝑦
𝑏 = 1.

Since it passes through 𝑃(1, −7), therefore, 1
𝑎 − 7

𝑏 = 1 ⇒ 1
𝑎 = 7+𝑏

𝑏 ⇒ 𝑎 = 𝑏
7+𝑏

Also given that 4𝐴𝑃 = 4𝐵𝑃 ⇒ 16[(𝑎 − 1)2 + 72] = 9[12 + (−7 − 𝑏)2]

⇒ 16(𝑎 − 1)2 + 784 = 9 + (𝑏 + 7)2

Putting the value of 𝑎 from above we get 𝑏 = −49
3  and 𝑎 = 7

4

Thus, equation of the line is 28𝑥 − 3𝑦 = 49.

81. Let 𝐴 be (𝑎, 0) abd 𝐵 be (0, 𝑏), then the equation of line will be given by 𝑥
𝑎 +

𝑦
𝑏 = 1.

Since it passes through 𝑃(2, 6), therefore, 2
𝑎 + 6

𝑏 = 1 ⇒ 2
𝑎 = 𝑏−6

𝑏 ⇒ 𝑎 = 2 𝑏
𝑏−6

Also given that 3𝐴𝑃 = 2𝐵𝑃 ⇒ 9[(𝑎 − 2)2 + 62] = 4[(−2)2 + (𝑏 − 6)2]

Putting 𝑎 = 2 𝑏
𝑏−6  and solving gives us 𝑎 = 10

3  and 𝑏 = 15

Thus, equation of the line is 9𝑥 + 2𝑦 = 30.

82. Given line is 3𝑥 + 4𝑦 = 6 ⇒ 𝑥
2 + 𝑦

3
2

= 1. Thus, intercepts on axes are 2 and 3
2  

respectively.

Double of these intercepts is 4 and 3. Thus, equation of line which makes these 
intercepts is

𝑥
4 + 𝑦

3 = 1 ⇒ 3𝑥 + 4𝑦 = 12.



83. Given line is 3𝑥 − 5𝑦 = 15 ⇒ 𝑥
5 − 𝑦

3 = 1. Thus, points of interception are (5, 0) 
and (0, −3). Midpoint of intercepted portion will be (5

2 , −3
2).

The required line also passes through (2, 1), hence in two-point form equation of 

the line will be

𝑦 − 1 = −3
2−1

5
2−2 (𝑥 − 2) ⇒ 5𝑥 + 𝑦 = 11.

84. The given line is 2𝑥 + 3𝑦 = 6 ⇒ 𝑥
3 + 𝑦

2 = 1, thus points of interception are (3, 0) 
and (0, 2).

Let the points be 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) which divide the intercepted points in 

the ratio of 2 : 1 and 1 : 2 respectively.

Thus, 𝑃 ≡ (2.0+1.3
3 , 2.2+1.0

3 ) ≡ (1, 4
3) and 𝑄 ≡ (1.0+2.3

3 , 1.2+2.0
3 ) ≡ (2, 2

3).

Since these lines also pass through origin so the equations are given by 𝑦 = 4
3𝑥 ⇒

4𝑥 − 3𝑦 = 0 and 𝑦 =
2
3
2𝑥 ⇒ 𝑥 − 3𝑦 = 0.

85. Equation of the line in two-point form is given by 𝑦 − 1 = 4−1
11−5(𝑥 − 5) ⇒ 2𝑦 −

2 = 𝑥 − 5 ⇒ 𝑥 − 2𝑦 − 3 = 0

Putting (1, −1) in the obtained equation for the line 1 − 2(−1) − 3 = 0, which is 

true, so all points lie on the line 𝑥 − 2𝑦 = 3 ⇒ 𝑥
3 + 𝑦

−3
2

= 1.

Thus, intercepts on the axes are (3, 0) and (0, −3
2) and intercepts between the 

axes is √32 + (3
2)2 = 3

√
5

2 .

86. Equation of the line in two-point form is given by 𝑦 + 3 = 5+3
4−1(𝑥 − 1) ⇒ 3𝑦 +

9 = 8𝑥 − 8 ⇒ 8𝑥 − 3𝑦 = 17 ⇒ 𝑥
17
8

+ 𝑦(−17
3 )

Thus, intercepts on the axes are 17
8  and −17

3  respectively.

87. There are two possibilities as shown in the diagram because length is a scalar 
quantity.

𝑋𝑋 ′

𝑌

𝑌 ′

𝐴

𝐵

𝐶

𝐷
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Since the line makes an angle of 150° with positive direction of 𝑦-axis so it will 

make an angle of 120° with positive direction of 𝑥-axis.

Thus, angle made by perpendicular with 𝑥-axis would be 30° or 210° with positive 
direction of 𝑥-axis.

Thus, equation of the line is 𝑥 cos 30° + 𝑦 sin 30° = 7 and 𝑥 cos 210° + 𝑦 sin 210° =
7
Thus, lines are given by 

√
3𝑥 + 𝑦 = ±7.

88. Since the perpendicular makes an angle with positive direction of 𝑦-axis with 30° 

it will make an angle of 60° with positive direction of 𝑥-axis. Also, given that 
length of the perpendicular from origin is 2. Therefore, the equation in normal 
form is given by

𝑥 cos 60° + 𝑦 sin 60° = 2 ⇒ 𝑥 +
√

3𝑦 = 4.

89. The equation of the line in normal form is given by

𝑥 cos 60° + 𝑦 sin 60° = 5 ⇒ 𝑥 +
√

3𝑦 = 10.

90. Given that tan 𝜃 = 3
4  where 𝜃 is the angle made by the perpendicular with the 

positive direction of 𝑥-axis. Thus, tan 𝜃 can also be −3
−4  i.e. in third quadrant.

⇒ cos 𝜃 = ±4
5 , sin 𝜃 = ±4

5  and the equation in normal form will be

𝑥 cos 𝜃 + 𝑦 sin 𝜃 = 6 ⇒ 4𝑥 + 3𝑦 = ±30.

91. The equation of the line joining the points (1, 2) and (−3, 1) is given by

𝑦 − 2 = 1−2
−3−1(𝑥 − 1) ⇒ 𝑥 − 4𝑦 + 7 = 0, which can be written as 𝑥

7 + 𝑦
−7

4
= 1

Thus, intercepts on axes are 7 and −7
4 .

cos 𝜃 = 7
√72+72

42

⇒ 𝑝 = 7√
17 .

92. Let 𝑃 ≡ (3, 2) and let the required line make an angle 𝜃 with the positive direction 

of 𝑥-axis.

Given tan 𝜃 = 3
4 .

So the equation of the line is 𝑦 − 2 = 3
4(𝑥 − 3) ⇒ 3𝑥 − 4𝑦 − 1 = 0.

Coordinates of the points which are at a distance of 5 units from 𝑃  are (3 ±
5 cos 𝜃, 2 ± 5 sin 𝜃) ⇒ (3 ± 4, 2 ± 3) ⇒ (7, 5) or (−1, −1).

93.

𝐴 𝐵

𝑃(1, 2)

𝑄 𝑅

√
2
3 √

2
3



Let 𝑃 ≡ (1, 2). Let 𝐴𝐵 be the given line 𝑥 + 𝑦 = 4.

Let the line through 𝑃  makes an angle 𝜃 with the 𝑥-axis cuts the line 𝐴𝐵 at 𝑄 

and 𝑅 at a distance √2
3  from 𝑃 . Then

𝑄 ≡ (1 + √3
2 cos 𝜃, 2 + √2

3 sin 𝜃)

Since 𝑄 lies on the line 𝐴𝐵 therefore 1 + √3
2 cos 𝜃 + 2 + √2

3 sin 𝜃 = 4

⇒ cos 𝜃 + sin 𝜃 = √3
2 ⇒ 1√

2 cos 𝜃 + 1√
2 sin 𝜃 =

√
3

2

⇒ cos(𝜃 − 45°) = cos 30° ⇒ 𝜃 − 45° = 2𝑛𝜋 ± 30°

⇒ 𝜃 = 15°, 75°.

94. Given line is 
√

3𝑥 − 4𝑦 + 8 = 0 and 𝑃 ≡ (
√

3, 2). Let the line through 𝑃  making 

an angle of 𝜋
6  with the 𝑥-axis meet the libe at 𝑄. Let 𝑃𝑄 = 𝑟, then

𝑄 ≡ (
√

3 + 𝑟 cos 𝜋
6 , 2 + 𝑟 sin 𝜋

6) ≡ (
√

3 +
√

3
2 𝑟, 𝑟 + 𝑟

2)

However, 𝑄 lies on the given line, therefore,
√

3(
√

3 +
√

3
2 ) − 4(𝑟 + 𝑟

2) + 8 = 0 ⇒ 𝑟 = 6.

95. Let 𝑃 ≡ (−2, 3). We know that the coordinates of points on the line making an 

angle 𝜃 with the positive direction of 𝑥-axis at a distance 𝑟 from a point (𝑥1, 𝑦1) 
are (𝑥1 ± 𝑟 cos 𝜃, 𝑦1 ± 𝑟 sin 𝜃).

Thus, required coordinates are (−2 ± 4
√

2 cos 45°, 3 ± 4
√

2 sin 45°) i.e. (2, 7) and 

(−6, −1).

96. Given 𝐴 ≡ (2, 0) and 𝐵 ≡ (3, 1). Slope of the line 𝐴𝐵 = 0−1
2−3 = 1 = tan 45°.

Thus, slope of the line 𝐴𝐶 = 45° + 15° = 60°

Therefore, equation of the line 𝐴𝐶 is 𝑦 − 0 = tan 60°(𝑥−2) ⇒
√

3𝑥 − 𝑦 = 2
√

3.

𝐴𝐶 = 𝐴𝐵 = √(3 − 2)2 + (1 − 0)2 =
√

2

Thus, 𝐶 ≡ (2 +
√

2 cos 60°, 0 +
√

2 sin 60°) = (2 + 1√
2 , √3

2).

97. 𝐴𝐵

𝐶 𝐷

𝐻(−1/2, 0)
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Let 𝐴 = (1, 1) and 𝐶 = (−2, −1) then 𝐻 = (−1
2 , 0), which is mid-point of 𝐴𝐶 

and 𝐵𝐷.

Slope of 𝐴𝐶 = 1+1
1+2 = 2

3 = tan 𝜃, therefore, slope of 𝐵𝐶 = −3
2  because diagonals 

of a square are perpendicular to each other.

Thus, 𝜃 is an obtuse angle. ∴ cos 𝜃 = − 2√
13  and sin 𝜃 = 3√

13

Also, 𝐴𝐶 =
√

13, therefore, 𝐷𝐻 =
√

13
2

Thus, coordinates of 𝐵 and 𝐷 are (−1
2 ±

√
13
2 cos 𝜃, 0 ±

√
13
2 sin 𝜃) i.e. (−3

2 , 3
2) 

and (1
2 , −3

2).

98. Let the line through 𝐴 making an angle 𝜃 with the positive direction at 𝑥-axis. 
Let 𝐴𝐵 = 𝑟1, 𝐴𝐶 = 𝑟2 and 𝐴𝐷 = 𝑟3.

𝐵 = (𝑘 + 1 + 𝑟1 cos 𝜃, 2𝑘 + 𝑟1 sin 𝜃). Since 𝐵 lies on 7𝑥 + 𝑦 − 16 = 0, therefore,

7(𝑘 + 1 + 𝑟1 cos 𝜃) + 2𝑘 + 𝑟2 sin 𝜃 − 16 = 0 ⇒ 𝑟1 = 9(1−𝑘)
7 cos 𝜃+ sin 𝜃

Also, 𝐶 = (𝑘 + 1 + 𝑟2 cos 𝜃, 2𝑘 + 𝑟2 sin 𝜃). Subce 𝐶 lies on the line 5𝑥 − 𝑦 − 8 =
0, therefore,

5(𝑘 + 1 + 𝑟2 cos 𝜃) − (2𝑘 + 𝑟2 sin 𝜃) − 8 = 0 ⇒ 𝑟2 = 3(1−𝑘)
5 cos 𝜃− sin 𝜃

Again 𝐷 = (𝑘 + 1 + 𝑟3 cos 𝜃, 2𝑘 + 𝑟3 sin 𝜃) and 𝐷 lies on the line 𝑥 − 5𝑦 + 8 = 0, 

therefore,

𝑘 + 1 + 𝑟3 cos 𝜃 − 5(2𝑘 + 𝑟3 sin 𝜃) + 8 = 0 ⇒ 𝑟𝑟 = 9(1−𝑘)
5 sin 𝜃− cos 𝜃

1
𝑟2

+ 1
𝑟3

= 2(7 cos 𝜃+ sin 𝜃)
9(1−𝑘) = 2

𝑟1
.

Hence, 𝑟2, 𝑟1, 𝑟3 are in H.P.

99. Let 𝐴𝐵𝐶𝐷 be the square whose center is 𝑂. Now 𝐴𝑂 =
√

5 and slope of 𝐴𝑂 =
1−0
2−0 = 1

2 = tan 𝜃

∴ cos 𝜃 = 2√
5  and sin 𝜃 = 1√

5

∴ Coordinates of the points of 𝐴𝐶 which are at a distance 
√

5 from 𝑂 will be 

(0 ±
√

5 cos 𝜃, ±
√

5 sin 𝜃) = (±2, ±1)

i.e. (2, 1) and (−2, −1). Thus, 𝐶 ≡ (−2, −1)

But 𝐵𝐷 ⟂ 𝐴𝐶 . So slope of 𝐵𝐷 = −2 = tan 𝛼(say)

∴ 𝜋
2 < 𝛼 < 𝜋 or 3𝜋

2 < 𝛼 < 2𝜋

∴ cos 𝛼 = − 1√
5  and sin 𝛼 = 2√

5  or cos 𝛼 = 1√
5  and sin 𝛼 = − 2√

5

Since 𝐵 and 𝐷 are on 𝐵𝐷 at a distance 
√

5 from 𝑂, their coordinates(in some 

order) will be

(0 ±
√

5 cos 𝛼, 0 ±
√

5 sin 𝛼) i.e. (∓1, ±2).

100. Let 𝐴𝐷 be the internal bisector of ∠𝐵𝐴𝐶 then 𝐵𝐷
𝐷𝐶 = 𝐴𝐵

𝐴𝐶 = 𝑐
𝑏



Thus, 𝐷 ≡ (𝑏𝑥2+𝑐𝑥3
𝑏+𝑐 , 𝑏𝑦2+𝑐𝑦3

𝑏+𝑐 )

Let the equation of the line 𝐴𝐷 be 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0, then we observe that 𝐴 and 

𝐷 lie on this line. Therefore

𝑙𝑥1 + 𝑚𝑦1 + 𝑛 = 0 and 𝑙(𝑏𝑥2+𝑐𝑥3
𝑏+𝑐 ) + 𝑚(𝑏𝑦2+𝑐𝑦3)

𝑏+𝑐 ) + 𝑛 = 0

Eliminating 𝑙, 𝑚, 𝑛 gives us

|
𝑥
𝑥1

𝑏𝑥2+𝑐𝑥3

𝑦
𝑦1

𝑏𝑦2+𝑐𝑦3

𝑐1
1

𝑏+𝑐
| = 0 ⇒ 𝑏|

𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + 𝑐|

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| = 0.

101. The required points are (1 ± 6 cos 60°, 1 ± 6 sin 60°) i.e. (4, 1 + 3
√

3) and 

(−2, 1 − 3
√

3).

102. The equation of the line passing through (−1, 3) and slope 1 is given by 𝑦 − 3 =
𝑥 + 1 ⇒ 𝑥 − 𝑦 + 4 = 0

Putting 𝑥 = 𝑦 − 4 in the given equation 2𝑦 − 8 + 𝑦 = 3 ⇒ 𝑦 = 11
3  and 𝑥 = −1

3

Distance between (−1, 3) (−1
3 , 11

3 ) is √(−1
3 + 1)2 + (11

3 − 3)2 = 2
√

2
3 .

103. Let the line through 𝑃(𝑥1, 𝑦1) inclined at angle 𝜃 with the 𝑥-axis have slope 

tan(𝜃). Its equation is 𝑦 − 𝑦1 = tan 𝜃(𝑥 − 𝑥1).

Rewriting, tan 𝜃𝑥 − 𝑦 + (𝑦1 − 𝑥1 tan 𝜃) = 0.

The given line is 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

If 𝑄 is the intersection point, the distance 𝑃𝑄 measured along the direction 

making angle 𝜃 with the 𝑥-axis is 𝑃𝑄 = | 𝑎𝑥1+𝑏𝑦1+𝑐
𝑎 cos 𝜃+𝑏 sin 𝜃 |.

104. Give that the line makes an angle of 30° with positive direction of 𝑥-axis and 
rotated 15° in anticlockwise direction so the line will now make 45° with the 
positive direction of 𝑥-axis.

Thus, slope of the line is tan 45° = 1. Also, the line passes through (2, 0) so the 

equation of line is

𝑦 − 0 = 1.(𝑥 − 2) ⇒ 𝑥 − 𝑦 − 2 = 0.

105. Given the line 2𝑥 − 𝑦 = 5. Substitute 𝑦 = 𝑥 into the equation: 2𝑥 − 𝑥 = 5 ⇒
𝑥 = 5.

So the point of rotation is (5, 5). Slope 𝑚 = 2.

After rotation by 45°, the new slope is: 𝑚′ = tan(arctan(2) + 45°).

Using the identity: tan(𝐴 + 𝐵) = tan 𝐴+ tan 𝐵
1− tan 𝐴 tan 𝐵 , we get:

𝑚′ = 2+1
1−2∗1 = 3

−1 = −3.

Using point-slope form: 𝑦 − 5 = −3(𝑥 − 5) ⇒ 𝑦 = −3𝑥 + 20.

106. The given line is 𝑥 + 2𝑦 = 4. The line is translated by 3 units in the direction of 

increasing 𝑥. So replace 𝑥 with 𝑥 − 3:



182  3. Answers of Straight Lines

(𝑥 − 3) + 2𝑦 = 4 ⇒ 𝑥 + 2𝑦 = 7.

Now the shifted line cuts the 𝑥-axis at (𝑦 = 0): 𝑥 = 7. So the pivot point is (7, 0).

From 𝑥 + 2𝑦 = 7: 𝑦 = (−1
2)𝑥 + 7

2 , so slope 𝑚 = −1
2 .

Angle of inclination 𝜃 satisfies tan(𝜃) = −1
2 .

After clockwise rotation by 30°, new angle is 𝜃 − 30°.

New slope: 𝑚′ = tan(𝜃 − 30°)

tan(𝜃 − 30°) = tan(𝜃)− tan(30°)
1+ tan(𝜃) tan(30°)

⇒ 𝑚′ =
(−1

2)−( 1√
3)

1+(−1
2)( 1√

3)
⇒ −1

2 − 1√
3 = −

√
3+2

2
√

3

⇒ 1 − 1
2
√

3 = 2
√

3−1
2
√

3 . So, 𝑚′ = −
√

3+2
2
√

3−1 .

Using point-slope form with point (7, 0): 𝑦 − 0 = 𝑚′(𝑥 − 7)

⇒ 𝑦 = −
√

3+2
2
√

3−1(𝑥 − 7)

107. Let the regular hexagon be 𝐴𝐵𝐶𝐷𝐸𝐹  with side length 𝑎, and 𝐴 as origin (0, 0). 
Given 𝐴𝐵 lies along the 𝑥-axis and 𝐴𝐸 along the 𝑦-axis.

Since 𝐴𝐵 = 𝑎 along 𝑥-axis: 𝐵 = (𝑎, 0)

Since 𝐴𝐸 = 𝑎 along 𝑦-axis: 𝐸 = (0, 𝑎)

In a regular hexagon, each interior angle is 120°, so directions change by 60°.

Direction 𝐵𝐶 makes 60° with 𝐴𝐵: 𝐶 = 𝐵 + (𝑎 cos 60°, 𝑎 sin 60°) = (𝑎 +
𝑎
2 , 𝑎

√
3

2 ) = (3𝑎
2 ,

√
3𝑎

2)

𝐷 = 𝐶 + (𝑎 cos 120°, 𝑎 sin 120°) = (3𝑎
2 − 𝑎

2 ,
√

3𝑎
2 +

√
3𝑎

2) = (𝑎,
√

3𝑎)

𝐹 = 𝐴 + (𝑎 cos(−60°), 𝑎 sin(−60°)) = (𝑎
2 , −

√
3𝑎

2)

Equation of 𝐴𝐶 : 𝐴(0, 0) and 𝐶(3𝑎
2 ,

√
3𝑎

2), 𝑚 =
√

3𝑎
2

3𝑎
2

=
√

3
3  ⇒ 𝐴𝐶 : 𝑦 = (

√
3

3 )𝑥

For 𝐴𝐹 : 𝐴(0, 0) and 𝐹(𝑎
2 , −

√
3𝑎

2), 𝑚 = −
√

3𝑎
2

𝑎
2

= −
√

3

Equation of 𝐴𝐹 : 𝑦 = −
√

3𝑥

For 𝐵𝐸: 𝐵(𝑎, 0) and 𝐸(0, 𝑎), 𝑚 = 𝑎−0
0−𝑎 = −1

𝑦 − 0 = −1(𝑥 − 𝑎) ⇒ 𝑦 = −𝑥 + 𝑎

108. Let the place be the origin 𝑂(0, 0). The road is at a perpendicular distance 5
√

2 

from 𝑂, and the shortest distance is in the 𝑁 − 𝐸 direction, i.e., along a line 
making 45° with the axes.

So the normal to the road has slope 1, hence the road has slope −1.

Thus, equation of the road is of form: 𝑦 = −𝑥 + 𝑐

Distance from origin to this line: |𝑐 |
√12+(−1)2 = |𝑐 |√

2



Given distance is 5
√

2: |𝑐 |√
2 = 5

√
2 ⇒ |𝑐| = 10

Since direction is 𝑁 − 𝐸, take positive value: ⇒ 𝑐 = 10
So road equation: 𝑦 = −𝑥 + 10

(i) Check point (6, 4): 4 = −6 + 10⇒ 4 = 4. So, village lies on the road.

(ii) Check point (4, 3): 3 = −4 + 10 ⇒ 3 = 6 So, village does not lie on the road.

109. Given line: 𝑥 − 𝑦 + 1 = 0 ⇒ 𝑦 = 𝑥 + 1 so slope 𝑚 = 1

Point of rotation (on 𝑦-axis): 𝑥 = 0 ⇒ 𝑦 = 1 so 𝐴(0, 1)

Angle of inclination: tan 𝜃 = 1 ⇒ 𝜃 = 45°

After clockwise rotation by 75°: new angle = 45° − 75° = −30°

New slope: 𝑚′ = tan(−30°) = − 1√
3

Equation using point-slope form at 𝐴(0, 1): 𝑦 − 1 = (− 1√
3)(𝑥 − 0) ⇒ 𝑦 = 1 − 𝑥√

3 .

110. The diagram is smae as problem 77. 𝑂𝐶 is 2 units therefore 𝑂𝐵 = 2 units. From 
the diagram we see that extended 𝐵𝐸 makes an angle of 45° with 𝑥-axis.

Slope: 𝑚 = tan 45° = 1. Equation is intercept form: 𝑦 = 𝑚𝑥 + 𝑐 ⇒ 𝑦 = 𝑥 + 2.

𝐶𝐷 will have same slope but passes through (0, 2). Equation in slope-point form: 

𝑦 − 0 = 1.(𝑥 − 2) ⇒ 𝑥 − 𝑦 = 2.

111. The midpoint is (3+1
2 , −1+1

2 ) = (2, 0)

Slope: 𝑚 = 1−(−1)
1−3 = 2

−2 = −1

A line perpendicular to this will have slope equal to the negative reciprocal of 
−1, which is 1.

Let the required point be (𝑥, 𝑦). Since it lies on the perpendicular line passing 

through (2, 0), its equation is:

𝑦 − 0 = 1(𝑥 − 2) ⇒ 𝑦 = 𝑥 − 2

Also, the distance from (2, 0) to (𝑥, 𝑦) is 2, so: sqrt{(𝑥 − 2)2 + (𝑦 − 0)2} = 2

⇒ (𝑥 − 2)2 + 𝑦2 = 4. Substitute 𝑦 = 𝑥 − 2:

(𝑥 − 2)2 + (𝑥 − 2)2 = 4 ⇒ 2(𝑥 − 2)2 = 4 ⇒ (𝑥 − 2)2 = 2

𝑥 − 2 = ±
√

2 ⇒ 𝑥 = 2 ±
√

2

Then 𝑦 = 𝑥 − 2 gives: 𝑦 = ±
√

2

Since the shift is in the sense of increasing 𝑦, we take the positive value:

𝑥 = 2 +
√

2, 𝑦 =
√

2

112. The given line is 2𝑥 = 𝑦, i.e., 𝑦 = 2𝑥.

So, the slope of the line is 2. A direction along this line can be taken as (1, 2).

Now, its length is 
√

12 + 22 =
√

5
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So, the unit direction along the line is ( 1√
5 , 2√

5)

Since the translation is in the first quadrant, both coordinates increase.

Add this to the point (1, 1):

New point = (1 + 1√
5 , 1 + 2√

5)

113. We are given 𝐴(2, −1) and the line 𝑥 − 𝑦 = 3.

Let the required point be 𝐴′(𝑥, 𝑦). Since the translation is parallel to the line, the 

slope of the line joining 𝐴 and 𝐴′ must be equal to the slope of 𝑥 − 𝑦 = 3.

Rewrite the line: 𝑦 = 𝑥 − 3, so slope = 1.

Hence, 
𝑦−(−1)

𝑥−2 = 1 ⇒ 𝑦 + 1 = 𝑥 − 2 ⇒ 𝑦 = 𝑥 − 3.

Now use the distance condition: Distance between 𝐴(2, −1) and 𝐴′(𝑥, 𝑦) is 4.

So, (𝑥 − 2)2 + (𝑦 + 1)2 = 16.

Substitute 𝑦 = 𝑥 − 3: (𝑥 − 2)2 + ((𝑥 − 3) + 1)2 = 16 ⇒ (𝑥 − 2)2 + (𝑥 − 2)2 =
16 ⇒ 2(𝑥 − 2)2 = 16 ⇒ 𝑥 − 2 = +−

√
8 = +−2 ∗

√
2.

So, 𝑥 = 2 + −2 ∗
√

2. Then, 𝑦 = 𝑥 − 3 = −1 + −2 ∗
√

2.

Thus the two possible points are: (2 + 2 ∗
√

2, −1 + 2 ∗
√

2) and (2 − 2 ∗
√

2, −1 − 2 ∗
√

2).

114. Both particles start from 𝐴(2, −1). First particle moves along the line 𝑥 + 𝑦 = 1. 

Rewrite: 𝑦 = 1 − 𝑥, so slope = −1.

Let its new position be (𝑥1, 𝑦1). Since it moves towards increasing 𝑦, we take 

direction where 𝑦 increases.

Using slope condition: 
𝑦1−(−1)

𝑥1−2 = −1 ⇒ 𝑦1 + 1 = −(𝑥1 − 2) ⇒ 𝑦1 = −𝑥1 + 1.

Distance moved is 2, so (𝑥1 − 2)2 + (𝑦1 + 1)2 = 4.

Substitute 𝑦1 = −𝑥1 + 1: (𝑥1 − 2)2 + (−𝑥1 + 1 + 1)2 = 4 ⇒ (𝑥1 − 2)2 +
(−𝑥1 + 2)2 = 4 ⇒ (𝑥1 − 2)2 + (𝑥1 − 2)2 = 4 ⇒ 2(𝑥1 − 2)2 = 4 ⇒ (𝑥1 − 2)2 =
2 ⇒ 𝑥1 − 2 = +−

√
2.

So, 𝑥1 = 2 + −
√

2. Then 𝑦1 = −𝑥1 + 1 = −1 − +
√

2.

Since 𝑦 must increase from −1, we take 𝑦1 = −1 +
√

2, hence 𝑥1 = 2 −
√

2.

So first particle’s position: (2 −
√

2, −1 +
√

2).

Second particle moves along 𝑥 − 2𝑦 = 4. Rewrite: 𝑦 = 𝑥−4
2 , so slope = 1

2 .

Let position be (𝑥2, 𝑦2).

Slope: 
𝑦2−(−1)

𝑥2−2 = 1
2 ⇒ 𝑦2 + 1 = 𝑥2−2

2 ⇒ 𝑦2 = 𝑥2
2 − 2.

Distance moved is 5, so (𝑥2 − 2)2 + (𝑦2 + 1)2 = 25.



Substitute 𝑦2 = 𝑥2
2 − 2: (𝑥2 − 2)2 + (𝑥2

2 − 2 + 1)2 = 25 ⇒ (𝑥2 − 2)2 +
(𝑥2

2 − 1)2 = 25.

(𝑥2 − 2)2 = 𝑥2
2 − 4𝑥2 + 4 (𝑥2

2 − 1)2 = 𝑥2
2

4 − 𝑥2 + 1.

So, 𝑥2
2 − 4𝑥2 + 4 + 𝑥2

2
4 − 𝑥2 + 1 = 25 ⇒ (5

4)𝑥2
2 − 5𝑥2 + 5 = 25 ⇒ (5

4)𝑥2
2 − 5𝑥2 −

20 = 0 multiply by 4 : 5𝑥2
2 − 20𝑥2 − 80 = 0 ⇒ 𝑥2

2 − 4𝑥2 − 16 = 0.

⇒ 𝑥2 = 4+−
√

16+64
2 = 4+−

√
80

2 = 2 + −2 ∗
√

5. Then 𝑦2 = 𝑥2
2 − 2 = −1 + −

√
5.

Since 𝑦 increases from −1, take 𝑦2 = −1 +
√

5, so 𝑥2 = 2 + 2 ∗
√

5.

Thus second particle’s position: (2 + 2 ∗
√

5, −1 +
√

5).

Distance between the two new positions:

[(2 + 2 ∗
√

5) − (2 −
√

2)]
2

+ [(−1 +
√

5) − (−1 +
√

2)]
2

= √29 + 2 ∗
√

10.

115. We are given fixed point 𝐴(4, −1) and the other end 𝐵(1, 2). Let the new position 

of 𝐵 after stretching be 𝐵′(𝑥, 𝑦).

Since the string remains straight, points 𝐴, 𝐵, and 𝐵′ are collinear.

Slope of 𝐴𝐵: 
2−(−1)

1−4 = 3
−3 = −1.

So equation of line through 𝐴: 
𝑦−(−1)

𝑥−4 = −1 ⇒ 𝑦 + 1 = −(𝑥 − 4) ⇒ 𝑦 = −𝑥 + 3.

Length of 𝐴𝐵: 𝐴𝐵2 = (1 − 4)2 + (2 + 1)2 = (−3)2 + 32 = 9 + 9 = 18.

Since the string is stretched to triple its length, 𝐴𝐵′ = 3 ∗
√

18.

Thus, (𝑥 − 4)2 + (𝑦 + 1)2 = (3 ∗
√

18)
2

= 9 ∗ 18 = 162.

Substitute 𝑦 = −𝑥 + 3: (𝑥 − 4)2 + (−𝑥 + 3 + 1)2 = 162 ⇒ (𝑥 − 4)2 = 81 ⇒ 𝑥 −
4 = ±9.

So, 𝑥 = 13 or 𝑥 = −5. Then 𝑦 = −𝑥 + 3: If 𝑥 = 13, 𝑦 = −10. If 𝑥 = −5, 𝑦 = 8.

Now, since the string is stretched beyond 𝐵, the point 𝐵′ lies in the same direction 
from 𝐴 as 𝐵.

From 𝐴(4, −1) to 𝐵(1, 2), 𝑥 decreases and 𝑦 increases, so we choose 𝑥 = −5, 

𝑦 = 8.

116. On x-axis, 𝑦 = 0 ⇒ 𝑥 = 2. So 𝐴 = (2, 0). Given 𝐵 = (4, 2).

Slope of 𝐴𝐵 is 𝑚 = 2−0
4−2 = 1. So line 𝐴𝐵 is 𝑦 = 𝑥 − 2

The line is rotated anticlockwise by 45° about 𝐴.

Angle between original line and new line is 45°. So the new angle will be 90° 
i.e. line is parallel to 𝑦 and passes through 𝐴 so new line is parallel to 𝑦-axis i.e. 

𝑥 = 2.

After rotation, 𝐵′ lies on 𝑥 = 2.

Distance 𝐴𝐵 = √(4 − 2)2 + (2 − 0)2 =
√

8 = 2 ∗
√

2.

So: (𝑥 − 2)2 + (𝑦 − 0)2 = 8. Since 𝑥 = 2: 𝑦2 = 8 ⇒ 𝑦 = ±2 ∗
√

2
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Since rotation is anticlockwise from slope 1, the point moves upward from 𝐴. So 
𝑦 > 0:

∴ 𝑦 = 2 ∗
√

2. ⇒ 𝐵′ = (2, 2 ∗
√

2)

117. Put 𝑥 = −1 in floor equation: −1 + 2𝑦 = 3 ⇒ 𝑦 = 2. So impact point is 𝑃(−1, 2).

The floor is a straight line, so we use the property:

Angle of incidence = angle of reflection.

Incoming path is vertical, so it makes an angle of 90Â° with the x-axis.

Now find slope of floor: 𝑥 + 2𝑦 = 3 ⇒ 𝑦 = 3−𝑥
2 . So slope of floor is −1

2 .

A line perpendicular to floor has slope 2.

Since incidence is vertical, we consider how a vertical direction reflects across a 
line of slope −1

2 .

The reflected direction must satisfy symmetry about the floor, so we construct it 
geometrically using slope relation:

If one direction is vertical, the reflected direction must make equal angle with the 
floor on the other side. This gives the new slope:

𝑚 = 3
4 . So rebound path passes through 𝑃(−1, 2) with slope 3

4 .

Equation of rebound path: 𝑦 − 2 = (3
4)(𝑥 + 1)

Height fallen = 2 − 1 = 1
Rebound height = 2

3  So maximum 𝑦 after rebound: 𝑦 = 2 + 2
3 = 8

3

Substitute into line: 8
3 − 2 = (3

4)(𝑥 + 1) ⇒ 2
3 = (3

4)(𝑥 + 1) ⇒ 𝑥 + 1 = 8
9 ⇒ 𝑥 =

−1
9

Since motion is constrained by slanted floor 𝑥 + 2𝑦 = 3, the actual highest point 

must also satisfy proportional displacement along the reflected line segment above 
the floor.

Scaling the displacement from 𝑃(−1, 2) in ratio consistent with the 2 : 3 rebound 

rule along the oblique direction gives:

𝑥 = −13
15 , 𝑦 = 19

15 .

118. Line parallel to 3𝑥 − 4𝑦 + 1 = 0 through 𝐴(4, −1) is: 3𝑥 − 4𝑦 + 𝑐 = 0

Substitute 𝐴(4, −1): 12 + 4 + 𝑐 = 0 ⇒ 𝑐 = −16

So line is 3𝑥 − 4𝑦 − 16 = 0.

Let a point on it be (𝑥, 𝑦) and distance from 𝐴(4, −1) be 5: (𝑥 − 4)2 + (𝑦 + 1)2 =
25

From line: 𝑥 = 4𝑦+16
3 . Substitute: (4𝑦+16

3 − 4)
2

+ (𝑦 + 1)2 = 25

(4𝑦+16−12
3 )

2
+ (𝑦 + 1)2 = 25. So 𝑦 = 2 or 𝑦 = −4

For 𝑦 = 2: 𝑥 = 8+16
3 = 8



For 𝑦 = −4: 𝑥 = −16+16
3 = 0

119. We measure distance from 𝑃(3, 5) to the line 2𝑥 + 3𝑦 = 14 along a direction 

parallel to 𝑥 − 2𝑦 = 1.

So we move from (3, 5) along a line parallel to 𝑥 − 2𝑦 = 1 until we meet 2𝑥 +
3𝑦 = 14.

A line parallel to 𝑥 − 2𝑦 = 1 has form: 𝑥 − 2𝑦 = 𝑘

Through 𝑃(3, 5): 3 − 2 ∗ 5 = 𝑘 ⇒ 𝑘 = −7

So required line through 𝑃  is: 𝑥 − 2𝑦 = −7

Now find intersection with 2𝑥 + 3𝑦 = 14.

From 𝑥 − 2𝑦 = −7: 𝑥 = 2𝑦 − 7

Substitute: 2(2𝑦 − 7) + 3𝑦 = 14 ⇒ 𝑦 = 4

Then: 𝑥 = 2 ∗ 4 − 7 = 1
So intersection point is 𝑄(1, 4).

Now distance 𝑃𝑄 = √(1 − 3)2 + (4 − 5)2 =
√

5.

120. We measure the distance from 𝑃(2, 5) to the line 3𝑥 + 𝑦 + 4 = 0 along a direction 

parallel to 3𝑥 − 4𝑦 + 8 = 0.

A line parallel to 3𝑥 − 4𝑦 + 8 = 0 is: 3𝑥 − 4𝑦 = 𝑘

Through 𝑃(2, 5): 3(2) − 4(5) = 𝑘 ⇒ 6 − 20 = −14. So 𝑘 = −14.

Hence required line through 𝑃  is: 3𝑥 − 4𝑦 = −14

Now find its intersection with 3𝑥 + 𝑦 + 4 = 0.

From 3𝑥 − 4𝑦 = −14: 3𝑥 = 4𝑦 − 14 ⇒ 𝑥 = 4𝑦−14
3

Substitute into 3𝑥 + 𝑦 + 4 = 0: 3(4𝑦−14
3 ) + 𝑦 + 4 = 0

(4𝑦 − 14) + 𝑦 + 4 = 0 ⇒ 5𝑦 − 10 = 0 ⇒ 𝑦 = 2

Then: 𝑥 = 8−14
3 = −6

3 = −2. So intersection point is 𝑄(−2, 2).

Now distance 𝑃𝑄 = √(−2 − 2)2 + (2 − 5)2 = 5.

121. Let 𝐴(1, 3) and 𝐶(5, 1) be opposite vertices of a rectangle.

Midpoint of diagonal: 𝑀 = (1+5
2 , 3+1

2 ) = (3, 2). So centre is (3, 2).

Let other vertices be 𝐵 and 𝐷 on line 𝑦 = 2𝑥 + 𝑐.

Since diagonals bisect each other, 𝐵 and 𝐷 are symmetric about (3, 2).

So if 𝐵(𝑥, 𝑦) is on the line, then 𝐷(6 − 𝑥, 4 − 𝑦) is also on it.

For 𝐵: 𝑦 = 2𝑥 + 𝑐. For 𝐷: 4 − 𝑦 = 2(6 − 𝑥) + 𝑐

Substitute 𝑦: 4 − (2𝑥 + 𝑐) = 12 − 2𝑥 + 𝑐 ⇒ 𝑐 = −4

So line is 𝑦 = 2𝑥 − 4. Let 𝑥 = 2, then 𝑦 = 0 so 𝐵(2, 0).
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The other two vertices must lie on this line 𝑦 = 2𝑥 − 4 and must be symmetric 

about the midpoint 𝑀(3, 2).

So if we pick any point 𝐵(𝑥, 𝑦) on the line, its opposite vertex is automatically 

fixed by midpoint symmetry: 𝐷 = (6 − 𝑥, 4 − 𝑦)

Now both 𝐵 and 𝐷 will always satisfy the line equation, so we are free to choose 
any value of 𝑥 that makes calculations simple.

We chose 𝑥 = 2 because it avoids fractions and gives: 𝑦 = 2 ∗ 2 − 4 = 0

So 𝐵 = (2, 0) is an easy clean point on the line, and then: 𝐷 = (6 − 2, 4 − 0) =
(4, 4).

Thus, 𝑐 = −4.

122. Let the line through (𝑥′, 𝑦′) make an angle 𝛼 with the x-axis. Its parametric 

form is:

𝑥 = 𝑥′ + 𝑟 cos 𝛼, 𝑦 = 𝑦′ + 𝑟 sin 𝛼, where 𝑟 is the distance measured along the line.

Substitute into 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0:

𝐴(𝑥′ + 𝑟 cos 𝛼) + 𝐵(𝑦′ + 𝑟 sin 𝛼) + 𝐶 = 0, 𝐴𝑥′ + 𝐵𝑦′ + 𝐶 + 𝑟(𝐴 cos 𝛼 +
𝐵 sin 𝛼) = 0

Solve for 𝑟: 𝑟(𝐴 cos 𝛼 + 𝐵 sin 𝛼) = −(𝐴𝑥′ + 𝐵𝑦′ + 𝐶)

𝑟 = − 𝐴𝑥′+𝐵𝑦′+𝐶
𝐴 cos 𝛼+𝐵 sin 𝛼

Since length is absolute value of displacement: Length = |𝑟|

Length = | 𝐴𝑥′+𝐵𝑦′+𝐶
𝐴 cos 𝛼+𝐵 sin 𝛼 |.

123. Let the required line through 𝑃(1, 2) be 𝑦 − 2 = 𝑚(𝑥 − 1)

Parametric form: 𝑥 = 1 + 𝑡, 𝑦 = 2 + 𝑚𝑡. So at P, 𝑡 = 0.

Intersection with 𝑥 + 𝑦 − 5 = 0: (1 + 𝑡) + (2 + 𝑚𝑡) − 5 = 0

(𝑚 + 1)𝑡 − 2 = 0 ⇒ 𝑡𝐴 = 2
𝑚+1

Intersection with 2𝑥 − 𝑦 = 7: 2(1 + 𝑡) − (2 + 𝑚𝑡) = 7 ⇒ 𝑡𝐵 = 7
2−𝑚

Since A and B lie on the same side of P: 𝑡𝐴, 𝑡𝐵 > 0 ⇒ −1 < 𝑚 < 2

Scale factor along the line is 
√

1 + 𝑚2

𝑃𝐴 =
√

1 + 𝑚2, 𝑡𝐴, 𝑃𝐵 =
√

1 + 𝑚2, 𝑡𝐵
Harmonic mean condition: = 2

1
𝑃𝐴+ 1

𝑃𝐵
= 10

= 2
1

𝑠𝑡𝐴
+ 1

𝑠𝑡𝐵
= 10, where 𝑠 =

√
1 + 𝑚2

= 2 𝑠
1

𝑡𝐴
+ 1

𝑡𝐵
= 10

1
𝑡𝐴

= 𝑚+1
2 , 1

𝑡𝐵
= 2−𝑚

7



Sum: 1
𝑡𝐴

+ 1
𝑡𝐵

= 5𝑚+11
14

⇒ 2 𝑠
5𝑚+11

14
= 10, where 𝑠 =

√
1 + 𝑚2

14 𝑠
5𝑚+11 = 5

Substitute 𝑠 =
√

1 + 𝑚2:

14
√

1 + 𝑚2 = 25𝑚 + 55 ⇒ 196(1 + 𝑚2) = (25𝑚 + 55)2

196 + 196𝑚2 = 625𝑚2 + 2750𝑚 + 3025 ⇒ 429𝑚2 + 2750𝑚 + 2829 = 0

Solve: 𝑚 = −2750±
√

2707936
858

Required line: 𝑦 − 2 = 𝑚(𝑥 − 1).

124. Any point on the line is (−2 + 𝑟 cos 𝜃, −3 + 𝑟 sin 𝜃). Let 𝐵 = (−2 + 𝑟1 cos 𝜃, −3 +
𝑟1 sin 𝜃) and 𝐶 = (−2 + 𝑟2 cos 𝜃, −3 + 𝑟2 sin 𝜃).

Then 𝐴𝐵 = |𝑟1| and 𝐴𝐶 = |𝑟2|

∴ −2 + 𝑟1 cos 𝜃 + 3(−3 + 𝑟 sin 𝜃) = 9 ⇒ 𝑟1 = (20)(cos 𝜃 + 3 sin 𝜃)

and 𝑟2 = 4
cos 𝜃+ sin 𝜃

Given that 𝐴𝐵.𝐴𝐶 = 20 ⇒ 𝑟1 ∗ 𝑟2 = ±20 ⇒ cos2 𝜃 + 3 sin2 𝜃 + 4 sin 𝜃 cos 𝜃 = 4

⇒ tan 𝜃 = 3, 1. So theh possible lines are 𝑥 − 𝑦 = 1, 3𝑥 − 𝑦 + 3 = 0

125. Let the line through 𝑃(3, 4) making angle 𝜃 with the positive x-axis be

(𝑥, 𝑦) = (3, 4) + 𝑟(cos 𝜃, sin 𝜃)

Substitute into 𝑦2 = 4𝑥: (4 + 𝑟 sin 𝜃)2 = 4(3 + 𝑟 cos 𝜃)

⇒ 16 + 8𝑟 sin 𝜃 + 𝑟2 sin2 𝜃 = 12 + 4𝑟 cos 𝜃 ⇒ 𝑟2 sin2 𝜃 + 8𝑟 sin 𝜃 − 4𝑟 cos 𝜃 + 4 =
0
⇒ 𝑟2 sin2 𝜃 + 4𝑟(2 sin 𝜃 − cos 𝜃) + 4 = 0.

126. The midpoint of 𝐵𝐶 is 𝑀 = (𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ).

So, the equation of the median from 𝐴 is the line passing through 𝐴 and 𝑀 :

|
𝑥
𝑥1

𝑥2+𝑥3
2

𝑦
𝑦1

𝑦2+𝑦3
2

1
1
1
| = 0

Using linearity of determinants:

|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| + |

𝑥
𝑥1
𝑥3

𝑦
𝑦1
𝑦3

1
1
1
| = 0.

127. Slope of 𝑥 − 2𝑦 + 3 = 0 is 𝑚1 = − 1
−2 = 1

2  and slope of 3𝑥 + 𝑦 − 1 = 0 is −3
1 =

−3.

If 𝜃 is the acute angle between them then tan 𝜃 = |(𝑚1−𝑚2)|
1+𝑚1𝑚−2 = 7.

So the acute angle between them is tan−1 7 and obtuse angle is 𝜋 − tan−1 7.
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128. Slope of 𝑥 + 𝑦 = 3 is 𝑚1 = −1
1 = −1. Slope of the line passing through (1, 1) and 

(−3, 4) is 𝑚2 = 4−1
−3−1 = −3

4 .

If 𝜃 is the acute angle between them then tan 𝜃 = |(𝑚1−𝑚2)|
1+𝑚1𝑚−2 = 1

7 .

So the acute angle between them is tan−1 1
7  and obtuse angle is 𝜋 − tan−1 1

7 .

129. Slope of 2𝑥 + 3𝑦 + 4 + 𝑘(6𝑥 − 𝑦 + 12) = 0 is 𝑚1 = −2+6𝑘
3−𝑘 = 2+6𝑘

𝑘−3  and slope of 

the line 7𝑥 + 5𝑦 − 4 = 0 is 𝑚2 = −7
5 .

Since the lines are perpendicular so 𝑚1𝑚2 = −1 ⇒ 𝑘 = −29
37 .

130. Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3) be the three vertices of a 

𝐴𝐵𝐶 . Let 𝑃  and 𝑄 represent the mid-points of the sides 𝐴𝐵 

and 𝐴𝐶 respectively.

𝑃 ≡ (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ) and 𝑄 ≡ (𝑥1+𝑥3
2 , 𝑦1+𝑦3

2

Slope of line 𝑃𝑄: 𝑚1 =
𝑦1+𝑦3

2 −𝑦1+𝑦2
2

𝑥1+𝑥3
2 −𝑥1+𝑥2

2
= 𝑦3−𝑦2

𝑥3−𝑥2

Slope of line 𝐵𝐶 : 𝑚2 = 𝑦3−𝑦2
𝑥3−𝑥2

).

131. Slope of 𝐴𝐵 : 𝑚1 = 0−2
2−0 = −1. Slope of 𝐶𝐷, 𝑚2 = 𝑦−7

𝑥 .

Since 𝐴𝐵 ∥ 𝐶𝐷, therefore, 𝑚1 = 𝑚2 ⇒ 𝑦 = 7 − 𝑥.

Since the trapezium is isosceles therefore 𝐴𝐷 = 𝐵𝐶 ⇒ (𝑥 − 2)2 + 𝑦2 = 5 ⇒ 𝑥 =
7, 2 ⇒ 𝑦 = 0, 5.

132. Slope of the given lines are 𝑚1 = −𝑎+𝑏
𝑎−𝑏 , 𝑚2 = −𝑎−𝑏

𝑎+𝑏  and 𝑚3 = −1 respectively.

If angle between first and third line is 𝛼 then tan 𝛼 = 𝑏
𝑎 .

If angle between second and third line is 𝛽 then tan 𝛽 = 𝑏
𝑎 .

Since both the angles are same we have an isosceles triangle. Let 𝜃 be the vertical 
angle.

Then 𝜃 + 𝛼 + 𝛽 = 180° ⇒ 𝜃 = 180° − 2𝛼 ⇒ 𝜃
2 = 90° − 𝛼

tan 𝜃
2 = 2 cot 𝛼 ⇒ 𝜃 = 2 tan−1 𝑎

𝑏 .

133. Slope of 𝑥 = 𝑎 is tan 90° and slope of the line is 𝑏𝑦 + 𝑐 = 0 is tan 0°. Thus, angle 

between the two lines is 90°.

134. Equation of the line whose intercepts are 3, 4 is given by 𝑥
3 + 𝑦

4 = 1 and has a 

slope of 𝑚1 = −4
3 .

Equation of the line whose intercepts are 1, 8 is given by 𝑥
1 + 𝑦

8 = 1 and has a 

slope of 𝑚2 = −8
1 = −8

The angle is given by 𝜃 then tan 𝜃 = |−4
3+8

1+32
3

| = 4
7 ⇒ 𝜃 = tan−1 4

7 .

135. Slope of the line 𝑥
𝑎 + 𝑦

𝑏 = 1 is 𝑚1 = − 𝑏
𝑎  and slop of the line 𝑥

𝑏 − 𝑦
𝑎 = 1 is 𝑚2 = 𝑎

𝑏 .

Clearly, 𝑚1𝑚2 = −1, and thus, the two lines are perpendicular to each other.



136. Slope of the line joining (2, −3) and (−1, 2) is 𝑚1 = 2+3
−1−2 = −5

3 .

Slope of the line joining (3, 7) and (−2, 4) is 𝑚2 = 4−7
−2−3 = 2

5 .

Clearly, 𝑚1𝑚2 = −1, and thus, the two lines are perpendicular to each other.

137. Slope of the line joining (𝑎, 2𝑎) and (−2, 3) is 𝑚1 = 3−2𝑎
−2−𝑎 .

Slope of the line 4𝑥 + 3𝑦 + 5 = 0 is 𝑚2 = −4
3 .

Given that lines are perpendicular to each other therefore 𝑚1𝑚2 = −1

⇒ (3 − 2𝑎).(−2 − 𝑎).(−4
3) = −1 ⇒ 12 − 8𝑎 = −6 − 3𝑎 ⇒ 𝑎 = 15

8 .

138. Both the lines have the same slope of 7, thus lines are parallel to each other.

139. Slope of the line 𝑘2𝑥 + 𝑘𝑦 + 1 = 0 is −𝑘2

𝑘 = −𝑘.

Slope of the line 𝑥 − 𝑘𝑦 = 1 is 1
𝑘 . Clearly, product of the slopes is −1 i.e. lines 

are perpendicular to each other.

140. Slope of the line 𝑥 − 𝑦 + 2 + 𝑘(2𝑥 + 3𝑦) = 0 is −2𝑘+1
3 𝑘 − 1 ⇒ 2𝑘+1

1−3𝑘 .

Slope of the line 3𝑥 + 𝑦 = 0 is −3.

Because the lines are parallel the slopes will be equal. ⇒ 2𝑘 + 1 = 9𝑘 − 3 ⇒
𝑘 = 4

7 .

141. First and third lines have same slope, and, second and fourth lines have same 
slope. Thus, they will form a parallelogram.

142. Slope of the line 𝑥 cos 𝜃 + 𝑦 sin 𝜃 = 2 is 𝑚1 = − cos 𝜃
sin 𝜃 = − cot 𝜃.

Slope of the line 𝑥 − 𝑦 = 3 is 𝑚2 = 1.

Since the lines are perpendicular 𝑚1𝑚2 = −1 ⇒ cot 𝜃 = 1 ⇒ 𝜃 = 45°.

143. Slope of the line 𝑥 − 3𝑦 + 5 + 𝑘(𝑥 + 𝑦 − 3) = 0 is 𝑚1 = 𝑘+1
3 − 𝑘. Slope of the 

line 𝑥 + 𝑦 = 1 is −1.

Since the lines are perpendicular ⇒ 𝑚1𝑚2 = −1 ⇒ 𝑘 + 1 = 𝑘 + 1 = 3 − 𝑘 ⇒ 𝑘 =
1.

Thus, equation of the first line becomes 2𝑥 − 2𝑦 + 2 = 0 ⇒ 𝑥 − 𝑦 + 1 = 0.

144. Let 𝐴 = (0, 0), 𝐵 = (𝑎, 0), 𝐶 = (𝑎
2 ,

√
3𝑎
2 ). (You can get these points by rotating 

the line moving by a distance 𝑎 along that line)

Midpoint of 𝐴𝐵: 𝑀 = (0+𝑎
2 , 0+0

2 ) = (𝑎
2 , 0)

Slope of 𝐴𝐵: 𝑚𝐴𝐵 = 0−0
𝑎−0 = 0

Since 𝑥𝐶 = 𝑥𝑀 = 𝑎
2 , the line CM is vertical.

A vertical line is perpendicular to a horizontal line(𝐴𝐵).

Hence 𝐶𝑀 ⟂ 𝐴𝐵.

145. Place the rhombus with vertices 𝐴 = (𝑎, 0), 𝐵 = (0, 𝑏), 𝐶 = (−𝑎, 0), 𝐷 = (0, −𝑏) 
for 𝑎, 𝑏 > 0.
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Each side has length |𝐴𝐵| = √(𝑎 − 0)2 + (0 − 𝑏)2 =
√

𝑎2 + 𝑏2, and by symmetry 

all four sides are equal, confirming 𝐴𝐵𝐶𝐷 is a rhombus.

The diagonal 𝐴𝐶 runs from (𝑎, 0) to (−𝑎, 0), so its slope is 𝑚𝐴𝐶 = 0−0
−𝑎−𝑎 = 0.

The diagonal 𝐵𝐷 runs from (0, 𝑏) to (0, −𝑏), so it is a vertical line with undefined 

slope, meaning it is parallel to the 𝑦-axis.

A line with slope 0 is horizontal, and a vertical line is perpendicular to every 
horizontal line. Therefore 𝐴𝐶 ⟂ 𝐵𝐷.

146. Equation of the line parallel to the given line is 3𝑥 − 𝑦 + 𝑘 = 0. Also, given that 

this passes through (3, 4); putting the point in the equation

3 ∗ 3 − 4 + 𝑘 = 0 ⇒ 𝑘 = −5.

Thus, equation of the required line is 3𝑥 − 𝑦 − 5 = 0.

147. The line perpendicular to the line 4𝑥 − 3𝑦 = 10 is given by 3𝑥 + 4𝑦 + 𝑘 = 0.

Given that it passes through (2, 3), putting this point in the equation

2 ∗ 3 + 4. ∗ 3 + 𝑘 = 0 ⇒ 𝑘 = −18.

Thus, equation of the required line is 3𝑥 + 4𝑦 − 18 = 0.

148. Since the intercept is 4
3  on 𝑦 axis therefore the line passes through (0, 4

3). Also 

lines perpendicular to the line 3 − 4𝑦 + 11 = 0 is given by

4𝑥 + 3𝑦 + 𝑘 = 0. Putting (0, 4
3) gives us 𝑘 = −4.

Thus, required line is 4𝑥 + 3𝑦 − 4 = 0.

149. Mid-point of (1, 1) and (2, 3) is (3
2 , 2). Equation of the line passing though these 

two points is

𝑦 − 1 = 3−1
2−1(𝑥 − 1) ⇒ 𝑦 − 1 = 2𝑥 − 2 ⇒ 2𝑥 − 𝑦 = 0.

Line perpendicular to this wll be 𝑥 + 2𝑦 + 𝑘 = 0, which passes through the mid-

point. Thus,

3
2 + 4 + 𝑘 = 0 ⇒ 𝑘 = −11

2 .

Thus, equation of the line is 2𝑥 + 4𝑦 − 11 = 0.



150.

𝑂 𝐴

𝐵

𝑀

𝑁

𝑥

𝑦

Given line is 𝑥 + 𝑦 = 𝑎, which cuts the 𝑥 and 𝑦 axes at 𝐴 and 𝐵 respectively. ⇒
𝐴 ≡ (𝑎, 0) and 𝐵 ≡ (0, 𝑎).

Let 𝐴𝑁
𝑁𝐾 = 𝑘, then 𝑁 = ( 𝑎

1+𝑘 , 𝑘𝑎
1+𝑘).

Since line 𝑀𝑁  is perpendicular to 𝐴𝐵 and it passes through 𝑁  therefore

𝑥 − 𝑦 − ( 𝑎
1+𝑘 − 𝑘𝑎

1+𝑘) = 0 ⇒ 𝑥 − 𝑦 = 1−𝑘
1+𝑘𝑎

This line cuts the 𝑦-axis at 𝑀 . THus, 𝑀 ≡ (0, 𝑘−1
𝑘+1𝑎)

Δ𝐴𝑀𝑁 = 1
2 .𝐴𝑁.𝑁𝑀

𝐴𝑁2 = (𝑎 − 𝑎
𝑘+1)

2
+ (0 − 𝑘𝑎

1+𝑘)
2

⇒ 𝐴𝑁 =
√

2𝑎𝑘
1+𝑘

𝑁𝑀 =
√

2𝑎
1+𝑘 .

Thus, Δ𝐴𝑀𝑁 = 𝑎2𝑘
(1+𝑘)2  and Δ𝑂𝐴𝐵 = 1

2 .𝑎2

Thus, Δ𝐴𝑀𝑁 : Δ𝑂𝐴𝐵 = 3 : 8 ⇒ 3(1 + 𝑘)2 = 16𝑘 ⇒ 𝑘 = 3, 1
3  but if 𝑘 = 1

3  then 

𝑀  lies outside of 𝑂𝐵. Thus, 𝑘 = 3.

151. Slope of the line 3𝑥 − 𝑦 + 5 = 0 is 3. Let the slope of the required line is 𝑚 then

tan 45° = | 𝑚−3
1+3𝑚 | ⇒ 𝑚−3

1+𝑚 = ±1 ∴ 𝑚 = −2, 1
2 .

152. Slope of the given line is 1
2 . Let 𝑚 be the slope of the line passing through (3, 2) 

and making an angle of 45° with the line

⇒ tan 45° = |12−𝑚|
1+𝑚

2
⇒ 𝑚 = 3, −1

2 .

Thus, equations of required line are 𝑦 − 2 = 3(𝑥 − 3) and 𝑦 − 2 = −1
2(𝑥 − 3) i.e. 

3𝑥 − 𝑦 = 7 and 𝑥 + 3𝑦 = 9.

153. Given line is 𝑥 + 𝑦 − 2 = 0, its slope, 𝑚1 = −1.

Let the slope of the line which makes an angle of 60° with this line be 𝑚1, then

tan 60° = | 𝑚1−𝑚
1+𝑚.𝑚1

| ⇒
√

3 = |−1−𝑚
1−𝑚 |
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𝑚 = 2 +
√

3, 2 −
√

3.

Thus, equation of two other sides of the triangle are

𝑦 − 3 = (2 +
√

3)(𝑥 − 2) and 𝑦 − 3 = (2 −
√

3)(𝑥 − 2).

154.

𝐵 𝐶

𝐴(2, −7)

3𝑥 − 4𝑦 + 1 = 0

4𝑥
+
𝑦
−
1 =

0

Given that equation of 𝐵𝐶 is 3𝑥 − 4𝑦 + 1 = 0 and the equation of 𝐴𝐵 is 4𝑥 +
𝑦 − 1 = 0.

Since 𝐴𝐵 = 𝐴𝐶 , therefore, ∠𝐴𝐵𝐶 = ∠𝐴𝐶𝐵 = 𝛼(say)

Slope of the line 𝐵𝐶 = 3
4  and slope of 𝐴𝐵 = −4. Let slope of 𝐴𝐶 = 𝑚.

Thus, 
−4−3

4
1−4.3

4
=

3
4−𝑚

1+2
4𝑚 ⇒ 𝑚 = −52

89

Thus, equation of 𝐴𝐶 is 𝑦 + 7 = −52
89(𝑥 − 2) ⇒ 52𝑥 + 89𝑦 + 519 = 0.

155. Equation of line through (−2, −7) is given by 𝑦 + 7 = 𝑚(𝑥 + 2) ⇒ 𝑦 = 𝑚𝑥 +
2𝑚 − 7. This line cuts the given lines at 𝐴 and 𝐵 respectively. Solving the 
equations gives

𝐴 = (33−6𝑚
4+3𝑚 , 20𝑚−28

4+3 ) and 𝐵 = (24−6𝑚
4+3𝑚 , 11𝑚−28

4+3𝑚 )

According to question 𝐴𝐵 = 3 ⇒ 𝐴𝐵2 = 9 ⇒ 81
(4+3𝑚)2 + 81𝑚2

(4+3𝑚)2 = 9

⇒ 9 + 9𝑚2 = 16 + 9𝑚2 + 24𝑚 ⇒ 𝑚 = − 7
24

When 𝑚 → ∞ both sides become tend to 9 i.e. line may be perpendicular to 𝑥
-axis.

Thus, equations of the required lines are 𝑥 = −2 and 𝑦 + 7 = − 7
24(𝑥 + 2) ⇒ 7𝑥 +

24𝑦 + 182 = 0.

156. The line parallel to 𝑥 + 2𝑦 = 3 is given by 𝑥 + 2𝑦 = 𝑘. Since it passes through 

(3, 4), therefore

𝑘 = 3 + 2 ∗ 4 = 11. Hence, equation of the required line becomes 𝑥 + 2𝑦 = 11.

157. The line parallel to 3𝑥 + 4𝑦 = 12 is given by 3𝑥 + 4𝑦 = 𝑘. Since it passes through 

(4, 3), therefore

𝑘 = 3 ∗ 4 + 4 ∗ 3 = 24. Hence, equation of the required line becomes 3𝑥 + 4𝑦 = 24.



158. Equation of the straight line parallel to 3𝑥 − 4𝑦 + 6 = 0 is given by 3𝑥 − 4𝑦 +
𝑘 = 0. It passes through the mid-point of the line segment made by (2, 3) and 

(4, −1) i.e. (3, 1).

Thus, 3 ∗ 3 − 4 ∗ 1 + 𝑘 = 0 ⇒ 𝑘 = −5. Hence, the equation of the required line is 

3𝑥 − 4𝑦 − 5 = 0.

159. Euation of the line joining the points (2, 3) and (3, −1) is given by

𝑦 − 3 = −1−3
3−2 (𝑥 − 2) ⇒ 𝑦 − 3 = 8 − 4𝑥 ⇒ 4𝑥 + 𝑦 = 11

A line parallel to above line wil be 4𝑥 + 𝑦 = 𝑘. Since it passes through (2, 1), 
therefore,

4 ∗ 2 + 1 = 𝑘 ⇒ 𝑘 = 9. So the required line becomes 4𝑥 + 𝑦 = 9.

160. Equation of the line parallel to the line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 is given by 𝑙𝑥 + 𝑚𝑦 +
𝑘 = 0.

Since it passes through (𝛼, 𝛽), therefore, 𝑙𝛼 + 𝑚𝛽 + 𝑘 = 0.

Thus, equation of required line is 𝑙𝑥 + 𝑚𝑦 − (𝑙𝛼 + 𝑚𝛽) = 0.

161. Equation of the line perpendicular to the line 2𝑥 + 5𝑦 = 31 is 5𝑥 − 2𝑦 + 𝑘 = 0. 

Since it passes through (2, 5), therefore,

5 ∗ 2 − 2 ∗ 5 + 𝑘 = 0 ⇒ 𝑘 = 0. So the required line is 5𝑥 − 2𝑦 = 0.

162. Any line perpendivular to the given line is 2𝑎𝑦 + 𝑥𝑦′ + 𝑘 = 0. Since it passing 

through (𝑥′, 𝑦′), therefore,

𝑘 = −2𝑎𝑦′ − 𝑥′𝑦′. Thus, required line is 2𝑎(𝑦 − 𝑦′) + 𝑦′(𝑥 − 𝑥′) = 0.

163. Slope of the first line is 𝑚1 = 𝑚𝑛+𝑛2

𝑚2−𝑚𝑛 , and the slope of the second line is 𝑚2 =
𝑚𝑛−𝑛2

𝑚𝑛+𝑚2 .

Let 𝜃 be the angle between these lines then tan 𝜃 = |
𝑚𝑛+𝑛2
𝑚2−𝑚𝑛

− 𝑚𝑛−𝑛2
𝑚𝑛+𝑚2

1+ 𝑚𝑛+𝑛2
𝑚2−𝑚𝑛

𝑚𝑛−𝑛2
𝑚𝑛+𝑚2

|

⇒ tan 𝜃 = 4𝑚2𝑛2

𝑚4−𝑛4 ⇒ 𝜃 = tan−1 4𝑚2𝑛2

𝑚4−𝑛4 .

164. Any line perpendicular to the line 𝑥 sec 𝜃 + 𝑦 csc 𝜃 = 𝑎 is given by 𝑥 csc 𝜃 −
𝑦 sec 𝜃 = 𝑘, however, the line passes through (𝑎 cos3 𝜃, 𝑎 sin3 𝜃), therefore,

𝑎 cos3 𝜃 csc 𝜃 − 𝑎 sin3 𝜃 sec 𝜃 = 𝑘 = 𝑎 cos4 𝜃−𝑎 sin4 𝜃
sin 𝜃 cos 𝜃 = 𝑎 cos 2𝜃

sin 𝜃 cos 𝜃

Thus, the given line becomes 𝑥 cos 𝜃 − 𝑦 sin 𝜃 = 𝑎 cos 2𝜃.

165. Any line perpendicular to the line 𝑥
𝑎 cos 𝜃 + 𝑦

𝑏 sin 𝜃 = 1 is given by 𝑥
𝑏 sin 𝜃 −

𝑦
𝑎 cos 𝜃 = 𝑘. Since this new line passes through (𝑎 cos 𝜃, 𝑏 sin 𝜃), therefore

𝑘 = 𝑎 cos 𝜃∗ sin 𝜃
𝑏 − 𝑏 sin 𝜃∗ cos 𝜃

𝑎 . Thus, equation of the new line becomes

𝑎𝑥 sec 𝜃 − 𝑏𝑦 csc 𝜃 = 𝑎2 − 𝑏2.

166. Let the parallelogram be 𝐴𝐵𝐶𝐷.
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A(0, 0)

B(5/3, −4/3)

C(1, 1)

D(-2/3, 7/3)

Let the equations of sides 𝐴𝐵 and 𝐴𝐷 of the parallelogram be 4𝑥 + 5𝑦 = 0 and 

7𝑥 + 2𝑦 = 0. Solving these equations gives 𝐴 = (0, 0).

Equation of one of the diagonals of the parallelogram is 11𝑥 + 7𝑦 = 9, which does 

not pass through 𝐴 so it must be the diagonal 𝐵𝐷.

Solving 𝐴𝐷 and 𝐵𝐷 and 𝐴𝐵 and 𝐵𝐷 gives us 𝐵 = (5
3 , −4

3) and 𝐷 = (−2
3 , 7

3),

Thus, mid-point of diagonals is 𝐻 = (1
2 , 1

2). Thus, equation of the other diagonal 

which passes through 𝐴 and 𝐻  is 𝑥 = 𝑦.

167. Solving the three equations pairwise gives us three coordinates 𝐴 ≡=
( 𝑐−𝑐1

𝑚1−𝑚2
, 𝑚1𝑐2−𝑚2𝑐1

𝑚1−𝑚2
), 𝐵 ≡ (0, 𝑐1) and 𝐶 ≡ (0, 𝑐2).

Putting these points in the formula for area of triangle |1
2 [𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 −

𝑦1) + 𝑥3(𝑦1 − 𝑦1)]|

= 1
2 . 𝑐2−𝑐1

𝑚1−𝑚2
.(𝑐1 − 𝑐2) = 1

2 . (𝑐2−𝑐1)2

𝑚1.𝑚2
.

168.

x

y

R

Q

P

A

B

C

Let the three lines be 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 whose equations are 𝑦 = 𝑚1𝑥 + 𝑐1, 𝑦 =
𝑚2𝑥 + 𝑐2 and 𝑦 = 𝑚3𝑥 + 𝑐3.

Let the lines 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 meet 𝑦-axis at 𝑃 , 𝑄 and 𝑅 respectively. From figure

Δ𝐴𝐵𝐶 = Δ𝐴𝑄𝑅 − Δ𝐵𝑃𝑅 + Δ𝐶𝑃𝑄

Proceeding like previous problem we have the required result.



169. Let 𝐴(𝑥1, 𝑦1) be the point of intersection of first two equations, 𝐵(𝑥 − 2, 𝑦2) that 

of second and third, and 𝐶(𝑥3, 𝑦3) that of first and last equations.

Δ = 1
2 |

𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1
| = 1

2

|
𝑥1
𝑥2
𝑥3

𝑦1
𝑦2
𝑦3

1
1
1
|×|

𝑎1
𝑎2
𝑎3

𝑏1
𝑏2
𝑏3

𝑐1
𝑐2
𝑐3

|

|
𝑎1
𝑎2
𝑎3

𝑏1
𝑏2
𝑏3

𝑐1
𝑐2
𝑐3

|

= 1
2 |

𝑎1𝑥1+𝑏1𝑦1+𝑐1
𝑎1𝑥2+𝑏1𝑦2+𝑐1
𝑎1𝑥3+𝑏1𝑦3+𝑐1

𝑎2𝑥1+𝑏2𝑦1+𝑐2+𝑎3𝑥1+𝑏3𝑦1+𝑐3
𝑎2𝑥2+𝑏2𝑦2+𝑐2+𝑎3𝑥2+𝑏3𝑦2+𝑐3
𝑎2𝑥3+𝑏2𝑦3+𝑐2+𝑎3𝑥3+𝑏3𝑦3+𝑐3

| ÷ Δ

= 1
2 |

0
𝑎1𝑥2+𝑏1𝑦2+𝑐2

0

0
0

𝑎2𝑥3+𝑏2𝑦3+𝑐2

𝑎3𝑥1+𝑎3𝑦1+𝑐3
0
0

| ÷ Δ

(𝑥1, 𝑦1) satisdied the above equation and also 𝑎1𝑥1 + 𝑏2𝑦1 + 𝑐1 = 0 and 𝑎2𝑥1 +
𝑏2𝑦1 + 𝑐2 = 0

Let 𝑎3𝑥1 + 𝑏3𝑦1 + 𝑐3 = 𝜆1 ⇒ 𝑎3𝑥1 + 𝑏3𝑦1 + 𝑐3 − 𝜆 = 0

Thus, eliminating (𝑥1, 𝑦1) from these equations gives us

|
𝑎1
𝑎2
𝑎3

𝑏1
𝑏2
𝑏3

𝑐1
𝑐2

𝑐3−𝜆1

| = 0 ⇒ Δ − 𝜆1|
𝑎1
𝑎2

𝑏1
𝑏2

|

⇒ Δ − 𝜆1𝐶3 = 0 ⇒ 𝜆1 = Δ
𝐶3

, where 𝐶3 is cofactor of 𝑐1. Similarly, 𝜆2 = Δ
𝐶1

 and 

𝜆3 = Δ
𝐶2

Thus, area of the required triangle is |1
2(𝜆1𝜆2𝜆3) ÷ Δ| = Δ2

2|𝐶1𝐶2𝐶3| .

170. The equation of any line with gradient 2 is given by 𝑦 = 2𝑥 + 𝑐. This line will 

intersect with given lines at 𝐴 ≡ (3
2 − 𝑐

6 , 3 + 2𝑐
3 ), 𝐵 ≡ (1 − 2𝑐

3 , 2 − 𝑐
3) and 𝐶 ≡

(2 + 𝑐
3 , 4 + 5𝑐

3 ).

Clearly, 𝐴 is the middle point of 𝐵𝐶 . Thus, intercepts are equal.

171. Let (𝑝, 𝑞) be the foot of the perpendicular. Then 𝑞 = 3𝑝 + 4. Also, line perpen

dicular to it will have the equation 𝑥 + 3𝑦 = 𝑘.

Since 𝑥 + 3𝑦 = 𝑘 will pass through (2, 3), therefore, 𝑘 = 11. Also, (𝑝, 𝑞) will lie 

on this line so 𝑝 + 3𝑞 = 11.

Solving the two equations gives us (𝑝, 𝑞) = (− 1
10 , 37

10).
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172.

4𝑥 + 7𝑦 + 13 = 0

𝑃(−8, 12)

𝑄(𝛼, 𝛽)

𝐴 𝐵𝐿

Equation of the line mirror 𝐴𝐵 is 4𝑥 + 7𝑦 + 13 = 0. Let 𝑃 ≡ (−8, 12) and 𝑄 ≡
(𝛼, 𝛽) be the image of 𝑃  in the line mirror 𝐴𝐵. Then 𝑃𝑄 ⟂ 𝐴𝐵 and 𝑃𝐿 = 𝐿𝑄.

Thus equation of 𝑃𝐿 would be 7𝑥 − 4𝑦 = 𝑘. Since it passes through 𝑃(−8, 12), 
therefore,

𝑘 = −56 − 48 = −104. So the equation of 𝑃𝐿 is 7𝑥 − 4𝑦 + 104 = 0. Solving the 

equations 𝐿 ≡ (−12, 5).

Since 𝑄 is mirror image of 𝑃  so 𝐿 will be midpoint of 𝑄. Thus, 𝑄 ≡ (−16, −2).

173. Refere to Figure  3.15. Slope of 𝐴𝐵 = −𝑎
𝑏  and that of 𝑃𝑄 = 𝑦2−𝑦1

𝑥2−𝑥1
.

Since 𝐴𝐵 ⟂ 𝑃𝑄 ⇒ (−𝑎
𝑏 ).( 𝑦2−𝑦1

𝑥2−𝑥1
) = −1 ⇒ 𝑥2−𝑥1

𝑎 = 𝑦2−𝑦1
𝑏 = 𝑘(say)

⇒ 𝑥2 − 𝑥1 = 𝑘𝑎, 𝑦2 − 𝑦1 = 𝑘𝑏 ⇒ 𝑎(𝑥2 − 𝑥1) + 𝑏(𝑦2 − 𝑦1) = 𝑘(𝑎2 + 𝑏2)

𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0

𝑃(𝑥1, 𝑦1)

𝑄(𝑥2, 𝑦2)

𝐴 𝐵𝐿

Like previous problem 𝐿 is the midpoint of 𝑃𝑄 i.e. 𝐿 ≡ (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ) and it 

also lies on the line 𝐴𝐵, therefore

𝑎(𝑥1+𝑥2
2 ) + 𝑏(𝑦1+𝑦2

2 ) + 𝑐 = 0 ⇒ 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 = −(𝑎𝑥1 + 𝑏𝑦1 + 𝑐)

From previously obtained equation −2(𝑎𝑥1 + 𝑏𝑦1 + 𝑐) = 𝑘(𝑎2 + 𝑏2)

Thus, 
𝑥2−𝑥1

𝑎 = 𝑦2−𝑦1
𝑏 = −2(𝑎𝑥1+𝑏𝑦1+𝑐1)

𝑎2+𝑏2 .



174. 𝐴

𝑃 𝑄

3𝑥 − 2𝑦 − 5 = 0

𝑥 −
2𝑦

−
3 =

0
𝛼

𝜃 𝜃
𝛼𝐿 𝑀

Given equation of horizontal line is 3𝑥 − 2𝑦 − 5 = 0 and equation of 𝑃𝐴 is 𝑥 −
2𝑦 − 3 = 0.

Solving these two equations gives us 𝐴 ≡ (1, −1).

Let slope of 𝐴𝑄 = 𝑚. Slope of horizontal line is 3
2  and slope of 𝐴𝑃 = 1

2 .

Let ∠𝐿𝐴𝑃 = 𝛼 then ∠𝑄𝐴𝑀 = 𝛼.

∴ tan 𝛼 = 4
7 , |2,𝑚−3

2+3𝑚 |

Thus, 𝑚 = 1
2 , 29

2 . So slope of 𝐴𝑄 = 29
2 , and hence, equation of 𝐴𝑄 is given by

𝑦 + 1 = 29
2 (𝑥 − 1) ⇒ 29𝑥 − 2𝑦 − 31 = 0.

175. Since the light travels through the shorted path 𝑃𝑅 must be the incident ray and 
𝑅𝑄 should be the reflected ray. If 𝑆 be the image of 𝑃  w.r.t. line mirror 2𝑥 +
𝑦 = 7, then 𝑃𝑅 + 𝑅𝑄 = 𝑆𝑅 + 𝑅𝑄.

Thus, 𝑃𝑅 + 𝑅𝑄 will be least when 𝑆𝑅 + 𝑅𝑄 will be least i.e. when point 𝑄, 𝑅, 𝑆 

are collinear.

𝑅

𝑃(−3, 4) 𝑄(0, 1)

2𝑥 + 𝑦 = 7

𝛼
𝜃 𝜃

𝛼𝐿 𝑀

𝑆

𝐻

GIven equation of the line 𝐿𝑀  is 2𝑥 + 𝑦 = 7. Equation of 𝑃𝐻  would be 𝑥 −
2𝑦 = 𝑘, which passes through (−3, 4) so 𝑘 = −3 − 8 = −11

Solving the two equations gives 𝐻 ≡ (3
5 , 29

5 ). Let 𝑆 ≡ (𝛼, 𝛽) then

3
5 = 𝛼−3

5 ⇒ 𝛼 = 21
5  and 𝛽 = 38

5

Equation of 𝑆𝑄 is 𝑦 − 1 =
38
5 −1
21
5

𝑥 ⇒ 11𝑥 − 17𝑦 + 7 = 0.
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176. 𝑃

𝑅

𝐿

𝑀

𝑄

𝑆

𝑥 + 𝑦 = 1

𝜃𝜃
𝛼

𝐴 𝐵

2𝑥
−

3𝑦
=

5

𝑄𝑅 is the refracted ray. According to question, ∠𝑆𝑄𝑅 = 15°. From given equa

tions we get 𝑄 ≡ (8
5 , −3

5)

Slope of 𝑄𝑃 = 2
3 , so slope of 𝑄𝑆 = 2

3 . Slope of 𝐴𝐵 = −1

Let ∠𝑃𝑄𝐵 = 𝜃 = ∠𝐴𝑄𝑆, then tan 𝜃 = |
2
3+1
1−2

3
| = 5

Let slope of 𝑄𝑅 = 𝑚. ∵ ∠𝑆𝑄𝑅 = 15° ∴ tan 15° = |
2
3−𝑚

1+2
3𝑚 | = 2 −

√
3 ⇒ 𝑚 =

3
√

3−4
7−2

√
3 , 3

√
3−8

1−2
√

3 .

177. Any line passing through the point of intersection of given lines is given by 5𝑥 −
𝑦 − 9 + 𝑘(𝑥 + 6𝑦 − 8) = 0.

Given that this line passes through (2, −2), then 2 + 2 − 9 + 𝑘(2 − 12 − 8) = 0 ⇒
𝑘 = 1

6 .

So by putting 𝑘 back in the equaiotn to obtain 𝑥 − 2 = 0.

178. Equation of the line passing through the point of intersection of given lines is 
𝑥 − 𝑦 − 1 + 𝑘(2𝑥 − 3𝑦 + 1) = 0

Slope of this line is 1+2𝑘
1+3𝑘 . Given that this new line is parallel to 3𝑥 + 4𝑦 − 14 = 0

Thus, 1+2𝑘
1+3𝑘 = −3

4 ⇒ 𝑘 = − 7
17 . Putting this value of 𝑘 in the equation above gives 

us the required equation as 3𝑥 + 4𝑦 − 24 = 0.

179. Equation of the line passing through the point of intersection of given lines is 
3𝑥 − 4𝑦 − 7 + 𝑘(12𝑥 − 5𝑦 − 13) = 0

Slope of this line is 3+12𝑘
4+5𝑘 . Given that this new line is perpendicular to 2𝑥 − 3𝑦 +

5 = 0 so the new line’s slope must be equal to 3
2 .

Thus, 3+12𝑘
4+5𝑘 = 3

2 ⇒ 𝑘 = − 6
13 . Putting this value of 𝑘 in the equation above gives 

us the required equation as 33𝑥 + 22𝑦 + 13 = 0.

180. Equation of the line passing through the point of intersection of given lines is 
𝑥 + 3𝑦 + 4 + 𝑘(3𝑥 + 𝑦 + 4) = 0.



Slope of this line −1+3𝑘
3+𝑘 . We know that slope of the lines equally inclined to axes 

are ±1.

Equating: −1+3𝑘
3+𝑘 = ±1 ⇒ 𝑘 = −1, 1

Thus, required lines are 𝑥 − 𝑦 = 0 and 𝑥 + 𝑦 + 2 = 0.

181. Let the equation of line 𝐴𝐵 and 𝐴𝐶 be 3𝑥 − 2𝑦 + 6 = 0 and 4𝑥 + 5𝑦 − 20 = 0.

𝐴

𝐵

𝐶3𝑥
−
2𝑦

+
6 =

0 4𝑥 − 5𝑦 = 20

𝐿

𝑀

Since 𝐵𝑀  passes through the orthocenter 𝐻(1, 1) and is perpendicular to 𝐴𝐶 , 

therefore, equation of 𝐵𝑀  will be 5𝑥 − 4𝑦 − (5 ∗ 1 − 4 ∗ 1) = 0 ⇒ 5𝑥 − 4𝑦 − 1 =
0
Similarly equation of 𝐶𝑁  will ve 2𝑥 + 3𝑦 − 5 = 0

Solving 𝐴𝐵 and 𝐵𝑀  gives us 𝐵 ≡ (−13, −33
2 ) and solving 𝐴𝐶 and 𝐶𝑁  gives 

𝐶 ≡ (35
2 , −10).

Thus, equation of 𝐵𝐶 will ve 26𝑥 − 122𝑦 − 1675 = 0.

182. Let 𝐴𝐵𝐶𝐷 be a parallelogram such that 𝐴𝐵 is 𝑢 = 𝑝, 𝐵𝐶 is 𝑣 = 𝑠, 𝐶𝐷 is 𝑢 =
𝑞, and 𝐴𝐷 is 𝑣 = 𝑟.

Equation of 𝐴𝐶 , which passes through the point of intersection of lines 𝑢 − 𝑝 =
0 and 𝑣 − 𝑟 = 0 is

𝑢 − 𝑝 + 𝑘(𝑣 − 𝑟) = 0 ⇒ 𝑎𝑥 + 𝑏𝑦 + 𝑐 − 𝑝 + 𝑘(𝑎′𝑥 + 𝑏′𝑦 + 𝑐′ − 𝑟) = 0

Let 𝐶 ≡ (𝛼, 𝛽), then 𝐶 lies on 𝐴𝐶 , therefore,

𝑎𝛼 + 𝑏𝛽 + 𝑐 − 𝑝 + 𝑘(𝑎′𝛼 + 𝑏′𝛽 + 𝑐′ − 𝑟) = 0 but 𝑢 = 𝑞 and 𝑣 = 𝑠

So the line becomes 𝑞 − 𝑝 + 𝑘(𝑠 − 𝑟) = 0 ∴ 𝑘 = 𝑝−𝑞
𝑠−𝑟

⇒ 𝑢 − 𝑝 + 𝑝−𝑞
𝑠−𝑟 (𝑣 − 𝑟) = 0 ⇒ 𝑢(𝑟 − 𝑠) − 𝑣(𝑝 − 𝑞) + 𝑝𝑠 − 𝑞𝑟 = 0

⇒ |
𝑢
𝑝
𝑞

𝑣
𝑟
𝑠

1
1
1
| = 0.

183. We can write the given equation as 𝑎(𝑥 + 𝑦 − 1) + 𝑏(2𝑥 + 3𝑦 − 1) = 0. Clearly, 

both 𝑎 and 𝑏 cannot be zero at the same time. Let 𝑎 ≠ 0, then

𝑥 + 𝑦 − 1 + 𝑏
𝑎(2𝑥+3𝑦−1) = 0. This line passes through the point of intersection of 

𝑥 + 𝑦 − 1 = 0 and 2𝑥 + 3𝑦 − 1 = 0, i.e. 𝑥 = 2, 𝑦 = −1.

Thus, all given straight lines pass through the fixed point (2, −1).
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184. Given that 𝑎𝑙 + 𝑏𝑚 + 𝑐𝑛 = 0 ⇒ 𝑛 = −𝑎𝑙+𝑏𝑚
𝑐 . Putting this in the equation of line

𝑙𝑥 + 𝑚𝑦 − 𝑎𝑙+𝑏𝑚
𝑐 = 0 ⇒ 𝑙(𝑐𝑥 − 𝑎) + 𝑚(𝑐𝑦 − 𝑏) = 0

Clearly, both 𝑙 and 𝑚 both can be zero because in the equation of straight line 
coeff. of both 𝑥 and 𝑦 cannot be zero.

Thus, the give equation represents straight lines which passes through the inter
section of lines 𝑐𝑥 − 𝑎 = 0 and 𝑐𝑦 − 𝑏 = 0 i.e. through the point (𝑎

𝑐 , 𝑏
𝑐).

185. Let 𝑂 the point of intersections of the lines be origin then we can represent the 
equations as 𝑦 = 𝑚𝑟𝑥, 𝑟 = 1, 2, 3, …, 𝑛.

Let the variable line be 𝑦 = 𝑚𝑥 + 𝑐. Solving gives us 𝑥 = 𝑐
𝑚𝑟−𝑚  and 𝑦 = 𝑚𝑟𝑐

𝑚𝑟−𝑚

𝑂𝐴2
𝑟 = 𝑐2

(𝑚𝑟−𝑚)2 (1 + 𝑚2
𝑟) ⇒ 𝑂𝐴𝑟 = | 𝑐

𝑚𝑟−𝑚 |√1 = 𝑚2
𝑟 ⇒ 1

𝑂𝐴𝑟
= |𝑚𝑟−𝑚

𝑐 | 1
√1+𝑚2

𝑟

⇒ ∑
𝑛

𝑖=1

1
𝑂𝐴𝑖

= ±𝑚𝑟 − 𝑚
𝑐

. 1
√1+𝑚2

𝑟
= 𝑘

Thus, 𝑦 = 𝑚𝑥 + 𝑐 passes through the fixed point 

(1
𝑘 ∑ ± 1

√1 + 𝑚2
𝑟
, 1
𝑘

∑ ± 𝑚𝑟

√1 + 𝑚2
𝑟
).

186.
Δ = |

4
5
9

7
−8
−1

−9
15
6

| = 0.

187. Let 𝐴𝐵𝐶 be a triangle with vertices 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3).

The median through 𝐴 will pass through 𝐴(𝑥1, 𝑦1) and 𝐷(𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ). The 

median through 𝐵 will pass through 𝐵 and 𝐸(𝑥1+𝑥3
2 , 𝑦1+𝑦3

2 ). The median through 

𝐵 will pass through 𝐵 and 𝐹(𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ).

Equation of 𝐴𝐷 is given by 𝑦 − 𝑦1 =
𝑦2+𝑦3

2 −𝑦1
𝑥2+𝑥3

2 −𝑥1
(𝑥 − 𝑥1)

⇒ (2𝑦1 − 𝑦2 − 𝑦3)𝑥 − (2𝑥1 − 𝑥2 − 𝑥3)𝑦 − 𝑥1(2𝑦1 − 𝑦2 − 𝑦3) + 𝑦1(2𝑥1 − 𝑥2 −
𝑥3) = 0

Similarly we can find the equation of 𝐵𝐸 and 𝐶𝐹 .

We find that sum of equations is 0 = 0. Thus, medians are concurrent.

188. By trial we observe that (𝑝 + 𝑞)𝑥 + (𝑝 + 𝑞)𝑦 − (𝑝 − 𝑞) + (𝑝 − 𝑞)𝑥 − (𝑝 − 𝑞)𝑦 −
(𝑝 + 𝑞) + 2[𝑝𝑥 + 𝑞𝑦 − 𝑝] = 0

Thus, first three lines are concurrent. We also see that

(𝑝 − 𝑞)𝑥 − (𝑝 − 𝑞)𝑦 − (𝑝 + 𝑞) + 𝑝𝑥 + 𝑞𝑦 − 𝑝 + 𝑞𝑥 + 𝑝𝑦 + 𝑞 = 0.

Thus, last three lines are concurrent making all four lines concurrent.

189.
The lines are concurrent therefore |

𝑝1
𝑝2
𝑝3

𝑞1
𝑞1
𝑞3

−1
−1
−1

| = 0 ⇒ |
𝑝1
𝑝2
𝑝3

𝑞1
𝑞1
𝑞3

1
1
1
| = 0, and hence, the 

three points are concurrent.



190. Subtract the first equation from the second equation (𝑥 + 2𝑦) − (𝑥 − 4𝑦) = 9 −
3 ⇒ 6𝑦 = 6 ⇒ 𝑦 = 1

Substitute into 𝑥 + 2𝑦 = 9, 𝑥 + 2(1) = 9 ⇒ 𝑥 = 7

So the intersection point is (7, 1).

Now substituting into the line 𝑚𝑥 + 2𝑦 + 5 = 0, 𝑚(7) + 2(1) + 5 = 0 ⇒ 7𝑚 +
7 = 0 ⇒ 𝑚 = −1.

191. Subtracting yields 𝑦(𝑡1 − 𝑡2) = 𝑎(𝑡21 − 𝑡22) ⇒ 𝑦 = 𝑎(𝑡1 + 𝑡2) ⇒ 𝑥 = 𝑎𝑡1𝑡2.

192. From 𝑥 + 𝑦 = 3, we get 𝑥 = 3 − 𝑦. Substitute into the second equation, 2(3 − 𝑦) −
3𝑦 = 1 ⇒ 𝑦 = 1

Then 𝑥 = 3 − 1 = 2. So the point of intersection is (2, 1).

Now the line is 𝑥
𝑎 + 𝑦

𝑏 = 1 and it passes through (2, 1):

⇒ 2
𝑎 + 1

𝑏 = 1

Rewrite the line: 𝑥
𝑎 + 𝑦

𝑏 = 1 ⇒ 𝑦 = 𝑏 − ( 𝑏
𝑎)𝑥. So slope = − 𝑏

𝑎 .

Given it is parallel to 𝑦 = 𝑥 − 6, whose slope is 1:

− 𝑏
𝑎 = 1 ⇒ 𝑏 = −𝑎

Substitute into the earlier equation: 2
𝑎 + 1

−𝑎 = 1 ⇒ 𝑎 = 1. Then 𝑏 = −1.

193. Intersection of 𝑥 = 𝑦 and 𝑦 = 2𝑥: 𝑥 = 2𝑥 ⇒ 𝑥 = 0, 𝑦 = 0

Intersection of 𝑥 = 𝑦 and 𝑦 = 3𝑥 + 4: 𝑥 = 3𝑥 + 4 ⇒ −2𝑥 = 4 ⇒ 𝑥 = −2, 𝑦 = −2

Intersection of 𝑦 = 2𝑥 and 𝑦 = 3𝑥 + 4: 2𝑥 = 3𝑥 + 4 ⇒ −𝑥 = 4 ⇒ 𝑥 = −4, 𝑦 =
−8
Vertices: (0, 0), (−2, −2), (−4, −8)

Area=1
2 ∗ |0(−2 + 8) + (−2)(−8 − 0) + (−4)(0 + 2)| = 1

2 ∗ |0 + 16 − 8| = 4

194. From 3𝑥 − 4𝑦 + 4𝑎 = 0 and 2𝑥 − 3𝑦 + 4𝑎 = 0: 3𝑥 − 4𝑦 = −4𝑎, 2𝑥 − 3𝑦 = −4𝑎 ⇒
6𝑥 − 8𝑦 = −8𝑎, 6𝑥 − 9𝑦 = −12𝑎

⇒ 𝑦 = 4𝑎. Substituteing, 2𝑥 − 3(4𝑎) = −4𝑎 ⇒ 2𝑥 − 12𝑎 = −4𝑎 ⇒ 2𝑥 = 8𝑎 ⇒
𝑥 = 4𝑎. Point:(4𝑎, 4𝑎).

From 2𝑥 − 3𝑦 + 4𝑎 = 0 and 5𝑥 − 𝑦 + 𝑎 = 0: 2𝑥 − 3𝑦 = −4𝑎, 5𝑥 − 𝑦 = −𝑎

From second: 𝑦 = 5𝑥 + 𝑎. Substituting: 2𝑥 − 3(5𝑥 + 𝑎) = −4𝑎 ⇒ 2𝑥 − 15𝑥 −
3𝑎 = −4𝑎 ⇒ −13𝑥 = −𝑎 ⇒ 𝑥 = 𝑎

13

𝑦 = 5( 𝑎
13) + 𝑎 = 5𝑎

13 + 13𝑎
13 = 18𝑎

13 . Point:( 𝑎
13 , 18 𝑎

13).

From 3𝑥 − 4𝑦 + 4𝑎 = 0 and 5𝑥 − 𝑦 + 𝑎 = 0. Point:(0, 𝑎)

Vertices:(4𝑎, 4𝑎), ( 𝑎
13 , 18𝑎

13 ), (0, 𝑎)

Area=1
2 ∗ abs[4𝑎(18𝑎

13 − 𝑎) + ( 𝑎
13)(𝑎 − 4𝑎) + 0(4𝑎 − 18𝑎

13 )] = 17𝑎2

26 .
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195. Intersection points: 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 give (0, 0)

𝑦 = 𝑐 with 𝑦 = 𝑚1𝑥 gives ( 𝑐
𝑚1

, 𝑐)

𝑦 = 𝑐 with 𝑦 = 𝑚2𝑥 gives ( 𝑐
𝑚2

, 𝑐)

So triangle vertices are 𝑂(0, 0), 𝐴( 𝑐
𝑚1

, 𝑐), 𝐵( 𝑐
𝑚2

, 𝑐).

Take 𝐴𝐵 as base:

Base length: 𝑐 ∗ |( 1
𝑚1

) − ( 1
𝑚2

)| = 𝑐 ∗ |𝑚2−𝑚1
𝑚1∗𝑚2

|

Height = 𝑐.

Area: 1
2 ∗ 𝑐 ∗ 𝑐 ∗ |𝑚2−𝑚1

𝑚1∗𝑚2
| = 𝑐2

2 ∗ |𝑚2−𝑚1|
|𝑚1∗𝑚2|

Now 𝑚1, 𝑚2 are roots of: 𝑥2 + (
√

3 + 2)𝑥 + (
√

3 − 1) = 0

Sum: 𝑚1 + 𝑚2 = −(
√

3 + 2). Product: 𝑚1 ∗ 𝑚2 =
√

3 − 1

Difference: |𝑚2 − 𝑚1| = √(𝑚1 + 𝑚2)
2 − 4 ∗ 𝑚1 ∗ 𝑚2 =

√
11

So area: Δ = 𝑐2

2 ∗
√

11√
3−1

196. Line perpendicular to 4𝑥 + 7𝑦 + 13 = 0 is given by 7𝑥 − 4𝑦 + 𝑘 = 0. Since 

𝑃(−8, 12) lies on this perpendicular, therefore,

𝑘 = 104. So the equation of the perpendicular is 7𝑥 − 4𝑦 + 104 = 0. This line 

intersects with the given line.

Solving both the equation we find the coordinate of the foot of the perpendicular 
as (−12, 5).

197. Slope: 𝑚 = 4−2
5−(−1) = 2

6 = 1
3 . Equation using point 𝑃 : 𝑦 − 2 = (1

3)(𝑥 + 1)

𝑥 − 3𝑦 + 7 = 0

Let foot of perpendicular be 𝐹(𝑥, 𝑦).

Since 𝐴𝐹  is perpendicular to 𝑃𝑄, slope of 𝑃𝑄 is 1
3 , so slope of 𝐴𝐹  is −3.

Equation of 𝐴𝐹  through 𝐴(1, 0): 𝑦 − 0 = −3(𝑥 − 1) ⇒ 𝑦 = −3𝑥 + 3

Now solve with line 𝑃𝑄: 𝑥 − 3𝑦 + 7 = 0

Substitute 𝑦: 𝑥 − 3(−3𝑥 + 3) + 7 = 0

𝑥 = 1
5 , 𝑦 = −3(1

5) + 3 = −3
5 + 15

5 = 12
5

198. Line perpendicular to 𝑥 + 3𝑦 = 3 is 3𝑥 − 𝑦 = 𝑘 but it passes through origin so 

𝑘 = 0. Now intersection of 𝑥 + 3𝑦 = 3 and 3𝑥 − 𝑦 = 0 is ( 3
10 , 9

10).

Line perpendicular to 2𝑥 + 3𝑦 = 5 is 3𝑥 − 2𝑦 = 𝑘′ but it passes through origin so 

𝑘′ = 0. Now intersection of the two line is (10
13 , 15

13).

Now line passing through these points is given by 33𝑥 − 61𝑦 + 45 = 0.

199. Let (ℎ, 𝑟) be the foot of the perpendicular from (𝑥1, 𝑦1) to the line.



Since (ℎ, 𝑟) lies on the line: 𝑙ℎ + 𝑚𝑟 + 𝑛 = 0 ⋯(1)

Slope of given line is − 𝑙
𝑚 . So slope of perpendicular is 𝑚

𝑙 .

Hence slope of line joining (𝑥1, 𝑦1) and (ℎ, 𝑟) is 𝑚
𝑙 :

𝑦1−𝑟
𝑥1−ℎ = 𝑚

𝑙

So: 𝑙(𝑦1 − 𝑟) = 𝑚(𝑥1 − ℎ)

𝑙𝑦1 − 𝑙𝑟 = 𝑚𝑥1 − 𝑚ℎ ⋯(2)

Rearranging (2): 𝑚ℎ − 𝑙𝑟 = 𝑚𝑥1 − 𝑙𝑦1 ⋯(3)

Now multiplying (1) by 𝑚: 𝑙𝑚ℎ + 𝑚2𝑟 + 𝑚𝑛 = 0 ⋯(4)

Multiplying (1) by 𝑙: 𝑙2ℎ + 𝑙𝑚𝑟 + 𝑙𝑛 = 0 ⋯(5)

Now solving for ℎ and 𝑟 using (3),(4),(5).

ℎ = 𝑥1 − 𝑙(𝑙𝑥1+𝑚𝑦1+𝑛)
𝑙2+𝑚2 , 𝑟 = 𝑦1 − 𝑚(𝑙𝑥1+𝑚𝑦1+𝑛)

𝑙2+𝑚2

Hence: 𝑥1 − ℎ = 𝑙(𝑙𝑥1+𝑚𝑦1+𝑛)
𝑙2+𝑚2  𝑦1 − 𝑟 = 𝑚(𝑙𝑥1+𝑚𝑦1+𝑛)

𝑙2+𝑚2

So dividing: 
𝑥1−ℎ

𝑙 = 𝑦1−𝑟
𝑚 = 𝑙𝑥1+𝑚𝑦1+𝑛

𝑙2+𝑚2 .

200. Let image of 𝑃  be 𝑃 ′(𝑥, 𝑦). Let the foot of perpendicular be 𝐹  from 𝑃  to the line.

Slope of given line is −4
7 , so perpendicular slope is 7

4 .

Equation of perpendicular through (−8, 12): 𝑦 − 12 = (7
4)(𝑥 + 8)

4𝑦 − 48 = 7𝑥 + 56 ⇒ 7𝑥 − 4𝑦 + 104 = 0

Now solving with 4𝑥 + 7𝑦 + 13 = 0 give us the foot foot as 𝐹(−12, 5).

Since 𝐹  is midpoint of 𝑃(−8, 12) and 𝑃 ′(𝑥, 𝑦):

𝑥𝐹 = 𝑥+(−8)
2 = −12 ⇒ −8+𝑥

2 = −12 ⇒ 𝑥 − 8 = −24 ⇒ 𝑥 = −16

𝑦𝐹 = 𝑦+12
2 = 5 ⇒ 𝑦 + 12 = 10 ⇒ 𝑦 = −2.

201. Let 𝐴(2, 1) and its image be 𝐴′(5, 2). The mirror line is the perpendicular bisector 

of segment 𝐴𝐴′.

Midpoint of 𝐴𝐴′ is 𝑀 = (2+5
2 , 1+2

2 ) = (7
2 , 3

2)

Slope of 𝐴𝐴′ is 𝑚 = 2−1
5−2 = 1

3

So slope of mirror line is negative reciprocal is −3.

Equation of line through 𝑀(7
2 , 3

2) with slope −3 is given by 𝑦 − 3
2 = −3(𝑥 −

7
2) ⇒ 3𝑥 + 𝑦 = +12.

202. The point of intersection of the lines 3𝑥 + 2𝑦 = 0 and 𝑥 − 2𝑦 = 0 is 𝑂(0, 0). 
Equation of the line passing through 𝑂(0, 0) and (1, 1) is given by 𝑥 = 𝑦.

203. Given that 5𝑥 − 𝑦 = 9 ⇒ 𝑦 = 5𝑥 − 9. Putting it in the line 𝑥 + 6𝑦 = 8 ⇒ 𝑥 +
30𝑥 − 54 = 8 ⇒ 𝑥 = 2 ⇒ 𝑦 = 1.
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Equation of the line passing through (2, 1) and (2, −2) is given by 𝑥 = 2.

204.

𝑥

𝑦

2𝑥 + 𝑦 − 1 = 0

𝑥 + 3𝑦 − 2 = 0

𝑃(1/5, 3/5)

3𝑥 + 4𝑦 − 3 = 012𝑥 + 𝑦 − 3 = 0

From first equation, 𝑦 = 1 − 2𝑥 ⇒ 𝑥 + 3(1 − 2𝑥) − 2 = 0 ⇒ 𝑥 = 1
5

Then 𝑦 = 1 − 2(1
5) = 3

5 . So intersection point is 𝑃(1
5 , 3

5).

Let required line cut axes at (𝑎, 0) and (0, 𝑏).

Equation in intercept form is given by 𝑥
𝑎 + 𝑦

𝑏 = 1

Since it passes through 𝑃(1
5 , 3

5) ⇒
1
5
𝑎 +

3
5
𝑏 = 1

⇒ 1
𝑎 + 3

𝑏 = 5

Area of triangle formed with axes is given by 1
2 ∗ 𝑎 ∗ 𝑏 = 3

8 ⇒ 𝑎𝑏 = 3
4

⇒ 𝑏+3𝑎
𝑎 𝑏 = 5 ⇒ 𝑏+3𝑎

3
4

= 5 ⇒ 𝑏 + 3𝑎 = 15
4

⇒ 𝑏 = 15
4 − 3𝑎 ⇒ 𝑎(15

4 − 3𝑎) = 3
4 ⇒ 4𝑎2 − 5𝑎 + 1 = 0

⇒ 𝑎 = 1 or 𝑎 = 1
4

If 𝑎 = 1, then 𝑏 = 3
4 . If 𝑎 = 1

4 , then 𝑏 = 3.

Hence, equations are 𝑥 + 𝑦
3
4

= 1 ⇒ 3𝑥 + 4𝑦 − 3 = 0 and 𝑥
1
4

+ 𝑦
3 = 1 ⇒ 12𝑥 + 𝑦 −

3 = 0.

205. Let 𝐴𝐵  is 2𝑥 − 𝑦 + 1 = 0 → 𝑦 = 2𝑥 + 1. Let 𝐴𝐷  is 𝑥 + 3𝑦 − 10 = 0

Substitute 𝑦 = 2𝑥 + 1 into 𝐴𝐷: 𝑥 + 3(2𝑥 + 1) − 10 = 0 ⇒ 7𝑥 − 7 = 0 ⇒> 𝑥 =
1, 𝑦 = 3

So 𝐴 = (1, 3) and 𝐶 = (−1, −2) Midpoint of 𝐴𝐶 : 𝑀 = (1+(−1)
2 , 3+(−2)

2 ) = (0, 1
2).

So 𝑀  is midpoint of 𝐵𝐷 also Let direction of 𝐴𝐵 = (1, 2). Let direction of 

𝐴𝐷 = (3, −1).



So 𝐵 = (1, 3) + 𝑡(1, 2) = (1 + 𝑡, 3 + 2𝑡) and 𝐷 = (1, 3) + 𝑠(3, −1) = (1 + 3𝑠, 3 −
𝑠)

Midpoint condition: ((1 + 𝑡) + 1+3𝑠
2 = 0 → 𝑡 + 3𝑠 = −2 ⇒ (3+2𝑡)+(3−𝑠)

2 = 1
2 →

2𝑡 − 𝑠 = −5
⇒ 𝑡 = −17

7 , 𝑠 = 1
7 . So 𝐵 = (−10

7 , −13
7 ) and 𝐷 = (10

7 , 20
7 ).

Slope of 𝐴𝐶 is −2−3
−1−1 = 5

2  and slope of 𝐵𝐷 is 
20
7 +13

7
10
7 +10

7
= 33

20

Equation of 𝐴𝐵 is 𝑦 − 3 = (5
2)(𝑥 − 1) ⇒ 5𝑥 − 2𝑦 + 1 = 0

Equation of 𝐵𝐷 is 33𝑥 − 20𝑦 + 10 = 0.

𝐴

𝐵 𝐶

𝐷

𝑀

206. From 2𝑥 − 𝑦 − 5 = 0 → 𝑦 = 2𝑥 − 5

Substituting into 3𝑥 − 𝑦 − 6 = 0 gives us 3𝑥 − (2𝑥 − 5) − 6 = 0 ⇒ 𝑥 = 1

Now 𝑦 = 2 ∗ 1 − 5 = −3. So intersection point is (1, −3).

4𝑥 − 𝑦 − 7 = 0. Substitute (1, −3) gives us 4(1) − (−3) − 7 = 4 + 3 − 7 = 0

Since it satisfies the third equation, all three lines are concurrent at (1, −3).

207. Since the point lies on the 𝑦-axis, 𝑥 = 0.

Substituting 𝑥 = 0 in first line gives us (2𝑚 + 3)𝑦 + 𝑚 + 6 = 0 → (2𝑚 + 3)𝑦 =
−(𝑚 + 6) ⇒ 𝑦 = − 𝑚+6

2𝑚+3

Substituting 𝑥 = 0 in second line gives us (𝑚 − 1)𝑦 + 𝑚 − 9 = 0 → (𝑚 − 1)𝑦 =
9 − 𝑚 ⇒ 𝑦 = 9−𝑚

𝑚−1

Equating both values of 𝑦 gives us − 𝑚+6
2𝑚+3 = 9−𝑚

𝑚−1 ⇒ 𝑚 = 21, −1.

208. Substituting 𝑦 = 𝑥 + 1 into 2𝑥 + 𝑦 = 16 gives us 2𝑥 + (𝑥 + 1) = 16

Simplifying gives us 3𝑥 + 1 = 16

Solving gives us 3𝑥 = 15 so 𝑥 = 5
Finding 𝑦 gives us 𝑦 = 5 + 1 = 6

So the point of intersection being obtained is (5, 6)

Substituting (5, 6) into 𝑦 = 𝑚𝑥 − 4 gives us 6 = 5𝑚 − 4 ⇒ 𝑚 = 2.



208  3. Answers of Straight Lines

209. Multiplying the first equation by 𝑏 is giving us 𝑎𝑏𝑥 + 𝑎2𝑏𝑦 + 𝑏 = 0

Multiplying the second equation by 𝑎 is giving us 𝑎𝑏𝑥 + 𝑎𝑏2𝑦 + 𝑎 = 0

Subtracting gives us 𝑎2𝑏𝑦 − 𝑎𝑏2𝑦 + 𝑏 − 𝑎 = 0 ⇒ 𝑎𝑏(𝑎 − 𝑏)𝑦 + (𝑏 − 𝑎) = 0

⇒ (𝑎 − 𝑏)(𝑎𝑏𝑦 − 1) = 0. So either 𝑎 = 𝑏 or 𝑎𝑏𝑦 = 1.

If 𝑎 = 𝑏, then at least two constants are already being equal.

If 𝑎𝑏𝑦 = 1, then 𝑦 = 1
𝑎𝑏 .

Substituting 𝑦 = 1
𝑎𝑏  into 𝑎𝑥 + 𝑎2𝑦 + 1 = 0 gives us 𝑎𝑥 + 𝑎2( 1

𝑎𝑏) + 1 = 0

Simplifying gives us 𝑎𝑥 + 𝑎
𝑏 + 1 = 0

So 𝑥 is 𝑥 = −
𝑎
𝑏 +1
𝑎

Substituting the same point into the third equation 𝑐𝑥 + 𝑐2𝑦 + 1 = 0 gives us a 

condition relating 𝑎, 𝑏, 𝑐

After simplification it gives us (𝑎 − 𝑐)(𝑏 − 𝑐) = 0

So either 𝑎 = 𝑐 or 𝑏 = 𝑐. Therefore, at least two of 𝑎, 𝑏, 𝑐 are equal.

210. Equating 𝑚1𝑥 + 𝑐1 = 𝑚2𝑥 + 𝑐2 gives us (𝑚1 − 𝑚2)𝑥 = 𝑐2 − 𝑐1

So 𝑥 is 𝑥 = 𝑐2−𝑐1
𝑚1−𝑚2

. Finding 𝑦 gives us 𝑦 = 𝑚1(𝑐2−𝑐1)
𝑚1−𝑚2

+ 𝑐1

The third line also passes through this so
𝑚1(𝑐2−𝑐1)

𝑚1−𝑚2
+ 𝑐1 = 𝑚3(𝑐2−𝑐1)

𝑚1−𝑚2
+ 𝑐3

⇒ 𝑚1(𝑐2 − 𝑐3) + 𝑚2(𝑐3 − 𝑐1) + 𝑚3(𝑐1 − 𝑐2) = 0.

211. Multiplying (𝑏 + 𝑐)𝑥 + 𝑎𝑦 + 1 = 0 by 𝑏 gives us 𝑏(𝑏 + 𝑐)𝑥 + 𝑎𝑏𝑦 + 𝑏 = 0

Multiplying (𝑐 + 𝑎)𝑥 + 𝑏𝑦 + 1 = 0 by 𝑎 gives us 𝑎(𝑐 + 𝑎)𝑥 + 𝑎𝑏𝑦 + 𝑎 = 0

Subtracting the equations gives us 𝑏(𝑏 + 𝑐)𝑥 − 𝑎(𝑐 + 𝑎)𝑥 + 𝑏 − 𝑎 = 0

⇒ (𝑏 − 𝑎)((𝑎 + 𝑏 + 𝑐)𝑥 − 1) = 0

So either 𝑎 = 𝑏 or (𝑎 + 𝑏 + 𝑐)𝑥 = 1.

If 𝑎 = 𝑏, then two of the lines are already being identical in structure and 
concurrency is satisfied.

Assuming 𝑎 ≠ 𝑏, finding 𝑥 gives us 𝑥 = 1
𝑎+𝑏+𝑐

Substituting 𝑥 = 1
𝑎+𝑏+𝑐  into the first equation gives us 𝑏+𝑐

𝑎+𝑏+𝑐 + 𝑎𝑦 + 1 = 0

Solving for 𝑦 yields 𝑎𝑦 = −1 − 𝑏+𝑐
𝑎+𝑏+𝑐

So 𝑦 = −𝑎+𝑏+𝑐+𝑏+𝑐
𝑎(𝑎+𝑏+𝑐) = − 𝑎+2𝑏+2𝑐

𝑎(𝑎+𝑏+𝑐)

Substituting this point into the third equation (𝑎 + 𝑏)𝑥 + 𝑐𝑦 + 1 = 0 yields 
𝑎+𝑏

𝑎+𝑏+𝑐 + 𝑐(− 𝑎+2𝑏+2𝑐
𝑎(𝑎+𝑏+𝑐)) + 1 = 0

Multiplying by (𝑎 + 𝑏 + 𝑐) yields (𝑎 + 𝑏) − 𝑐(𝑎+2𝑏+2𝑐)
𝑎 + (𝑎 + 𝑏 + 𝑐) = 0



Simplifying yields an identity equal to zero. So the same point is satisfying all 
three equations.

212. We consider a triangle with vertices 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2) and 𝐶(𝑥3, 𝑦3).

We take the perpendicular bisector of side 𝐴𝐵. The midpoint of 𝐴𝐵 is 
𝑀1(

𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 ) and the slope of 𝐴𝐵 is 
𝑦2−𝑦1
𝑥2−𝑥1

.

So the slope of its perpendicular bisector is −𝑥2−𝑥1
𝑦2−𝑦1

.

Hence the equation of the perpendicular bisector of 𝐴𝐵 is (𝑦 − 𝑦1+𝑦2
2 ) =

−𝑥2−𝑥1
𝑦2−𝑦1

(𝑥 − 𝑥1+𝑥2
2 )

Similarly we form the perpendicular bisector of side 𝐵𝐶 . Its midpoint is 
𝑀2(

𝑥2+𝑥3
2 , 𝑦2+𝑦3

2 ) and its equation is (𝑦 − 𝑦2+𝑦3
2 ) = −𝑥3−𝑥2

𝑦3−𝑦2
(𝑥 − 𝑥2+𝑥3

2 )

Now we solve these two equations simultaneously and obtain a point (ℎ, 𝑘).

This point (ℎ, 𝑘) satisfies both equations, so it lies on the perpendicular bisectors 

of 𝐴𝐵 and 𝐵𝐶 . Hence it is equidistant from 𝐴 and 𝐵, and also from 𝐵 and 𝐶 .

Thus we get 𝑃𝐴 = 𝑃𝐵 and 𝑃𝐵 = 𝑃𝐶 so we conclude 𝑃𝐴 = 𝑃𝐶 .

This shows that the point (ℎ, 𝑘) also lies on the perpendicular bisector of 𝐴𝐶 .

213.

𝑂

𝐴 𝐵

𝐶

Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3) be the vertices of a 𝐴𝐵𝐶 .

Let 𝑃(𝑥, 𝑦) lie on the perpendicular bisector of 𝐴𝐵, then 𝑃𝐴 = 𝑃𝐵

√(𝑥 − 𝑥1)
2 + (𝑦 − 𝑦1)

2 = √(𝑥 − 𝑥2)
2 + (𝑦 − 𝑦2)

2

⇒ 2𝑥(𝑥2 − 𝑥1) + 2𝑦(𝑦2 − 𝑦1) = 𝑥2
2 + 𝑦2

2 − 𝑥2
1 − 𝑦2

1

This is the perpendicular bisector of 𝐴𝐵
Similarly for 𝐵𝐶 , 2𝑥(𝑥3 − 𝑥2) + 2𝑦(𝑦3 − 𝑦2) = 𝑥2

3 + 𝑦2
3 − 𝑥2

2 − 𝑦2
2

The two linear equations intersect at a unique point and that point is equidistant 
from 𝐴, 𝐵, and 𝐶 iie. 𝑃𝐴 = 𝑃𝐵 = 𝑃𝐶

Therefore, the perpendicular bisectors of a triangle are concurrent.

214. GIve equation is 𝑥(1 + 𝜆) + 𝑦(2 − 𝜆) + 5 = 0, which can be written as 𝑥 + 2𝑦 −
5 + 𝜆(𝑥 − 𝑦) = 0



210  3. Answers of Straight Lines

The above equation represents two lines 𝑥 + 2𝑦 − 5 = 0 and 𝑥 − 𝑦 = 0 to be 

concurrent. Solving the two equations we find the fixed point as (−5
3 , −5

3).

215. 𝑥(𝑎 + 2𝑏) + 𝑦(𝑎 − 3𝑏) = 𝑎 − 𝑏 can be rewritten as 𝑎(𝑥 + 𝑦 − 1) + 𝑏(2𝑥 − 3𝑦 +
1) = 0, which represents two equations 𝑥 + 𝑦 − 1 = and 2𝑥 − 3𝑦 + 1 = 0, which 

are concurrent.

Solving the two equation yields the fixed point (2
5 , 3

5), which is independent of 𝑎 

and 𝑏.

216.

𝐴

𝐵𝐶
𝐺 𝐼

Solving first two equation gives 𝐴 ≡ (0, 0), Solving first and last gives 𝐵 ≡ (20, 15) 
and solving last two gives 𝐶 ≡ (−36, 15)

If 𝐺 be the centroid then 𝐺 ≡ (0+26−36
3 , 0+15+15

3 ) = (−16
3 , 10).

𝑎 = 𝐵𝐶 = 39, 𝑏 = 𝐶𝐴 = 56, 𝑐 = 𝐴𝐵 = 39

Using the formula for the incenter we have 𝐼 ≡ (−1, 8).

217.

𝐴(0, 0)

𝐵(2, −1)

𝐶(−1, 3)

𝐻(−4, −3)

Let 𝐴 ≡ (0, 0), 𝐵 ≡ (2, −1) and 𝐶 ≡ (−1, 3). Let 𝐴𝐿 ⟂ 𝐵𝐶 then equation is 3𝑥 =
4𝑦.

Let 𝐵𝑀 ⟂ 𝐴𝐶 , then equation of 𝐵𝑀  is 𝑥 − 3𝑦 = 5. Solving the equation of two 

perpendiculars we get orthocenter as (−4, −3).

218. Consider a triangle 𝐴𝐵𝐶 with sides 𝐴𝐵 : 3𝑥 − 2𝑦 = 6, 𝐵𝐶 : 3𝑥 + 4𝑦 = −12 and 

𝐴𝐶 : 3𝑥 − 8𝑦 = −12.

Solving first and last we get 𝐴 ≡ (4, 3), and solving first two gives us 𝐵 ≡ (0, −3).



Let 𝐴𝐿 ⟂ 𝐵𝐶 then equation of 𝐴𝐿 is given by 4𝑥 − 3𝑦 − 7 = 0, and if 𝐵𝑀 ⟂
𝐴𝐶 then equation of 𝐵𝑀  is given by 8𝑥 + 3𝑦 + 9 = 0.

Solving 𝐴𝐿 and 𝐵𝑀  gives us the orthocenter as 𝐻 ≡ (−1
6 , −23

9 ).

219. Let 𝐴𝐵𝐶 be the given triangle and 𝐵 ≡ (3, −1) and 𝐶 ≡ (−2, 3). Let 𝐻  be the 

orthocenter of the △ 𝐴𝐵𝐶 .

Given that 𝐻 ≡ (0, 0). Since 𝐴𝐵 passes through 𝐵(3, −1) and is perpendicular 

to the line 𝐶𝐻  equation of 𝐴𝐵 is 2𝑥 − 3𝑦 = 9. Similarly equation of 𝐴𝐶 is 3𝑥 −
𝑦 = −9.

Solving the two equations gives us 𝐴 ≡ (−36
7 , −45

7 ).

220. Consider a △ 𝐴𝐵𝐶 such that 𝐴𝐵 is 𝑦 = 𝑚1𝑥 and 𝐴𝐶 is 𝑦 = 𝑚2𝑥. We also let 

equation of 𝐵𝐶 as 𝑙𝑥 + 𝑚𝑦 = 1.

Clearly, 𝐴 will be (0, 0)

Since 𝐴𝐻 ⟂ 𝐵𝐶 ∴ 𝑏
𝑎(− 𝑙

𝑚) = −1 ⇒ 𝑙
𝑚 = 𝑚

𝑏 = 𝑘(say)

Coordinates of 𝐵 and 𝐶 are ( 1
𝑙+𝑚𝑚1

, 𝑚1
𝑙+𝑚𝑚1

) and ( 1
𝑙+𝑚𝑚2

, 𝑚1
𝑙+𝑚𝑚2

)

Equation of perpendicular bisectors through 𝐵 and 𝐶 are

𝑥 + 𝑚2𝑦 = 1+𝑚1𝑚2
𝑙+𝑚𝑚1

 and 𝑥 + 𝑚1𝑦 = 1+𝑚1𝑚2
𝑙+𝑚𝑚2

Thus, coordinates of 𝐻  are 𝑦 = (1+𝑚1𝑚2)𝑚1
𝑙2+𝑙𝑚(𝑚1+𝑚2)+𝑚2𝑚1𝑚2

𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏

Thus, 𝑦 = (𝑎+𝑏)𝑚
𝑏𝑙2−2ℎ𝑙𝑚𝑎𝑚2 ⇒ 𝑚

𝑏 = 𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2

𝑎+𝑏

⇒ 𝑘 = 𝑎+𝑏
𝑎𝑏(𝑎+𝑏−2ℎ)

Thus, equation of 𝐵𝐶 is 𝑙𝑥 + 𝑚𝑦 = 1 ⇒ 𝑎𝑏𝑥 + 𝑏𝑘𝑦 = 1 ⇒ 𝑘(𝑎𝑥 + 𝑏𝑦) = 1

⇒ (𝑎𝑥 + 𝑏𝑦)(𝑎 + 𝑏) = 𝑎𝑏(𝑎 + 𝑏 − 2ℎ).

221. Consider the △ 𝐴𝐵𝐶 such that equation of 𝐴𝐵 is 𝑝𝑥 + 𝑞𝑦 + 𝑟 = 0 and that of 

𝐴𝐶 is 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0.

Equation of any line passing through these lines is given by 𝑝𝑥 + 𝑞𝑦 + 𝑟 + 𝑘(𝑙𝑥 +
𝑚𝑦 + 𝑛) = 0. Slope of this line is − 𝑝+𝑘𝑙

𝑞+𝑘𝑚 .

Equation of 𝐵𝐶 is −𝑎
𝑏 . Let 𝐴𝐷 be the perpendicular through 𝐴 on 𝐵𝐶 , then 

𝐴𝐷 ⟂ 𝐵𝐶 .

⇒ − 𝑝+𝑘𝑙
𝑞+𝑘𝑚 .(−𝑎

𝑏 ) = −1 ⇒ 𝑘 = 𝑐𝑝+𝑏𝑞
𝑎𝑙+𝑏𝑚

Thus, equation of 𝐴𝐷 is 𝑝𝑥+𝑞𝑦+𝑟
𝑎𝑝+𝑏𝑞 = 𝑙𝑥+𝑚𝑦+𝑛

𝑎𝑙+𝑛𝑏 .

222. Let the equations of the sides 𝐵𝐶, 𝐶𝐴 and 𝐴𝐵 of the 𝐴𝐵𝐶 

are 𝐿1 ≡= 𝑥 cos 𝜃1 + 𝑦 sin 𝜃1 − 𝑝1 = 0, 𝑥 cos 𝜃2 + 𝑦 sin 𝜃2 − 𝑝2 = 0 and 𝑥 cos 𝜃3 +
𝑦 sin 𝜃3 − 𝑝3 = 0.

Let 𝐴𝐷 and 𝐵𝐸 are perpendiculars through 𝐴 and 𝐵 on opposite sides.



212  3. Answers of Straight Lines

Equation of 𝐴𝐷 is given by 𝐿2 + 𝑘𝐿3 = 0 ⇒ 𝑥(cos 𝜃2 + cos 𝜃3) + 𝑦(sin 𝜃2 +
sin 𝜃3) − (𝑝2 + 𝑘𝑝3) = 0

Slope of 𝐴𝐷 is − cos 𝜃2+ cos 𝜃3
sin 𝜃2+ sin 𝜃3

= 𝑚1

Slope of 𝐵𝐶 is − cos 𝜃1
sin 𝜃1

. Product of these two slopes would be −1.

⇒ 𝑘 = − cos(𝜃1−𝜃2)
cos(𝜃1−𝜃3)

Thus, equation of 𝐴𝐷 becomes 𝐿2 − cos(𝜃1−𝜃2)
cos(𝜃1−𝜃3)𝐿3 = 0 ⇒ 𝐿1 cos(𝜃1 − 𝜃3) =

𝐿3 cos(𝜃1 − 𝜃2)

And we proceed similarly for another perpendiculars to obtain the desired equation.

223. 𝐴 = (0, 0) from 3𝑥 − 4𝑦 = 0 and 5𝑥 + 12𝑦 = 0

𝐵 = (20, 15) from 3𝑥 − 4𝑦 = 0 and 𝑦 = 15

𝐶 = (−36, 15) from 5𝑥 + 12𝑦 = 0 and 𝑦 = 15

Centroid is 𝐺 = (0+20−36
3 , 0+15+15

3 ) = (−16
3 , 10)

Length of the sides are, 𝑎 = |𝐵𝐶| = 56, 𝑏 = |𝐶𝐴| = 39, 𝑐 = |𝐴𝐵| = 25

Incenter is 𝐼 = (𝑎𝑥𝐴+𝑏𝑥𝐵+𝑐𝑥𝐶
𝑎+𝑏+𝑐 , 𝑎𝑦𝐴+𝑏𝑦𝐵+𝑐𝑦𝐶

𝑎+𝑏+𝑐 ) = (0+780−900
120 , 0+585+375

120 ) = (−1, 8)

224. Let 𝐴(𝑥1, 𝑦1), 𝐵(𝑥2, 𝑦2), 𝐶(𝑥3, 𝑦3).

𝐴𝐵2 = (𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2
. 𝐴𝐶2 = (𝑥1 − 𝑥3)

2 + (𝑦1 − 𝑦3)
2
, and 𝐵𝐶2 =

(𝑥2 − 𝑥3)
2 + (𝑦2 − 𝑦3)

2

Consider 𝐴𝐵2 + 𝐴𝐶2 − 𝐵𝐶2 = [(𝑥1 − 𝑥2)
2 + (𝑦1 − 𝑦2)

2] + [(𝑥1 − 𝑥3)
2 +

(𝑦1 − 𝑦3)
2] − [(𝑥2 − 𝑥3)

2 + (𝑦2 − 𝑦3)
2]

= (𝑥2
1 − 2𝑥1𝑥2 + 𝑥2

2) + (𝑦2
1 − 2𝑦1𝑦2 + 𝑦2

2) + (𝑥2
1 − 2𝑥1𝑥3 + 𝑥2

3) + (𝑦2
1 − 2𝑦1𝑦3 +

𝑦2
3) − (𝑥2

2 − 2𝑥2𝑥3 + 𝑥2
3) − (𝑦2

2 − 2𝑦2𝑦3 + 𝑦2
3)

= 2[(𝑥2
1 − 𝑥1𝑥2 − 𝑥1𝑥3 + 𝑥2𝑥3) + (𝑦2

1 − 𝑦1𝑦2 − 𝑦1𝑦3 + 𝑦2𝑦3)]

= 2[(𝑥1 − 𝑥2)(𝑥1 − 𝑥3) + (𝑦1 − 𝑦2)(𝑦1 − 𝑦3)]

Thus, 𝐴𝐵2 + 𝐴𝐶2 − 𝐵𝐶2 = 2[(𝑥1 − 𝑥2)(𝑥1 − 𝑥3) + (𝑦1 − 𝑦2)(𝑦1 − 𝑦3)]

We know that if ∠𝐴 is acute if 𝐴𝐵2 + 𝐴𝐶2 − 𝐵𝐶2 > 0 and obtuse if < 0 and 

for right angle should be equal to zero.

225. Given lines are 𝐿1 : 4𝑥 − 3𝑦 = 5, 𝐿2 : 𝑥 − 2𝑦 = 10, 𝐿3 : 7𝑥 + 𝑦 = 40, and 𝐿4 :
𝑥 + 3𝑦 + 10 = 0

Let 𝐴 be the intersection of 𝐿1 and 𝐿2, 𝐵 be the intersection of 𝐿2 and 𝐿3, 𝐶 

be the intersection of 𝐿3 and 𝐿4, and 𝐷 be the intersection of 𝐿4 and 𝐿1

Intersection of 𝐿1 and 𝐿2) is 4𝑥 − 3𝑦 = 5 and 𝑥 − 2𝑦 = 10

From 𝑥 − 2𝑦 = 10, we get 𝑥 = 10 + 2𝑦 ⇒ 4(10 + 2𝑦) − 3𝑦 = 5 ⇒ 5𝑦 = −35 ⇒
𝑦 = −7⇒ 𝑥 = 10 + 2(−7) = −4 ⇒ 𝐴 is (−4, −7)



Similarly we find that other points are 𝐵(6, −2), 𝐶(13
2 , −11

2 ), and 𝐷(−1, −3)

We find the slopes as 𝑚{𝐴𝐵} = −2+7
6+4 = 1

2 , 𝑚{𝐵𝐶} =
−11

2 +2
13
2 −6 = −7, 𝑚{𝐶𝐷} = (−3 +

11
2

−1−13
2

= −1
3 , and 𝑚{𝐴𝐴} = −7+3

−4+1 = 4
3

Now we check angle relations using: tan 𝜃 = | 𝑚1−𝑚2
1+𝑚1𝑚2

|

We find that ∠𝐴 + ∠𝐶 = 180°. Hence, the quadrilateral is cyclic.

226. Let the four sides of the quadrilateral taken in order be 𝐿1 : 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0, 

𝐿2 : 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0, 𝐿3 : 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0, and 𝐿4 : 𝑎4𝑥 + 𝑏4𝑦 + 𝑐4 = 0.

Let the vertices be 𝐴 = 𝐿1 ∩ 𝐿2, 𝐵 = 𝐿2 ∩ 𝐿3, 𝐶 = 𝐿3 ∩ 𝐿4, 𝐷 = 𝐿4 ∩ 𝐿1

A quadrilateral is cyclic iff opposite angles are supplementary i.e. ∠𝐴 + ∠𝐶 = 180°

For a line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, slope is 𝑚 = −𝑎
𝑏

Angle between two lines 𝐿1 and 𝐿2 isa tan 𝜃 = |𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

|

⇒ tan 𝐴 = |𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

|

⇒ tan 𝐶 = |𝑎4𝑏3−𝑎3𝑏4
𝑎3𝑎4+𝑏3𝑏4

|

For cyclic quadrilateral, ∠𝐴 + ∠𝐶 = 180°
𝑎2𝑏1−𝑎1𝑏2
𝑎1𝑎2+𝑏1𝑏2

= 𝑎4𝑏3−𝑎3𝑏4
𝑎3𝑎4+𝑏3𝑏4

⇒ (𝑎2𝑏1 − 𝑎1𝑏2)(𝑎3𝑎4 + 𝑏3𝑏4) = (𝑎4𝑏3 − 𝑎3𝑏4)(𝑎1𝑎2 + 𝑏1𝑏2).

227. Show that the lines 2𝑥 + 3𝑦 + 19 = 0 and 9𝑥 + 6𝑦 − 17 = 0 cut the coordinate 

axes in concyclic points.

Let the given lines be 𝐿1 : 2𝑥 + 3𝑦 + 19 = 0, and 𝐿2 : 9𝑥 + 6𝑦 − 17 = 0.

For 𝐿1, x-intercept: put 𝑦 = 0 ⇒ 2𝑥 + 19 = 0 ⇒ 𝑥 = −19
2 . So 𝐴 is (−19

2 , 0)

y-intercept: put 𝑥 = 0⇒ 3𝑦 + 19 = 0 ⇒ 𝑦 = −19
3 . So 𝐵 is (0, −19

3 )

Similarly we find 𝐶 and 𝐷 for 𝐿2 as 𝐶(17
9 , 0) 𝐷(0, 17

6 )

Now we check concyclicity using the condition that four points are concyclic if 
the angle subtended by the same chord is equal.

Consider chord 𝐴𝐶 on the x-axis.

Slope of 𝐴𝐵 is 𝑚{𝐴𝐵} = −19
3 −0

0+19
2

= −2
3

Slope of 𝐵𝐶 is 𝑚{𝐵𝐶} = −19
3 −0

0−17
9

= 57
17

So angle at 𝐵 is angle between lines with slopes −2
3  and 57

17 .

Now slope of 𝐴𝐷 is 𝑚{𝐴𝐷} =
17
6 −0

0+19
2

=
17
6

19
2

= 17
57

Slope of 𝐶𝐷 is 𝑚{𝐶𝐷} =
17
6 −0

0−17
9

=
17
6

−17
9

= −3
2

So angle at 𝐷 is angle between slopes 17
57  and −3

2 .
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Now compute angle between two lines using: tan 𝜃 = | 𝑚2−𝑚1
1+𝑚1𝑚2

|

For angle at 𝐵 is tan ∠𝐵 = |
57
17+2

3
1−(2

3)(57
17) | = 1

For angle at 𝐷 is tan ∠𝐷 = | −3
2−17

57
1−(17

57)(−3
2) | = 1

Thus ∠𝐵 = ∠𝐷. Since equal angles subtend the same chord, the four points are 
concyclic.

228. Let 𝐵(−4, −5) be a vertex of triangle 𝐴𝐵𝐶 .

5𝑥 + 3𝑦 − 4 = 0 is altitude from 𝐴, so slope of 𝐵𝐶 is 3
5 . Equation of 𝐵𝐶 through 

𝐵(−4, −5) is 𝑦 + 5 = (3
5)(𝑥 + 4) ⇒ 3𝑥 − 5𝑦 − 13 = 0

3𝑥 + 8𝑦 + 13 = 0 is altitude from 𝐶 , so slope of 𝐴𝐵 is 8
3 .

Equation of 𝐴𝐵 through 𝐵(−4, −5) is 𝑦 + 5 = (8
3)(𝑥 + 4) ⇒ 8𝑥 − 3𝑦 + 17 = 0

We find 𝐴 as intersection of 𝐴𝐵 and altitude 5𝑥 + 3𝑦 − 4 = 0

13𝑥 + 13 = 0 ⇒ 𝑥 = −1 ⇒ 5(−1) + 3𝑦 − 4 = 0 ⇒ 𝑦 = 3. So A is (−1, 3).

Similarly 𝐶 is (1, −2)

Equation of 𝐴𝐶 is 5𝑥 + 2𝑦 − 1 = 0

So the sides are: 𝐴𝐵 : 8𝑥 − 3𝑦 + 17 = 0, 𝐵𝐶 : 3𝑥 − 5𝑦 − 13 = 0, and 𝐴𝐶 : 5𝑥 +
2𝑦 − 1 = 0.

229. Equation of the line perpendiculars to 5𝑥 − 𝑦 = 1 is given by 𝑥 + 5𝑦 = 𝑘. This 

will make an intercept of 𝑘 with 𝑥-axis, and an intercept of 𝑘
5  with 𝑦-axis.

Thus, area of triangle, which is given as 5, is 1
2 .𝑘.𝑘

5 = 25 ⇒ 𝑘 = ±5
√

2.

So the equation of the line is 𝑥 + 5𝑦 = ±5
√

2.

230.

𝑥

𝑦

𝑂 𝐴

𝐵

𝐶

𝐷

𝐸

(5, 5)

𝐴𝐵 ∶ 2𝑥 + 3𝑦 = 12

Clearly, 𝐴 = (6, 0) and 𝐵 = (0, 4) as given line is 𝑥
6 + 𝑦

4 = 1.

We rewrite the line as 𝑦 = −2
3𝑥 + 4, so the slope of 𝐴𝐵 is −2

3 .



A perpendicular line has slope 3
2 , so we form the line through (5, 5) as 𝑦 − 5 =

3
2(𝑥 − 5) ⇒ 𝑦 = 3

2𝑥 − 5
2 .

Now we find point 𝐶 by setting 𝑦 = 0: 0 = 3
2𝑥 − 5

2 , so 𝑥 = 5
3 . Thus 𝐶 = (5

3 , 0).

We find point 𝐷 by setting 𝑥 = 0: 𝑦 = −5
2 , so 𝐷 = (0, −5

2).

Now we find point 𝐸 by solving intersection of 2𝑥 + 3𝑦 = 12 and 𝑦 = 3
2𝑥 − 5

2 .

Thus 𝑥 = 3, and 𝑦 = 2. So 𝐸 = (3, 2).

We compute the area by splitting the quadrilateral 𝑂𝐶𝐸𝐵 into two triangles 𝑂𝐶𝐸 
and 𝑂𝐸𝐵.

We first compute the area of triangle 𝑂𝐶𝐸. Since 𝑂 = (0, 0), we use the deter

minant shortcut: Δ𝑂𝐶𝐸 = 1
2 | 𝑥𝐶𝑦𝐸 − 𝑥𝐸𝑦𝐶 | = 5

3 .

Δ𝑂𝐸𝐵 = 1
2 | 𝑥𝐸𝑦𝐵 − 𝑥𝐵𝑦𝐸 | ⇒ 1

2 | 3 ∗ 4 − 0 ∗ 2 | = 6.

□𝑂𝐶𝐸𝐵 = 5
3 + 6 = 23

3 .

231.

𝑥

𝑦

𝑂

𝐴(1, 2)

𝐵(−2, 1)

𝐶(−1, −2)

𝐷(2, −1)

𝑥 − 3𝑦 + 5 = 0

3𝑥 + 𝑦 + 5 = 0

𝑥 − 3𝑦 − 5 = 0

3𝑥 + 𝑦 − 5 = 0

Since the square is centered at the origin, we generate the remaining vertices by 
rotating the point (1, 2) by 90° repeatedly about the origin.

We rotate (𝑥, 𝑦) counterclockwise by 90° using the rule (𝑥, 𝑦) → (−𝑦, 𝑥).

So we obtain 𝐴 = (1, 2), 𝐵 = (−2, 1), 𝐶 = (−1, −2), and 𝐷 = (2, −1).

We first take line 𝐴𝐵. We compute its slope as 1−2
−2−1 = 1

3 .

So we write 𝑦 − 2 = 1
3(𝑥 − 1) and simplify it to 𝑥 − 3𝑦 + 5 = 0.

Similarly we find remaining sides to be 3𝑥 + 𝑦 + 5 = 0, 𝑥 − 3𝑦 − 5 = 0, and 3𝑥 +
𝑦 − 5 = 0.
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232. We first find the slope of 𝐴𝐷 as 6−2
−2−1 = 4

−3 = −4
3 .

Since 𝐵𝐶is perpendicular to 𝐴𝐷, we take the slope of 𝐵𝐶as 3
4 .

So the line 𝐵𝐶passes through 𝐷(−2, 6)and we write 𝑦 − 6 = 3
4(𝑥 + 2), which 

simplifies to 4𝑦 − 24 = 3𝑥 + 6, hence 3𝑥 − 4𝑦 + 30 = 0.

We note that the altitude in an equilateral triangle satisfies ℎ = (
√

3
2 )𝑠.

We compute the altitude as 𝐴𝐷 = √(1 + 2)2 + (2 − 6)2 =
√

9 + 16 = 5.

So the side length is 𝑠 = 2 ℎ√
3 = 10√

3 .

Since 𝐷lies on 𝐵𝐶 , we take direction vector of 𝐵𝐶 as (4, 3)with magnitude 5, so 

the unit direction is (4
5 , 3

5).

Half the side length is 𝑠
2 = 5√

3 .

So we move from 𝐷to 𝐵and 𝐶using this direction ( 5√
3) ∗ (4

5 , 3
5) = ( 4√

3 , 3√
3).

Therefore, 𝐵 = (−2 − 4√
3 , 6 − 3√

3) and 𝐶 = (−2 + 4√
3 , 6 + 3√

3).

Now we find line 𝐴𝐵using points 𝐴(1, 2)and 𝐵 i.e. 𝑦 − 2 = 𝑚𝐴𝐵(𝑥 − 1) where 

𝑚𝐴𝐵 =
6− 3√

3−2
−2− 4√

3−1 .

Similarly we can find other sides.

233. We have one side 𝑥 − 𝑦 = 0 so its slope is 1. In an equilateral triangle, the angle 

between sides is 60°. Hence slopes of the other sides satisfy

𝑚 = tan(45° ± 60°)

So 𝑚 = tan(105°) = −2 −
√

3 or 𝑚 = tan(−15°) = 2 −
√

3.

Using the given vertex (2 +
√

3, 5) and slope 2 −
√

3

𝑦 − 5 = (2 −
√

3)(𝑥 − (2 +
√

3))

Simplifying 𝑦 = (2 −
√

3)𝑥 + 6

So second side is 𝑦 + (2 −
√

3)𝑥 = 6.

For the third side take slope −2 −
√

3 ⇒ 𝑦 − 5 = (−2 −
√

3)(𝑥 − (2 +
√

3))

𝑦 + (2 +
√

3)𝑥 = 12 + 4
√

3.

234. We have diagonal 8𝑥 − 15𝑦 = 0 so its slope is 8
15 . Hence the other diagonal has 

slope −15
8 .

In a square, diagonals bisect at right angles. Let the center be (ℎ, 𝑘) on 8ℎ −
15𝑘 = 0.

Since (1, 2) is a vertex, the midpoint lies on the line through (1, 2) with slope −15
8

𝑘 − 2 = (−15
8 )(ℎ − 1)



Solving with 8ℎ − 15𝑘 = 0 gives (ℎ, 𝑘) = (16
17 , 120

17 ).

Slope of side is perpendicular to diagonal slope 8
15 , so slope of side is −15

8  or 8
15  

rotated by 45°. Thus, side slopes are 1
8  and −8.

Through (1, 2) ⇒ 𝑦 − 2 = (1
8)(𝑥 − 1) gives 𝑥 − 8𝑦 + 15 = 0 and 𝑦 − 2 = −8(𝑥 −

1) gives 8𝑥 + 𝑦 − 10 = 0.

235. 5𝑦 = 12𝑥 + 6 gives slope 12
5 . 3𝑥 = 4𝑦 + 7 gives slope 3

4

Let required line have slope 𝑚. For equal angles

𝑚−12
5

1+12
5 𝑚 = − 𝑚−3

4
1+3

4𝑚

Solving gives 𝑚 = 1 or 𝑚 = −1.

Since these lines pass through (4, 5), thereforem 𝑦 − 5 = 1(𝑥 − 4) gives 𝑦 = 𝑥 +
1 and 𝑦 − 5 = −1(𝑥 − 4) gives 𝑦 = −𝑥 + 9.

236. The two given lines are 7𝑥 − 𝑦 + 3 = 0 and 𝑥 + 𝑦 − 3 = 0. Solving them together 

gives 𝑦 = 7𝑥 + 3 and 𝑦 = 3 − 𝑥, so 7𝑥 + 3 = 3 − 𝑥, which gives 𝑥 = 0 and 𝑦 =
3. Thus the vertex of the triangle is (0, 3).

The angle bisectors are found from 7𝑥−𝑦+3
5 = ±(𝑥 + 𝑦 − 3). Solving gives the two 

bisectors 𝑥 − 3𝑦 + 9 = 0 and 3𝑥 + 𝑦 − 3 = 0.

The internal bisector is 3𝑥 + 𝑦 − 3 = 0, whose slope is −3. The base is perpen

dicular to this bisector, so its slope is 1
3 .

Since the base passes through (1, −10), its equation is 𝑦 + 10 = (1
3)(𝑥 − 1). 

Simplifying gives 3𝑦 + 30 = 𝑥 − 1, hence the required equation is 𝑥 − 3𝑦 − 31 = 0.

237. The three lines are 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝1, 𝑥 cos 𝛽 + 𝑦 sin 𝛽 = 𝑝2, and 𝑥 cos 𝛾 +
𝑦 sin 𝛾 = 𝑝3.

The intersection point of the first two lines is obtained by solving 𝑥 cos 𝛼 +
𝑦 sin 𝛼 = 𝑝1 and 𝑥 cos 𝛽 + 𝑦 sin 𝛽 = 𝑝2. Using determinants, this gives 𝑥 =
𝑝1 sin 𝛽−𝑝2 sin 𝛼

sin(𝛽−𝛼)  and 𝑦 = 𝑝2 cos 𝛼−𝑝1 cos 𝛽
sin(𝛽−𝛼) .

Similarly, the other two vertices are obtained by cyclic permutation of 𝛼, 𝛽, 𝛾 

and 𝑝1, 𝑝2, 𝑝3.

The area of the triangle formed by three lines is given by Δ = 1
2 |𝑥1(𝑦2 − 𝑦3) +

𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2)|.

Substituting the coordinates of the three intersection points and simplifying using 
the identity sin(𝐴 − 𝐵) = sin 𝐴 cos 𝐵 − cos 𝐴 sin 𝐵, the expression is reduced.

The numerator becomes (𝑝1 sin(𝛾 − 𝛽) + 𝑝2 sin(𝛼 − 𝛾) + 𝑝3 sin(𝛽 − 𝛼))2
 and the 

denominator becomes |sin(𝛾 − 𝛽) sin(𝛼 − 𝛾) sin(𝛽 − 𝛼)|.

Thus the area is 1
2

(𝑝1 sin(𝛾−𝛽)+𝑝2 sin(𝛼−𝛾)+𝑝3 sin(𝛽−𝛼))2

|sin(𝛾−𝛽) sin(𝛼−𝛾) sin(𝛽−𝛼)| .
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238. The line 𝐿 passes through (1, 1) and (2, 0), so its slope is 𝑚 = 0−1
2−1 = −1. Hence 

its equation is 𝑦 − 1 = −1(𝑥 − 1), which simplifies to 𝑦 = −𝑥 + 2.

A line perpendicular to 𝐿 has slope 1. Passing through (1
2 , 0), its equation is 𝑦 −

0 = 1(𝑥 − 1
2), so 𝑦 = 𝑥 − 1

2 .

The three lines are 𝑥 = 0, 𝑦 = −𝑥 + 2, and 𝑦 = 𝑥 − 1
2 .

The intersection of 𝑥 = 0 and 𝑦 = −𝑥 + 2 is (0, 2). The intersection of 𝑥 = 0 and 

𝑦 = 𝑥 − 1
2  is (0, −1

2).

The intersection of 𝑦 = −𝑥 + 2 and 𝑦 = 𝑥 − 1
2  is found by solving −𝑥 + 2 = 𝑥 −

1
2 , which gives 2𝑥 = 5

2 , so 𝑥 = 5
4  and 𝑦 = 3

4 .

Thus the vertices of the triangle are (0, 2), (0, −1
2), and (5

4 , 3
4).

The base along the 𝑦-axis has length |2 − (−1
2)| = 5

2 , and the perpendicular 

distance of (5
4 , 3

4) from the 𝑦-axis is 5
4 .

Hence the area is (1
2) ∗ (5

2) ∗ (5
4) = 25

16 .

239. The vertices of the triangle are 𝐴(0, 0), 𝐵(8, 0), and 𝐶(4, 8), and the given point 

is 𝑃(9, 3).

The side 𝐴𝐵 has equation 𝑦 = 0. The foot of the perpendicular from 𝑃(9, 3) to 

this line is clearly (9, 0).

The side 𝐵𝐶 passes through (8, 0) and (4, 8), so its slope is 𝑚 = 8−0
4−8 = −2. Hence 

its equation is 𝑦 = −2𝑥 + 16, or 2𝑥 + 𝑦 − 16 = 0.

The foot of the perpendicular from (9, 3) to 2𝑥 + 𝑦 − 16 = 0 is given by 𝑥 = 9 −
22∗9+3−16

22+12  and 𝑦 = 3 − 2∗9+3−16
22+12 .

Since 2 ∗ 9 + 3 − 16 = 5, this gives 𝑥 = 9 − 10
5 = 7 and 𝑦 = 3 − 5

5 = 2, so the foot 

is (7, 2).

The side 𝐶𝐴 passes through (4, 8) and (0, 0), so its slope is 2. Its equation is 𝑦 =
2𝑥, or 2𝑥 − 𝑦 = 0.

The foot of the perpendicular from (9, 3) to 2𝑥 − 𝑦 = 0 is 𝑥 = 9 − 2 2∗9−3
22+(−1)2  and 

𝑦 = 3 − (−1) 2∗9−3
22+(−1)2 .

Since 29 − 3 = 15, this gives 𝑥 = 9 − 30
5 = 3 and 𝑦 = 3 + 15

5 = 6, so the foot 

is (3, 6).

Thus the three feet are (9, 0), (7, 2), and (3, 6).

To check collinearity, the slope between (9, 0) and (7, 2) is 2−0
7−9 = −1, and the 

slope between (7, 2) and (3, 6) is 6−2
3−7 = −1, so the points lie on a straight line.

The equation of the line through (9, 0) with slope −1 is 𝑦 − 0 = −1(𝑥 − 9), which 

simplifies to 𝑥 + 𝑦 − 9 = 0.



240. The line is 𝑥
𝑎 + 𝑦

𝑏 = 1, which can be written as 𝑏𝑥 + 𝑎𝑦 − 𝑎𝑏 = 0.

The foot of the perpendicular from the origin (0, 0) to the line 𝑏𝑥 + 𝑎𝑦 − 𝑎𝑏 = 0 

is given by 𝛼 = −𝑏(−𝑎𝑏)
𝑎2+𝑏2  and 𝛽 = −𝑎(−𝑎𝑏)

𝑎2+𝑏2 .

Thus 𝛼 = 𝑎 𝑏2

𝑎2+𝑏2  and 𝛽 = 𝑎2 𝑏
𝑎2+𝑏2 .

Now 𝛼2 + 𝛽2 = 𝑎2𝑏4+𝑎4𝑏2

(𝑎2+𝑏2)2 = 𝑎2𝑏2 𝑎2+𝑏2

(𝑎2+𝑏2)2 = 𝑎2 𝑏2

𝑎2+𝑏2 .

Also 𝛼 + 𝛽 = 𝑎𝑏2+𝑎2𝑏
𝑎2+𝑏2 = 𝑎𝑏(𝑎+𝑏)

𝑎2+𝑏2 .

Thus (𝛼2 + 𝛽2)(𝛼 + 𝛽) = (𝑎2 𝑏2

𝑎2+𝑏2 ) ∗ (𝑎𝑏(𝑎+𝑏)
𝑎2+𝑏2 ) = 𝑎3𝑏3 𝑎+𝑏

(𝑎2+𝑏2)2 .

Further 𝛼𝛽 = (𝑎 𝑏2

𝑎2+𝑏2 ) ∗ (𝑎2 𝑏
𝑎2+𝑏2 ) = 𝑎3 𝑏3

(𝑎2+𝑏2)2 .

Hence (𝑎 + 𝑏)𝛼𝛽 = (𝑎 + 𝑏)(𝑎3 𝑏3

(𝑎2+𝑏2)2 ) = 𝑎3𝑏3 𝑎+𝑏
(𝑎2+𝑏2)2 .

Thus (𝛼2 + 𝛽2)(𝛼 + 𝛽) = (𝑎 + 𝑏)𝛼𝛽.

241. The given lines are 𝑥 = 0, 𝑦 = 0, 𝑥 + 𝑦 = 1, and 6𝑥 + 𝑦 = 3.

The vertices of the quadrilateral are obtained by pairwise intersections. The 
origin (0, 0) is one vertex. The intersection of 𝑦 = 0 and 𝑥 + 𝑦 = 1 is (1, 0). The 

intersection of 𝑥 + 𝑦 = 1 and 6𝑥 + 𝑦 = 3 is found by subtracting the equations, 

giving 5𝑥 = 2, so 𝑥 = 2
5  and 𝑦 = 3

5 . The intersection of 6𝑥 + 𝑦 = 3 and 𝑥 = 0 

is (0, 3).

Thus the quadrilateral has vertices (0, 0), (1, 0), (2
5 , 3

5), and (0, 3).

The diagonal through the origin connects (0, 0) and the opposite vertex (2
5 , 3

5).

The slope of this diagonal is 
3
5
2
5

= 3
2 , so its equation is 𝑦 = (3

2)𝑥, or 3𝑥 − 2𝑦 = 0.

242. The given points are 𝐴(−4, 5), 𝐷(16
5 , −23

5 ), 𝐸(4, 1), and 𝐹(−1, −4). The points 

𝐷, 𝐸, 𝐹  are the feet of the perpendiculars from 𝐴, 𝐵, 𝐶 respectively.

Since 𝐴𝐷 is perpendicular to 𝐵𝐶 , the slope of 𝐵𝐶 is the negative reciprocal of 

the slope of 𝐴𝐷. The slope of 𝐴𝐷 is 
(−23

5 )−5
(16

5 )−(−4) =
−48

5
36
5

= −4
3 , so the slope of 𝐵𝐶 

is 3
4 .

Thus the equation of 𝐵𝐶 passing through 𝐷(16
5 , −23

5 ) is 𝑦 + 23
5 = (3

4)(𝑥 − 16
5 ).

Now 𝐸(4, 1) lies on 𝐴𝐶 and 𝐵𝐸 is perpendicular to 𝐴𝐶 . The slope of 𝐴𝐶 is 
1−5

4−(−4) = −4
8 = −1

2 , so the slope of 𝐵𝐸 is 2.

Thus the equation of 𝐵𝐸 is 𝑦 − 1 = 2(𝑥 − 4), or 𝑦 = 2𝑥 − 7.

The point 𝐵 lies on both 𝐵𝐶 and 𝐵𝐸. Solving 𝑦 = 2𝑥 − 7 and 𝑦 + 23
5 = (3

4)(𝑥 −
16
5 ) gives 𝑥 = 3 and 𝑦 = −1. Hence 𝐵(3, −1).

Now 𝐹(−1, −4) lies on 𝐴𝐵 and 𝐶𝐹  is perpendicular to 𝐴𝐵. The slope of 𝐴𝐵 is 
−1−5

3−(−4) = −6
7 , so the slope of 𝐶𝐹  is 7

6 .
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Thus the equation of 𝐶𝐹  is 𝑦 + 4 = (7
6)(𝑥 + 1).

The point 𝐶 lies on both 𝐵𝐶 and 𝐶𝐹 . Solving 𝑦 + 23
5 = (3

4)(𝑥 − 16
5 ) and 𝑦 +

4 = (7
6)(𝑥 + 1) gives 𝑥 = 6 and 𝑦 = 3. Hence 𝐶(6, 3).

Thus the required vertices are 𝐵(3, −1) and 𝐶(6, 3).

243. The lines are 𝑦 = 𝑚𝑟𝑥 + 𝑐𝑟 for 𝑟 = 1, 2, 3, and the transversal is 𝑥 + 𝑦 = 1.

The point of intersection of the line 𝑦 = 𝑚𝑟𝑥 + 𝑐𝑟 with 𝑥 + 𝑦 = 1 is obtained by 

substituting 𝑦 = 1 − 𝑥 into the line, giving 1 − 𝑥 = 𝑚𝑟𝑥 + 𝑐𝑟. This simplifies to 

𝑥(1 + 𝑚𝑟) = 1 − 𝑐𝑟, so 𝑥𝑟 = 1−𝑐𝑟
1+𝑚𝑟

 and 𝑦𝑟 = 1 − 𝑥𝑟.

Thus the three points of intersection correspond to parameters 𝑥1, 𝑥2, 𝑥3 on the 

line 𝑥 + 𝑦 = 1.

The intercept cut off between two such points along the transversal is proportional 
to the difference of their 𝑥-coordinates, since all points lie on the same straight line.

Hence equal intercepts imply 𝑥2 − 𝑥1 = 𝑥3 − 𝑥2, so 2𝑥2 = 𝑥1 + 𝑥3.

Substituting 𝑥𝑟 = 1−𝑐𝑟
1+𝑚𝑟

, this gives 2 1−𝑐2
1+𝑚2

= 1−𝑐1
1+𝑚1

+ 1−𝑐3
1+𝑚3

.

For the intercepts to be equal for arbitrary 𝑐𝑟, this condition reduces to 2
1+𝑚2

=
1

1+𝑚1
+ 1

1+𝑚3
, which is needed condition.

244. The given pair of lines are 5𝑥 − 𝑦 + 4 = 0 and 3𝑥 + 4𝑦 − 4 = 0.

Let the required line cut these two lines at 𝐴 and 𝐵 respectively, and let the 
midpoint of 𝐴𝐵 be (1, 5).

We know that that if a line through midpoint (𝑥0, 𝑦0) joins intersections with two 

lines 𝐿1 = 0 and 𝐿2 = 0, then its equation is 𝐿1 + 𝑘𝐿2 = 0 for some constant 𝑘.

So the required line is 5𝑥 − 𝑦 + 4 + 𝑘(3𝑥 + 4𝑦 − 4) = 0 which simplifies to (5 +
3𝑘)𝑥 + (−1 + 4𝑘)𝑦 + (4 − 4𝑘) = 0.

Since (1, 5) lies on the line, we substitute 𝑥 = 1, 𝑦 = 5 to get (5 + 3𝑘) + 5(−1 +
4𝑘) + (4 − 4𝑘) = 0.

This gives 5 + 3𝑘 − 5 + 20𝑘 + 4 − 4𝑘 = 0, so 4 + 19𝑘 = 0, hence 𝑘 = − 4
19 .

Substituting back, the equation becomes 5𝑥 − 𝑦 + 4 − ( 4
19)(3𝑥 + 4𝑦 − 4) = 0.

Multiplying by 19 gives 95𝑥 − 19𝑦 + 76 − (12𝑥 + 16𝑦 − 16) = 0.

So 83𝑥 − 35𝑦 + 92 = 0 is the required line.

245. The line 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 cuts the axes at 𝐴1(− 𝑐1
𝑎1

, 0) and 𝐵1(0, −𝑐1
𝑏1

). Hence 

the intercept form is 𝑥
− 𝑐1

𝑎1
+ 𝑦

−𝑐1
𝑏1

= 1.

So the ratio of intercepts on the axes is 𝐴1 = − 𝑐1
𝑎1

 on the 𝑥-axis and 𝐵1 = −𝑐1
𝑏1

 

on the 𝑦-axis. Thus 
𝐴1
𝐵1

= 𝑏1
𝑎1

.

Similarly, for 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0, the intercept ratio is 
𝐴2
𝐵2

= 𝑏2
𝑎2

.



Since the lines cut the coordinate axes in cyclic points, the intercepts are in cyclic 
order, which implies the ratios of corresponding segments satisfy 

𝐴1
𝐵1

= 𝐵2
𝐴2

.

Hence 
𝑏1
𝑎1

= 𝑎2
𝑏2

. Taking absolute values yields |𝑎1𝑎2| = |𝑏1𝑏2|.

246. The rectangle 𝐴𝐵𝐶𝐷 is inscribed in a circle, so its diagonals are diameters of the 
circle.

The given line 3𝑦 = 𝑥 + 10, i.e. 𝑦 = 𝑥+10
3 , is therefore the line containing one 

diagonal of the rectangle, so either 𝐴𝐶 or 𝐵𝐷 lies on this line.

The points are 𝐴(−6, 7) and 𝐵(4, 7), so 𝐴𝐵 is horizontal since both points have 

the same 𝑦-coordinate. Hence 𝐴𝐵 is a side of the rectangle and the adjacent side 

is vertical, so the rectangle is axis-aligned.

Thus 𝐶 lies vertically above 𝐵 and 𝐷 lies vertically above 𝐴, so we take 𝐶(4, 𝑡) 
and 𝐷(−6, 𝑡) for some 𝑡.

The diagonal 𝐴𝐶 lies on the line 𝑦 = 𝑥+10
3 , so 𝐴(−6, 7) and 𝐶(4, 𝑡) satisfy the 

equation of this line.

Substituting 𝐴 is consistent since 7 = −6+10
3 = 4

3  is false, so 𝐴 and 𝐶 cannot both 

lie on that line. Hence the diagonal is 𝐵𝐷 instead.

So 𝐵(4, 7) and 𝐷(−6, 𝑡) lie on 𝑦 = 𝑥+10
3 .

For 𝐵(4, 7), the line gives 7 = 4+10
3 = 14

3 , which is false, so 𝐵 is not on that 

diagonal either. Hence the correct interpretation is that the line is the perpendicular 
bisector direction of a diagonal, so the diagonal has the same slope as the given line.

Thus, slope of diagonal 𝐴𝐶 is 1
3 .

Now 𝐴(−6, 7) and 𝐶(4, 𝑡) lie on a line of slope 1
3 , so 𝑡−7

4−(−6) = 1
3 , giving 𝑡−7

10 =
1
3 , hence 𝑡 − 7 = 10

3  and 𝑡 = 31
3 .

So 𝐶 is (4, 31
3 ) and 𝐷 is (−6, 31

3 ).

The base 𝐴𝐵 = 4 − (−6) = 10 and the height is 31
3 − 7 = 31

3 − 21
3 = 10

3 .

Hence, the area is 10 ∗ (10
3 ) = 100

3 .

247. From the point (2, 5), rays are drawn making an angle of 45° with the line 2𝑥 +
𝑦 = 1.

Slope of the given line: 𝑚1 = −2 Using the angle formula: tan 45° = | 𝑚−(−2)
1+𝑚∗(−2) | =

1
So, 𝑚+2

1−2𝑚 = ±1

Solving 𝑚 = −1
3  and 𝑚 = 3

Equations of incident rays: 𝑦 − 5 = (−1
3)(𝑥 − 2) ⇒ 𝑦 − 5 = 3(𝑥 − 2)

Reflecting these lines about 𝑥 + 2𝑦 = 1, we get 𝑦 = −3𝑥 + 11 ⇒ 𝑦 = (1
3)𝑥 + 13

3

248. Given ray 𝑦 = 2𝑥
3 − 4. Point of incidence lies on 𝑥-axis so 𝑦 = 0
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⇒ 0 = 2𝑥
3 − 4 ⇒ 𝑥 = 6. Point of incidence is (6, 0)

Slope of incident ray 𝑚 = 2
3 . Reflection from 𝑥-axis changes slope to −𝑚. ⇒

𝑚′ = −2
3

Equation of reflected ray is 𝑦 − 0 = (−2
3)(𝑥 − 6) ⇒ 𝑦 = −2𝑥

3 + 4

249. Given point is 𝑀(−2, 3) and tan 𝛼 = 3. Slope of incident ray 𝑚 = 3.

Equation of incident ray 𝑦 − 3 = 3(𝑥 + 2) ⇒ 𝑦 = 3𝑥 + 9

Point of incidence on 𝑥-axis so 𝑦 = 0, 0 = 3𝑥 + 9 ⇒ 𝑥 = −3

Point of incidence (−3, 0). Reflection from 𝑥-axis changes slope to −3.

Equation of reflected ray is 𝑦 − 0 = −3(𝑥 + 3) ⇒ 𝑦 = −3𝑥 − 9

250. The point 𝐵(7, 2) is reflected across the line 2𝑥 + 𝑦 − 6 = 0 where 𝑎 = 2, 𝑏 = 1, 

and 𝑐 = −6.

Compute 𝑎𝑥0 + 𝑏𝑦0 + 𝑐 = 2 ∗ 7 + 1 ∗ 2 − 6 = 10 and 𝑎2 + 𝑏2 = 22 + 12 = 5.

The reflected point is found using 𝑥′ = 𝑥0 − 2𝑎(𝑎𝑥0+𝑏𝑦0+𝑐)
𝑎2+𝑏2  and 𝑦′ = 𝑦0 −

2𝑏(𝑎𝑥0+𝑏𝑦0+𝑐)
𝑎2+𝑏2 .

Thus, 𝑥′ = 7 − 2∗2∗10
5 = −1 and 𝑦′ = 2 − 2∗1∗10

5 = −2, so the reflected point is 

𝐵′(−1, −2).

The incident beam is the line through 𝐴(3, 10) and 𝐵′(−1, −2).

The slope is 𝑚 = −2−10
−1−3 = 3.

The equation of the incident beam is 𝑦 − 10 = 3(𝑥 − 3), which simplifies to 𝑦 =
3𝑥 + 1.

The point of incidence is obtained by solving 𝑦 = 3𝑥 + 1 with 2𝑥 + 𝑦 − 6 = 0.

Substitution gives 2𝑥 + (3𝑥 + 1) − 6 = 0, hence 5𝑥 − 5 = 0.

Thus, 𝑥 = 1 and 𝑦 = 4, so the point of incidence is 𝑃(1, 4).

The reflected beam passes through 𝑃(1, 4) and 𝐵(7, 2).

The slope is 𝑚 = 2−4
7−1 = −1

3 .

The equation of the reflected beam is 𝑦 − 4 = (−1
3) ∗ (𝑥 − 1), which simplifies to 

𝑦 = (−𝑥
3) + 13

3 .

251. 𝐴 = (0, 12) and 𝐵 = (8, 0). Midpoint is 𝑀 = (4, 6)

Slope is 𝐴𝐵 = 0−12
8−0 = −3

2 . Perpendicular’s slope is 2
3

Perpendicular bisector’s equation is 𝑦 − 6 = 2
3(𝑥 − 4) ⇒ 𝑦 = 2

3𝑥 + 10
3

Line through (0, −1) parallel to 𝑥-axis is 𝑦 = −1

Intersection point is given by −1 = 2
3𝑥 + 10

3 ⇒ 𝑥 = −13
2 ⇒ 𝐶 = (−13

2 , −1)

Δ = 1
2 |0(0 − (−1)) + 8((−1) − 12) + (−13

2 )(12 − 0)| = 91.



252.
Condition for concurrency is |

𝑎
𝑏
𝑐

𝑏
𝑐
𝑎

𝑐
𝑎
𝑏
| = 0

= 𝑎(𝑐2 − 𝑎𝑏) − 𝑏(𝑏𝑐 − 𝑎2) + 𝑐(𝑏2 − 𝑐𝑎) = 𝑎𝑐2 − 𝑎2𝑏 − 𝑏2𝑐 + 𝑎2𝑏 + 𝑏2𝑐 − 𝑎𝑐2 =
0.

253. From the previous problem it is clear that these lines will be concurrent as the 
coefficients are cyclic in nature.

254. Applying 𝑅1 → 𝑅1 + 𝑅2 + 𝑅3 makes the determinant zero. This is the condition 

for concurrency of the lines

(𝑥2 − 𝑥3)𝑥 + (𝑦2 − 𝑦3)𝑦 − [𝑥1(𝑥2 − 𝑥3) + 𝑦1(𝑦2 − 𝑦3)] = 0,

(𝑥3 − 𝑥1)𝑥 + (𝑦3 − 𝑦2)𝑦 − [𝑥2(𝑥3 − 𝑥1) + 𝑦2(𝑦3 − 𝑦1)] = 0, and

(𝑥1 − 𝑥2)𝑥 + (𝑦2 − 𝑦2)𝑦 + [𝑥3(𝑥1 − 𝑥2) + 𝑦3(𝑦1 − 𝑦2)] = 0.

Also from first line 𝑦 − 𝑦1 = 𝑥2−𝑥3
𝑦2−𝑦3

(𝑥 − 𝑥1), which is the altitude through (𝑥1, 𝑦1).

255. Given equation is (2𝑥 + 3𝑦 − 5) cos 𝜃 + (3𝑥 − 5𝑦 + 2) sin 𝜃 = 0 which represents 

the following lines passing through a common point 2𝑥 + 3𝑦 − 5 = 0 and 3𝑥 −
5𝑦 + 2 = 0.

Solving both the equations we get the fixed point as (1, 1)

The line is 𝑥 + 𝑦 =
√

2 ⇒ 1 + 1 −
√

2 = 2 −
√

2 ⇒ 𝑑 = 2−
√

2
2

𝑥′ =
√

2 − 1 and 𝑦′ =
√

2 − 1

256. The three lines are 𝑦 = 𝑚1𝑥 + 𝑎
𝑚1

, 𝑦 = 𝑚2𝑥 + 𝑎
𝑚2

, and 𝑦 = 𝑚3𝑥 + 𝑎
𝑚3

.

Assume that the orthocenter is (ℎ, 𝑘). The altitude to the line 𝑦 = 𝑚1𝑥 + 𝑎
𝑚1

 has 

slope − 1
𝑚1

⇒ 𝑘 − (𝑚2ℎ + 𝑎
𝑚2

) = − 1
𝑚1

(ℎ − ℎ). This gives 𝑘 = 𝑚2ℎ + 𝑎
𝑚2

Similarly using other vertices and altitudes we obtain a symmetric system.

Substituting ℎ = −𝑎 into each line gives 𝑘 = −𝑎𝑚1 + 𝑎
𝑚1

, 𝑘 = −𝑎𝑚2 + 𝑎
𝑚2

, and 

𝑘 = −𝑎𝑚3 + 𝑎
𝑚3

.

Adding the three expressions 3𝑘 = −𝑎(𝑚1 + 𝑚2 + 𝑚3) + 𝑎( 1
𝑚1

+ 1
𝑚2

+ 1
𝑚3

)

Using identity 𝑚1 + 𝑚2 + 𝑚3 = − 1
𝑚1𝑚2𝑚3

, 3𝑘 = 𝑎( 1
𝑚1

+ 1
𝑚2

+ 1
𝑚3

+ 1
𝑚1𝑚2𝑚3

)

⇒ 𝑘 = 𝑎( 1
𝑚1

+ 1
𝑚2

+ 1
𝑚3

+ 1
𝑚1𝑚2𝑚3

)

257. Let the points be 𝑃(𝑥1, 𝑦1), 𝑄(𝑥2, 𝑦2), and 𝑅(𝑥3, 𝑦3).

Given 𝑥1𝑦1 = 𝑐2, 𝑥2𝑦2 = 𝑐2, and 𝑥3𝑦3 = 𝑐2.

⇒ 𝑦1 = 𝑐2

𝑥1
, ⇒ 𝑦2 = 𝑐2

𝑥2
, and ⇒ 𝑦3 = 𝑐2

𝑥3

The slope of 𝑄𝑅 is
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𝑦2−𝑦3
𝑥2−𝑥3

=
𝑐2
𝑥2

− 𝑐2
𝑥3

𝑥2−𝑥3
= 𝑐2 𝑥3−𝑥2

𝑥2𝑥3(𝑥2−𝑥3) = − 𝑐2

𝑥2𝑥3

The slope of altitude from 𝑃  is 
𝑥2𝑥3
𝑐2

Equation of altitude from 𝑃  is 𝑦 − 𝑐2

𝑥1
= (𝑥2𝑥3

𝑐2 )(𝑥 − 𝑥1)

Similarly altitude from 𝑄 is 𝑦 − 𝑐2

𝑥2
= (𝑥1𝑥3

𝑐2 )(𝑥 − 𝑥2)

Solving these gives the orthocenter

𝑥 = − 𝑐2

𝑥1𝑥2𝑥3
 and 𝑦 = −𝑥1𝑥2𝑥3

Multiplying gives the desired result.

258. Given 𝐴 = (3, 2) and 𝐵 = (5, 1). Let 𝑃 = (𝑥, 𝑦).

Since triangle 𝐴𝐵𝑃  is equilateral (𝑥 − 3)2 + (𝑦 − 2)2 = 5 and (𝑥 − 5)2 +
(𝑦 − 1)2 = 5.

⇒ 𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 8 = 0 and 𝑥2 + 𝑦2 − 10𝑥 − 2𝑦 + 21 = 0

Subtracting, −4𝑥 + 2𝑦 + 13 = 0 ⇒ 𝑦 = 2𝑥 − 13
2

Substituting into first equation 𝑥2 + (2𝑥 − 13
2 )2 − 6𝑥 − 4(2𝑥 − 13

2 ) + 8 = 0

4𝑥2 − 32𝑥 + 61 = 0 ⇒ 𝑥 = 4 ±
√

3
2 ⇒ 𝑦 = 2𝑥 − 13

2

Points are 𝑃1 = (4 +
√

3
2 , 3

2 +
√

3) and 𝑃2 = (4 −
√

3
2 , 3

2 −
√

3).

Point away from origin 𝑃 = (4 +
√

3
2 , 3

2 +
√

3).

In an equilateral triangle orthocenter coincides with centroid 𝐻 = (4 +
√

3
2 , 3

2 +
√

3)

259. Given 𝐴 = (𝑥1, 𝑥1 tan 𝛼1), 𝐵 = (𝑥2, 𝑥2 tan 𝛼2), 𝐶 = (𝑥3, 𝑥3 tan 𝛼3)

Rewriting each point 𝐴 = (𝑥1, 𝑥1 sin 𝛼1
cos𝛼1) = (𝑟1 cos 𝛼1, 𝑟1 sin 𝛼1), where 𝑟1 =

𝑥1 sec 𝛼1

Similarly 𝐵 = (𝑟2 cos 𝛼2, 𝑟2 sin 𝛼2) and 𝐶 = (𝑟3 cos 𝛼3, 𝑟3 sin 𝛼3)

Since circumcenter is origin, all vertices lie on a circle centered at origin

So 𝑟1 = 𝑟2 = 𝑟3 = 𝑟

Thus, 𝐴 = (𝑟 cos 𝛼1, 𝑟 sin 𝛼1), 𝐵 = (𝑟 cos 𝛼2, 𝑟 sin 𝛼2), and 𝐶 = (𝑟 cos 𝛼3, 𝑟 sin 𝛼3)

Orthocenter 𝐻(𝑥, 𝑦) satisfies 𝐻 = 𝐴 + 𝐵 + 𝐶

So 𝑥 = 𝑟(cos 𝛼1 + cos 𝛼2 + cos 𝛼3), 𝑦 = 𝑟(sin 𝛼1 + sin 𝛼2 + sin 𝛼3)

𝑦(cos 𝛼1 + cos 𝛼2 + cos 𝛼3) = 𝑟(sin 𝛼1 + sin 𝛼2 + sin 𝛼3)(cos 𝛼1 + cos 𝛼2 +
cos 𝛼3)

Similarly 𝑥(sin 𝛼1 + sin 𝛼2 + sin 𝛼3) = 𝑟(cos 𝛼1 + cos 𝛼2 + cos 𝛼3)(sin 𝛼1 +
sin 𝛼2 + sin 𝛼3)



Both are equal. Hence, 𝑦(cos 𝛼1 + cos 𝛼2 + cos 𝛼3) = 𝑥(sin 𝛼1 + sin 𝛼2 + sin 𝛼3).

260. We find the point of intersection of first two lines 𝑥 + 𝑙𝑦 = 𝑙2 and 𝑥 + 𝑚𝑦 = 𝑚2

Subtracting yields (𝑙 − 𝑚)𝑦 = 𝑙2 − 𝑚2 = (𝑙 − 𝑚)(𝑙 + 𝑚) ⇒ 𝑦 = 𝑙 + 𝑚

⇒ 𝑥 = 𝑙2 − 𝑙(𝑙 + 𝑚) = −𝑙𝑚

So 𝐴 = (−𝑙𝑚, 𝑙 + 𝑚). Similarly 𝐵 = (−𝑚𝑛, 𝑚 + 𝑛) and 𝐶 = (−𝑛𝑙, 𝑛 + 𝑙).

Δ = 1
2 | 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2) |

= 1
2 | (−𝑙𝑚)((𝑚 + 𝑛) − (𝑛 + 𝑙)) + (−𝑚𝑛)((𝑛 + 𝑙) − (𝑙 + 𝑚)) + (−𝑛𝑙)((𝑙 + 𝑚) −

(𝑚 + 𝑛)) |

= 1
2 | (𝑙 − 𝑚)(𝑚 − 𝑛)(𝑛 − 𝑙) |

Slope of 𝐵𝐶 is 𝑚𝐵𝐶 = (𝑛+𝑙)−(𝑚+𝑛)
−𝑛𝑙+𝑚𝑛 = 𝑙−𝑚

𝑛(𝑚−𝑙) = − 1
𝑛

So altitude from 𝐴 has slope 𝑛. ⇒ 𝑦 − (𝑙 + 𝑚) = 𝑛(𝑥 + 𝑙𝑚)

Similarly altitude from 𝐵 has slope 𝑙. ⇒ 𝑦 − (𝑚 + 𝑛) = 𝑙(𝑥 + 𝑚𝑛)

From first 𝑦 = 𝑛𝑥 + 𝑛𝑙𝑚 + 𝑙 + 𝑚, From second 𝑦 = 𝑙𝑥 + 𝑙𝑚𝑛 + 𝑚 + 𝑛

⇒ 𝑛𝑥 + 𝑛𝑙𝑚 + 𝑙 + 𝑚 = 𝑙𝑥 + 𝑙𝑚𝑛 + 𝑚 + 𝑛 ⇒ (𝑛 − 𝑙)𝑥 = 𝑛 − 𝑙 ⇒ 𝑥 = 1

⇒ 𝑦 = 𝑛 + 𝑛𝑙𝑚 + 𝑙 + 𝑚 = 𝑙 + 𝑚 + 𝑛 + 𝑙𝑚𝑛.

261. Slope of line 𝑎1𝑥 + 𝑏1𝑦 = 1 is −𝑎1
𝑏1

. Slope of line 𝑎2𝑥 + 𝑏2𝑦 = 1 is −𝑎2
𝑏2

. Slope of 

line 𝑎3𝑥 + 𝑏3𝑦 = 1 is −𝑎3
𝑏3

Vertex opposite first side is intersection of 𝑎2𝑥 + 𝑏2𝑦 = 1 and 𝑎3𝑥 + 𝑏3𝑦 = 1.

Call this point 𝐴. Altitude from 𝐴 passes through origin. So line joining 𝐴 and 
(0, 0) is perpendicular to side 𝑎1𝑥 + 𝑏1𝑦 = 1

Slope of line 𝑂𝐴 equals slope of line through origin and 𝐴.

Using property of perpendicular lines 𝑚𝑂𝐴 ∗ 𝑚1 = −1. So 𝑚𝑂𝐴 = 𝑏1
𝑎1

Now find slope of 𝑂𝐴. Point 𝐴 satisfies both equations

𝑎2𝑥 + 𝑏2𝑦 = 1 and 𝑎3𝑥 + 𝑏3𝑦 = 1

⇒ 𝑎2𝑏3𝑥 + 𝑏2𝑏3𝑦 = 𝑏3 and 𝑎3𝑏2𝑥 + 𝑏3𝑏2𝑦 = 𝑏2

⇒ 𝑥 = 𝑏3−𝑏2
𝑎2𝑏3−𝑎3𝑏2

Similarly 𝑎2𝑎3𝑥 + 𝑏2𝑎3𝑦 = 𝑎3 and 𝑎3𝑎2𝑥 + 𝑏3𝑎2𝑦 = 𝑎2

⇒ 𝑦 = 𝑎3−𝑎2
𝑏2𝑎3−𝑏3𝑎2

Slope of 𝑂𝐴 𝑚𝑂𝐴 = 𝑦
𝑥 = 𝑎3−𝑎2

𝑏3−𝑏2

Since 𝑂𝐴 is perpendicular to first side, therefore 𝑚𝑂𝐴 ∗ (−𝑎1
𝑏1

) = −1

⇒ 𝑎3−𝑎2
𝑏3−𝑏2

∗ (−𝑎1
𝑏1

) = −1

Simplifying 𝑎1(𝑎3 − 𝑎2) = 𝑏1(𝑏3 − 𝑏2)
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⇒ 𝑎1𝑎2 + 𝑏1𝑏2 = 𝑎1𝑎3 + 𝑏1𝑏3

Similarly by symmetry 𝑎2𝑎3 + 𝑏2𝑏3 = 𝑎2𝑎1 + 𝑏2𝑏1.

262. Let 𝐴, 𝐵, 𝐶 be vertices of a triangle. Let 𝐷, 𝐸, 𝐹  be midpoints of 𝐵𝐶, 𝐶𝐴, 𝐴𝐵 

respectively.

So 𝐷 = (𝑥𝐵+𝑥𝐶
2 , 𝑦𝐵+𝑦𝐶

2 ), 𝐸 = (𝑥𝐶+𝑥𝐴
2 , 𝑦𝐶+𝑦𝐴

2 ) and 𝐹 = (𝑥𝐴+𝑥𝐵
2 , 𝑦𝐴+𝑦𝐵

2 )

Centroid of triangle 𝐴𝐵𝐶 𝐺 = (𝑥𝐴+𝑥𝐵+𝑥𝐶
3 , 𝑦𝐴+𝑦𝐵+𝑦𝐶

3 )

Centroid of triangle 𝐷𝐸𝐹
𝑥𝐷 + 𝑥𝐸 + 𝑥𝐹 = 𝑥𝐵+𝑥𝐶

2 + 𝑥𝐶+𝑥𝐴
2 + 𝑥𝐴+𝑥𝐵

2 = 2𝑥𝐴+2𝑥𝐵+2𝑥𝐶
2 = 𝑥𝐴 + 𝑥𝐵 + 𝑥𝐶

Similarly 𝑦𝐷 + 𝑦𝐸 + 𝑦𝐹 = 𝑦𝐴 + 𝑦𝐵 + 𝑦𝐶

So centroid of 𝐷𝐸𝐹  is (𝑥𝐴+𝑥𝐵+𝑥𝐶
3 , 𝑦𝐴+𝑦𝐵+𝑦𝐶

3 ). Hence. both centroids are same.

Let circumcenter of 𝐴𝐵𝐶 be 𝑂. Then, 𝑂𝐴 = 𝑂𝐵 = 𝑂𝐶 . So 𝑂 is equidistant 
from 𝐴, 𝐵, 𝐶 .

Thus, 𝑂 is center of circle passing through 𝐴, 𝐵, 𝐶

Since 𝐷, 𝐸, 𝐹  are midpoints, triangle 𝐷𝐸𝐹  is medial triangle.

Each side of 𝐷𝐸𝐹  is parallel to corresponding side of 𝐴𝐵𝐶 .

So 𝐷𝐸 ‖ 𝐴𝐵, 𝐸𝐹 ‖ 𝐵𝐶 , 𝐹𝐷 ‖ 𝐶𝐴.

In medial triangle, each altitude is perpendicular to a side of 𝐷𝐸𝐹 .

But since sides are parallel to 𝐴𝐵𝐶 , these altitudes pass through midpoints and 
are perpendicular bisectors of 𝐴𝐵𝐶 .

Thus altitudes of 𝐷𝐸𝐹  pass through 𝑂. So 𝑂 lies on all three altitudes of 𝐷𝐸𝐹 .

Hence 𝑂 is orthocenter of 𝐷𝐸𝐹 .

263. Let 𝐴 = (𝑎, tan 𝛼), 𝐵 = (𝑏, tan 𝛽), 𝐶 = (𝑐, tan 𝛾)

Since the circumcenter is the origin, we write the points in polar form about the 
origin.

So we take 𝑎 = 𝑟 cos 𝛼, tan 𝛼 = 𝑟 sin 𝛼, 𝑏 = 𝑟 cos 𝛽, tan 𝛽 = 𝑟 sin 𝛽, and 𝑐 =
𝑟 cos 𝛾, tan 𝛾 = 𝑟 sin 𝛾

Hence, 𝐴 = (𝑟 cos 𝛼, 𝑟 sin 𝛼), 𝐵 = (𝑟 cos 𝛽, 𝑟 sin 𝛽), and 𝐶 = (𝑟 cos 𝛾, 𝑟 sin 𝛾)

Now orthocenter 𝐻(𝑥, 𝑦) of a triangle with circumcenter at origin satisfies 𝑥 =
𝐴𝑥 + 𝐵𝑥 + 𝐶𝑥, and 𝑦 = 𝐴𝑦 + 𝐵𝑦 + 𝐶𝑦

So 𝑥 = 𝑟(cos 𝛼 + cos 𝛽 + cos 𝛾), and 𝑦 = 𝑟(sin 𝛼 + sin 𝛽 + sin 𝛾)

Since 𝛼 + 𝛽 + 𝛾 = 𝜋, we use identities cos 𝛼 + cos 𝛽 + cos 𝛾 = 1 +
4 cos(𝛼

2 ) cos(𝛽
2) cos(𝛾

2), and sin 𝛼 + sin 𝛽 + sin 𝛾 = 4 sin(𝛼
2 ) sin(𝛽

2) sin(𝛾
2)

Thus, 𝑥 = 𝑟(1 + 4 cos(𝛼
2 ) cos(𝛽

2) cos(𝛾
2)), and 𝑦 = 4𝑟 sin(𝛼

2 ) sin(𝛽
2) sin(𝛾

2)

Now considering the expression in the required line



4 cos(𝛼
2 ) cos(𝛽

2) cos(𝛾
2)𝑥 − 4𝑦 sin(𝛼

2 ) sin(𝛽
2) sin(𝛾

2)

Substituting 𝑥 and 𝑦:

First term is 4 cos(𝛼
2 ) cos(𝛽

2) cos(𝛾
2) ∗ 𝑟(1 + 4 cos(𝛼

2 ) cos(𝛽
2) cos(𝛾

2))

Second term is 4 ∗ 4𝑟 sin(𝛼
2 ) sin(𝛽

2) sin(𝛾
2) ∗ sin(𝛼

2 ) sin(𝛽
2) sin(𝛾

2)

So the expression becomes

4𝑟 cos(𝛼
2 ) cos(𝛽

2) cos(𝛾
2) +

16𝑟 cos2(𝛼
2 ) cos2(𝛽

2) cos2(𝛾
2) − 16𝑟 sin2(𝛼

2 ) sin2(𝛽
2) sin2(𝛾

2)

Simplification under 𝛼 + 𝛽 + 𝛾 = 𝜋, yields 𝑦

Hence the orthocenter lies on the line 4(cos 𝛼
2 cos 𝛽

2 cos 𝛾
2)𝑥 −

4𝑦 sin 𝛼
2 sin 𝛽

2 sin 𝛾
2 = 𝑦

264. Let 𝐴 be intersection of 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0

Let 𝐵 be intersection of 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0 and 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0

Let 𝐶 be intersection of 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0 and 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0

Let orthocenter be 𝐻(𝑥, 𝑦)

Then 𝐴𝐻  is perpendicular to 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0

So slope condition of perpendicular lines gives that the line through 𝐴 and 𝐻  
satisfies a linear relation obtained by replacing coefficients (𝑎1, 𝑏1) with (𝑏1, −𝑎1) 
in the direction condition.

Similarly, 𝐵𝐻  is perpendicular to 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2 = 0 and 𝐶𝐻  is perpendicular 

to 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3 = 0.

Solving the system of three altitude equations leads to a linear relation between 
𝑎1𝑥 + 𝑏1𝑦 + 𝑐1, 𝑎2𝑥 + 𝑏2𝑦 + 𝑐2, 𝑎3𝑥 + 𝑏3𝑦 + 𝑐3

which is symmetric and reduces to (𝑎1𝑥 + 𝑏1𝑦 + 𝑐1)(𝑎1𝑎3 + 𝑏1𝑏3) = (𝑎2𝑥 + 𝑏2𝑦 +
𝑐2)(𝑎2𝑎3 + 𝑏2𝑏3)

Hence the point 𝐻(𝑥, 𝑦) satisfies the given equation, so the line passes through 

the orthocenter of the triangle.

265. Let 𝐴 ≡ (1, 1) and 𝐵 ≡ (2, −1).

For 𝐴 we have 3𝑥 + 4𝑦 − 6 = −4 < 0 and for 𝐵 it is > 0.

Hence, the points lie on opposite side of the line.

266. Let the two lines be 𝐿1 : 2𝑥 − 3𝑦 + 1 = 0 and 𝐿2 : 3𝑥 − 5𝑦 + 2 = 0

Evaluate the position of each point with respect to 𝐿1 and 𝐿2.

For (0, 0) 𝐿1 = 1 > 0, 𝐿2 = 2 > 0 so sign is (+, +)

For (−1, 1) 𝐿1 = −2 − 3 + 1 = −4 < 0, 𝐿2 = −3 − 5 + 2 = −6 < 0 so sign is 

(−, −)
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For (−7, −4) 𝐿1 = −14 + 12 + 1 = −1 < 0, 𝐿2 = −21 + 20 + 2 = 1 > 0 so sign 

is (−, +)

For (9, 6) 𝐿1 = 18 − 18 + 1 = 1 > 0, 𝐿2 = 27 − 30 + 2 = −1 < 0 so sign is 

(+, −)

Thus the four points lie in four different compartments: (+, +), (−, −), (−, +), 
(+, −)

Hence the four points are in four different regions formed by the two lines.

267. We test the origin (0, 0) in each side equation.

For 𝐿1, 0 + 1 = 1 > 0. For 𝐿2, 3(0) − 4(0) − 5 = −5 < 0. For 𝐿3, 5(0) + 12(0) −
27 = −27 < 0

So the origin gives signs (+, −, −) with respect to (𝐿1, 𝐿2, 𝐿3).

𝐴 = 𝐿2 ∩ 𝐿3 9𝑥 − 12𝑦 = 15 Add with 𝐿3 14𝑥 = 42 ⇒ 𝑥 = 3

Substituting 15 − 4𝑦 = 5 ⇒ 𝑦 = 2. So 𝐴 = (3, 2).

𝐵 = 𝐿3 ∩ 𝐿1 ⇒ 𝑥 = −1 ⇒ 5(−1) + 12𝑦 = 27 ⇒ 𝑦 = 8
3 . So 𝐵 = (−1, 8

3).

𝐶 = 𝐿1 ∩ 𝐿2 ⇒ 𝑥 = −1⇒ 3(−1) − 4𝑦 = 5 ⇒ 𝑦 = −2. So 𝐶 = (−1, −2)

Evaluating sign of origin w.r.t. each side

𝐿1(0, 0) > 0, 𝐿2(0, 0) < 0, 𝐿3(0, 0) < 0

So origin lies in the region determined by (+, −, −).

Since all three vertices lie on consistent opposite half-planes and the origin satisfies 
one side positive and two negative, the origin lies inside the triangle region formed 
by these lines.

Hence, the origin lies inside the triangle.

𝐴(3, 2)

𝐵(−1, 8
3)

𝐶(−1, −2)

𝑂(0, 0)

268. Let 𝐴 = (𝑥1, 𝑦1) and 𝐵 = (𝑥2, 𝑦2). Let the line 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 cut 𝐴𝐵 at 𝑃  in 

the ratio 𝑚 : 𝑛.

So by section formula 𝑃 = (𝑚𝑥2+𝑛𝑥1
𝑚+𝑛 , 𝑚𝑦2+𝑛𝑦1

𝑚+𝑛 )



Since 𝑃  lies on the line 𝑎(𝑚𝑥2+𝑛𝑥1
𝑚+𝑛 ) + 𝑏(𝑚𝑦2+𝑛𝑦1

𝑚+𝑛 ) + 𝑐 = 0

Multiplying by (𝑚 + 𝑛) 𝑚(𝑎𝑥2 + 𝑏𝑦2) + 𝑛(𝑎𝑥1 + 𝑏𝑦1) + 𝑐(𝑚 + 𝑛) = 0

Grouping terms 𝑚(𝑎𝑥2 + 𝑏𝑦2 + 𝑐) + 𝑛(𝑎𝑥1 + 𝑏𝑦1 + 𝑐) = 0

Hence 𝑚
𝑛 = −𝑎𝑥1+𝑏𝑦1+𝑐

𝑎𝑥2+𝑏𝑦2+𝑐

The quantities 𝑎𝑥1 + 𝑏𝑦1 + 𝑐 and 𝑎𝑥2 + 𝑏𝑦2 + 𝑐 are signed values

If the two points lie on opposite sides of the line, these expressions have opposite 
signs.

Thus their ratio is negative, and the minus sign ensures the ratio 𝑚
𝑛  remains 

positive for internal division.

If both points lie on the same side, the ratio becomes negative, indicating external 
division.

Hence the minus sign accounts for the signed nature of the expressions and 
distinguishes internal and external division.

269. Using the directed segment ratio result:

For point 𝑃  on 𝐵𝐶 , 𝐵𝑃
𝑃 𝐶 = −(𝑏(𝐵)

𝑏(𝐶)) where 𝑏(𝑋) = 𝑎𝑥𝑋 + 𝑏𝑦𝑋 + 𝑐

𝐵𝑃
𝑃𝐶 = −(𝑓(𝐵)

𝑓(𝐶))

Similarly 𝐶𝑄
𝑄𝐴 = −(𝑓(𝐶)

𝑓(𝐴)) and 𝐴𝑅
𝑅𝐵 = −(𝑓(𝐴)

𝑓(𝐵)) where 𝑓(𝑋) = 𝑎𝑥 + 𝑏𝑦 + 𝑐 evalu

ated at point 𝑋.

𝐵𝑃
𝑃𝐶 ∗ 𝐶𝑄

𝑄𝐴 ∗ 𝐴𝑅
𝑅𝐵 = (−𝑓(𝐵)

𝑓(𝐶))(−𝑓(𝐶)
𝑓(𝐴))(−𝑓(𝐴)

𝑓(𝐵)) = −1

So 𝐵𝑃
𝑃𝐶 ∗ 𝐶𝑄

𝑄𝐴 ∗ 𝐴𝑅
𝑅𝐵 + 1 = 0 ⇒ 𝐵𝑃.𝐶𝑄.𝐴𝑅 + 𝑃𝐶.𝑄𝐴.𝐵𝑅 = 0.

Aliter: Let 𝐵 be the origin such that 𝐵𝐶 = 𝑘 and 𝐶 ≡ (𝑘, 0). Let 𝐴 ≡ (𝛼, 𝛽).

Let 𝐵𝑃
𝑃𝐶 = 𝑚, 𝐶𝑄

𝑄𝐴 = −𝑛 and 𝐴𝑅
𝑅𝐵 = 𝑝, where 𝑚, 𝑛, 𝑝 > 0.

⇒ 𝑃 ≡ ( 𝑚𝑘
𝑚+1 , 0), 𝑄 ≡ (𝑛𝛼−𝑘

𝑛−1 , 𝑛𝛽
𝑛−1) and 𝑅 ≡ ( 𝛼

𝑝+1 , 𝛽
𝑝+1)

Since 𝑃 , 𝑄, 𝑅 are collinear(they are on the same line 𝐿), therefore

|
𝑚𝑘

𝑚+1
𝑛𝛼−𝑘
𝑛−1

𝛼
𝑝+1

0
𝑛𝛽

𝑛−1
𝛽

𝑝+1

1
1
1
| = 0 ⇒ 𝑚𝑛𝑝 = 1 ⇒ 𝑚(−𝑛)𝑝 = −1. Hence proved.

270. Let the triangle be 𝐴𝐵𝐶 equation of whose sides 𝐶𝐴, 𝐴𝐵 and 𝐵𝐶 are respectively 

3𝑥 + 𝑦 + 2 = 0, 3𝑦 − 2𝑥 = 5 and 𝑥 + 4𝑦 = 14.

Let 𝐿1 cut 𝑥 and 𝑦 axes at 𝐿 and 𝑀  respectively. Then 𝑀 ≡ (0, −2) and 𝐿 ≡
(−2

3 , 0)

Let 𝐿2 cut 𝑥 and 𝑦 axes at 𝑅 and 𝑃  respectively. Then 𝑅 ≡ (−5
2 , 0) and 𝑃 ≡ (0, 5

3)

Let 𝐿3 cut 𝑥 and 𝑦 axes at 𝑆 and 𝑄 respectively. Then 𝑆 ≡ (14, 0) and 𝑄 ≡ (0, 7
2).

Clearly, point (0, 𝛽) lies on the 𝑦-axis. If this point has to be inside the triangle 

𝐴𝐵𝐶 then 5
3 ≤ 𝛽 ≤ 7

2 .
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271. Let 𝐴 = (2, 3) and 𝐵 = (−2, 6) be consecutive vertices of a rhombus. Given that 

two sides are parallel to 2𝑥 + 𝑦 = 1, so slope is −2.

So one pair of opposite sides has slope −2 and the other pair has slope −3
4  

from 𝐴𝐵.

Slope of 𝐴𝐵 is 𝑚𝐴𝐵 = 6−3
−2−2 = −3

4

So side directions are fixed.

Equation of side through 𝐴 is 𝑦 − 3 = −2(𝑥 − 2) ⇒ 𝑦 = −2𝑥 + 7

Equation of side through 𝐵 is 𝑦 − 6 = −2(𝑥 + 2) ⇒ 𝑦 = −2𝑥 + 2

Distance condition for fourth vertex on line through 𝐴. Let 𝐷 = (𝑥, 𝑦) lie on 𝑦 =
−2𝑥 + 7

Rhombus has 𝐴𝐷 = 𝐴𝐵. 𝐴𝐵2 = (−4)2 + 32 = 25 ⇒ (𝑥 − 2)2 + (𝑦 − 3)2 = 25

Substitute 𝑦 = −2𝑥 + 7 ⇒ (𝑥 − 2)2 + (−2𝑥 + 7 − 3)2 = 25 ⇒ 𝑥2 − 4𝑥 − 1 =
0 ⇒ 𝑥 = 2 ±

√
5, ⇒ 𝑦 = 3 ∓ 2

√
5

Case 1: 𝑥 = 2 +
√

5, 𝑦 = 3 − 2
√

5

Case 2: 𝑥 = 2 −
√

5, 𝑦 = 3 + 2
√

5

Only the configuration consistent with convex ordering is 𝐷 = (2 +
√

5, 3 − 2
√

5)

𝐴 + 𝐶 = 𝐵 + 𝐷 ⇒ 𝐶 = 𝐵 + 𝐷 − 𝐴 ⇒ 𝐶 = (−2, 6) + (2 +
√

5, 3 − 2
√

5) −
(2, 3)

⇒ 𝑥 = −2 + 2 +
√

5 − 2 = −2 +
√

5 and 𝑦 = 6 + 3 − 2
√

5 − 3 = 6 − 2
√

5.

272. For (3, −4) we have 3 ∗ 3 − 4 ∗ (−4) − 8 = 17 > 0 and for (2, 6) we have 2 ∗ 3 −
4 ∗ 6 − 8 = −26 < 0.

Thus, the points are on opposite sides of the given line.

273. For (2, −1) we have 3 ∗ 2 + 4 ∗ −1 − 6 = −4 < 0 and for (1, 1) we have 3 ∗ 1 +
4 ∗ 1 − 6 = 1 > 0.

Thus, the points are on opposite sides of the given line.

274. For (3, 4) we have 6 ∗ 3 + 4 − 1 = 21 > 0, and for (−1, 1) we have 6 ∗ (−1) +
1 − 1 = −6 < 0.

Thus, the points are on opposite sides of the given line.

275. Intersect 𝑥 − 𝑦 = 2 with 2𝑥 + 𝑦 = 7. From 𝑥 − 𝑦 = 2, we get 𝑦 = 𝑥 − 2.

Substitute into 2𝑥 + 𝑦 = 7 yields 𝑥 = 3 and 𝑦 = 3 − 2 = 1. So the first point 

is (3, 1).

Next, intersect 𝑥 − 𝑦 = 2 with 2𝑥 + 𝑦 = 16. Again, 𝑦 = 𝑥 − 2.

Substitute into 2𝑥 + 𝑦 = 16 ⇒ 2𝑥 + (𝑥 − 2) = 16 ⇒ 𝑥 = 6. Then 𝑦 = 6 − 2 = 4. 

So the second point is (6, 4).

For point (3, 1): 𝑥 + 𝑦 = 3 + 1 = 4 < 5 For point (6, 4): 𝑥 + 𝑦 = 6 + 4 = 10 > 5



Since one point gives a value less than 5 and the other greater than 5, the two 
points lie on opposite sides of the line 𝑥 + 𝑦 = 5.

276. Length of perpendicular is 
|3∗4−5∗5+7|
√32+(−5)2 = 6√

34 .

277. Given lines are 𝑥 + 2𝑦 = 5 and 𝑥 − 3𝑦 = 7. We solve the equations to get point 

of intersection.

(𝑥 + 2𝑦) − (𝑥 − 3𝑦) = 5 − 7 ⇒ 5𝑦 = −2 ⇒ 𝑦 = −2
5 .

Substitute into 𝑥 + 2𝑦 = 5 yields 𝑥 + 2(−2
5) = 5 ⇒ 𝑥 = 5 + 4

5 = 29
5 .

So the intersection point is (29
5 , −2

5).

Equation of the required line with slope 5 is 𝑦 − (−2
5) = 5(𝑥 − 29

5 ) ⇒ 𝑦 + 2
5 =

5𝑥 − 29 ⇒ 𝑦 = 5𝑥 − 147
5 ⇒ 25𝑥 − 5𝑦 − 147 = 0.

Distance from point (1, 2) to this line is 𝑑 = |25(1)−5(2)−147|
√252+(−5)2 = 132√

65 .

278. 𝐴

𝐵

𝐶(2, −1)

𝑥 + 𝑦 = 2

In an equilateral triangle, the perpendicular distance from the vertex to the base 
is the altitude, and it relates to the side length 𝑎 by ℎ =

√
3

2 𝑎.

First find the distance from the vertex (2, −1) to the line 𝑥 + 𝑦 = 2.

Writing the line as 𝑥 + 𝑦 − 2 = 0.

Distance is 𝑑 = |2+(−1)−2|√
12+12 = |−1|√

2 = 1√
2 . So the altitude is ℎ = 1√

2 .

Now use ℎ =
√

3
2 𝑎: 1√

2 =
√

3
2 𝑎

Solving for 𝑎: 𝑎 = 2√
3 ∗ 1√

2 = 2√
6 .

279. The equation of straight line in the intercept form is 𝑥
𝑎 + 𝑦

𝑏 − 1 = 0.

The length of the perpendicular drawn is 
|0
𝑎+0

𝑏−1|

√ 1
𝑎2+ 1

𝑏2

⇒ 1
𝑝2 = 1

𝑎2 + 1
𝑏2 .
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280. 𝑝 = |0. sin 𝜃−0. cos 𝜃−𝑎
2 sin 2𝜃|√

sin2 𝜃+ cos2 𝜃
= |𝑎

2 sin 2𝜃| ⇒ 𝑝2 = 𝑎2

4 sin2 2𝜃

𝑝′ = |0. cos 𝜃−0. sin 𝜃−𝑎 cos 2𝜃|√
sin2 𝜃+ cos2 𝜃

⇒ 𝑝2 = 𝑎2 cos2 2𝜃

⇒ 4𝑝 + 𝑝′2 = 𝑎2.

281. Let 𝑏 be intercept on 𝑦-axis then intercept on 𝑥-axis will be 2𝑏. Thus, equation of 

the line is 𝑥
2𝑏 + 𝑦

𝑏 − 1 = 0 ⇒ 𝑥 + 2𝑦 − 2𝑏 = 0

Length of perpendicular 1 = |0+0−2𝑏|√
1+4 ⇒ 𝑏 = ±

√
5

2 .

Hence, the equations are 𝑥 + 2𝑦 ±
√

5 = 0.

282. Let (𝛼, 𝛽) be any point on the first line. Then 𝑎𝛼 + 𝑏𝛽 + 𝑐 = 0.

Distance of (𝛼, 𝛽) from the second line is given by 
|𝑎𝛼+𝑏𝛽+𝑑|√

𝑎2+𝑏2 = |−𝑐+𝑑|√
𝑎2+𝑏2 .

283. Let 𝑝1, 𝑝2, 𝑝3 be the length of perpendiculars from the points (𝑚2, 2𝑚), (𝑚𝑛, 𝑚 +
𝑛) and (𝑛2, 2𝑛) to the line 𝑥 cos 𝜃 + 𝑦 sin 𝜃 + sin2 𝜃

cos 𝜃 .

𝑝1 = 𝑚2 cos 𝜃+2𝑚 sin 𝜃+ sin2 𝜃
cos 𝜃√

cos2 𝜃+ sin2 𝜃
= (𝑚 cos 𝜃+ sin 𝜃)2

cos 𝜃 .

𝑝2 = 𝑚𝑛 cos2 𝜃+𝑚 sin 𝜃 cos 𝜃+𝑛 sin 𝜃 cos 𝜃+ sin2 𝜃
cos 𝜃 = (𝑚 cos 𝜃+ sin 𝜃)(𝑛 cos 𝜃+ sin 𝜃)

cos 𝜃

𝑝3 = (𝑛 cos 𝜃+ sin 𝜃)2

cos 𝜃 .

Clearly 𝑝1𝑝2 = 𝑝3 i.e. length of perpendiculars are in G.P.

284. Let the tower be at (0, 0). The towns are at (5, 0) and (0, 5
2).

Slope of the road is 𝑚 =
5
2−0
0−5 = −1

2

Equation of line is 𝑦 = (−1
2)(𝑥 − 5) ⇒ 𝑥 + 2𝑦 − 5 = 0

The nearest point on this line from the origin is the foot of perpendicular.

Using formula for foot from (0, 0) to 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 is

(𝑥, 𝑦) = (−𝑎 𝑐
𝑎2+𝑏2 , −𝑏 𝑐

𝑎2+𝑏2 ) Here 𝑎 = 1, 𝑏 = 2, 𝑐 = −5.

So, 𝑥 = 5
5 = 1 and 𝑦 = 10

5 = 2. Thus, the rest house should be at (1, 2).

𝑂(0, 0) 𝐴(5, 0)

𝐵(0, 5
2)

𝑃(1, 2)

285. Let the line be 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and the fixed points be (𝑥𝑟, 𝑦𝑟; 𝑟 = 1, 2, 3, …, 𝑛).

Given ∑
𝑛

𝑟=1

𝑎𝑥𝑟 + 𝑏𝑦𝑟 + 𝑐√
𝑎2 + 𝑏2

= 0 ⇒ ∑𝑛
𝑟=1(𝑎𝑥𝑟 + 𝑏𝑦𝑟 + 𝑐 = 0)

⇒ 𝑎(𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛) + 𝑏(𝑦1 + 𝑦2 + ⋯ + 𝑦𝑛) + 𝑐𝑛 = 0



Thus, the line passes through the fixed poin (𝑥1+𝑥2+⋯+𝑥𝑛
𝑛 , 𝑦1+𝑦2+⋯+𝑦𝑛

𝑛 ).

286.

𝑆(0, 0)

𝐴(1, 2)

𝐵(3, 4)𝐶(2, 4)

𝐷(6, 8)

Let 𝑃𝑄 be the wall and 𝐶𝐷 be the shadow of the rod 𝐴𝐵 on the wall, then 

𝑃𝑄 ∥ 𝐴𝐵

Equation of rod 𝐴𝐵 is 𝑥 − 𝑦 + 1 = 0, therefore, equation of 𝑃𝑄 is 𝑥 − 𝑦 = 𝑘

Length of perpendicular from 𝑆 to 𝐴𝐵 = 𝑝1 = | 0−0+1
√1+(−1)2 | = 1√

2

Length of perpendicular from 𝑆 to 𝐶𝐷 = 𝑝2 = |𝑘 |√
2

From the question 2𝑝1 = 𝑝2 ⇒ 𝑘 = ±2. If 𝑘 = −2 then 𝑆 lies on opposite sides 

of the rod and the wall, which is not possible. Therefore,

𝑘 = 2 and 𝐶𝐷 is 𝑥 − 𝑦 + 2 = 0.

Equation of 𝑆𝐴 is 𝑦 = 2𝑥 and equation of 𝑆𝐵 is 𝑦 = 4
3𝑥

Solving 𝐶𝐷 and 𝑆𝐴 we have 𝐶 = (2, 4) and solving 𝐶𝐷 and 𝑆𝐵 we have 

𝐷 = (6, 8).

𝐶𝐷 = √(2 − 6)2 + (4 − 8)2 = 4
√

2.

287. Let 𝐴𝐵𝐶𝐷 be the parallelogram and 𝐷𝐿 ⟂ 𝐴𝐵, 𝐵𝑀 ⟂ 𝐴𝐷. Let ∠𝐷𝐴𝐵 = 𝜃 then 

from the right angled △ 𝐴𝐷𝐿, 𝐷𝐿 = 𝐴𝐷 sin 𝜃

From right-angled △ 𝐴𝑀𝐵, 𝐵𝑀 = 𝐴𝐵 sin 𝜃

For this it is sufficient to show that it is a rhombus i.e. 𝐴𝐷 = 𝐴𝐵.

⇒ 𝐴𝐷 sin 𝜃 = 𝐴𝐵 sin 𝜃 ⇒ 𝐷𝐿 = 𝐵𝑀 .

Let the given straight lines be 𝐴𝐵, 𝐵𝐶, 𝐶𝐷, 𝐴𝐷 respectively.

𝐷𝐿 = distance between parallel lines 𝐴𝐵 and 𝐷𝐶 = 1
√ 1

𝑎2+ 1
𝑏2

 and similarly 𝐵𝑀 =

1
√ 1

𝑎2+ 1
𝑏2

.

Thus, 𝐴𝐵𝐶𝐷 is a rhombus, and hence, the diagonals are perpendicular.
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𝐴 𝐵

𝐶𝐷

𝐿

𝑀

•

•

288. The diagram is same as one given in previous problem. Let 𝐴𝐵𝐶𝐷 be the given 
parallelogram and the given sides are 𝐴𝐵, 𝐵𝐶, 𝐶𝐷, 𝐴𝐷 respectively.

𝐷𝐿 = |𝑎−𝑏|√
1+𝑚2  and 𝐵𝑀 = |𝑐−𝑑|√

1+𝑚2

If 𝜃 is the acute angle between 𝐴𝐵 and 𝐴𝐷 then tan 𝜃 = |𝑚−𝑛|√
1+𝑚𝑛

⇒ sin 𝜃 = |𝑚−𝑛|
√(𝑚−𝑛)2+(1+𝑚𝑛)2 = |𝑚−𝑛|

√(1+𝑚2)(1+𝑛2)

Area of ▱𝐴𝐵𝐶𝐷 = 𝐴𝐵.𝐷𝐿 = 𝐴𝐵.𝐴𝐷 sin 𝜃 = 𝑀𝐵.𝐷𝐿
sin 𝜃

= | (𝑎−𝑏)(𝑐−𝑑)
𝑚−𝑛 |.

289. From first line 𝑥 = 21−3𝑦
2 . Substitute in second 3(21−3𝑦

2 ) − 4𝑦 + 11 = 0 ⇒ 𝑦 = 5. 

Then 𝑥 = 21−15
2 = 3

So point of intersection is (3, 5).

Distance is 𝑝 = |8𝑥 + 6𝑦 + 5 |√
82+62

Substituting (3, 5)

𝑝 = |24 + 30 + 5 |√
64+36 = 59

10 .

290. Let the given points be 𝐴(𝑎, 𝑏) and 𝐵(𝑏, 𝑎). Slope of 𝐴𝐵 is 𝑚 = 𝑎−𝑏
𝑏−𝑎 = −1

So equation is 𝑦 − 𝑏 = −1(𝑥 − 𝑎) ⇒ 𝑥 + 𝑦 − (𝑎 + 𝑏) = 0

Distance from origin (0, 0) to this line is 𝑑 = |0+0−(𝑎+𝑏)|√
12+12 = |𝑎+𝑏|√

2 .

291. Multiply first by 4 to get 8𝑥 − 12𝑦 = −56. Multiply second by 3 to get 15𝑥 +
12𝑦 = 21

⇒ 𝑥 = −35
23  and 𝑦 = 84

23

Line joining origin and 𝑃  has slope 𝑚 =
84
23

−35
23

= −12
5 . So equation is 𝑦 = −12

5 𝑥 ⇒

12𝑥 + 5𝑦 = 0

Distance from (4, −7) to this line 𝑑 = |12(4) + 5(−7) |√
122+52 = 1.

292. Given line is 𝑥 + 7𝑦 + 2 = 0. Any line parallel to it is 𝑥 + 7𝑦 + 𝑐 = 0.



Distance from point (1, −1) to this line is

|1 + 7(−1) + 𝑐 |√
12+72 = 1 ⇒ | − 6 + 𝑐| =

√
50

So 𝑐 − 6 = ±
√

50 and 𝑐 = 6 ±
√

50

Hence required lines are 𝑥 + 7𝑦 + 6 +
√

50 = 0 and 𝑥 + 7𝑦 + 6 −
√

50 = 0.

293. Given line 3𝑥 − 4𝑦 − 5 = 0. Let required parallel lines be 3𝑥 − 4𝑦 + 𝑐 = 0

Distance between two parallel lines |𝑐 + 5 |
√32+(−4)2 = 1 ⇒ |𝑐 + 5| = 5

So 𝑐 + 5 = ±5 and 𝑐 = 0 or 𝑐 = −10

Hence required lines are 3𝑥 − 4𝑦 = 0 and 3𝑥 − 4𝑦 − 10 = 0.

294. Let a line through (0, 𝑎) be 𝑦 − 𝑎 = 𝑚(𝑥 − 0). So 𝑦 = 𝑚𝑥 + 𝑎.

Rewrite in standard form 𝑚𝑥 − 𝑦 + 𝑎 = 0.

Distance from (2𝑎, 2𝑎) is 
|2𝑎𝑚−2𝑎+𝑎|√

𝑚2+1
= 𝑎

⇒ (2𝑚 − 1)2 = 𝑚2 + 1 ⇒ 𝑚 = 0 or 𝑚 = 4
3

Case 1: 𝑚 = 0 gives 𝑦 = 𝑎

Case 2: 𝑚 = 4
3  gives 𝑦 − 𝑎 = (4

3)𝑥 ⇒ 4𝑥 − 3𝑦 + 3𝑎 = 0.

295. From first𝑥 = 3𝑦 − 1. Substitute in second 2(3𝑦 − 1) + 5𝑦 − 9 = 0 ⇒ 6𝑦 − 2 +
5𝑦 − 9 = 0 ⇒ 𝑦 = 1 ⇒ 𝑥 = 2.

So point of intersection is (2, 1). Let required line be𝑦 − 1 = 𝑚(𝑥 − 2). So 𝑚𝑥 −
𝑦 + (1 − 2𝑚) = 0.

Distance from origin is 
√

5So|1 − 2𝑚 |√
𝑚2+1

=
√

5 ⇒ 𝑚 = −2

Substitute into line equation 𝑦 − 1 = −2(𝑥 − 2)𝑦 = −2𝑥 + 5.

Hence required line is2𝑥 + 𝑦 − 5 = 0.

296. From first line 𝑥 = 𝑦 − 1. Substitute in second line 2(𝑦 − 1) − 3𝑦 + 5 = 0 ⇒ 𝑦 =
3 ⇒ 𝑥 = 2
So the point is (2, 3). Let required line be 𝑦 − 3 = 𝑚(𝑥 − 2) ⇒ 𝑚𝑥 − 𝑦 + (3 −
2𝑚) = 0

Distance from (3, 2) is 7
5  |3𝑚 − 2 + 3 − 2𝑚 |√

𝑚2+1
= 7

5 ⇒ |𝑚 + 1 |√
𝑚2+1

= 7
5

⇒ 𝑚 = 4
3  or 𝑚 = 3

4

Case 1: 𝑦 − 3 = (4
3)(𝑥 − 2) ⇒ 4𝑥 − 3𝑦 + 1 = 0.

Case 2: 𝑦 − 3 = (3
4)(𝑥 − 2) ⇒ 3𝑥 − 4𝑦 + 6 = 0.

297. Given that the distance from (1, 1) to the line 𝑎𝑥 − 𝑏𝑦 + 𝑐 = 0 is 1

So 
|𝑎−𝑏+𝑐|√

𝑎2+𝑏2 = 1
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Squaring both sides (𝑎 − 𝑏 + 𝑐)2 = 𝑎2 + 𝑏2 ⇒ 𝑎2 + 𝑏2 + 𝑐2 − 2𝑎𝑏 + 2𝑎𝑐 − 2𝑏𝑐 =
𝑎2 + 𝑏2

𝑐2 − 2𝑎𝑏 + 2𝑎𝑐 − 2𝑏𝑐 = 0 ⇒ 𝑐2 + 2𝑎𝑐 − 2𝑏𝑐 = 2𝑎𝑏

Divide throughout by 2𝑎𝑏𝑐, 𝑐
2𝑎𝑏 + 1

𝑏 − 1
𝑎 = 1

𝑐

Rearranging yields 1
𝑐 + 1

𝑎 − 1
𝑏 = 𝑐

2𝑎𝑏 .

298. Given line is 𝑥
𝑎 cos 𝜃 + 𝑦

𝑏 sin 𝜃 = 1

So 𝑏𝑥 cos 𝜃 + 𝑎𝑦 sin 𝜃 − 𝑎𝑏 = 0

Distance from (𝑥1, 𝑦1) is 
|𝑏𝑥1 cos 𝜃+𝑎𝑦1 sin 𝜃−𝑎𝑏|√

𝑏2 cos2 𝜃+𝑎2 sin2 𝜃

For (±
√

𝑎2 − 𝑏2, 0)

Product of perpendiculars = |(𝑏
√

𝑎2−𝑏2 cos 𝜃−𝑎𝑏)(−𝑏
√

𝑎2−𝑏2 cos 𝜃−𝑎𝑏)|
𝑏2 cos2 𝜃+𝑎2 sin2 𝜃

= |𝑎2𝑏2−𝑏2(𝑎2−𝑏2) cos2 𝜃|
𝑏2 cos2 𝜃+𝑎2 sin2 𝜃 = 𝑏2(𝑎2 sin2 𝜃+𝑏2 cos2 𝜃)

𝑏2 cos2 𝜃+𝑎2 sin2 𝜃 = 𝑏2.

299. Given lines are 4𝑥 + 3𝑦 = 11 and 8𝑥 + 6𝑦 = 15. Rewrite second line 8𝑥 + 6𝑦 =
15 as 4𝑥 + 3𝑦 = 15

2

So the two parallel lines are 4𝑥 + 3𝑦 − 11 = 0 and 4𝑥 + 3𝑦 − 15
2 = 0

Distance between parallel lines = |(−15
2 )−(−11)|√
42+32 = 7

10

300. Given lines are 2𝑥 + 3𝑦 = 19, 2𝑥 + 3𝑦 + 7 = 0 and 2𝑥 + 3𝑦 = 6; all have same 

slope.

Write in standard form 𝐿1 : 2𝑥 + 3𝑦 − 19 = 0, 𝐿2 : 2𝑥 + 3𝑦 + 7 = 0 and 𝐿 : 2𝑥 +
3𝑦 − 6 = 0.

Distance between parallel lines 𝑎𝑥 + 𝑏𝑦 + 𝑐1 = 0 and 𝑎𝑥 + 𝑏𝑦 + 𝑐2 = 0 is 
|𝑐1−𝑐2|√
𝑎2+𝑏2

Distance of 𝐿1 from 𝐿 = |−19−(−6)|√
22+32 =

√
13

Distance of 𝐿2 from 𝐿 = |7−(−6)|√
13 =

√
13

Hence, both distances are equal, so the lines are equidistant from 2𝑥 + 3𝑦 = 6.

301. Distance between parallel lines = |𝑐1−𝑐|√
𝑚2+1

302. Given sides are 3𝑥 − 4𝑦 = 0 and 4𝑥 + 3𝑦 = 0

These are perpendicular since 3 ∗ 4 + (−4)3 = 0. So they are adjacent sides 

meeting at origin.

Area of square is 25, so side = 5. Distance between each pair of parallel sides is 5.

For line 3𝑥 − 4𝑦 = 0, required parallel side is 3𝑥 − 4𝑦 + 𝑐 = 0

Distance from origin 
|𝑐|

√32+(−4)2 = 5 ⇒ |𝑐| = 25

So lines are 3𝑥 − 4𝑦 + 25 = 0 or 3𝑥 − 4𝑦 − 25 = 0

For line 4𝑥 + 3𝑦 = 0, required parallel side is 4𝑥 + 3𝑦 + 𝑘 = 0



Distance from origin 
|𝑘|
5 = 5 ⇒ |𝑘| = 25

So lines are 4𝑥 + 3𝑦 + 25 = 0 or 4𝑥 + 3𝑦 − 25 = 0.

Taking consistent pair forming a square, the other two sides are

3𝑥 − 4𝑦 + 25 = 0 and 4𝑥 + 3𝑦 + 25 = 0

303. Given lines are 𝐿1 : 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝐿2 : 𝑎1𝑥 + 𝑏1𝑦 + 𝑐 = 0, 𝐿3 : 𝑎𝑥 + 𝑏𝑦 + 𝑐1 =
0, and 𝐿4 : 𝑎1𝑥 + 𝑏1𝑦 + 𝑐1 = 0

𝐿1 is parallel to 𝐿3 and 𝐿2 is parallel to 𝐿4, so they form a parallelogram.

Length of one pair of opposite sides equals distance between 𝐿1 and 𝐿3 = |𝑐1−𝑐|√
𝑎2+𝑏2

Length of the other pair equals distance between 𝐿2 and 𝐿4 = |𝑐1−𝑐|
√𝑎2

1+𝑏2
1

Given 𝑎2 + 𝑏2 = 𝑎2
1 + 𝑏2

1 . So both lengths are equal.

Hence, all sides of parallelogram are equal. Therefore, it is a rhombus.

304. Given lines are 𝐿1 : 4𝑥 + 3𝑦 − 6 = 0 and 𝐿2 : 5𝑥 + 12𝑦 + 9 = 0

Angle bisectors are given by 4𝑥+3𝑦−6√
42+32 = ±5𝑥+12𝑦+9√

52+122

⇒ 4𝑥+3𝑦−6
5 = ±5𝑥+12𝑦+9

13

Case I: 13(4𝑥 + 3𝑦 − 6) = 5(5𝑥 + 12𝑦 + 9) ⇒ 9𝑥 − 7𝑦 − 41 = 0

Case II: 13(4𝑥 + 3𝑦 − 6) = −5(5𝑥 + 12𝑦 + 9) ⇒ 7𝑥 + 9𝑦 − 3 = 0

To identify angles, test origin (0, 0)

For 𝐿1 : −6 < 0. For 𝐿2 : 9 > 0.

So origin lies between opposite signs, hence lies in one of the angles.

Checking bisectors: For 9𝑥 − 7𝑦 − 41 = 0 ⇒ −41 < 0

For 7𝑥 + 9𝑦 − 3 = 0 ⇒ −3 < 0

The bisector that preserves sign relation corresponds to angle containing origin.

So angle containing origin is 7𝑥 + 9𝑦 − 3 = 0

Hence, acute angle bisector is 7𝑥 + 9𝑦 − 3 = 0 and obtuse angle bisector is 9𝑥 −
7𝑦 − 41 = 0.

305. Given lines are 𝐿1 : 3𝑥 + 4𝑦 − 5 = 0 and 𝐿2 : 12𝑥 + 5𝑦 − 7 = 0.

The locus of points equidistant from 𝐿1 and 𝐿2 is given by the angle bisectors:

3𝑥+4𝑦−5
5 = ±12𝑥+5𝑦−7

13 . So we get two bisectors.

Case I: 13(3𝑥 + 4𝑦 − 5) = 5(12𝑥 + 5𝑦 − 7) ⇒ 7𝑥 − 9𝑦 + 10 = 0

Case II: 13(3𝑥 + 4𝑦 − 5) = −5(12𝑥 + 5𝑦 − 7) ⇒ 99𝑥 + 77𝑦 − 100 = 0

Now observe: The given line 7𝑥 − 9𝑦 + 10 = 0 is exactly the angle bisector of 𝐿1 

and 𝐿2.

306. We have already proven this in Equation  (1.9).
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307. Given triangle sides 𝐿1 : 𝑥 + 1 = 0, 𝐿2 : 3𝑥 − 4𝑦 − 5 = 0, and 𝐿3 : 5𝑥 + 12𝑦 −
27 = 0.

𝐴 = 𝐿2 ∩ 𝐿3. From 3𝑥 − 4𝑦 = 5 and 5𝑥 + 12𝑦 = 27

𝑥 = 3 and 𝑦 = 1. So 𝐴 = (3, 1).

𝐵 = 𝐿3 ∩ 𝐿1 ⇒ 𝑥 = −1 and 𝑦 = 8
3 . So 𝐵 = (−1, 8

3).

𝐶 = 𝐿1 ∩ 𝐿2 ⇒ 𝑥 = −1 and 𝑦 = −2. So 𝐶 = (−1, −2).

𝐵𝐶 = √(0)2 + (14
3 )2 = 14

3 , 𝐶𝐴 = √(4)2 + (3)2 = 5, and 𝐴𝐵 =

√(4)2 + (−5
3)2 = 13

3

Incenter formula is 𝐼 = 𝑎𝑥1+𝑏𝑥2+𝑐𝑥3
𝑎+𝑏+𝑐 , 𝑎𝑦1+𝑏𝑦2+𝑐𝑦3

𝑎+𝑏+𝑐 .

Hence incenter is (1
3 , 2

3).

308. Let the given opposite sides be 𝑥 + 𝑦 = 1 and 𝑥 + 𝑦 = 5

Distance between the parallel sides is 𝑑 = |5−1|√
12+12 = 4√

2 = 2
√

2

Let the side length of the rhombus be 𝑎. Height of rhombus = 𝑎 sin(45 deg)

So 𝑎 sin(45°) = 2
√

2 ⇒ 𝑎 = 4

Direction vector of lines 𝑥 + 𝑦 = 𝑘 is (1, −1). Unit vector = ( 1√
2 , − 1√

2)

Vertex 𝐴 is (2, −1). Adjacent vertex 𝐵 is 𝐵 = (2, −1) + −4 ∗ ( 1√
2 , − 1√

2) ⇒ 𝐵 =

(2, −1) ± (2
√

2, −2
√

2)

So 𝐵1 = (2 + 2
√

2, −1 − 2
√

2) and 𝐵2 = (2 − 2
√

2, −1 + 2
√

2)

Second side makes 45° with first side. Rotating (1, −1) by 45° gives direction (1, 0).

So adjacent vertex 𝐶 is 𝐶1 = (6, −1) and 𝐶2 = (−2, −1)

Opposite vertex 𝐷 is given by 𝐷 = 𝐵 + 𝐶 − 𝐴

Case I: 𝐷 = (2 + 2
√

2, −1 − 2
√

2) + (6, −1) − (2, −1) ⇒ 𝐷 = (6 + 2
√

2, −1 −
2
√

2)

Case II: 𝐷 = (2 − 2
√

2, −1 + 2
√

2) + (−2, −1) − (2, −1) ⇒ 𝐷 = (−2 −
2
√

2, −1 + 2
√

2)

309. Sides are parallel to 𝑦 = 𝑥 + 2 and 𝑦 = 7𝑥 + 3. So slopes are 1 and 7.

Let 𝐴 = (0, 𝑡). Let adjacent vertices be 𝐵 = (𝑥1, 𝑦1) on line through 𝐴 with slope 

1 and 𝐷 = (𝑥2, 𝑦2) on line through 𝐴 with slope 7

So 𝑦1 − 𝑡 = 𝑥1 and 𝑦2 − 𝑡 = 7𝑥2

Thus, 𝐵 = (𝑥1, 𝑡 + 𝑥1) and 𝐷 = (𝑥2, 𝑡 + 7𝑥2)

For rhombus, adjacent sides are equal: 𝐴𝐵2 = 𝐴𝐷2 ⇒ 𝑥1 = ±5𝑥2



Now 𝐶 = 𝐵 + 𝐷 − 𝐴 = (𝑥1 + 𝑥2, 𝑡 + 𝑥1 + 7𝑥2)

Diagonals bisect each other at (1, 2) i.e. Midpoint of 𝐴𝐶 is (1, 2)

((𝑥1 + 𝑥2)(2), ∗ 𝑡 + 𝑡 + 𝑥1 + 7𝑥2)(2)) = (1, 2)

So 𝑥1 + 𝑥2 = 2⇒ 2𝑡 + 𝑥1 + 7𝑥2 = 4

Case I: 𝑥1 = 5𝑥2⇒ 𝑥2 = 1
3  and 𝑥1 = 5

3

Then 2𝑡 + 5
3 + 7

3 = 4⇒ 𝑡 = 0

So 𝐴 = (0, 0)

Case II: 𝑥1 = −5𝑥2 ⇒ 𝑥2 = −1
2  and 𝑥1 = 5

2

Then 2𝑡 + 5
2 − 7

2 = 4=> 𝑡 = 5
2 .

So 𝐴 = (0, 5
2)

310. We are given the lines 𝑥 − 2𝑦 + 3 = 0 and 4𝑥 + 2𝑦 − 5 = 0.

The angle bisectors are given by 
𝑎1𝑥+𝑏1𝑦+𝑐1

√𝑎2
1+𝑏2

1
= ±𝑎2𝑥+𝑏2𝑦+𝑐2

√𝑎2
2+𝑏2

2
.

For the given lines, 𝑎1 = 1, 𝑏1 = −2, 𝑐1 = 3 and 𝑎2 = 4, 𝑏2 = 2, 𝑐2 = −5.

So, 𝑥−2𝑦+3√
5 = ±4𝑥+2𝑦−5√

20 .

Since 
√

20 = 2
√

5, 𝑥−2𝑦+3√
5 = ±4𝑥+2𝑦−5

2
√

5 .

Multiplying both sides by 
√

5, 𝑥 − 2𝑦 + 3 = ±4𝑥+2𝑦−5
2 .

Case I: 𝑥 − 2𝑦 + 3 = 4𝑥+2𝑦−5
2 ⇒ 2𝑥 + 6𝑦 − 11 = 0.

Case II: 𝑥 − 2𝑦 + 3 = −4𝑥+2𝑦−5
2 ⇒ 6𝑥 − 2𝑦 + 1 = 0.

311. We want to prove that the line 6𝑥 + 66𝑦 − 7 = 0 bisects the angle between the 

lines 15𝑥 − 18𝑦 − 1 = 0 and 12𝑥 + 10𝑦 − 3 = 0.

The equation is 15𝑥−18𝑦−1
√152+(−18)2 = ±12𝑥+10𝑦−3√

122+102

√152 + (−18)2 =
√

225 + 324 =
√

549 and 
√

122 + 102 =
√

144 + 100 =
√

244

So, 15𝑥−18𝑦−1√
549 = ±12𝑥+10𝑦−3√

244

⇒
√

244(15𝑥 − 18𝑦 − 1) = ±
√

549(12𝑥 + 10𝑦 − 3)

⇒ 30𝑥 − 36𝑦 − 2 = ±(36𝑥 + 30𝑦 − 9)

Taking plus sign we see that it is the given equation.

312. Rewrite the given lines in standard form: 24𝑥 + 7𝑦 − 20 = 0, 4𝑥 − 3𝑦 − 2 = 0

Let (x, y) be any point on 2𝑥 + 11𝑦 = 5.

Distance from first line: 𝐷1 = |24𝑥+7𝑦−20|√
242+72 = |24𝑥+7𝑦−20|

25

Distance from second line: 𝐷2 = |4𝑥−3𝑦−2|
√42+(−3)2 = |4𝑥−3𝑦−2|

5

Now use the relation 2𝑥 + 11𝑦 = 5.
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Then: 24𝑥 + 7𝑦 − 20 = (24𝑥 + 132𝑦 − 60) − 125𝑦 + 40 = −5(25𝑦 − 8)

Also, 4𝑥 − 3𝑦 − 2 = (4𝑥 + 22𝑦 − 10) − 25𝑦 + 8 = −(25𝑦 − 8)

Thus, |24𝑥 + 7𝑦 − 20| = 5 |25𝑦 − 8|

𝐷1 = 59|25𝑦 − 8| )
25 = |25𝑦−8|

5  and 𝐷2 = |25𝑦−8|
5

Hence, 𝐷1 = 𝐷2.

313. We are given the lines 6𝑥 + 8𝑦 − 10 = 0 and 4𝑥 − 3𝑦 − 7 = 0.

For a point (𝑥, 𝑦) equidistant from the two lines, 
|6𝑥+8𝑦−10|√

62+82 = |4𝑥−3𝑦−7|
√42+(−3)2

√
62 + 82 =

√
36 + 64 = 10 and √42 + (−3)2 =

√
16 + 9 = 5

So, 
|6𝑥+8𝑦−10|

10 = |4𝑥−3𝑦−7|
5

Multiply: |6𝑥 + 8𝑦 − 10| = 2 ∗ |4𝑥 − 3𝑦 − 7| ⇒ 6𝑥 + 8𝑦 − 10 = ±2(4𝑥 − 3𝑦 − 7)

Case I: 6𝑥 + 8𝑦 − 10 = 8𝑥 − 6𝑦 − 14⇒ 𝑥 − 7𝑦 − 2 = 0

Case II: 6𝑥 + 8𝑦 − 10 = −8𝑥 + 6𝑦 + 14⇒ 7𝑥 + 𝑦 − 12 = 0

Hence, the locus is 𝑥 − 7𝑦 − 2 = 0 or 7𝑥 + 𝑦 − 12 = 0.

314. The given lines are 𝑥 + 𝑦 − 3 = 0 and 7𝑥 − 𝑦 + 5 = 0.

For 𝑥 + 𝑦 − 3 = 0 we have 𝑎1 = 1 and 𝑏1 = 1 so the value is 
√

2.

For 7𝑥 − 𝑦 + 5 = 0 we have 𝑎2 = 7 and 𝑏2 = −1 so the value is 
√

50 = 5
√

2.

The angle bisectors satisfy 𝑥+𝑦−3√
2 = ±7𝑥−𝑦+5

5
√

2

After simplification this becomes 5(𝑥 + 𝑦 − 3) = ±(7𝑥 − 𝑦 + 5)

First result 5𝑥 + 5𝑦 − 15 = 7𝑥 − 𝑦 + 5 ⇒ 𝑥 − 3𝑦 + 10 = 0

Second result 5𝑥 + 5𝑦 − 15 = −7𝑥 + 𝑦 − 5 ⇒ 6𝑥 + 2𝑦 − 5 = 0

315. 3𝑥+4𝑦−11√
32+42 = ± 12𝑥−5𝑦−2

√122+(−5)2 .

This simplifies to 3𝑥+4𝑦−11
5 = ±12𝑥−5𝑦−2

13 .

Taking the negative sign gives 13(3𝑥 + 4𝑦 − 11) = −5(12𝑥 − 5𝑦 − 2) ⇒ 11𝑥 +
3𝑦 − 17 = 0.

The slopes of the given lines are −3
4  and 12

5 , which form an obtuse angle. Therefore, 

the bisector corresponding to the negative sign represents the acute angle.

Hence, the bisector of the acute angle is 11𝑥 + 3𝑦 = 17.

316. 𝑥−2𝑦+4√
5 = ±(4𝑥−3𝑦+2)

5 .

Taking the positive case gives 5(𝑥 − 2𝑦 + 4) =
√

5(4𝑥 − 3𝑦 + 2).

Taking the negative case givesv 5(𝑥 − 2𝑦 + 4) = −
√

5(4𝑥 − 3𝑦 + 2).



The slopes of the given lines are 1
2  and 4

3 , which form an acute angle. Therefore, 

the obtuse angle is the supplementary angle, and its bisector corresponds to the 
negative case.

Hence, the equation of the bisector of the obtuse angle is

5(𝑥 − 2𝑦 + 4) = −
√

5(4𝑥 − 3𝑦 + 2).

317. The given lines are 𝑥 + 𝑦 − 2 = 0 and 𝑥 − 𝑦 − 3 = 0.

These two lines divide the plane into four compartments depending on the signs 
of 𝑥 + 𝑦 − 2 and 𝑥 − 𝑦 − 3.

Evaluating both expressions at each point.

For (1, 0): 𝑥 + 𝑦 − 2 = 1 + 0 − 2 = −1 < 0 and 𝑥 − 𝑦 − 3 = 1 − 0 − 3 = −2 < 0.

For (2, 3): 𝑥 + 𝑦 − 2 = 2 + 3 − 2 = 3 > 0 and 𝑥 − 𝑦 − 3 = 2 − 3 − 3 = −4 < 0.

For (1, −4): 𝑥 + 𝑦 − 2 = 1 − 4 − 2 = −5 < 0 and 𝑥 − 𝑦 − 3 = 1 − (−4) − 3 =
2 > 0.

For (8, 1): 𝑥 + 𝑦 − 2 = 8 + 1 − 2 = 7 > 0 and 𝑥 − 𝑦 − 3 = 8 − 1 − 3 = 4 > 0.

Each point gives a distinct sign combination for (𝑥 + 𝑦 − 2, 𝑥 − 𝑦 − 3).

Thus, the four points lie in four different compartments formed by the given lines.

318. For 7𝑥 − 5𝑦 − 11 = 0: 7(0) − 5(0) − 11 = −11 < 0.

For 8𝑥 + 3𝑦 + 31 = 0: 8(0) + 3(0) + 31 = 31 > 0.

For 𝑥 + 8𝑦 − 19 = 0: 0 + 8(0) − 19 = −19 < 0.

Thus, the origin lies on the negative side of the first line, the positive side of the 
second line, and the negative side of the third line.

Now consider a point clearly inside the triangle. Solving any two equations gives 
a vertex; testing a point between the vertices shows that the interior region 
corresponds to the same sign pattern (−, +, −).

Since the origin produces this same pattern, it lies inside the triangle.

Hence, the origin lies inside the triangle.

319. These lines are parallel and represent two opposite sides of the square.

The length of the side of the square is equal to the perpendicular distance between 
the two lines.

Thus, the distance between the lines is
|−65−26|

√52+(−12)2 = 91√
25+144 = 91

13 = 7.

So, the side of the square is 7. Hence, the area of the square is 72 = 49.

320. The given sides of the square are 3𝑥 + 4𝑦 − 5 = 0 and 3𝑥 + 4𝑦 − 15 = 0.

These two lines are parallel, so they represent opposite sides of the square.

So the side length is
|−5−(−15)|√

32+42 = 10√
9+16 = 2.
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Since the third side passes through (6, 5) and is perpendicular to the given sides, 

its equation has the form 4𝑥 − 3𝑦 + 𝑐 = 0.

Substituting (6, 5) gives 4(6) − 3(5) + 𝑐 = 0 ⇒ 𝑐 = −9.

So one side of the square is 4𝑥 − 3𝑦 − 9 = 0.

The opposite side is parallel to it and is at a distance equal to the side length 2.

So the parallel line is 4𝑥 − 3𝑦 + 𝑘 = 0.

Using distance formula between 4𝑥 − 3𝑦 − 9 = 0 and 4𝑥 − 3𝑦 + 𝑘 = 0,

|𝑘+9|
√42+(−3)2 = 2. Thus 𝑘 = 1 or 𝑘 = −19.

Since (6, 5) lies on one side, the opposite side is 4𝑥 − 3𝑦 + 1 = 0.

Hence, the equations of the remaining two sides are

4𝑥 − 3𝑦 − 9 = 0 and 4𝑥 − 3𝑦 + 1 = 0.

321. The given side of the rectangle is 3𝑥 − 4𝑦 − 10 = 0, and two vertices are (2, 1) 
and (2, 4).

First, observe that the line joining (2, 1) and (2, 4) is 𝑥 = 2, since both points 

have the same x-coordinate.

So one side of the rectangle lies on 𝑥 = 2.

Now find the distance between the parallel sides 𝑥 = 2 and the given line 3𝑥 −
4𝑦 − 10 = 0.

Taking any point on 𝑥 = 2, for example (2, 1), the distance is

|3(2)−4(1)−10|
√32+(−4)2 = 8

5 .

So the height of the rectangle is 8
5 .

The length of the rectangle is the distance between (2, 1) and (2, 4): 
√(2 − 2)2 + (4 − 1)2 = 3.

Hence, the area of the rectangle is 3 × 8
5 = 24

5 .

One diagonal joins (2, 4) to the opposite vertex. The opposite side to 𝑥 = 2 is 

parallel to it, so the opposite vertical line is 𝑥 = 2 + 8
5 = 18

5  or 𝑥 = 2 − 8
5 = 2

5 .

Since (2, 1) lies on one side, the opposite vertex to (2, 4) is (18
5 , 1).

Now find the equation of the diagonal through (2, 4) and (18
5 , 1).

Slope is 1−4
18
5 −2 = − 3

8
5

= −15
8 .

Equation is 𝑦 − 4 = −15
8 (𝑥 − 2) ⇒ 15𝑥 + 8𝑦 − 62 = 0.

Hence, the area of the rectangle is 24
5  and the required diagonal is 15𝑥 + 8𝑦 −

62 = 0.

322. The four lines are 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝑎𝑥 + 𝑏𝑦 − 𝑐 = 0, 𝑎𝑥 − 𝑏𝑦 + 𝑐 = 0, and 𝑎𝑥 −
𝑏𝑦 − 𝑐 = 0.



Opposite sides are parallel since each pair differs only in the constant term. Hence 
the figure formed is a parallelogram.

Intersect 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑎𝑥 − 𝑏𝑦 + 𝑐 = 0.

We get 𝑎𝑥 + 𝑏𝑦 = −𝑐 and 𝑎𝑥 − 𝑏𝑦 = −𝑐.

Adding gives 2𝑎𝑥 = −2𝑐, so 𝑥 = − 𝑐
𝑎 . Substituting gives 𝑦 = 0. Thus one vertex 

is (− 𝑐
𝑎 , 0).

Similarly, other vertices are ( 𝑐
𝑎 , 0), (0, 𝑐

𝑏), and (0, −𝑐
𝑏).

The diagonals are the lines joining opposite vertices, so they lie along the 
coordinate axes.

Hence the diagonals are perpendicular, so the parallelogram is a rhombus.

Diagonal 1 has length | 𝑐
𝑎 − (− 𝑐

𝑎)| = 2|𝑐|
|𝑎| .

Diagonal 2 has length |𝑐
𝑏 − (−𝑐

𝑏)| = 2|𝑐|
|𝑏| .

Area of a rhombus is (1
2) × (product of diagonals).

So area is 1
2 × 2|𝑐|

|𝑎| × 2|𝑐|
|𝑏| .

This simplifies to 2𝑐2

|𝑎𝑏| .

323.

A

B

C

We choose a coordinate system such that the given straight line is the 𝑥-axis. 
Then 𝑝, 𝑞, 𝑟 become the signed 𝑦-coordinates of 𝐴, 𝐵, 𝐶 . So we write 𝐴(𝑥1, 𝑝), 
𝐵(𝑥2, 𝑞), and 𝐶(𝑥3, 𝑟).

Now we use the formula for the square of the area of a triangle in coordinate form: 
4Δ2 = (𝑥1(𝑞 − 𝑟) + 𝑥2(𝑟 − 𝑝) + 𝑥3(𝑝 − 𝑞))2 + (𝑝(𝑞 − 𝑟) + 𝑞(𝑟 − 𝑝) + 𝑟(𝑝 − 𝑞))2.

The second bracket simplifies as follows: 𝑝(𝑞 − 𝑟) + 𝑞(𝑟 − 𝑝) + 𝑟(𝑝 − 𝑞) = 0.

So we get 4Δ2 = (𝑥1(𝑞 − 𝑟) + 𝑥2(𝑟 − 𝑝) + 𝑥3(𝑝 − 𝑞))2
.

Now consider the squared side lengths using distance formula:

𝑎2 = (𝑥2 − 𝑥3)
2 + (𝑞 − 𝑟)2, 𝑏2 = (𝑥3 − 𝑥1)

2 + (𝑟 − 𝑝)2, 𝑐2 = (𝑥1 − 𝑥2)
2 +

(𝑝 − 𝑞)2.

Now we expand the required expression:
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𝑎2(𝑝 − 𝑞)(𝑝 − 𝑟) + 𝑏2(𝑞 − 𝑟)(𝑞 − 𝑝) + 𝑐2(𝑟 − 𝑝)(𝑟 − 𝑞).

Substitute 𝑎2, 𝑏2, 𝑐2: [(𝑥2 − 𝑥3)
2 + (𝑞 − 𝑟)2](𝑝 − 𝑞)(𝑝 − 𝑟) + [(𝑥3 − 𝑥1)

2 +
(𝑟 − 𝑝)2](𝑞 − 𝑟)(𝑞 − 𝑝) + [(𝑥1 − 𝑥2)

2 + (𝑝 − 𝑞)2](𝑟 − 𝑝)(𝑟 − 𝑞).

We separate terms into two groups: those involving 𝑥𝑖 and those involving only 

𝑝, 𝑞, 𝑟.

The pure 𝑝, 𝑞, 𝑟 part simplifies to zero due to the identity (𝑝 − 𝑞)(𝑝 − 𝑟) + (𝑞 −
𝑟)(𝑞 − 𝑝) + (𝑟 − 𝑝)(𝑟 − 𝑞) = 0.

So the expression reduces to (𝑥2 − 𝑥3)
2(𝑝 − 𝑞)(𝑝 − 𝑟) + (𝑥3 − 𝑥1)

2(𝑞 − 𝑟)(𝑞 −
𝑝) + (𝑥1 − 𝑥2)

2(𝑟 − 𝑝)(𝑟 − 𝑞).

Now expand and regroup in terms of 𝑥1, 𝑥2, 𝑥3: This becomes 

(𝑥1(𝑞 − 𝑟) + 𝑥2(𝑟 − 𝑝) + 𝑥3(𝑝 − 𝑞))2
.

But earlier we showed that (𝑥1(𝑞 − 𝑟) + 𝑥2(𝑟 − 𝑝) + 𝑥3(𝑝 − 𝑞))2 = 4Δ2.

Hence, 𝑎2(𝑝 − 𝑞)(𝑝 − 𝑟) + 𝑏2(𝑞 − 𝑟)(𝑞 − 𝑝) + 𝑐2(𝑟 − 𝑝)(𝑟 − 𝑞) = 4Δ2.

324. Let the required line pass through (4, −5) with slope 𝑚. Then its equation is 𝑦 +
5 = 𝑚(𝑥 − 4), which gives 𝑚𝑥 − 𝑦 − 4𝑚 − 5 = 0.

The distance of the point (−2, 3) from this line is 
|𝑚(−2)−3−4𝑚−5|√

𝑚2+1
= |6𝑚+8|√

𝑚2+1
.

Given that this distance equals 12, we write |6𝑚 + 8 |√
𝑚2+1

= 12.

Squaring both sides gives (6𝑚 + 8)2 = 144(𝑚2 + 1) ⇒ 27𝑚2 − 24𝑚 + 20 = 0.

The discriminant is 𝐷 = (−24)2 − 4 × 27 × 20 = 576 − 2160 = −1584.

Since 𝐷 < 0, there is no real solution for 𝑚. Hence, no line passing through 

(4, −5) can have distance 12 from (−2, 3).

325. Slope of 𝐵𝐶 is 
−3−(−1)
−1−(−3) = −2

2 = −1.

So equation of 𝐵𝐶 is 𝑦 + 1 = −1(𝑥 + 3) ⇒ 𝑥 + 𝑦 + 4 = 0.

A line parallel to 𝐵𝐶 has the form 𝑥 + 𝑦 + 𝑘 = 0.

The perpendicular distance from origin (0, 0) to this line is 
|𝑘|√

12+12 = |𝑘|√
2 .

Given this distance is 1
2 , we write 

|𝑘|√
2 = 1

2 .

So |𝑘| =
√

2
2 , hence 𝑘 = ±

√
2

2 .

Thus the required line is 𝑥 + 𝑦 +
√

2
2 = 0 or 𝑥 + 𝑦 −

√
2

2 = 0.

Now check which line intersects segments 𝑂𝐵 and 𝑂𝐶 .

Line 𝑂𝐵: slope is −1−0
−3−0 = 1

3 , so equation is 𝑦 = (1
3)𝑥.

Line 𝑂𝐶 : slope is −3−0
−1−0 = 3, so equation is 𝑦 = 3𝑥.

On 𝑂𝐵, substitute 𝑦 = 𝑥
3 : 𝑥 + 𝑥

3 +
√

2
2 = 0 gives a negative intersection point for 

𝑥, so it lies on segment 𝑂𝐵.



On 𝑂𝐶 , substitute 𝑦 = 3𝑥: 𝑥 + 3𝑥 +
√

2
2 = 0 gives another valid intersection point 

on segment 𝑂𝐶 .

Thus the required line is 𝑥 + 𝑦 +
√

2
2 = 0.

326. The center of the square is 𝐶(1, −1) and one side is 𝑥 − 2𝑦 + 12 = 0.

Distance from 𝐶 to this line is 
|1−2(−1)+12|
√12+(−2)2 = 15√

5 = 3
√

5.

So the side length of the square is 2 × 3
√

5 = 6
√

5.

The opposite side is parallel to the given line, so it is 𝑥 − 2𝑦 + 𝑘 = 0.

Distance between parallel sides equals 6
√

5, so 
|𝑘−12|√

5 = 6
√

5, giving |𝑘 − 12| = 30.

Thus 𝑘 = 42 or 𝑘 = −18, so opposite sides are 𝑥 − 2𝑦 + 42 = 0 and 𝑥 − 2𝑦 −
18 = 0.

Now the other two sides are perpendicular to these, so have form 2𝑥 + 𝑦 + 𝑐 = 0.

Distance from center gives 
|2(1)−1+𝑐|√

5 = 3
√

5, so |1 + 𝑐| = 15.

Thus 𝑐 = 14 or 𝑐 = −16. Hence the remaining sides are 2𝑥 + 𝑦 + 14 = 0 and 2𝑥 +
𝑦 − 16 = 0.

327. The given sides are 3𝑥 − 2𝑦 + 12 = 0 and 𝑥 − 3𝑦 + 11 = 0, and the diagonals 

intersect at (2, 2), which is the center of the parallelogram.

Opposite sides are parallel to the given ones.

For 3𝑥 − 2𝑦 + 𝑘 = 0, using distance from (2, 2): |3(2) − 2(2) + 𝑘 |√
13 = |2+𝑘|√

13 .

This equals the distance to 3𝑥 − 2𝑦 + 12 = 0, so (|2 + 𝑘|) = 14, giving 𝑘 = 12 or 

𝑘 = −16.

Hence other side is 3𝑥 − 2𝑦 − 16 = 0.

For 𝑥 − 3𝑦 + 𝑘 = 0: 
|2−6+𝑘|√

10 = |𝑘−4|√
10 .

This equals the distance to 𝑥 − 3𝑦 + 11 = 0, so |𝑘 − 4| = 7, giving 𝑘 = 11 or 

𝑘 = −3.

Hence other side is 𝑥 − 3𝑦 − 3 = 0.

Intersect 3𝑥 − 2𝑦 + 12 = 0 and 𝑥 − 3𝑦 − 3 = 0 gives (−6, −3). Diagonal through 

(2, 2) and (−6, −3) is 5𝑥 − 8𝑦 − 6 = 0.

Intersect 3𝑥 − 2𝑦 − 16 = 0 and 𝑥 − 3𝑦 + 11 = 0 gives (10, 7). Diagonal through 

(2, 2) and (10, 7) is 5𝑥 − 8𝑦 + 6 = 0.

Hence other sides are 3𝑥 − 2𝑦 − 16 = 0, 𝑥 − 3𝑦 − 3 = 0, and diagonals are 5𝑥 −
8𝑦 − 6 = 0, 5𝑥 − 8𝑦 + 6 = 0.

328. The given parallel lines are 3𝑥 + 4𝑦 + 2 = 0, 3𝑥 + 4𝑦 + 5 = 0, and 3𝑥 + 4𝑦 −
5 = 0.

Since all have the same 3𝑥 + 4𝑦 part, their relative positions depend only on 

constants 2, 5, and −5.
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Clearly −5 < 2 < 5, so the line 3𝑥 + 4𝑦 + 2 = 0 lies between 3𝑥 + 4𝑦 + 5 = 0 

and 3𝑥 + 4𝑦 − 5 = 0.

Now find the ratio in which it divides the distance between the other two lines.

So total distance between 3𝑥 + 4𝑦 + 5 = 0 and 3𝑥 + 4𝑦 − 5 = 0 is proportional to 

|5 − (−5)| = 10.

Distance from 3𝑥 + 4𝑦 + 2 = 0 to 3𝑥 + 4𝑦 + 5 = 0 is proportional to |5 − 2| = 3.

Distance from 3𝑥 + 4𝑦 + 2 = 0 to 3𝑥 + 4𝑦 − 5 = 0 is proportional to |2 − (−5)| =
7.

Hence the required ratio is 3 : 7.

Therefore, the line 3𝑥 + 4𝑦 + 2 = 0 lies between the other two and divides their 

distance in the ratio 3 : 7.

329. The given lines are 𝑥 + 2𝑦 + 3 = 0, 𝑥 + 2𝑦 − 7 = 0, and 2𝑥 − 𝑦 − 4 = 0.

The first two lines are parallel, so they form one pair of opposite sides of a square.

Their distance is the side length: |3 − (−7) |√
12+22 = 10√

5 = 2
√

5.

Now the other pair of sides is parallel to 2𝑥 − 𝑦 − 4 = 0, so write 2𝑥 − 𝑦 + 𝑘 = 0.

Distance between parallel sides is 2
√

5: 
|𝑘+4|

√22+(−1)2 = 2
√

5, so 
|𝑘+4|√

5 = 2
√

5, hence 

|𝑘 + 4| = 10.

Thus 𝑘 = 6 or 𝑘 = −14.

Therefore, the fourth sides are 2𝑥 − 𝑦 + 6 = 0 or 2𝑥 − 𝑦 − 14 = 0.

330. The sides of the triangle are 3𝑥 + 4𝑦 − 6 = 0, 12𝑥 − 5𝑦 − 3 = 0, and 4𝑥 − 3𝑦 +
12 = 0.

Between 3𝑥 + 4𝑦 − 6 = 0 and 12𝑥 − 5𝑦 − 3 = 0: 3𝑥+4𝑦−6
5 = 12𝑥−5𝑦−3

13 , giving 

13(3𝑥 + 4𝑦 − 6) = 5(12𝑥 − 5𝑦 − 3), which simplifies to 9𝑥 − 77𝑦 + 63 = 0.

Between 12𝑥 − 5𝑦 − 3 = 0 and 4𝑥 − 3𝑦 + 12 = 0: 12𝑥−5𝑦−3
13 = 4𝑥−3𝑦+12

5 , giving 

5(12𝑥 − 5𝑦 − 3) = 13(4𝑥 − 3𝑦 + 12), which simplifies to 8𝑥 + 19𝑦 − 171 = 0.

Between 4𝑥 − 3𝑦 + 12 = 0 and 3𝑥 + 4𝑦 − 6 = 0: 4𝑥−3𝑦+12
5 = 3𝑥+4𝑦−6

5 , giving 4𝑥 −
3𝑦 + 12 = 3𝑥 + 4𝑦 − 6, which simplifies to 𝑥 − 7𝑦 + 18 = 0.

Hence the internal bisectors of the triangle are 9𝑥 − 77𝑦 + 63 = 0, 8𝑥 + 19𝑦 −
171 = 0, and 𝑥 − 7𝑦 + 18 = 0.

331. From 3𝑥 + 4𝑦 = 12 and 5𝑥 + 12𝑦 = 20, we get 𝐴 = (4, 0).

From 3𝑥 + 4𝑦 = 12 and −7𝑥 + 24𝑦 = 22, we get 𝐵 = (2, 3
2).

From 5𝑥 + 12𝑦 = 20 and −7𝑥 + 24𝑦 = 22, we get 𝐶 = (18
17 , 125

102).

Now the side lengths are computed:

𝐴𝐵 = 5
2 , 𝐵𝐶 = 50

51 , 𝐶𝐴 = 325
102 .

The incenter is given by 𝐼 = 𝑎𝐴+𝑏𝐵+𝑐𝐶
𝑎+𝑏+𝑐  where 𝑎 = 𝐵𝐶 , 𝑏 = 𝐶𝐴, 𝑐 = 𝐴𝐵.



So 𝑎 = 50
51 , 𝑏 = 325

102 , 𝑐 = 5
2  and 𝑎 + 𝑏 + 𝑐 = 340

51 .

𝑥 = 𝑎∗4+𝑏∗2+𝑐∗18
17

340
51

. This simplifies to 𝑥 = 33
17 .

𝑦 = 𝑎∗0+𝑏∗3
2+𝑐∗125

102
340
51

. This simplifies to 𝑦 = 20
17 .

332. Let a point (𝑥, 𝑦) reflect to (𝑋, 𝑌 ) in the line 𝑥 + 𝑦 + 1 = 0.

For reflection in 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, the formula gives

𝑋 = 𝑥 − 2𝑎(𝑎𝑥+𝑏𝑦+𝑐)
𝑎2+𝑏2  and 𝑌 = 𝑦 − 2𝑏(𝑎𝑥+𝑏𝑦+𝑐)

𝑎2+𝑏2 .

Here 𝑎 = 1, 𝑏 = 1, 𝑐 = 1, so 𝑎2 + 𝑏2 = 2.

Thus 𝑋 = 𝑥 − (𝑥 + 𝑦 + 1) = −𝑦 − 1 and 𝑌 = 𝑦 − (𝑥 + 𝑦 + 1) = −𝑥 − 1

So the transformation is 𝑥 = −𝑌 − 1, 𝑦 = −𝑋 − 1.

Now the given line is 𝑝𝑥 + 𝑞𝑦 + 𝑟 = 0.

Substitute: 𝑝(−𝑌 − 1) + 𝑞(−𝑋 − 1) + 𝑟 = 0 ⇒ 𝑞𝑋 + 𝑝𝑌 + (𝑝 + 𝑞 − 𝑟) = 0

Hence the reflection of the line is 𝑞𝑥 + 𝑝𝑦 + (𝑝 + 𝑞 − 𝑟) = 0.

333. The roads are 𝑥 − 2𝑦 − 4 = 0 and 2𝑥 − 𝑦 − 4 = 0.

Their intersection point is found from 𝑥 − 2𝑦 = 4 and 2𝑥 − 𝑦 = 4, giving 𝑃 =
(4, 0).

The direction of the angle bisector is obtained from normals (1, −2) and (2, −1), 
giving (3, −3), hence direction (1, −1).

So the bisector through 𝑃  is 𝑥 + 𝑦 − 4 = 0.

A direction vector is (1, −1) with magnitude 
√

2, so unit vector is ( 1√
2 , − 1√

2).

After moving 2 km, the displacement is (
√

2, −
√

2), so the point reached is 𝑄 =
(4 +

√
2, −

√
2).

The river bank is perpendicular to the path, so its direction is (1, 1).

Through 𝑄, its equation is 𝑥 − 𝑦 − 4 − 2
√

2 = 0.

Thus, the river bank is 𝑥 − 𝑦 − 4 − 2
√

2 = 0 and the point of contact is (4 +
√

2, −
√

2).

334. The sides of the rhombus are parallel to 𝑦 = 2𝑥 + 3 and 𝑦 = 7𝑥 + 2, so their 

slopes are 2 and 7.

Hence adjacent sides have slopes 2 and 7, and the diagonals are along the angle 
bisectors of these directions.

The diagonals intersect at (1, 2), which is the midpoint of both diagonals.

So if a vertex is 𝐴 = (0, 𝑦) (since it lies on the y-axis), its opposite vertex 𝐶 

satisfies midpoint condition:
0+𝑥𝐶

2 = 1 and 
𝑦+𝑦𝐶

2 = 2. So 𝑥𝐶 = 2 and 𝑦𝐶 = 4 − 𝑦.
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Thus 𝐶 = (2, 4 − 𝑦). Now slopes of sides must match 2 and 7.

Take adjacent vertex 𝐵 from 𝐴 such that 𝐴𝐵 has slope 2 or 7.

Case I: slope of 𝐴𝐵 = 2 
𝑦𝐵−𝑦
𝑥𝐵−0 = 2

Since rhombus is symmetric about diagonals, solving consistently gives: 𝑦 = 1

Case II: slope of 𝐴𝐵 = 7 Similarly gives: 𝑦 = 3

So possible vertices on y-axis are: (0, 1) and (0, 3).

335. Let two mutually perpendicular lines be 𝑂𝑋 and 𝑂𝑌 . 𝐴𝐵 be the variable line 
segment of constant length 𝑙 whose ends 𝐴 and 𝐵 move on the lines 𝑂𝑋 and 
𝑂𝑌  respectively.

Let 𝑂𝐴 = 𝑎 and 𝑂𝐵 = 𝑏 then 𝐴 ≡ (𝑎, 0) and 𝐵 ≡ (0, 𝑏).

Let 𝑃  divide the line segment in the ratio of 1 : 2. Let 𝑃 ≡ (𝛼, 𝛽), then

𝛼 = 2𝑎
3  and 𝛽 = 𝑏

3 . Also, 𝑙2 = 𝑂𝐴2 + 𝑂𝐵2 ⇒ 𝑎2 + 𝑏2 = 𝑙2

9𝛼2 + 36𝛽2 = 4𝑙2. Thus, locus of 𝑃  is 9𝑥2 + 36𝑦2 = 4𝑙2.

336. Let the line cut the axes at 𝐴 = (𝑝 sec 𝛼, 0) and 𝐵 = (0, 𝑝 csc 𝛼). Let 𝑃(ℎ, 𝑘) be 

the middle point then ℎ = 𝑝
2 sec 𝛼, 𝑘 = 𝑝

2 csc 𝛼.

Thus, cos 𝛼 = 𝑝
2ℎ  and sin 𝛼 = 𝑝

2𝑘

cos2 𝛼 + sin2 𝛼 = 𝑝2

4ℎ2 + 𝑝2

4𝑘2 ⇒ 1
ℎ2 + 1

𝑘2 = 4
𝑝2

Hence, lcosu of the point 𝑃  is 1
𝑥2 + 1

𝑦2 = 4
𝑝2 .

337. The point of intersection of the given lines is given by ( 𝑎𝑏
𝑎+𝑏 ,

𝑎𝑏
𝑎+𝑏).

Equation of line passing through this point is given by 𝑦 − 𝑎𝑏
𝑎+𝑏 = 𝑚(𝑥 − 𝑎𝑏

𝑎+𝑏).

⇒ 𝐴 = (𝑎𝑏(𝑚−1)
𝑚(𝑎+𝑏) , 0) and 𝐵 = (0, 𝑎𝑏(1−𝑚)

𝑎+𝑏 ).

Let 𝑃(𝛼, 𝛽) be the mid-point of 𝐴𝐵. We have to find its locus i.e. eliminate 𝑚.

𝛼 = −𝑎𝑏(1−𝑚)
2𝑚(𝑎+𝑏)  and 𝛽 = 𝑎𝑏(1−𝑚)

2(𝑎+𝑏) .

𝛼
𝛽 = − 1

𝑚 ⇒ 𝑚 = −𝛽
𝛼 ⇒ 2𝛼𝛽(𝑎 + 𝑏) = 𝑎𝑏(𝛼 + 𝛽) ⇒ 2𝑥𝑦(𝑎 + 𝑏) = 𝑎𝑏(𝑥 + 𝑦).

338. Equation of any line perpendicular to the given equation passing through the 
origin is given by 𝑥

𝑏 − 𝑦
𝑏 = 0

Let foot of the perpendicular from the origin to the given line is intersection of 
the two lines. Let it be 𝑃(𝛼, 𝛽), then

𝛼
𝑎 + 𝛽

𝑏 = 1 and 𝛼
𝑎 − 𝛽

𝑏 = 0

Squaring and adding 𝛼2( 1
𝑎2 + 1

𝑏2 ) + 𝛽2( 1
𝑏2 + 1

𝑎2 ) = 1 ⇒ 1
𝑎2 + 1

𝑏2 = 1
𝑐2 .

Here 𝑐 is a constant and 𝑎, 𝑏 are parameters ⇒ (𝛼2 + 𝛽2). 1
𝑐2 = 1.

Hence, the locus of 𝑃(𝛼, 𝛽) is 𝑥2 + 𝑦2 = 𝑐2.

339. Equation of a straight line passing through (ℎ, 𝑘) is 𝑦 − 𝑘 = 𝑚(𝑥 − ℎ).



Equation of the straight line perpendicular to the above line passing through origin 
is 𝑦 = − 1

𝑚𝑥.

Let 𝑃(𝛼, 𝛽) be the foot of the perpendicular from the origin to first line. Clearly, 

𝑃(𝛼, 𝛽) will be point of intersection of the two lines. Since 𝑃  lies on both the 

lines, therefore,

𝛽 − 𝑘 = 𝑚(𝛼 − 𝑥) and 𝛽 = − 1
𝑚𝛼 ⇒ 𝑚 = −𝛼

𝛽 ⇒ 𝑦 − 𝑘 = −𝑥
𝑦 (𝑥 − ℎ) ⇒ 𝑥2 +

𝑦2 = ℎ𝑥 + 𝑘𝑦.

340.

𝑂

𝐴

𝐵

𝐶

𝐿
𝜃

Let 𝑂𝐴 = 𝑐, then 𝐴 = (0, 𝑐), where 𝑐 is a constant. Let 𝐶 = (𝛼, 𝛽), then 𝑂𝐿 =
𝛼 = 𝑂𝐵 − 𝐵𝐿 = 𝑐 cot 𝜃 − 𝐵𝐶 cos(𝜃 + 60°)

= 𝑐 cot 𝜃 − 𝐵𝐶(cos 𝜃 cos 60° − sin 𝜃 sin 60°) = 𝑐 cot 𝜃 − 𝐴𝐵
2 cos 𝜃 + 𝐴𝐵

2
√

3 sin 𝜃

= 𝑐 cot 𝜃 − 1
2𝑐 csc 𝜃 cos 𝜃 + 1

2𝑐 csc 𝜃 sin 𝜃
√

3

= 𝑐 cot 𝜃 − 𝑐
2 cot 𝜃 +

√
3𝑐
2 = 𝑐

2(cot 𝜃 +
√

3)

and 𝛽 = 𝐶𝐿 = 𝐶𝐵 sin(𝜃 + 60°) = 𝐴𝐵(1
2 sin 𝜃 + cos 𝜃

√
3

2 ) = 𝑐 csc 𝜃
2 [sin 𝜃 +

√
3 cos 𝜃]

= 𝑐
2 +

√
3𝑐
2 cot 𝜃

Thus, we get 𝛽 =
√

3𝛼 − 𝑐

Thus, locus of 𝐶 is 𝑦 =
√

3𝑥 − 𝑐, which is a straight line.

341. Let 𝑃(𝑥, 𝑦). ⇒ |𝑦−2𝑥+1|√
5 = √𝑥2 + 𝑦2

⇒ (𝑦 − 2𝑥 + 1)2 = 5(𝑥2 + 𝑦2)

⇒ 𝑦2 + 4𝑥2 + 1 − 4𝑥𝑦 + 2𝑦 − 4𝑥 = 5𝑥2 + 5𝑦2

⇒ 𝑥2 + 4𝑦2 + 4𝑥𝑦 + 4𝑥 − 2𝑦 − 1 = 0

For 𝑦 = 2𝑥: 25𝑥2 − 1 = 0 ⇒ 𝑥 = ±1
5
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Points: 𝑄(1
5 , 2

5) and 𝑅(−1
5 , −2

5)

Midpoint: (
1
5−1

5
2 ,

2
5−2

5
2 ) = (0, 0).

342. Equation of any line through origin can be written as 𝑦 = 𝑚𝑥.

Solving it with the two equations we have 𝐴 = ( 2
𝑚+2 , 2𝑚

𝑚+2) and 𝐵 =
( 2

2𝑚−1 , 2𝑚
2𝑚−1).

Let the coordinate of the mid-point be (𝛼, 𝛽). Then 𝛼 = 2𝑚+1
(2𝑚−1)(𝑚+2)  and 𝛽 =

𝑚(3𝑚+1)
(2𝑚−1)(𝑚+2)

⇒ 𝛼
𝛽 = 1

𝑚 ⇒ 𝑚 = 𝛽
𝛼

Thus, 𝛼 = (3𝛽+𝛼)𝛼
(2𝛽−𝛼)+2𝛼

Thus, locus is 2𝑥2 − 3𝑥𝑦 − 2𝑦2 + 𝑥 + 3𝑦 = 0.

343.

•

•

𝐴𝐵 𝑂

𝑃

𝑄
𝑅

𝜃90° − 𝜃

Take 𝐴(ℎ, 0) and 𝐵(−ℎ, 0).

Let 𝑂(𝑥1, 𝑦1) be a fixed point.

Let 𝑃𝑄 be a line through 𝑃(𝑎, 𝑏) and 𝑄(𝑐, 𝑑) such that 𝑂𝑃 ⟂ 𝑂𝑄.

So: (𝑎 − 𝑥1)(𝑐 − 𝑥1) + (𝑏 − 𝑦1)(𝑑 − 𝑦1) = 0

Equation of line 𝑃𝑄 is: (𝑦 − 𝑏) = 𝑚(𝑥 − 𝑎) where 𝑚 = 𝑑−𝑏
𝑐−𝑎 .

Foot of perpendicular from 𝑂(𝑥1, 𝑦1) to 𝑃𝑄 is: 𝑅(𝑥, 𝑦) satisfying: (𝑥 − 𝑥1) +
𝑚(𝑦 − 𝑦1) = 0

Also 𝑅 lies on 𝑃𝑄, so: (𝑦 − 𝑏) = 𝑚(𝑥 − 𝑎)

Eliminating 𝑚 gives: (𝑥 − 𝑥1)(𝑐 − 𝑎) + (𝑦 − 𝑦1)(𝑑 − 𝑏) = 0

Using 𝑂𝑃 ⟂ 𝑂𝑄 condition and simplifying yields: (𝑥 − ℎ)(𝑥 + ℎ) + 𝑦2 = 0

Hence: 𝑥2 + 𝑦2 = ℎ2

This is a circle with center (0, 0) and radius ℎ.

Therefore the locus of 𝑅 is the circle with diameter 𝐴𝐵.



344.

𝑃(𝑎, 0)𝑄(−𝑎, 0) 𝑂 𝑀

𝑅

𝑥

𝑦

𝜃𝜑

Let 𝑃𝑄 be taken as 𝑥-axis and its middle point is 𝑂, the origin and 𝑂𝑌  as 𝑦-axis.

Let 𝑃𝑄 = 2𝑎 then 𝑃 = (𝑎, 0) and 𝑄 = (−𝑎, 0). Let 𝑅 = (ℎ, 𝑘). Also let ∠𝑅𝑃𝑄 =
𝜃 and ∠𝑅𝑄𝑃 = 𝜑

Given that 𝜃 − 𝜑 = 2𝛼. Let 𝑅𝑀  be perpendicular to 𝑥-axis.

Here 𝜃 and 𝜑 are variables and 𝑎 and 𝛼 are constants.

tan(𝜃 − 𝛼) = tan 2𝛼. tan 𝜃 = 𝑘
𝑎−ℎ  and tan phi = k/(a + h)

Putting these values in tan(𝜃 − 𝛼) yields

ℎ2 − 𝑘2 + 2ℎ𝑘 cot 2𝛼 − 𝑎2 = 0

Hence, locus of 𝑅 is 𝑥2 − 𝑦2 + 2𝑥𝑦 cot 2𝛼 − 𝑎2 = 0.

345. Equation of the line which passes through the point of intersection of the given 
lines is given by

𝑥 + 2𝑦 − 1 + 𝑘(2𝑥 − 𝑦 − 1) = 0, where 𝑘 is a parameter.

This line cuts 𝑥 and 𝑦 axes at 𝐴 = ( 𝑘+1
2𝑘+1 , 0) and 𝐵 = (0, 𝑘+1

2−𝑘) respectively.

Let 𝑃(𝛼, 𝛽) be the mid-point of 𝐴𝐵, then 𝛼 = ( 𝑘+1
2(2𝑘+1) ,

𝑘+1
2(2−𝑘))

𝛼
𝛽 = (2 − 𝑘)(2𝑘 + 1) ⇒ 𝑘 = 2𝛽−𝛼

2𝛼+𝛽

Putting 𝑘 back in 𝛼 we get 10𝛼𝛽 = 3𝛽 + 𝛼 ⇒ 10𝑥𝑦 = 𝑥 + 3𝑦.

346. Let the variable line through 𝑂 make an angle 𝜃 with the positive direction of 𝑥
-axis. Any point on this line will be (𝑟 cos 𝜃 + 𝑟 sin 𝜃).

Let the fixed lines be 𝑦 = 𝑚1𝑥 + 𝑐1 and 𝑦 = 𝑚2𝑥 + 𝑐2.

Let 𝑂𝑅 = 𝑟1, 𝑂𝑆 = 𝑟2 and 𝑂𝑃 = 𝑟3, then according to question 𝑚+𝑛
𝑟3

= 𝑚
𝑟1

+ 𝑛
𝑟2

Since 𝐴 and 𝐵 lies on the fixed lines, therefore, 𝑟1 sin 𝜃 = 𝑚1(𝑟1 cos 𝜃) + 𝑐1 and 

𝑟2 sin 𝜃 = 𝑚2(𝑟2 cos 𝜃) + 𝑐2

Let 𝑃 = (𝛼, 𝛽), then 𝛼 = 𝑟3 cos 𝜃, 𝛽 = 𝑟3 sin 𝜃

Thus, 𝑚+𝑛
𝑟3

= 𝑚. sin 𝜃−𝑚1 cos 𝜃
𝑐1

+ 𝑚2.
sin 𝜃−𝑚2 cos 𝜃

𝑐2

⇒ 𝑚 + 𝑛 = 𝑚
𝑐1

(𝛽 − 𝑚1𝛼) + 𝑚
𝑐2

(𝛽 − 𝑚2𝛼)

The locus of 𝑃  is 𝑚 + 𝑛 = (𝑚
𝑐1

+ 𝑛
𝑐2

)𝑦 − (𝑚𝑚1
𝑐1

+ 𝑚𝑚2
𝑐2

)𝑥.
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⇒ 𝑦 − 𝑚1𝑥 + 𝑐1 + 𝑛
𝑚 .𝑐1

𝑐2
(𝑦2 − 𝑚2𝑥 − 𝑐2) = 0

Clearly locus of 𝑃  is a straight line passing through the point of intersection of 
the two fixed lines.

347. We take 𝑂 as the originl Let the 𝑛 lines be represented by 𝑦 = 𝑚𝑟𝑥 + 𝑐𝑟, where 

𝑟 = 1, 2, 3, …, 𝑛.

Let 𝑂𝐴 make an angle 𝜃 with the 𝑥-axis and cut the given 𝑛 lines at 𝑛 diferent 
points.

Let 𝑂𝑅1 = 𝑟1, 𝑂𝑅2 = 𝑟2, …, 𝑂𝑅𝑛 = 𝑟𝑛, 𝑂𝑅 = 𝑟 ⇒ 𝑅(𝛼, 𝛽) = (𝑟 cos 𝜃, 𝑟 sin 𝜃)

𝑦 = 𝑚𝑛𝑥 + 𝑐𝑛 ⇒ 𝑟𝑛 = 𝑐𝑛
sin 𝜃−𝑚𝑛 cos 𝜃

⇒ 𝑛
𝑂𝑅 = 1

𝑂𝑅1
+ 1

𝑂𝑅2
+ ⋯ + 1

𝑂𝑅𝑛

⇒ 𝑛
𝑟 = sin 𝜃−𝑚1 cos 𝜃

𝑐1
+ ⋯ + sin 𝜃−𝑚𝑛 cos 𝜃

𝑐𝑛

⇒ 𝑛 = 𝛽−𝑚1𝛼
𝑐1

+ ⋯ + 𝛽−𝑚𝑛𝛼
𝑐𝑛

= ( 1
𝑐1

+ 1
𝑐2

+ ⋯ + 1
𝑐𝑛

)𝛽 − (𝑚1
𝑐1

+ ⋯ + 𝑚𝑛
𝑐𝑛

)𝛼

Hence, locus of 𝑅 is a straight line.

348.

𝑥

𝑦

−3 −2 −1 1 2 3

−2

−1

1

2

3

4

0

𝑦 = 9𝑥

𝑦 = −𝑥

𝑀1

𝑀2

𝐴
𝐶

𝐵

slope = −1/9

slope = 1

Let the base of the triangle 𝐴𝐵𝐶 be 𝐵𝐶 which passes through a fixed point 
𝑃(𝑓, 𝑔). Let 𝐵 = (𝑥1, 𝑦1) and 𝐶 = (𝑥2, 𝑦2)

Since 𝑃 , 𝐵, 𝐶 are collinear, therefore,

|

 𝑓
𝑥1
𝑥2

𝑔
𝑦1
𝑦2

1
1
1|


= 0 ⇒ 𝑓(𝑦1 − 𝑦2) − 𝑔(𝑥1 − 𝑥2) + (𝑥1𝑦2 − 𝑥2𝑦1) = 0

Let 𝐴 = (𝛼, 𝛽). We have to find the locus of the point 𝐴.



Given lines are 𝑦2 − 8𝑥𝑦 − 9𝑥2 = 0 ⇒ 𝑦 − 9𝑥 = 0 and 𝑥 + 𝑦 = 0.

Let these lines be perpendicular bisectors of 𝐴𝐵 and 𝐴𝐶 . Since 𝐴𝐵 is perpen
dicular to line 𝑦 − 9𝑥 = 0, therefore,

𝛽−𝑦1
𝛼−𝑥1

× 9 = −1 ⇒ 𝑥1 + 9𝑦1 = 𝛼 + 9𝛽

Since mid-point (𝛼+𝑥1
2 , 𝛽+𝑦1

2 ) of 𝐴𝐵 lies on 𝑦 − 9𝑥 = 0, therefore,

(𝛽 + 𝑥1) − 9(𝛽 + 𝑦1) = 0 ⇒ 9𝑥1 − 𝑦1 = 𝛽 − 9𝛼

Thus, 𝑥1 = 9𝛽−40𝛼
41 , 𝑦1 = 40𝛽+9𝛼

41

Proceeding similarly for 𝐴𝐶 we get 𝑥2 = −𝛽 and 𝑦2 = −𝛼

⇒ 𝑥1 − 𝑥2 = 50𝛽−40𝛼
41  and 𝑦1 − 𝑦2 = 40𝛽+50𝛼

41  and 𝑥1𝑦2 − 𝑥2𝑦1 = − 1
41 [𝛼(9𝛽 −

40𝛼) − 𝛽(40𝛽 + 9𝛼)]

Putting these in first equation we get locus of 𝐴 as

4(𝑥2 + 𝑦2) + (4𝑔 + 5𝑓)𝑥 + (4𝑓 − 5𝑔)𝑦 = 0.

349. Let the coordinates of the vertex be (ℎ, 𝑘), and let the lengths of the bases be 

respectively 𝑙, 𝑙1, 𝑙2, …, and their equations be respectively

𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝, 𝑥 cos 𝛽 + 𝑦 sin 𝛽 = 𝑝1, … etc.

The length of the perpendiculars from (ℎ, 𝑘) on the bases will be

|ℎ cos 𝛼 + 𝑘 sin 𝛽 − 𝑝|, |ℎ cos 𝛽 + 𝑘 sin 𝛽 − 𝑝1|, … etc.

From the given condition sum of areas is constant. Thus,

𝑥 ∑ 𝑙 cos 𝛼 + 𝑦 ∑ 𝑙 sin 𝛼 − ∑ 𝑙𝑝 = 𝑘, which is a straight line.

350. Let 𝐴(cos 𝑡, sin 𝑡), 𝐵(sin 𝑡, − cos 𝑡), 𝐶(1, 2).

Centroid 𝐺(𝑥, 𝑦) is given by 𝑥 = cos 𝑡+ sin 𝑡+1
3 , 𝑦 = sin 𝑡− cos 𝑡+2

3 .

So, 3𝑥 − 1 = cos 𝑡 + sin 𝑡, 3𝑦 − 2 = sin 𝑡 − cos 𝑡.

Now, (cos 𝑡 + sin 𝑡)2 + (sin 𝑡 − cos 𝑡)2 = 2(sin2 𝑡 + cos2 𝑡) = 2.

Hence, (3𝑥 − 1)2 + (3𝑦 − 2)2 = 2.

351. Given position: 𝑥 = 𝑢 cos 𝛼 ∗ 𝑡 and 𝑦 = 𝑢 sin 𝛼 ∗ 𝑡 − 1
2𝑔𝑡2

From 𝑥 = 𝑢 cos 𝛼 ∗ 𝑡, 𝑡 = 𝑥
𝑢 cos 𝛼

Substitute into 𝑦: 𝑦 = 𝑢 sin 𝛼 ∗ ( 𝑥
𝑢 cos 𝛼) − 1

2𝑔( 𝑥
𝑢 cos 𝛼)2

⇒ 𝑦 = 𝑥 tan 𝛼 − 𝑔𝑥2

2𝑢2 cos2 𝛼

Hence, the locus is: 𝑦 = 𝑥 tan 𝛼 − 𝑔𝑥2

2𝑢2 cos2 𝛼 .

352. Let the line through (1, 1) meet the axes at 𝐴(𝑎, 0) and 𝐵(0, 𝑏).

Equation of line in intercept form is 𝑥
𝑎 + 𝑦

𝑏 = 1

Since it passes through (1, 1), therefore, 1
𝑎 + 1

𝑏 = 1
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Let midpoint of 𝐴𝐵 be 𝑀(𝑥, 𝑦). Then, 𝑥 = 𝑎
2 , 𝑦 = 𝑏

2  ⇒ 𝑎 = 2𝑥, 𝑏 = 2𝑦

Substitute into 1
𝑎 + 1

𝑏 = 1 to get 1
2𝑥 + 1

2𝑦 = 1

⇒ 𝑥+𝑦
2𝑥𝑦 = 1 ⇒ 𝑥 + 𝑦 = 2𝑥𝑦

Hence, the locus is 2𝑥𝑦 = 𝑥 + 𝑦.

353. Let the line through (𝛼, 𝛽) meet the axes at 𝐴(𝑎, 0) and 𝐵(0, 𝑏).

Equation in intercept form: 𝑥
𝑎 + 𝑦

𝑏 = 1.

Since it passes through (𝛼, 𝛽): 𝛼
𝑎 + 𝛽

𝑏 = 1.

Let midpoint be 𝑀(𝑥, 𝑦) with 𝑥 = 𝑎
2 , 𝑦 = 𝑏

2 . So 𝑎 = 2𝑥, 𝑏 = 2𝑦.

Substitute to get 𝛼
2𝑥 + 𝛽

2𝑦 = 1.

Hence, 𝛼
𝑥 + 𝛽

𝑦 = 2. Multiplying by 𝑥𝑦 gives 𝛼𝑦 + 𝛽𝑥 = 2𝑥𝑦.

354. Let the line cut the axes at 𝐴(𝑎, 0) and 𝐵(0, 𝑏).

Then its intercept form is 𝑥
𝑎 + 𝑦

𝑏 = 1

Given condition is 𝑎 + 𝑏 = 𝑘

Midpoint of 𝐴𝐵 is 𝑀(𝑥, 𝑦), so 𝑥 = 𝑎
2 , 𝑦 = 𝑏

2  ⇒ 𝑎 = 2𝑥, 𝑏 = 2𝑦

Substitute into 𝑎 + 𝑏 = 𝑘 gives 2𝑥 + 2𝑦 = 𝑘

Hence, the locus is 𝑥 + 𝑦 = 𝑘
2 .

355. Let the line meet the axes at 𝐴(𝑥1, 0) and 𝐵(0, 𝑦1).

Since 𝐴𝑃 = 𝑏 and 𝑃𝐵 = 𝑎, the total length is constant, therefore 𝐴𝐵 = 𝑎 + 𝑏

Point 𝑃(𝑥, 𝑦) divides 𝐴𝐵 internally in the ratio, thus, 𝐴𝑃 : 𝑃𝐵 = 𝑏 : 𝑎

Using section formula: 𝑥 = 𝑏∗0+𝑎∗𝑥1
𝑎+𝑏 = 𝑎 𝑥1

𝑎+𝑏  𝑦 = 𝑏∗𝑦1+𝑎∗0
𝑎+𝑏 = 𝑏 𝑦1

𝑎+𝑏

So, 𝑥1 = (𝑎 + 𝑏)𝑥
𝑎  and 𝑦1 = (𝑎 + 𝑏)𝑦

𝑏

Since 𝐴 and 𝐵 are intercepts of the same line, therefore, 
𝑥1
𝑎 + 𝑦1

𝑏 = 1

Substituting values yields 
(𝑎+𝑏)𝑥

𝑎2 + (𝑎+𝑏)𝑦
𝑏2 = 1

Dividing by (𝑎 + 𝑏) gives 𝑥2

𝑎2 + 𝑦2

𝑏2 = 1.

356. Let the variable line cut the axes at 𝐴(𝑎, 0) and 𝐵(0, 𝑏).

Since the line passes through (6
5 , 6

5), therefore 𝑥
𝑎 + 𝑦

𝑏 = 1

Substituting (6
5 , 6

5) yields 6
5𝑎 + 6

5𝑏 = 1 ⇒ 6(𝑎 + 𝑏) = 5𝑎𝑏

Point 𝑃(𝑥, 𝑦) divides 𝐴𝐵 internally in ratio 2 : 1: ⇒ 𝐴𝑃 : 𝑃𝐵 = 2 : 1

Using section formula: 𝑥 = 2∗0+1∗𝑎
2+1 = 𝑎

3  and 𝑦 = 2∗𝑏+1∗0
2+1 = 2 𝑏

3

So, 𝑎 = 3𝑥, 𝑏 = 3𝑦
2

Substitute into 6(𝑎 + 𝑏) = 5𝑎𝑏 gives us 6(3𝑥 + 3𝑦
2) = 5(3𝑥)(3𝑦

2)



Hence, 5𝑥𝑦 = 2(2𝑥 + 𝑦).

357. Let the moving line cut the axes at 𝐴(𝑎, 0) and 𝐵(0, 𝑏).

Equation of the line is 𝑥
𝑎 + 𝑦

𝑏 = 1

Perpendicular distance from origin is given as 𝑝 is |𝑎𝑏 |√
𝑎2+𝑏2 = 𝑝

Squaring yields 𝑎2𝑏2 = 𝑝2(𝑎2 + 𝑏2)

Centroid of triangle 𝑂𝐴𝐵 is 𝐺(𝑥, 𝑦): 𝑥 = 𝑎
3 , 𝑦 = 𝑏

3⇒ 𝑎 = 3𝑥, 𝑏 = 3𝑦

Substitute into distance condition to get (9𝑥2)(9𝑦2) = 𝑝2(9𝑥2 + 9𝑦2)

81𝑥2𝑦2 = 9𝑝2(𝑥2 + 𝑦2). Hence the locus of centroid is 9𝑥2𝑦2 = 𝑝2(𝑥2 + 𝑦2).

358. Let 𝑃(𝑥, 𝑦) be the moving point. Given 𝐴𝑃 ⟂ 𝐵𝑃 .

Slope of 𝐴𝑃 = 𝑦−𝑦1
𝑥−𝑥1

 and slope of 𝐵𝑃 = 𝑦−𝑦2
𝑥−𝑥2

Since lines are perpendicular, therefore, 
𝑦−𝑦1
𝑥−𝑥1

∗ 𝑦−𝑦2
𝑥−𝑥2

= −1

⇒ (𝑦 − 𝑦1)(𝑦 − 𝑦2) = −(𝑥 − 𝑥1)(𝑥 − 𝑥2) ⇒ (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 −
𝑦2) = 0

Hence the locus is (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0.

359. Let 𝑃(𝑥, 𝑦) be the moving point.

Square of distance from (3, −2) is (𝑥 − 3)2 + (𝑦 + 2)2

Distance from line 5𝑥 − 12𝑦 = 13 is 
|5𝑥−12𝑦−13|
√52+(−12)2 = |5𝑥−12𝑦−13|

13

Given condition is (𝑥 − 3)2 + (𝑦 + 2)2 = |5𝑥−12𝑦−13|
13

Multiply both sides by 13 gives 13[(𝑥 − 3)2 + (𝑦 + 2)2] = |5𝑥 − 12𝑦 − 13|

Squaring both sides yields 169[(𝑥 − 3)2 + (𝑦 + 2)2]2 = (5𝑥 − 12𝑦 − 13)2.

360. Let 𝑃(𝑥, 𝑦) be the moving point. Fixed points are 𝐹1(𝑎𝑒, 0) and 𝐹2(−𝑎𝑒, 0).

Given √(𝑥 − 𝑎𝑒)2 + 𝑦2 + √(𝑥 + 𝑎𝑒)2 + 𝑦2 = 2𝑎

This is the definition of an ellipse with foci 𝐹1, 𝐹2 and constant sum 2𝑎.

Squaring and simplifying gives 𝑥2

𝑎2 + 𝑦2

𝑎2(1−𝑒2) = 1.

361. Let the line 𝑦 = 𝑥 + 𝑐 intersect 2𝑥 + 3𝑦 = 5 at 𝐴(𝑥1, 𝑦1) and 2𝑥 + 3𝑦 = 8 at 

𝐵(𝑥2, 𝑦2).

For 𝐴: 𝑦 = 𝑥 + 𝑐. Substituting in 2𝑥 + 3𝑦 = 5 gives 2𝑥 + 3(𝑥 + 𝑐) = 5 ⇒ 5𝑥 +
3𝑐 = 5
⇒ 𝑥1 = 5−3𝑐

5 , 𝑦1 = 𝑥1 + 𝑐 = 5+2𝑐
5

For 𝐵: 2𝑥 + 3(𝑥 + 𝑐) = 8 ⇒ 5𝑥 + 3𝑐 = 8 ⇒ 𝑥2 = 8−3𝑐
5 , 𝑦2 = 8+2𝑐

5

Midpoint 𝑀(𝑥, 𝑦): 𝑥 = 𝑥1+𝑥2
2 = 13−6𝑐

10  and 𝑦 = 𝑦1+𝑦2
2 = 13+4𝑐

10
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Eliminating 𝑐 From 𝑥 = 13−6𝑐
10 ⇒ 6𝑐 = 13 − 10𝑥

Substitute into 𝑦 yielfs 𝑦 = 13+413−10𝑥
6

10 ⇒ 4𝑥 + 6𝑦 = 13.

362. Let the point 𝐴 be (𝑎, 0) on the 𝑥-axis and the point 𝐵 be (𝑏, 6𝑏) on the line 

𝑦 = 6𝑥.

The length of 𝐴𝐵 is 2𝑙, so using the distance formula we get (𝑏 − 𝑎)2 + (6𝑏)2 =
4𝑙2.

The midpoint of 𝐴𝐵 is 𝑀(𝑥, 𝑦), so 𝑥 = 𝑎+𝑏
2  and 𝑦 = 0+6𝑏

2 .

From this we obtain 𝑏 = 𝑦
3  and 𝑎 = 2𝑥 − 𝑦

3 .

Substituting these values into the length condition gives (𝑦
3 − (2𝑥 − 𝑦

3))2 +
36(𝑦

3)2 = 4𝑙2.

This simplifies to (2𝑦
3 − 2𝑥)2 + 4𝑦2 = 4𝑙2.

Dividing by 4 gives (𝑦
3 − 𝑥)2 + 𝑦2 = 𝑙2.

363. Let the variable line through 𝑃(−1, 2) meet the x-axis at 𝐴(𝑎, 0) and the y-axis 

at 𝐵(0, 𝑏).

The equation of the line in intercept form is 𝑥
𝑎 + 𝑦

𝑏 = 1.

Since it passes through 𝑃(−1, 2) we get −1
𝑎 + 2

𝑏 = 1.

This gives the relation −𝑏 + 2𝑎 = 𝑎𝑏.

Let 𝑄(𝑥, 𝑦) lie on 𝐴𝐵. Then 𝑄 divides 𝐴𝐵 in some ratio 𝑡 : 1.

Using section formula we get 𝑥 = 𝑎
1+𝑡  and 𝑦 = 𝑡 𝑏

1+𝑡 .

Hence 𝑎 = 𝑥(1 + 𝑡) and 𝑏 = 𝑦(1+𝑡)
𝑡 .

Since 𝑃 , 𝐴, 𝑄, 𝐵 are such that 𝑃𝐴, 𝑃𝑄, 𝑃𝐵 are in harmonic progression we use 

𝑃𝑄−1 = 𝑃𝐴−1+𝑃𝐵−1

2 .

This gives the relation 1
𝑃𝑄 =

1
𝑃𝐴+ 1

𝑃𝐵
2 .

Using coordinate distances we obtain after simplification that 𝑦 = 2𝑥.

Hence the locus of 𝑄 is the line 𝑦 = 2𝑥.

1
𝑃𝐴 + 1

𝑃𝐵 = 2
𝑃𝑄 ⇒ 𝑦 = 2𝑥

− 1
𝑃𝐴 − 1

𝑃𝐵 = 2
𝑃𝑄 ⇒ 𝑦 = 2𝑥 + 8

1
𝑃𝐴 − 1

𝑃𝐵 = 2
𝑃𝑄 ⇒ 𝑦 = −2𝑥 + 4

− 1
𝑃𝐴 + 1

𝑃𝐵 = 2
𝑃𝑄 ⇒ 𝑦 = −2𝑥 − 4

Hence the locus is a rhombus bounded by these four lines excluding the vertices.

364. Let 𝐵(𝑥1, 𝑦1) be a variable point.



The perpendicular bisector of 𝑂𝐵 passes through the midpoint of 𝑂(0, 0) and 

𝐵(𝑥1, 𝑦1), which is (𝑥1
2 , 𝑦1

2 ), and has slope perpendicular to 𝑂𝐵.

Equation of perpendicular bisector of 𝑂𝐵 is 𝑥1𝑥 + 𝑦1𝑦 = 𝑥2
1+𝑦2

1
2

The midpoint of 𝐴𝐵, where 𝐴(4, 4) and 𝐵(𝑥1, 𝑦1), is (𝑥1+4
2 , 𝑦1+4

2 ).

Slope of 𝐴𝐵 is 
𝑦1−4
𝑥1−4 , so the perpendicular bisector of 𝐴𝐵 is (𝑥1 − 4)(𝑥 − 𝑥1+4

2 ) +
(𝑦1 − 4)(𝑦 − 𝑦1+4

2 ) = 0

The point of intersection 𝑃(𝑥, 𝑦) satisfies both equations.

Eliminating 𝑥1 and 𝑦1 from the two equations gives a relation between 𝑥 and 𝑦.

After simplification, we obtain (𝑥 − 2)2 + (𝑦 − 2)2 = 8.

365. Let 𝑂 be the origin and let 𝐴(𝑎, 0) and 𝐵(0, 𝑏) be fixed points on the axes.

Let 𝐶(𝑐, 0) and 𝐷(0, 𝑑) be variable points on the axes.

The given condition is 1
𝑐 − 1

𝑑 = 1
𝑎 − 1

𝑏 .

Let 𝑃(𝑥, 𝑦) be the point of intersection of the lines 𝐴𝐷 and 𝐵𝐶 .

The equation of the line 𝐴𝐷 is 𝑦 = 𝑑(1 − 𝑥
𝑎).

The equation of the line 𝐵𝐶 is 𝑦 = 𝑏 − ( 𝑏
𝑐)𝑥.

At the intersection point 𝑃(𝑥, 𝑦) we have 𝑑(1 − 𝑥
𝑎) = 𝑏 − ( 𝑏

𝑐)𝑥.

This simplifies to 𝑑 − (𝑑
𝑎)𝑥 = 𝑏 − ( 𝑏

𝑐)𝑥.

Rearranging gives (𝑏 − 𝑑) = 𝑥(( 𝑏
𝑐) − (𝑑

𝑎)).

Using the given condition 1
𝑐 − 1

𝑑 = 1
𝑎 − 1

𝑏  we rewrite it as 𝑑−𝑐
𝑐𝑑 = 𝑏−𝑎

𝑎𝑏 .

This gives 𝑎𝑏(𝑑 − 𝑐) = 𝑐𝑑(𝑏 − 𝑎).

On solving the system and eliminating 𝑐 and 𝑑 we obtain 𝑥 = 𝑦.

Therefore the locus of the point 𝑃  is 𝑥 − 𝑦 = 0.

366. Let 𝑄 = (𝑎, 𝑘). Since 𝑄𝑅 is the bisector of ∠𝑂𝑄𝐴, therefore,

𝑂𝑅
𝑅𝐴 = 𝑂𝑄

𝑄𝐴 =
√

𝑎2+𝑘2

𝑘 ∴ 𝑅 = ( 𝑎
√

𝑎2+𝑘2
√

𝑎2+𝑘2+𝑘
, 0)

Let 𝑃(𝛼, 𝛽) be the foot of the perpendicular from 𝑅 to 𝑂𝑄.

Now 𝑄, 𝑃 , 𝑄 are collinear. ∴ |
0
𝛼
𝑎

0
𝛽
𝑘

1
1
1
| = 0 ⇒ 𝑘 = 𝑎𝛽

𝛼

Again 𝑅𝑃 ⟂ 𝑄𝑄 ⇒ 𝛽
𝑎− 𝑎√𝑎2+𝑘2

√𝑎2+𝑘2+𝑘

.𝑘
𝑎 = −1

Putting the value of 𝑘 we get locus as (𝑎𝑥 − 𝑥2 − 𝑦2)2(𝑎2𝑦2 + 𝑥2) =
𝑎2𝑦2(𝑥2 + 𝑦2)2

.
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367.

𝑂 𝐴(𝑎, 0)

𝐵(0, 𝑏)
𝐶(ℎ, 𝑘)

𝑏

𝑎

As shown in the diagram (ℎ − 𝑎)2 + 𝑘2 = 𝑎2 = 𝐶𝐵2, ℎ2 + (𝑘 − 𝑏)2 = 𝑎2 = 𝐶𝐴2

We have two equations and two unknowns. Solving thes gives locus of 𝐶(ℎ, 𝑘) as

𝑏𝑥 ± 𝑎𝑦 = 0.

368. Let the isosceles triangle have base 𝐵𝐶 on the x-axis with 𝐵(−𝑎, 0) and 𝐶(𝑎, 0), 
and vertex 𝐴(0, ℎ).

Let 𝑃(𝑥, 𝑦) be the moving point.

The distance from 𝑃  to the base 𝐵𝐶 is 𝑦, so the square of the distance is 𝑦2.

The equation of line 𝐴𝐵 is ℎ𝑥 + 𝑎𝑦 − 𝑎ℎ = 0, so the distance from 𝑃  to 𝐴𝐵 

is 
|ℎ𝑥+𝑎𝑦−𝑎ℎ|√

ℎ2+𝑎2 .

The equation of line 𝐴𝐶 is ℎ𝑥 − 𝑎𝑦 + 𝑎ℎ = 0, so the distance from 𝑃  to 𝐴𝐶 

is 
|ℎ𝑥−𝑎𝑦+𝑎ℎ|√

ℎ2+𝑎2 .

The given condition is 𝑦2 = |ℎ𝑥+𝑎𝑦−𝑎ℎ|√
ℎ2+𝑎2 × |ℎ𝑥−𝑎𝑦+𝑎ℎ|√

ℎ2+𝑎2 .

This simplifies to 𝑦2(ℎ2 + 𝑎2) = (ℎ𝑥 + 𝑎𝑦 − 𝑎ℎ)(ℎ𝑥 − 𝑎𝑦 + 𝑎ℎ).

Expanding the product gives ℎ2𝑥2 − 𝑎2𝑦2 + 𝑎2ℎ2.

Substituting gives 𝑦2(ℎ2 + 𝑎2) = ℎ2𝑥2 − 𝑎2𝑦2 + 𝑎2ℎ2.

Rearranging gives ℎ2𝑥2 + 𝑎2ℎ2 = 𝑦2(ℎ2 + 2𝑎2).

Dividing by ℎ2 gives 𝑥2 + 𝑎2 − 𝑦2 − (2𝑎2

ℎ2 )𝑦2 = 0.

Rearranging into standard form gives 𝑥2 + 𝑦2(1 + 2𝑎2

ℎ2 ) = 𝑎2.

Therefore the locus of 𝑃  is a circle.

369. Let 𝑂 be the origin. A variable line through 𝑂 meets two fixed straight lines at 
𝑅 and 𝑆.

Let 𝑃  lie on this line such that 2
𝑂𝑃 = 1

𝑂𝑅 + 1
𝑂𝑆 .

Since 𝑂, 𝑅, 𝑆, 𝑃  are collinear, let 𝑂𝑅 = 𝑟, 𝑂𝑆 = 𝑠, and 𝑂𝑃 = 𝑝.

The given condition is 2
𝑝 = 1

𝑟 + 1
𝑠 .

This gives 2 = 𝑝(1
𝑟 + 1

𝑠).



Multiplying by 𝑟𝑠 gives 2𝑟𝑠 = 𝑝(𝑟 + 𝑠).

Hence 𝑝 = 2𝑟𝑠
𝑟+𝑠 .

Let the variable line through 𝑂 have direction ratio (1, 𝑚) so that 𝑅 = (𝑟, 𝑚𝑟), 
𝑆 = (𝑠, 𝑚𝑠), and 𝑃 = (𝑝, 𝑚𝑝).

The points 𝑅 and 𝑆 lie on two fixed straight lines, so 𝑟 and 𝑠 satisfy linear 
equations depending on 𝑚.

Eliminating 𝑟 and 𝑠 between these two linear relations and the condition 2𝑟𝑠 =
𝑝(𝑟 + 𝑠) removes the parameter 𝑚.

The resulting relation between 𝑥 and 𝑦 is linear.

Therefore the locus of 𝑃  is a straight line.

370. The 𝑖-th terms are 𝑥𝑖 = 𝑝 + (𝑖 − 1)𝑎 and 𝑦𝑖 = 𝑞 + (𝑖 − 1)𝑏.

The mean of the first 𝑛 terms of an arithmetic sequence is the average of first 
and last terms.

Hence 𝛼 = 𝑥1+𝑥𝑛
2 .

Substituting gives 𝛼 = 𝑝+(𝑝+(𝑛−1)𝑎)
2 .

So 𝛼 = 𝑝 + (𝑛 − 1)𝑎
2 .

Similarly 𝛽 = 𝑦1+𝑦𝑛
2 = 𝑞 + (𝑛 − 1) 𝑏

2 .

Eliminating 𝑛 from both equations gives 𝛼−𝑝
𝑎 = 𝛽−𝑞

𝑏 .

Hence, 𝑏(𝛼 − 𝑝) = 𝑎(𝛽 − 𝑞) i.e. the locus is 𝑏𝑥 − 𝑎𝑦 + 𝑞𝑎 − 𝑏𝑝 = 0.
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4 Answers of Pair of Straight Lines

1. The joint equation is given by (𝑥 − 4𝑦 + 2)(𝑥 − 𝑦 − 1) = 0 ⇒ 𝑥2 − 5𝑥𝑦 + 4𝑦2 +
𝑥 + 2𝑦 − 2 = 0.

2. Let 𝑦 = 𝑚𝑥 be the straight line passing through origin and making an angle 𝛼 

with 𝑦 + 𝑥 = 0.

Then tan 𝛼 = |𝑚+1|
1+𝑚 ⇒ 𝑚2(1 − tan2 𝛼) + 2𝑚(1 + tan2 𝛼) + (1 − tan2 𝛼) = 0

⇒ 𝑚1 + 𝑚2 = −2 sec 2𝛼, 𝑚1𝑚2 = 1.

Thus, (𝑦 − 𝑚1𝑥)(𝑦 − 𝑚2𝑥) = 𝑥2 + 2𝑥𝑦 sec 2𝛼 + 𝑦2 = 0.

3. Since the pair of lines are perpendicular and form an isosceles triangle with 2𝑥 +
3𝑦 = 6 the pair will make 45° with it. Let 𝑚 be the slope of pair of straight 

lines. Then

tan 45° = 1 = |𝑚−(−2
3)

1 + 2𝑚
3 | ⇒ 𝑚 = 1

5 , −5. So the lines are 5𝑦 − 𝑥 = 0 and 5𝑥 +

𝑦 = 0 as they pass through origin.

Solving the three lines pairwaise we obtain vertices as (0, 0), (20
13 , 6

13), (− 6
13 , 30

13).

Thus, Δ = 936
169 .

4. The combined equation is given by (2𝑥 − 𝑦 − 3)(3𝑥 − 𝑦 + 4) = 6𝑥2 − 5𝑥𝑦 + 𝑦2 −
𝑥 − 𝑦 − 12 = 0.

5. Lines parallel to 𝑥 − 2𝑦 = 5 and 𝑥 = 3𝑦 − 4 are given by 𝑥 − 2𝑦 = 𝑐 and 𝑥 −
3𝑦 = 𝑘.

Given that both pass through (1, 2), thus, 𝑐 = −3 and 𝑘 = −5. So the lines are 𝑥 −
2𝑦 + 3 = 0 and 𝑥 − 3𝑦 + 5 = 0.

Thus, combined equation is (𝑥 − 2𝑦 + 3)(𝑥 − 3𝑦 + 5) = 𝑥2 − 5𝑥𝑦 + 6𝑥2 + 8𝑥 −
19𝑦 + 15 = 0.

6. The bisectors of angle between coordinates axes is given by 𝑥 − 𝑦 = 0 and 𝑥 +
𝑦 = 0(verify).

The combined equation will be therefore 𝑥2 − 𝑦2 = 0.

7. Comparing given equation with general equation in second degree we have 𝑎 =
8, 𝑏 = 2, 𝑐 = 15, 2ℎ = 8, 2𝑔 = 26, 2𝑓 = 13

Now 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0. Hence, the given equation represents pair 

of straight lines.

8. Comparing the given equation with the general equation of second degree we get

𝑎 = 6, ℎ = 𝑘, 𝑏 = 12, 𝑔 = 11, 𝑓 = 31
2 , 𝑐 = 20

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us

40𝑘2 − 682𝑘 + 2907 = 0 ⇒ 𝑘 = 682±2
80 = 171

20 , 17
2 .
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9. Comparing the given equation with the general equation of second degree we get

𝑎 = 10, 2ℎ = −11, 𝑏 = −6, 𝑔 = −6, 𝑓 = −1
2 , 𝑐 = 2

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us

0 = 0. Hence, the give equation represents pair of straight lines.

10. Comparing the given equation with the general equation of second degree we get

𝑎 = 2, 2ℎ = −15, 𝑏 = −17, 𝑔 = 2, 𝑓 = 23
2 , 𝑐 = −6

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us

0 = 0. Hence, the give equation represents pair of straight lines.

11. Comparing the given equation with the general equation of second degree we get

𝑎 = 𝑚, 2ℎ = −5, 𝑏 = −6, 2𝑔 = 14, 2𝑓 = 5, 𝑐 = 4

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us

𝑚 = 6. We see that 𝑎 + 𝑏 = 0, hence, the lines are perpendicular to each other.

12. Comparing the given equation with the general equation of second degree we get

𝑎 = 1, 2ℎ = 𝑚, 𝑏 = −2, 2𝑔 = 0, 2𝑓 = 3, 𝑐 = −1

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us 𝑚 = ±1.

13. Comparing the given equation with the general equation of second degree we get

𝑎 = 12, 2ℎ = −10, 𝑏 = 2, 2𝑔 = 11, 2𝑓 = −5, 𝑐 = 𝑚

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us 𝑚 = 2.

14. Comparing the given equation with the general equation of second degree we get

𝑎 = 6, 2ℎ = 5, 𝑏 = −4, 2𝑔 = 7, 2𝑓 = 𝑚, 𝑐 = 2

Putting these values in 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives us 𝑚 = 2 or 23
6 .

15. 𝑎 = 4, 2ℎ = 24, 𝑏 = 11 from the given equation.

Let 𝜃 be the angle between the pair of straight lines. Then

tan 𝜃 = 2
√

ℎ2−𝑎𝑏
𝑎+𝑏 = 4

3 , so the acute angle between the lines is tan−1 4
3 .

16. Given equation is (𝑥2 + 𝑦2) sin2 𝛼 = (𝑥 cos 𝛽 − 𝑦 sin 𝛽)2.

⇒ (cos2 𝛽 − sin2 𝛼)𝑥2 − 2 sin 𝛽 cos 𝛽𝑥𝑦 + (sin2 𝛽 − sin2 𝛼)y^2 = 0

⇒ 𝑎 = cos2 𝛽 − sin2 𝛼, 2ℎ = − sin 2𝛽, 𝑏 = sin2 𝛽 − sin2 𝛼

Let 𝜃 be the angle between the lines. Then

tan 𝜃 = 2
√

ℎ2−𝑎𝑏
𝑎+𝑏 = ± tan 2𝛼

Thus, angle between the straight lines is 2𝛼.

17. Comparing with the general equation, we have

𝑎 = 1, 2ℎ = −5, 𝑏 = 4. If 𝜃 is the angle between the pair of straight lines, then

tan 𝜃 = 2
√

ℎ2−𝑎𝑏
𝑎+𝑏 = 3

5



Thus, acute angle between the lines is tan−1 3
5 .

18. We can write the given equation as 𝑦2 − 2
sin 𝜃 cos 𝜃𝑥𝑦 + ( sin4 𝜃+ cos4 𝜃

sin2 𝜃 cos2 𝜃 )𝑥2 = 0

Let the straight lines by 𝑦 − 𝑥 tan 𝛼 = 0 and 𝑦 − 𝑥 tan 𝛽 = 0, then

tan 𝛼 + tan 𝛽 = 2
sin 𝜃 cos 𝜃 , and tan 𝛼 tan 𝛽 = sin4 𝜃+ cos4 𝜃

sin2 𝜃 cos2 𝜃

(tan 𝛼 − tan 𝛽)2 = (tan 𝛼 + tan 𝛽)2 − 4 tan 𝛼 tan 𝛽

= 4
sin2 𝜃 cos2 𝜃 − 4(sin4 𝜃+ cos4 𝜃)

sin2 𝜃 cos2 𝜃  = 4
sin2 𝜃 cos2 𝜃(1 − sin2 𝜃 − cos4 𝜃) = 4

⇒ tan 𝛼 − tan 𝛽 = 2.

19.

𝑥

𝑦

𝑂

𝐿1

𝐿2

𝑃(𝑝, 𝑞)𝐴

𝐵

𝜃

Let 𝜃 be the angle between the pair of lines given by the equaiton 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 = 0. Let 𝐴, 𝐵 be the foot of perpendiculars from 𝑃(𝑝, 𝑞) on the two lines.

If we draw a circle with 𝑂𝑃  as diameter then both 𝐴 and 𝐵 will be on tihs circle 
because diameter 𝑂𝑃  will make right angle at any point on the circumference.

∴ ∠𝑂𝐴𝐵 = ∠𝑂𝑃𝐵 = 𝛼(let)

From △ 𝑂𝐴𝐵, we have 𝑂𝐵
sin 𝛼 = 𝐴𝐵

sin 𝜃 , and from △ 𝑂𝑃𝐵, we have 𝑂𝑃
sin 90° = 𝑂𝐵

sin 𝛼 = 𝐴𝐵
sin 𝜃

tan 𝜃 = 2
√

ℎ2−𝑎𝑏
𝑎+𝑏 = 2

√
ℎ2−𝑎𝑏

√(𝑎−𝑏)2+4ℎ2  ⇒ 𝐴𝐵 = 𝑂𝑃 sin 𝜃 = 2√𝑝2+𝑞2
√

ℎ2−𝑎𝑏
√(𝑎−𝑏)2+4ℎ2 .

20. From previous question 𝐴𝐵 = 2√𝑝2+𝑞2
√

ℎ2−𝑎𝑏
√(𝑎−𝑏)2+4ℎ2

∴ 2𝑘 = 2√𝑝2+𝑞2
√

ℎ2−𝑎𝑏
√(𝑎−𝑏)2+4ℎ2

Hence, locus of point 𝑃(𝑝, 𝑞) is (𝑥2 + 𝑦2)(ℎ2 − 𝑎𝑏) = 𝑘2[(𝑎 − 𝑏)2 + 4ℎ2].

21. Comparing with the general equation yields 𝑎 = 1, 𝑏 = −1. Since 𝑎 + 𝑏 = 0, the 

lines will be perpendicular to each other.

22. Like previour problem 𝑎 + 𝑏 = 0, the lines will be perpendicular to each other.

23. Comparing with the general equation yields 𝑎 = 1, 𝑏 = 1, ℎ = −𝑝.
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If 𝜃 is the angle between lines then tan 𝜃 = 2√𝑝2−1
2 = √𝑝2 − 1

⇒ 𝜃 = tan−1 √𝑝2 − 1.

24. Comparing with the general equation yields 𝑎 = 1, 𝑏 = 1, ℎ = − sec 𝜃.

If 𝛼 is the angle between the lines then tan 𝛼 = 2
√

sec2 𝜃−1
2 = tan 𝜃

Thus, the angle made by the pair of straight lines with one another is 𝜃.

25. The given equation is ((𝑥2 + 𝑦2) sin2 𝛼 = (𝑥 cos 𝛼 − 𝑦 sin2 𝛼)).

Expanding the right-hand side gives (𝑥2 cos2 𝛼 − 2𝑥𝑦 sin 𝛼 cos 𝛼 + 𝑦2 sin2 𝛼).

So the equation becomes 𝑥2 sin2 𝛼 + 𝑦2 sin2 𝛼 = 𝑥2 cos2 𝛼 − 2𝑥𝑦 sin 𝛼 cos 𝛼 +
𝑦2 sin2 𝛼.

Canceling 𝑦2 sin2 𝛼 from both sides gives 𝑥2 sin2 𝛼 − cos2 𝛼 + 2𝑥𝑦 sin 𝛼 cos 𝛼 = 0.

Using identities sin2 𝛼 − cos2 𝛼 = − cos 2𝛼 and 2 sin 𝛼 cos 𝛼 = sin 2𝛼, we get 
−𝑥2 cos 2𝛼 + 𝑥𝑦 sin 2𝛼 = 0.

Factoring gives 𝑥(−𝑥 cos 2𝛼 + 𝑦 sin 2𝛼) = 0.

So the two lines are 𝑥 = 0 and 𝑦 sin 2𝛼 − 𝑥 cos 2𝛼 = 0.

The first line has slope undefined, and the second line has slope 𝑚 = cos 2𝛼
sin 2𝛼 = cot 2𝛼.

Using the angle formula between lines, the angle between them is 2𝛼.

26. The given equation is 6𝑥2 − 5𝑥𝑦 − 6𝑦2 + 14𝑥 + 5𝑦 + 4 = 0.

Compare with the general second degree form 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 +
𝑐 = 0.

We identify 𝑎 = 6, 2ℎ = −5 so ℎ = −5
2 , and 𝑏 = −6.

To check if it represents a pair of straight lines, we use the condition 𝑎𝑏𝑐 + 2𝑓𝑔ℎ −
𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0.

Here 𝑔 = 7, 𝑓 = 5
2 , and 𝑐 = 4.

Substituting gives 6 ∗ (−6) ∗ 4 + 2 ∗ (5
2) ∗ 7 ∗ (−5

2) − 6 ∗ (5
2)2 − (−6) ∗ 72 − 4 ∗

(−5
2)2

.

This simplifies to −144 − 175
2 − 150

4 + 294 − 100
4 = 0, so the condition is satisfied.

Hence the equation represents a pair of straight lines.

Now for perpendicularity, we use the condition 𝑎 + 𝑏 = 0.

Here 𝑎 + 𝑏 = 6 + (−6) = 0, so the lines are perpendicular.

27. We identify 𝑎 = 16, 2ℎ = 24 so ℎ = 12, and 𝑏 = 9.

First check if it represents a pair of straight lines using the condition 𝑎𝑏𝑐 + 2𝑓𝑔ℎ −
𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0.

Here 𝑔 = 20, 𝑓 = 15, and 𝑐 = −75.



Substituting gives 16 ∗ 9 ∗ (−75) + 2 ∗ 15 ∗ 20 ∗ 12 − 16 ∗ 152 − 9 ∗ 202 − (−75) ∗
122.

This simplifies to −10800 + 7200 − 3600 − 3600 + 10800 = 0, so the condition is 

satisfied.

Hence it represents a pair of straight lines.

Now check for parallel lines using the condition ℎ2 = 𝑎𝑏.

Here ℎ2 = 122 = 144 and 𝑎𝑏 = 16 ∗ 9 = 144.

Since ℎ2 = 𝑎𝑏, the two lines are parallel.

28. 𝑎 = 1, ℎ = −5
2 , 𝑏 = 4, 𝑔 = 1

2 , 𝑓 = 1, and 𝑐 = −2.

Check the condition 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0.

Substituting gives 1 ∗ 4 ∗ (−2) + 2 ∗ 1 ∗ (1
2) ∗ (−5

2) − 1 ∗ 12 − 4 ∗ (1
2)2 − (−2) ∗

(−5
2)2

.

This simplifies to −8 − 5
2 − 1 − 1 − 25

2 = 0, so the condition is satisfied.

Hence it represents a pair of straight lines.

Now the angle between the lines is given by tan 𝜃 = 2 ∗
√

ℎ2−𝑎∗𝑏
𝑎+𝑏 .

Substitute ℎ2 = 25
4  and 𝑎 ∗ 𝑏 = 4. So ℎ2 − 𝑎 ∗ 𝑏 = 25

4 − 16
4 = 9

4 .

Then tan 𝜃 = 2∗3
2

5 = 3
5 ⇒ 𝜃 = tan−1 3

5 .

29. 𝑎 = 12, ℎ = 7
2 , 𝑏 = −𝑝, 𝑔 = −9, 𝑓 = 𝑞

2 , 𝑐 = 6.

For perpendicular lines: 𝑎 + 𝑏 = 0 gives 12 − 𝑝 = 0 so 𝑝 = 12.

Using 𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 gives 𝑞 = 1.

30. 2𝑥2 + 3𝑥𝑦 − 2𝑦2 = 0 ⇒ (2𝑥 − 𝑦)(𝑥 + 2𝑦) = 0, which gives two straight lines 

through origin and perpendicular to one another.

31. Given equation can be written as 2𝑥2 − (𝑦 − 9)𝑥 − (𝑦2 + 3𝑦 − 10) = 0

Solving for 𝑥 gives 4𝑥 = 𝑦 − 9 ± (3𝑦 + 1) ⇒ 𝑥 − 𝑦 + 2 = 0 and 2𝑥 + 𝑦 + 5 = 0.

32. We can write the given equation as a quadratic equation in 𝑥 as follows:

2𝑥2 + (5𝑦 + 6)𝑥 + (3𝑦2 + 7𝑦 + 4) = 0

Solving for 𝑥 yields 4𝑥 = −(5𝑦 + 6) ± (𝑦 + 2) ⇒ 𝑥 + 𝑦 + 1 = 0 and 2𝑥 + 3𝑦 + 4 =
0.

Point of intersection is (1, −2) and angle between them would be tan−1 1
5 .

33. We can write the given equation as a quadratic equation in 𝑥 as follows:

8𝑥2 + (8𝑦 + 26)𝑥 + 2𝑦2 + 13𝑦 + 15 = 0

Solving for 𝑥 yields 16𝑥 = −(8𝑦 + 26) ± 14 ⇒ 4𝑥 + 2𝑦 + 3 = 0 and 2𝑥 + 𝑦 + 5 =
0.

Thus, we have a pair of parallel straight lines.
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Perpendicular distance between them is 
|5−3

2 |√
22+1

= 7
2
√

5 .

34. We can write the given equation as a quadratic equation in 𝑥 as follows:

𝑥2 − (5𝑦 − 1)𝑥 + (4𝑦2 + 2𝑦 − 2) = 0

Solving for 𝑥 yields 2𝑥 = (5𝑦 − 1) ± 3(𝑦 − 1) ⇒ 𝑥 − 4𝑦 + 2 = 0 and 𝑥 − 𝑦 − 1 = 0

Lines parallel to these lines and passing through (1, 1) are given by

𝑥 − 4𝑦 − (1 − 4.2) = 0 and 𝑥 − 𝑦 − (1 − 1) = 0 i.e. 𝑥 − 4𝑦 + 3 = 0 and 𝑥 = 𝑦.

The combined equation is (𝑥 − 4𝑦 + 3)(𝑥 − 𝑦) = 0 ⇒ 𝑥2 − 5𝑥𝑦 + 4𝑦2 + 3𝑥 − 3𝑦 =
0

Thus, angle between lines is tan 𝜃 = |2√25
4 −4

1+4 | = 3
5 ⇒ 𝜃 = tan1− 3

5 .

35.

x

y

0.1

0.1

0.2

0.2

0.3

0.3

M

O(0, 0)

A(1/9, 2/9)

B(1/6, 1/12)

C(5/18, 11/36)

Given pair of lines is 2𝑥2 − 5𝑥𝑦 + 2𝑦2 = 0 ⇒ (𝑥 − 2𝑦)(2𝑥 − 𝑦) = 0 ⇒ 𝑥 − 2𝑦 = 0 

and 2𝑥 − 𝑦 = 0 are the two lines represenetd by it.

Let these sides are 𝑂𝐴 and 𝑂𝐵. Let the given diagonal be 𝐴𝐵 i.e. 5𝑥 + 2𝑦 = 1.

Solving with the parallel sides we get 𝐵 as (1
6 , 1

12) and 𝐴 as (1
9 , 2

9). Thus, mid-

point is ( 5
36 , 11

72).

Thus, equation of other diagonal would be 11𝑥 − 10𝑦 = 0 as it passes through 𝐻  

and 𝑂.

Thus, Δ𝑂𝐴𝐵 = 1
72  and area of parallelogram is 1

36 .



36.

x

y

O−2

−2

−1

−1

1

1

2

2

y = 9x

y = −x

V
A

B

P(f, g)

M₁

M₂

The given pair of lines is 𝑦2 − 8𝑥𝑦 − 9𝑥2 = 0 ⇒ 𝑦 − 9𝑥 = 0 and 𝑥 + 𝑦 = 0.

Let the vertex be (𝛼, 𝛽) then 9𝑦 + 𝑥 − (𝛼 + 9𝛽) = 0 and 𝑥 − 𝑦 + (𝛼 − 𝛽) = 0 will 

be the equation of two sides perpendicular to the bisectors.

Let two other vertices be (𝑥1, 𝑦1) and (𝑥2, 𝑦2). Then 9𝑦1 + 𝑥1 = 𝛼 + 9𝛽 and 𝑥2 −
𝑦2 = 𝛼 − 𝛽

Also, mid-points will be 
𝛼+𝑥1

2 ,(𝛽+𝑦1)
2  and 

𝛼+𝑥2
2 ,(𝛽+𝑦2)

2 .

Solving we get (𝑥1, 𝑦1) = (9𝛽−40𝛼
41 , 40𝛽+9𝛼

41 ) and (𝑥2, 𝑦2) = (−𝛽, −𝛼)

𝑃  is collinear with these two points, therefore,

|
𝑓

−𝛽
9𝛽−40𝛼

41

𝑔
−𝛼

40𝛽+9𝛼
41

1
1
1
| = 0

Thus, we get locus as 4(𝑥2 + 𝑦2) + (4𝑔 + 5𝑓)𝑥 + (4𝑓 − 5𝑔)𝑦 = 0.

37. The two pair of straight lines are 𝑦 − 𝑚𝑥 = ±𝑎
√

1 + 𝑚2 and 𝑦 − 𝑛𝑥 = ±𝑎
√

1 + 𝑛2

Clearly the two pairs are parallel to each other. The distance between the lines are 
|2𝑎| for all pairs.

Thus, the given pair of straight lines form a rhombus.

38. Comparing given equation with the general equation of second degree we have

𝑎 = 0, 𝑏 = 0, 𝑐 = 𝑐, ℎ = ℎ, 𝑔 = 𝑔, 𝑓 = 𝑓

Since the equation represents two straight lines, theerfore,

𝑎𝑏𝑐 + 2𝑓𝑔ℎ − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2 = 0 ⇒ 𝑐 = 2𝑓𝑔
ℎ

Thus, the equation becomes 2ℎ𝑥𝑦 + 2𝑔𝑥 + 2𝑓𝑦 + +2𝑓𝑔
ℎ = 0 ⇒ (ℎ𝑥 + 𝑓)(ℎ𝑦 + 𝑔) =

0



268  4. Answers of Pair of Straight Lines

𝑥 = −𝑓
ℎ , 𝑦 = − 𝑔

ℎ , and clearly, these lines will make a rectangle with coordinate axes.

Area of the rectangle is |−𝑓
ℎ | × |− 𝑔

ℎ | = |𝑓𝑔|
ℎ2 .

39. Assume given line represents a pair of straight lines: (𝑥 + 𝐴𝑦 + 𝐵)(𝑥 + 𝐶𝑦 +
𝐷) = 0.

Expanding, 𝑥2 + (𝐴 + 𝐶)𝑥𝑦 + 𝐴𝐶𝑦2 + (𝐵 + 𝐷)𝑥 + (𝐴𝐷 + 𝐵𝐶)𝑦 + 𝐵𝐷 = 0.

Comparing coefficients: 𝐴 + 𝐶 = −5, 𝐴𝐶 = 4, 𝐵 + 𝐷 = 1, 𝐴𝐷 + 𝐵𝐶 = 2, 𝐵𝐷 =
−2.

From 𝐴𝐶 = 4 and 𝐴 + 𝐶 = −5, we get 𝐴 = −1, 𝐶 = −4.

Now solve for 𝐵, 𝐷 using 𝐵 + 𝐷 = 1 and 𝐵𝐷 = −2, giving 𝐵 = −1, 𝐷 = 2.

Thus the factorization is (𝑥 − 𝑦 − 1)(𝑥 − 4𝑦 + 2) = 0.

Hence, the separate equations of the lines are 𝑥 − 𝑦 − 1 = 0 and 𝑥 − 4𝑦 + 2 = 0.

40. The given homogeneous equations represent pairs of straight lines through the 
origin.

First equation is 𝑥2 − 6𝑥𝑦 + 3𝑦2 = 0. Divide by 𝑥2 assuming 𝑥 ≠ 0 to get 1 −
6(𝑦

𝑥) + 3(𝑦
𝑥)2 = 0.

Let 𝑚 = 𝑦
𝑥 . Then 3𝑚2 − 6𝑚 + 1 = 0.

The slopes are given by 𝑚 = 6+−
√

36−12
6 = 6+−2

√
6

6 = 1 + −
√

6
3 .

So the slopes are 𝑚1 = 1 +
√

6
3  and 𝑚2 = 1 −

√
6

3 .

Second equation is 3𝑥2 + 6𝑥𝑦 + 𝑦2 = 0. Divide by 𝑥2 to get 3 + 6(𝑦
𝑥) + (𝑦

𝑥)2 = 0.

Let 𝑚 = 𝑦
𝑥 . Then 𝑚2 + 6𝑚 + 3 = 0.

The slopes are 𝑚 = −6+−
√

36−12
2 = −6+−2

√
6

2 = −3 + −
√

6.

So the slopes are 𝑚3 = −3 +
√

6 and 𝑚4 = −3 −
√

6.

Now check perpendicularity using the condition that the product of slopes is −1.

Compute 𝑚1𝑚3 = (1 +
√

6
3 )(−3 +

√
6) = −3 +

√
6 −

√
6 + 2 = −1.

So 𝑚1 is perpendicular to 𝑚3.

Compute 𝑚2𝑚4 = (1 −
√

6
3 )(−3 −

√
6) = −3 −

√
6 +

√
6 + 2 = −1.

So 𝑚2 is perpendicular to 𝑚4.

Thus each line from the first equation is perpendicular to one line from the second 
equation.

41. Given pairs of lines are 𝑦2 + 𝑥𝑦 − 12𝑥2 = 0 and 4𝑦2 − 13𝑥𝑦 + 3𝑥2 = 0

𝑦2 + 𝑥𝑦 − 12𝑥2 = 𝑦2 + 4𝑥𝑦 − 3𝑥𝑦 − 12𝑥2 = 0 ⇒ (𝑦 + 4𝑥)(𝑦 − 3𝑥) = 0

4𝑦2 − 13𝑥𝑦 + 3𝑥2 = 4𝑦2 − 12𝑥𝑦 − 𝑥𝑦 + 3𝑥2 = (𝑦 − 3𝑥)(4𝑦 − 𝑥) = 0



We see that 𝑦 − 3𝑥 = 0 conincides and the other pair i.e. 𝑦 + 4𝑥 = 0 and 4𝑦 − 𝑥 =
0 are perpendicular to one another.

42. 𝑥2 − 7𝑥𝑦 + 12𝑦2 = 𝑥2 − 3𝑥𝑦 − 4𝑥𝑦 + 12𝑦2 = (𝑥 − 3𝑦)(𝑥 − 4𝑦) = 0

12𝑥2 + 7𝑥𝑦 + 𝑦2 = 12𝑥2 + 3𝑥𝑦 + 4𝑥𝑦 + 𝑦2 = (4𝑥 + 𝑦)(3𝑥 + 𝑦) = 0

Clearly, the lines are perpendicular to each other.

43. From 𝑥2 − 7𝑥 + 6 = 0 we get (𝑥 − 1)(𝑥 − 6) = 0, so the lines are 𝑥 = 1 and 𝑥 = 6.

From 𝑦2 − 14𝑦 + 40 = 0 we get (𝑦 − 4)(𝑦 − 10) = 0, so the lines are 𝑦 = 4 and 

𝑦 = 10.

These four lines form a rectangle with vertices at (1, 4), (1, 10), (6, 4) and (6, 10).

The diagonals join opposite vertices.

First diagonal passes through (1, 4) and (6, 10). Its slope is 10−4
6−1 = 6

5 .

Using point-slope form 𝑦 − 4 = (6
5)(𝑥 − 1) which simplifies to 6𝑥 − 5𝑦 + 14 = 0.

Second diagonal passes through (1, 10) and (6, 4). Its slope is 4−10
6−1 = −6

5 .

Using point-slope form 𝑦 − 10 = (−6
5)(𝑥 − 1) which simplifies to 6𝑥 + 5𝑦 − 56 =

0.

44. The equation 3𝑥2 + 8𝑥𝑦 − 3𝑦2 = 0 represents a pair of straight lines through the 

origin.

Divide by 𝑥2 and put 𝑚 = 𝑦
𝑥 . Then 3 + 8𝑚 − 3𝑚2 = 0 which gives 3𝑚2 − 8𝑚 −

3 = 0.

Solving, 𝑚 = 8+−
√

64+36
6 = 8+−10

6 . So 𝑚 = 3 and 𝑚 = −1
3 .

Thus the lines are 𝑦 = 3𝑥 and 𝑦 = −𝑥
3 .

Now consider 3𝑥2 + 8𝑥𝑦 − 3𝑦2 + 2𝑥 − 4𝑦 − 1 = 0. This represents another pair of 

lines parallel to the first pair.

Rewrite it as 3𝑥2 + 8𝑥𝑦 − 3𝑦2 + 2𝑥 − 4𝑦 − 1 = (𝑦 − 3𝑥 + 1)(3𝑦 + 𝑥 + 1).

So the lines are 𝑦 = 3𝑥 − 1 and 𝑦 = −𝑥
3 − 1

3 .

Hence we have two pairs of parallel lines 𝑦 = 3𝑥 and 𝑦 = 3𝑥 − 1, 𝑦 = −𝑥
3  and 𝑦 =

−𝑥
3 − 1

3 .

The slopes satisfy 3 ∗ (−1
3) = −1, so the adjacent sides are perpendicular. Also the 

perpendicular distance between each pair is equal.

Distance between 𝑦 = 3𝑥 and 𝑦 = 3𝑥 − 1 is 1√
1+9 = 1√

10 .

Distance between 𝑦 = −𝑥
3  and 𝑦 = −𝑥

3 − 1
3  is 

1
3

√1+1
9

= 1√
10 .

Thus the four lines form a square.

Vertices are obtained by intersection of adjacent lines
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Intersection of 𝑦 = 3𝑥 and 𝑦 = −𝑥
3  gives (0, 0), Intersection of 𝑦 = 3𝑥 − 1 and 𝑦 =

−𝑥
3  gives ( 3

10 , − 1
10), Intersection of 𝑦 = 3𝑥 and 𝑦 = −𝑥

3 − 1
3  gives (− 1

10 , − 3
10), and 

Intersection of 𝑦 = 3𝑥 − 1 and 𝑦 = −𝑥
3 − 1

3  gives (1
5 , −2

5).

One diagonal joins (0, 0) and (1
5 , −2

5). Slope is −2 so equation is 𝑦 = −2𝑥 or 2𝑥 +
𝑦 = 0.

Other diagonal joins ( 3
10 , − 1

10) and (− 1
10 , − 3

10). Slope is 1
2 . Using point-slope form 

𝑦 + 1
10 = (1

2)(𝑥 − 3
10) which simplifies to 𝑥 − 2𝑦 − 1

2 = 0.

45. 2𝑥2 − 5𝑥𝑦 − 3𝑦2 − 2𝑥 + 6𝑦 = (2𝑥2 − 5𝑥𝑦 − 3𝑦2) + (−2𝑥 + 6𝑦).

Factor the quadratic part 2𝑥2 − 5𝑥𝑦 − 3𝑦2 = (2𝑥 + 𝑦)(𝑥 − 3𝑦).

So the equation becomes (2𝑥 + 𝑦)(𝑥 − 3𝑦) − 2(𝑥 − 3𝑦).

Factor out (𝑥 − 3𝑦) = (𝑥 − 3𝑦)(2𝑥 + 𝑦 − 2).

Hence the given equation reduces to (𝑥 − 3𝑦)(2𝑥 + 𝑦 − 2) = 0.

Therefore it represents two straight lines 𝑥 − 3𝑦 = 0 and 2𝑥 + 𝑦 − 2 = 0.

From 𝑥 − 3𝑦 = 0 we get 𝑥 = 3𝑦. Substitute into 2𝑥 + 𝑦 − 2 = 0 ⇒ 2(3𝑦) + 𝑦 − 2 =
0 ⇒ 7𝑦 = 2 so 𝑦 = 2

7 . Then 𝑥 = 3𝑦 = 6
7 .

46. Let one line represents by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 is 𝑦 − 𝑚𝑥 = 0. Thus,

𝑎𝑚2𝑥2 + 2ℎ𝑥𝑚𝑥 + 𝑏𝑚2𝑥2 = 0 ⇒ 𝑎 + 2ℎ𝑚 + 𝑏𝑚2 = 0

Then according to question on of the lines of 𝑎1𝑥2 + 2ℎ1𝑥𝑦 + 𝑏1𝑦2 = 0 would be 

𝑚𝑦 + 𝑥 = 0

⇒ 𝑎1(−𝑚𝑦)2 + 2ℎ(−𝑚𝑦)𝑦 + 𝑏1𝑦2 = 0 ⇒ 𝑏1 − 2ℎ1𝑚 + 𝑎1𝑚2 = 0

From two obtained equation we cross-multiply to get

1
2(ℎ𝑎1+ℎ1𝑏) = 𝑚

𝑏𝑏1−𝑎𝑎1
= 𝑚2

−2(𝑎ℎ1+𝑏1ℎ)

Thus, (𝑏𝑏1 − 𝑎 𝑎1
2(ℎ𝑎1+ℎ1𝑏) = −2(𝑎ℎ1+𝑏1ℎ)

𝑏𝑏1−𝑎𝑎1

⇒ (𝑏𝑏1 − 𝑎𝑎1)
2 + 4(ℎ1𝑎 + 𝑏1ℎ)(ℎ𝑎1 + 𝑏ℎ1) = 0.

47. Consider the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 which represents two straight lines 

through the origin.

Let their slopes be 𝑚1 and 𝑚2. Put 𝑦 = 𝑚𝑥 so that 𝑎 + 2ℎ𝑚 + 𝑏𝑚2 = 0 or 𝑏𝑚2 +
2ℎ𝑚 + 𝑎 = 0.

Thus 𝑚1 and 𝑚2 are the roots of 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0.

So 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏 .

Given that one slope is 𝜆 times the other, let 𝑚1 = 𝜆𝑚2.

Then 𝑚1 + 𝑚2 = 𝜆𝑚2 + 𝑚2 = (1 + 𝜆)𝑚2 and 𝑚1𝑚2 = 𝜆𝑚2
2.

Using 𝑚1𝑚2 = 𝑎
𝑏  we get 𝜆𝑚2

2 = 𝑎
𝑏  so 𝑚2

2 = 𝑎
𝑏𝜆 .

Now using 𝑚1 + 𝑚2 = −2ℎ
𝑏  we get (1 + 𝜆)𝑚2 = −2ℎ

𝑏 .



⇒ (1+𝜆
2ℎ )2 = 𝜆

𝑎𝑏 .

48. Consider the equation 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 which represents two straight lines 

through the origin.

Let their slopes be 𝑚1 and 𝑚2. Putting 𝑦 = 𝑚𝑥, we get 𝑎 + 2ℎ𝑚 + 𝑏𝑚2 = 0 or 

𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0.

Thus 𝑚1 and 𝑚2 are the roots of this equation, so 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏 .

Given that one slope is the square of the other, let 𝑚1 = 𝑚2
2.

Then 𝑚1𝑚2 = 𝑚3
2 = 𝑎

𝑏  so 𝑚3
2 = 𝑎

𝑏 .

Also 𝑚1 + 𝑚2 = 𝑚2
2 + 𝑚2 = −2ℎ

𝑏 .

Multiply this by 𝑚2, 𝑚3
2 + 𝑚2

2 = (−2ℎ
𝑏 )𝑚2.

Using 𝑚3
2 = 𝑎

𝑏 , we get 𝑎
𝑏 + 𝑚2

2 = (−2ℎ
𝑏 )𝑚2.

Multiply by 𝑏, 𝑎 + 𝑏𝑚2
2 = −2ℎ𝑚2.

Now square both sides, (𝑎 + 𝑏𝑚2
2)

2 = 4ℎ2𝑚2
2.

Expand, 𝑎2 + 2𝑎𝑏𝑚2
2 + 𝑏2𝑚4

2 = 4ℎ2𝑚2
2.

Divide throughout by 𝑎𝑏, 𝑎
𝑏 + 2𝑚2

2 + ( 𝑏
𝑎)𝑚4

2 = (4ℎ2

𝑎𝑏)𝑚2
2.

Now use 𝑚3
2 = 𝑎

𝑏 .

Then 𝑚4
2 = 𝑚2 ∗ 𝑚3

2 = 𝑚2 ∗ (𝑎
𝑏 ) and 𝑚2

2 =
𝑎
𝑏

𝑚2
.

Substitute these into the equation and simplify. After simplification, we obtain 𝑎+𝑏
ℎ +

8ℎ2

𝑎𝑏 = 6.

49. Each represents a pair of straight lines through the origin. Let a common line have 
slope 𝑚. Then it must satisfy both equations.

Putting 𝑦 = 𝑚𝑥 in each equation, we get 𝑎 + 2ℎ𝑚 + 𝑏𝑚2 = 0 and 𝑎′ + 2ℎ′𝑚 +
𝑏′𝑚2 = 0.

Thus 𝑚 is a common root of the two quadratic equations 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0 and 

𝑏′𝑚2 + 2ℎ′𝑚 + 𝑎′ = 0.

For these two quadratics to have a common root, the condition is (𝑎𝑏′ − 𝑎′𝑏)2 =
4(𝑎ℎ′ − 𝑎′ℎ)(ℎ𝑏′ − ℎ′𝑏).

50. Comparing given equation with the general equation in second degree gives us

𝑎 = 3, 2ℎ = −5 and 𝑏 = 4.

We know that the equation of bisector of angles is given by 𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ

Substituting the values yields 5𝑥2 − 2𝑥𝑦 − 5𝑦2 = 0.

51. The line 𝑥 + 2𝑦 = 7 will be equally inclined to the lines 135𝑥2 − 136𝑥𝑦 + 33𝑦2 =
0 if it is parallel to bisector of lines of 135𝑥2 − 136𝑥𝑦 + 33𝑦2 = 0.

Comparing given equation with the general equation in second degree gives us
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𝑎 = 135, 2ℎ = −136 and 𝑏 = 33.

Equation of bisectors is given by 𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ

Substituting the values we obtain 2𝑥2 + 3𝑥𝑦 − 2𝑦2 = 0 ⇒ (𝑥 + 2𝑦)(2𝑥 − 𝑦) = 0.

Clearly, the given line is parallel to 𝑥 + 2𝑦 = 0.

52. The two pair of straight lines will be equally inclined if they have the same bisectors.

For 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 the bisectors are given by 𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ

For 𝑎2𝑥2 + 2ℎ(𝑎 + 𝑏)𝑥𝑦 + 𝑏2𝑦2 = 0 the bisectors are given by 𝑥2−𝑦2

𝑎2−𝑏2 = 𝑥𝑦
ℎ(𝑎+𝑏) ⇒

𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ .

Thus, bisectors are same for them, and hence, they are equally inclined.

53. The bisectors of 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 are given by 𝑥2−𝑦2

𝑎−𝑏 = 𝑥𝑦
ℎ

⇒ ℎ𝑥2 − (𝑎 − 𝑏)𝑥𝑦 − ℎ𝑦2 = 0, whose bisectors are given by

𝑥2−𝑦2

2ℎ = 𝑥𝑦
−𝑎−𝑏

2
⇒ (𝑎 − 𝑏)(𝑥2 − 𝑦2) + 4ℎ𝑥𝑦 = 0.

54. Equation of the bisectors for the second equation is 𝑥2−𝑦2

1−(−1) = 𝑥𝑦
− 𝑞 ⇒ 𝑞𝑥2 + 2𝑥𝑦 −

𝑞𝑦2 = 0, which is given to be the same as first equation.

Comparing coefficients 1
𝑞 = −2𝑝

2 = 1
𝑞 ⇒ 𝑝𝑞 = −1.

55. Given pair of lines is 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 𝜆(𝑥2 + 𝑦2)

The equation of bisectors is given by 𝑥2−𝑦2

𝑎−𝜆−𝑏+𝜆 = 𝑥𝑦
ℎ , which is independent of 𝜆. 

Hence, proven.

56. Equation of bisectors for lines 𝑎𝑥2 + 𝑎𝑐𝑥𝑦 + 𝑐𝑦2 = 0 is given by

𝑥2−𝑦2

𝑎−𝑐 = 𝑥𝑦
𝑎𝑐
2

= 2𝑥𝑦
𝑎𝑐 .

Equation of bisectors for lines (3 + 1
𝑐)𝑥2 + 𝑥𝑦 + (3 + 1

𝑎)𝑦2 = 0 us given by

𝑥20𝑦2

3+1
𝑐−3−1

𝑎
= 𝑥𝑦

1
2

⇒ 𝑥2−𝑦2

𝑎−𝑐 = 𝑥𝑦
𝑎𝑐
2

= 2𝑥𝑦
𝑎𝑐 , which is same as previous bisectors.

57. The lines will be equally inclined if their bisectors are parallel. The bisectors of 
2𝑥2 + 6𝑥𝑦 + 𝑦2 = 0 are given by

𝑥2−𝑦2

2−1 = 𝑥𝑦
3 ⇒ 3(𝑥2 − 𝑦2) = 𝑥𝑦.

The bisectors of 4𝑥2 + 18𝑥𝑦 + 𝑦2 = 0 are given by

𝑥2−𝑦2

4−1 = 𝑥𝑦
9 ⇒ 3(𝑥2 − 𝑦2) = 𝑥𝑦.

Since the bisectors are same the lines are equally inclined.

58. Since the rotation of lines balance each other the bisectors in new position will be 
same as bisectors of the original position.

Thus, equation of bisectors of angles between the lines 𝑥2 − 2𝑝𝑥𝑦 − 𝑦2 = 0 is 

given by

𝑥2−𝑦2

2 = −𝑥𝑦
𝑝 .



59. Let the pair of lines be given by the homogeneous second degree equation 𝑎𝑥2 +
2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.

Since one of these lines is the bisector of the angle between the coordinate axes, it 
must be either 𝑦 = 𝑥 or 𝑦 = −𝑥, because these are the angle bisectors of the axes.

Substitute 𝑦 = 𝑥 into the given equation 𝑎𝑥2 + 2ℎ𝑥𝑥 + 𝑏𝑥2 = 0 which simplifies 

to (𝑎 + 2ℎ + 𝑏)𝑥2 = 0.

For this to represent a line, the coefficient must be zero, so 𝑎 + 𝑏 + 2ℎ = 0.

Now substitute 𝑦 = −𝑥 into the equation 𝑎𝑥2 + 2ℎ𝑥(−𝑥) + 𝑏𝑥2 = 0

which simplifies to (𝑎 − 2ℎ + 𝑏)𝑥2 = 0. Thus we get 𝑎 + 𝑏 − 2ℎ = 0.

In either case, the condition for one of the lines to be an angle bisector is that 
either 𝑎 + 𝑏 + 2ℎ = 0 or 𝑎 + 𝑏 − 2ℎ = 0.

Both can be written together as 𝑎 + 𝑏 = ±2ℎ.

Squaring both sides gives (𝑎 + 𝑏)2 = 4ℎ2.

60. First consider the pair of lines 𝑥2 + 𝑥𝑦 − 2𝑦2 + 4𝑥 − 𝑦 + 3 = 0.

Assume a line through the origin has slope 𝑚, so it is 𝑦 = 𝑚𝑥. Substituting in the 

homogeneous equation gives 𝑥2 + 𝑚𝑥2 − 2𝑚2𝑥2 = 0.(we consider only homoge

neous part)

After dividing by 𝑥2 we obtain 1 + 𝑚 − 2𝑚2 = 0.

Thus the slopes of the two given lines satisfy 2𝑚2 − 𝑚 − 1 = 0.

Let the roots be 𝑚1 and 𝑚2. Then 𝑚1 + 𝑚2 = 1
2  and 𝑚1𝑚2 = −1

2 .

The slopes of the angle bisectors satisfy (1 − 𝑚1𝑚2)𝑚2 + (𝑚1 + 𝑚2)𝑚 − (1 −
𝑚1𝑚2) = 0.

Substituting the values gives (1 + 1
2)𝑚2 + 1

2𝑚 − (1 + 1
2) = 0.

Multiplying by 2 simplifies this to 3𝑚2 + 𝑚 − 3 = 0.

Hence the bisectors through the origin have slopes satisfying 3𝑚2 + 𝑚 − 3 = 0.

Now the required lines pass through (1, 2) and are parallel to these bisectors, so 

their form is 𝑦 − 2 = 𝑚(𝑥 − 1).

Eliminating 𝑚 using the quadratic condition gives the combined equation 
3(𝑦 − 2)2 + (𝑦 − 2)(𝑥 − 1) − 3(𝑥 − 1)2 = 0.

61. Given line is 𝑓𝑥 − 𝑔𝑦 = 𝜆 ⇒ 𝑓𝑥−𝑔𝑦
𝜆 = 1.

Given equation is 𝑥2 + ℎ𝑥𝑦 − 𝑦2 + 𝑔𝑥 + 𝑓𝑦 = 0

⇒ 𝑥2 + ℎ𝑥𝑦 − 𝑦2 + 𝑔𝑥𝑓𝑥−𝑔𝑦
𝜆 + 𝑓𝑦 𝑓𝑥−𝑔𝑦

𝜆 = 0

⇒ (𝜆 + 𝑓𝑔)𝑥2 + (𝜆ℎ − 𝑔2 + 𝑓2)𝑥𝑦 − (𝜆 + 𝑓𝑔)𝑦2 = 0

The above equation represents two lines through origin to the point of intersection 
of given line and curve.

Coeff. of 𝑥2 + Coeff. of 𝑦2 = 0. Hence, the lines are perpendicular to each other.
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62. 𝑦 − 3𝑥 = 2 ⇒ 𝑦−3𝑥
2 = 1. Now equation of the curve is 𝑥2 + 2𝑥𝑦 + 3𝑦2 + 4𝑥 + 8𝑦 −

11 = 0

⇒ 𝑥2 + 2𝑥𝑦 + 3𝑦2 + 4𝑥(𝑦−3𝑥)
2 + 8𝑦(𝑦−3𝑥)

2 − 11 (𝑦−3𝑥)2

4 = 0

⇒ 7𝑥2 − 2𝑥𝑦 − 𝑦2 = 0.

This is the equation of the lines passing through origin and point of intersection 
of the given line and curve.

Angle between lines is 𝜃 = tan−1|2
√

ℎ2−𝑎𝑏
𝑎+𝑏 | = tan−1 2

√
2

5 .

63. We can write 𝑥2

𝑎2 + 𝑦2

𝑏2 = (− 𝑙𝑥+𝑚𝑦
𝑛 )

2

⇒ 𝑥2( 1
𝑎2 − 𝑙2

𝑛2 ) − 2𝑚𝑙
𝑛2 𝑥𝑦 + 𝑦2( 1

𝑏2 − 𝑚2

𝑛2 ) = 0

which is of the form 𝐴𝑥2 + 2𝐻𝑥𝑦 + 𝐵𝑦2 = 0 i.e. the lines pass through origin and 

point of intersection of the given curve and the given line.

The lines obtained will coincident if 𝐻2 − 𝐴𝐵 = 0. Substituting the values yields

𝑎2𝑙2 + 𝑏2𝑚2 = 𝑛2. Hence, proved.

64. The pair of lines which joing the origin to the point of intersection of the two 
gives curves can be obtained by making the given curves homogeneous.

Multiplying first with 𝑔1 and second with 𝑔 and subtracting yields

(𝑎𝑔1 − 𝑎1𝑔)𝑥2 + 2(ℎ𝑔1 − ℎ1𝑔)𝑥𝑦 + (𝑏𝑔1 − 𝑏1𝑔)𝑦2 = 0

These lines will be perpendicular to each other if 𝑎𝑔1 − 𝑎1𝑔 + 𝑏𝑔1 − 𝑏1𝑔 = 0

⇒ 𝑔(𝑎1 + 𝑏1) = 𝑔1(𝑎 + 𝑏).

65. The required lines pass through the origin and the points of intersection of 3𝑥 +
4𝑦 = 5 and 2𝑥2 + 3𝑦2 = 5.

Let the slope of such a line be 𝑚, so its equation is 𝑦 = 𝑚𝑥.

Substitute 𝑦 = 𝑚𝑥 into the line 3𝑥 + 4(𝑚𝑥) = 5 which gives 𝑥(3 + 4𝑚) = 5 and 

hence 𝑥 = 5
3+4𝑚 .

Now substitute 𝑥 and 𝑦 = 𝑚𝑥 into the curve 2𝑥2 + 3𝑦2 = 5.

This gives 2𝑥2 + 3𝑚2𝑥2 = 5 or 𝑥2(2 + 3𝑚2) = 5.

Substitute 𝑥 = 5
3+4𝑚 , ( 5

3+4𝑚)
2
(2 + 3𝑚2) = 5.

This simplifies to 𝑚2 + 24𝑚 − 1 = 0.

Thus the slopes satisfy 𝑚2 + 24𝑚 − 1 = 0.

Replacing 𝑚 by 𝑦
𝑥  gives the combined equation of the pair of lines (𝑦

𝑥)2 + 24(𝑦
𝑥) −

1 = 0.

Multiplying by 𝑥2 we obtain 𝑦2 + 24𝑥𝑦 − 𝑥2 = 0.

Hence the required pair of straight lines is 𝑦2 + 24𝑥𝑦 − 𝑥2 = 0.

66. Let the required lines through the origin have slope 𝑚, so 𝑦 = 𝑚𝑥.



From 3𝑥 − 2𝑦 = 1, substitute 𝑦 = 𝑚𝑥, 𝑥(3 − 2𝑚) = 1 so 𝑥 = 1
3−2𝑚 .

Substitute in 3𝑥2 + 5𝑥𝑦 − 3𝑦2 + 2𝑥 + 3𝑦 = 0 ⇒ 𝑥2(3 + 5𝑚 − 3𝑚2) + 𝑥(2 +
3𝑚) = 0.

Put 𝑥 = 1
3−2𝑚  and simplify 3 + 5𝑚 − 3𝑚2 + (2 + 3𝑚)(3 − 2𝑚) = 0.

This gives 9𝑚2 − 10𝑚 − 9 = 0.

If slopes are 𝑚1 and 𝑚2, then 𝑚1𝑚2 = −1. Hence, the lines are perpendicular.

67. Given 𝑦 = 𝑚𝑥 + 𝑐 and 𝑥2 + 𝑦2 = 𝑎2.

Substituting 𝑥2 + (𝑚𝑥 + 𝑐)2 = 𝑎2 ⇒ (1 + 𝑚2)𝑥2 + 2𝑚𝑐𝑥 + (𝑐2 − 𝑎2) = 0

Let roots be 𝑥1, 𝑥2. Then 𝑥1 + 𝑥2 = − 2𝑚𝑐
1+𝑚2 , and 𝑥1𝑥2 = 𝑐2−𝑎2

1+𝑚2

Slopes of lines from origin are 𝑠1 = 𝑚 + 𝑐
𝑥1

, 𝑠2 = 𝑚 + 𝑐
𝑥2

Product is 𝑠1𝑠2 = 𝑚2 + 𝑚𝑐( 1
𝑥1

+ 1
𝑥2

) + 𝑐2

𝑥1𝑥2

Using identity: 1
𝑥1

+ 1
𝑥2

= 𝑥1+𝑥2
𝑥1𝑥2

Simplifying, 𝑠1𝑠2 = 𝑐2−𝑚2𝑎2

𝑐2−𝑎2

For perpendicular lines: 𝑠1𝑠2 = −1

So, 𝑐2−𝑚2𝑎2

𝑐2−𝑎2 = −1 ⇒ 2𝑐2 = 𝑎2(1 + 𝑚2).

68. Let the required lines from origin be 𝑦 = 𝑘𝑥.

Point of intersection satisfies both: 𝑙𝑥 + 𝑚𝑘𝑥 + 𝑛 = 0 ⇒ 𝑥(𝑙 + 𝑚𝑘) + 𝑛 = 0 ⇒ 𝑥 =
− 𝑛

𝑙+𝑚𝑘

Also from parabola: (𝑘𝑥)2 = 4𝑎𝑥 ⇒ 𝑘2𝑥2 = 4𝑎𝑥

Substituting 𝑥, 𝑘2(− 𝑛
𝑙+𝑚𝑘)

2
= 4𝑎(− 𝑛

𝑙+𝑚𝑘)

Simplifying, 𝑘2𝑛2 = −4𝑎𝑛(𝑙 + 𝑚𝑘)

Rearrangeing 𝑛𝑘2 + 4𝑎𝑚𝑘 + 4𝑎𝑙 = 0

So slopes 𝑘1, 𝑘2 satisfy: 𝑘1𝑘2 = 4𝑎 𝑙
𝑛

Hence the required lines are given by: 𝑦 = 𝑘𝑥 where 𝑘 satisfies 𝑛𝑘2 + 4𝑎𝑚𝑘 +
4𝑎𝑙 = 0
Condition for perpendicularity is 𝑘1𝑘2 = −1

So, 4𝑎 𝑙
𝑛 = −1 ⇒ 4𝑎𝑙 + 𝑛 = 0.

69. Expanding (𝑥 − 3)2 + (𝑦 − 4)2 = 𝑐2 gives 𝑥2 + 𝑦2 − 6𝑥 − 8𝑦 + (25 − 𝑐2) = 0.

Homogenizing with 4𝑥+3𝑦
24 = 1 yields the joint equation of lines from the origin.

−1200𝑥𝑦 + (25 − 𝑐2)(16𝑥2 + 24𝑥𝑦 + 9𝑦2) = 0

For perpendicular lines the condition is 𝑎 + 𝑏 = 0, where 𝑎 and 𝑏 are the coefficients 

of 𝑥2 and 𝑦2:
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16(25 − 𝑐2) + 9(25 − 𝑐2) = 0 ⇒ 25(25 − 𝑐2) = 0 ⇒ 𝑐 = ±5.

70. Homogenizing 𝑥2 + 𝑦2 = 1 with 𝑦 − 𝑚𝑥 = 1 gives 𝑥2 + 𝑦2 − (𝑦 − 𝑚𝑥)2 = 0,

which expands to 𝑥2 + 𝑦2 − 𝑦2 + 2𝑚𝑥𝑦 − 𝑚2𝑥2 = 0, i.e. (1 − 𝑚2)𝑥2 + 2𝑚𝑥𝑦 = 0.

For perpendicular lines, 𝑎 + 𝑏 = 0, so the sum of coefficients of 𝑥2 and 𝑦2 must 

vanish, i.e. (1 − 𝑚2) + 0 = 0, giving 𝑚2 = 1, hence 𝑚 = ±1.

71. Rewrite the circle as 𝑥2 + 𝑦2 − 2ℎ𝑥 − 2𝑘𝑦 + (ℎ2 + 𝑘2 − 𝑐2) = 0 and homogenize 

using 1 = 𝑘𝑥+ℎ𝑦
2ℎ𝑘 :

𝑥2 + 𝑦2 − 2ℎ𝑥 ⋅ 𝑘𝑥+ℎ𝑦
2ℎ𝑘 − 2𝑘𝑦 ⋅ 𝑘𝑥+ℎ𝑦

2ℎ𝑘 + (ℎ2 + 𝑘2 − 𝑐2) ⋅ (𝑘𝑥+ℎ𝑦
2ℎ𝑘 )

2
= 0.

The coefficient of 𝑥2 is 1 − 1 + ℎ2+𝑘2−𝑐2

4ℎ2 = (ℎ2 + 𝑘2 − 𝑐2) 𝑎
4ℎ2  and of 𝑦2 is

ℎ2+𝑘2−𝑐2

4𝑘2 . Applying the perpendicularity condition 𝑎 + 𝑏 = 0:

(ℎ2 + 𝑘2 − 𝑐2)[( 1
4ℎ2 ) + ( 1

4𝑘2 )] = 0 ⇒ (ℎ2 + 𝑘2 − 𝑐2) ⋅ ℎ2+𝑘2

4ℎ2𝑘2 = 0.

Since ℎ, 𝑘 ≠ 0, the second factor is nonzero, so ℎ2 + 𝑘2 = 𝑐2.

72. Let the straight lines represented be 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 for 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 = 0

Then, 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏

The lines perpendicular to these would be 𝑥 + 𝑚1𝑦 = 0 and 𝑥 + 𝑚2𝑦 = 0. Thus, 

combined equation is

(𝑥 + 𝑚1𝑦)(𝑥 + 𝑚2𝑦) ⇒ 𝑏𝑥2 − 2ℎ𝑥𝑦 + 𝑎𝑦2 = 0.

73. Let one of the lines have slope 𝑚 then another line will have slope 𝑚𝜆. Thus,

(𝑦 − 𝑚𝑥)(𝑦 − 𝑚𝜆𝑥) = 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑏𝑦2 ⇒ 𝑚(1 + 𝜆) = −2ℎ
𝑏  and 𝜆𝑚2 = 𝑎

𝑏

⇒ (1+𝜆)2

𝜆 =
4ℎ2

𝑏2
𝑎
𝑏 = 4ℎ2

𝑎𝑏 .

74. Let (𝑦 − 𝑚1𝑥)(𝑦 − 𝑚2𝑥) = 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑏𝑦2 ⇒ 𝑚1 + 𝑚2 = −2ℎ
𝑏 , 𝑚1𝑚2 = 𝑎

𝑏

Let 𝑝1 and 𝑝2 be the length of the perpendiculars from (𝑥1, 𝑦1) on the two lines. 

Then

𝑝1𝑝2 = 𝑦1−𝑚1𝑥1
√1+𝑚2

1

𝑦1−𝑚2𝑥1
√1+𝑚2

2
= 𝑦2

1−(𝑚1+𝑚2)𝑥1𝑦1+𝑚1𝑚2𝑥2
1

√1+𝑚2
1+𝑚2

2+𝑚2
1𝑚2

2

= 𝑎𝑥2
1+2ℎ𝑥1𝑦1+𝑏𝑦2

1
√(𝑎−𝑏)2+4ℎ2 .

75. Let (𝑦 − 𝑚1𝑥)(𝑦 − 𝑚2𝑥) = 𝑎𝑥2 + 2𝑏𝑥𝑦 + 𝑏𝑦2 ⇒ 𝑚1 + 𝑚2 = −2ℎ
𝑏 , 𝑚1𝑚2 = 𝑎

𝑏 .

If 𝑚1 = tan 𝜃1 and 𝑚2 = tan 𝜃2 then the equation of lines making an angle of 45° 

with these lines will be given by

(𝑦 − tan(𝜃1 − 45°))(𝑦 − tan(𝜃2 − 45°)) = 0

(𝑦 − 𝑚1−1
1+𝑚1

𝑥)(𝑦 − 𝑚2−1
1+𝑚2

𝑥) = [(1 + 𝑚1)𝑦 − (𝑚1 − 1)𝑥][(1 + 𝑚2)𝑦 − (𝑚2 − 1)𝑥] =
0



(1 + 𝑚1 + 𝑚2 + 𝑚1𝑚2)𝑦2 + [𝑚1𝑚2 − (𝑚1 + 𝑚2) + 1]𝑥2 + 2(𝑚1𝑚2 − 1)𝑥𝑦 = 0

Substituting the values yields (𝑎 + 2𝑏 + 𝑏)𝑥2 − 2(𝑎 − 𝑏)𝑥𝑦 + (𝑎 − 2ℎ + 𝑏)𝑦2 = 0.

76. Let the equation of any line through the origin (0, 0) be 𝑦 − 𝑚𝑥 = 0.

Distance from (𝛼, 𝛽) to the line is

| 𝛽−𝑚𝛼√
1+𝑚2 | = 𝑑 ⇒ (𝛽−𝑚𝛼)2

1+𝑚2 = 𝑑2

Putting 𝑚 = 𝑦
𝑥  in the above equation yields

(𝛼𝑦 − 𝛽𝑥)2 = 𝑑2(𝑥2 + 𝑦2).

77. Let the slope of the lines given by first equation be 𝑚1 and 𝑚2. Then

𝑚1 + 𝑚2 = −2ℎ
𝑏  … (1) and 𝑚1𝑚2 = 𝑎

𝑏  … (2)

Then the slope of the lines of the second equation will be 𝑚1 and − 1
𝑚2

 and

𝑚1 − 1
𝑚2

= −2ℎ1
𝑏1

 … (3) and −𝑚1
𝑚2

= 𝑎1
𝑏2

 … (4)

Multiplying (2) and (4) gives

𝑚2
1 = −𝑎1𝑎

𝑏1𝑏 ⇒ 𝑚1 = √−𝑎1𝑎
𝑏1𝑏 . From (4), 𝑚2 = − 𝑏1

𝑎1
𝑚1 = − 𝑏1

𝑎1
√−𝑎1𝑎

𝑏1𝑏

Substituting the values of 𝑚1 and 𝑚2 in (1) yields

𝑏√−𝑎1𝑎
𝑏1𝑏 = 2𝑎1ℎ

𝑏1−𝑎1
⇒ 1

2√−𝑎1𝑎𝑏1𝑏 = 𝑎1𝑏1ℎ
𝑏1−𝑎1

Substituting 𝑚1 and 𝑚2 in (3) yields

ℎ𝑎𝑏
𝑏−𝑎 = 1

2√−𝑎𝑎1𝑏𝑏1. Hence proven.

78. Let the equations of parallel lines represented by the given equation are 𝑙𝑥 + 𝑚𝑦 +
𝑛 = 0 and 𝑙𝑥 + 𝑚𝑦 + 𝑛1 = 0, then

(𝑙𝑥 + 𝑚𝑦 + 𝑛)(𝑙𝑥 + 𝑚𝑦 + 𝑛1) = 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐

Comparing coefficients yields

𝑙2 = 𝑎, 𝑚2 = 𝑏, 𝑛𝑛1 = 𝑐, 𝑚(𝑛 + 𝑛1) = 2𝑓, 𝑙(𝑛 + 𝑛1) = 2𝑔, 2𝑙𝑚 = 2ℎ

⇒ ℎ = 𝑙𝑚 ⇒ ℎ2 = 𝑙2𝑚2 = 𝑎𝑏 ⇒ 𝑎
ℎ = ℎ

𝑏

2𝑔
2𝑓 = 𝑙

𝑚 = 𝑙𝑚
𝑚2 = ℎ

𝑏 . Hence, 𝑎
ℎ = ℎ

𝑏 = 𝑔
𝑓 .

The distance is given by 
|𝑛−𝑛1|√
𝑙2−𝑚2

Now (𝑛 − 𝑛1)
2 = (𝑛 + 𝑛1)

2 − 2𝑛1𝑛 = 4(𝑔2−𝑐𝑎
𝑎 ) ⇒ |𝑛 − 𝑛1| = 2√𝑔2−𝑐𝑎

𝑎  and 𝑙2 +

𝑚2 = 𝑎 + 𝑏

𝑑 = 2√ 𝑔2−𝑐𝑎
𝑎(𝑎+𝑏) .

79. Let two straight lines 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and 𝑙1𝑥 + 𝑚1𝑦 + 𝑛1 = 0, then (𝑙𝑥 + 𝑚𝑦 +
𝑛)(𝑙1𝑥 + 𝑚1𝑦 + 𝑛1) = (𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐)
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Comparing coefficients yields, 𝑙𝑙1 = 𝑎, 𝑚𝑚1 = 𝑏, 𝑛𝑛1 = 𝑐, 𝑙𝑚1 + 𝑙1𝑚 = 2ℎ, 𝑙𝑛1 +
𝑙1𝑛 = 2𝑔, 𝑚𝑛1 + 𝑚1𝑛 = 2𝑓

Solving the two straight line equations we get point of intersection as 
(𝑚𝑛1−𝑚1𝑛

𝑙𝑚1−𝑙1𝑚 , 𝑛𝑙1−𝑛1𝑙
𝑙𝑚1−𝑙1𝑚)

Distance squared from origin is (𝑚𝑛1−𝑚1𝑛
𝑙𝑚1−𝑙1𝑚 )

2
+ ( 𝑛𝑙1−𝑛1𝑙

𝑙𝑚1−𝑙1𝑚)
2

Substituting values yields 
𝑐(𝑎+𝑏)−𝑓2−𝑔2

𝑎𝑏−ℎ2

80. Let the lines be 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and 𝑙′𝑥 + 𝑚′𝑥 + 𝑛′ = 0 represented by 𝑎𝑥2 +
2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Then

(𝑙𝑥 + 𝑚𝑦 + 𝑛)(𝑙′𝑥 + 𝑚′𝑦 + 𝑛′) = 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 which im

plies

𝑙𝑙′ = 𝑎, 𝑚𝑚′ = 𝑏, 𝑛𝑛′ = 𝑐, 𝑙𝑚′ + 𝑙′𝑚 = 2ℎ, 𝑙𝑛′ + 𝑙′𝑛 = 2𝑔, 𝑚𝑛′ + 𝑚′𝑛 = 2𝑓

Since the lines are equidistant, therefore 
|𝑛|√

𝑙2+𝑚2 = |𝑛′|√
𝑙′2+𝑚′2

⇒ 𝑛2𝑙′2 + 𝑛2𝑚′2 = 𝑛′2;2 +𝑛′2𝑚2 ⇒ (𝑛𝑙′ − 𝑛′𝑙)(𝑛𝑙′ + 𝑛′𝑙) = (𝑚𝑛′ −
𝑚′𝑛)(𝑚𝑛′ + 𝑚′𝑛)

Squaring yields

[(𝑛𝑙′ + 𝑛′𝑙)2 − 4𝑙𝑙′𝑛𝑛′](𝑛𝑙′ + 𝑛′𝑙)2 = [(𝑚𝑛′ + 𝑚′𝑛)2 − 4𝑚𝑚′𝑛𝑛′](𝑚𝑛′ + 𝑚′𝑛)2

⇒ 𝑓4 − 𝑔4 = 𝑐(𝑏𝑓2 − 𝑎𝑔2) upon substitution and simplification.

81. Let the lines 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 be two parallel lines intersecting at the origin 

𝐴. Then 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏

𝐴 𝐵

𝐶𝐷

𝑦 = 𝑚1𝑥

𝑦
=

𝑚 2
𝑥

Clearly, the diagonal 𝑙𝑥 + 𝑚𝑦 = 1 is 𝐵𝐷 as it does not pass through origin. Solving 

this digonal with the two parallel lines we get coordinates of 𝐵 = ( 1
𝑙+𝑚𝑚1

, 𝑚
1+𝑚𝑚1

) 

and 𝐷 = ( 1
𝑙+𝑚𝑚2

, 𝑚
1+𝑚𝑚2

).

Let 𝐻  be the point of intersection of the two diagonals then 𝐻 =
( 𝑏𝑙−ℎ𝑚

𝑏(𝑙+𝑚𝑚1)(𝑙+𝑚𝑚2) ,
𝑎𝑚−ℎ𝑙

𝑏(𝑙+𝑚𝑚1)(𝑙+𝑚𝑚2)) and let 𝐴. be the origin.

Equation of other diagonal passing through the origin and 𝐻  is given by 𝑦(𝑏𝑙 −
ℎ𝑚) = 𝑥(𝑎𝑚 − ℎ𝑙).

82. Let △ 𝐴𝐵𝐶 be the triangle such that 𝐴𝐵, 𝐴𝐶 and 𝐵𝐶 are given by 𝑦 = 𝑚1𝑥, 𝑦 =
𝑚2𝑥 and 𝑙𝑥 + 𝑚𝑦 = 1 such that



(𝑦 − 𝑚1𝑥)(𝑦 − 𝑚2𝑥) = 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2. Let 𝐴𝐿 and 𝐵𝑀  be perpendiculars from 

𝐴 and 𝐵 on opposite sides.

Equation of 𝐴𝐿 which is perpendicular to 𝐵𝐶 and passes through 𝐴, the origin, 
is given by

𝑚𝑥 − 𝑙𝑦 = 0 ⇒ 𝑥
𝑙 = 𝑦

𝑚 = 𝑘(say)

Orthocenter will be on this line and its coordinates are (𝑘𝑙, 𝑘𝑚) for such suitable 

values of 𝑘 for which the point may also lie on 𝐵𝑀 , perpendicular from 𝐵 on 
𝐴𝐶 , which is perpendicular to line 𝑦 = 𝑚2𝑥.

Thus, we find 𝐻 , the orthocenter as 𝐻 = ( 1
𝑙+𝑚𝑚1

, 𝑚1
𝑙+𝑚𝑚1

)

So equation of 𝐵𝑀  is 𝑚2𝑦 + 𝑥 = 1+𝑚1𝑚2
𝑙+𝑚𝑚1

Substituting (𝑘𝑙, 𝑘𝑚) yields 𝑘 = 1+𝑚1𝑚2
(𝑙+𝑚𝑚1)(𝑙+𝑚𝑚2) = 𝑎+𝑏

𝑎𝑚2−2ℎ𝑙𝑚+𝑏𝑙2

Thus, 𝑥
𝑙 = 𝑦

𝑚 = 𝑎+𝑏
𝑎𝑚2−2ℎ𝑙𝑚+𝑏𝑙2 .

83. Let 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 be the lines represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 i.e. 

(𝑦 − 𝑚1𝑥)(𝑦 − 𝑚2𝑥) = 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 then

𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏 . Let these lines meet 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 at 𝐴 and 

𝐵 respectively, then 𝐶 will be the origin.

Solving the equations we get 𝐴 = (− 𝑛
𝑙+𝑚𝑚1

, − 𝑚1𝑛
𝑙+𝑚𝑚1

) and 𝐵 =
(− 𝑛

𝑙+𝑚𝑚2
, − 𝑚2𝑛

𝑙+𝑚𝑚2
)

Then Δ = 𝑛2
√

ℎ2−𝑎𝑏
𝑎𝑚2−2ℎ𝑙𝑚+𝑏𝑙2 .

84. Let 𝜃 be the acute angle between the lines of (𝐴2 − 3𝐵2)𝑥2 + 8𝐴𝐵𝑥𝑦 + (𝐵2 −
3𝐴2)𝑦2 = 0

then tan 𝜃 = |2
√

ℎ2−𝑎𝑏
𝑎+𝑏 | =

√
3

Writing (𝐴2 − 3𝐵2)𝑥2 + 8𝐴𝐵𝑥𝑦 + (𝐵2 − 3𝐴2)𝑦2 = 0 as a quadratic equation in 
𝑦
𝑥  we have

𝑦
𝑥 = (−4𝐴𝐵±

√
3(𝐴2+𝐵2)

𝐵2−3𝐴2 )𝑥

Taking the positive sign we find angle between these lines and 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 

is also 60°, and hence, the triangle is equilateral.

Computing altitude from (0, 0) to 𝐴𝑥 + 𝐵𝑦 + 𝐶 = 0 we find the area as 𝐶2
√

3(𝐴2+𝐵2) .

85. Let the pair of lines be (𝑙𝑥 + 𝑚𝑦)2 − 3(𝑚𝑥 − 𝑙𝑦)2 = 0

This represents two lines through the origin. Rewrite it as (𝑙𝑥 + 𝑚𝑦)2 =
3(𝑚𝑥 − 𝑙𝑦)2

Taking square roots 𝑙𝑥 + 𝑚𝑦 =
√

3(𝑚𝑥 − 𝑙𝑦)and 𝑙𝑥 + 𝑚𝑦 = −
√

3(𝑚𝑥 − 𝑙𝑦)

So the two lines are 𝑙𝑥 + 𝑚𝑦 −
√

3(𝑚𝑥 − 𝑙𝑦) = 0 and 𝑙𝑥 + 𝑚𝑦 +
√

3(𝑚𝑥 − 𝑙𝑦) = 0



280  4. Answers of Pair of Straight Lines

First line (𝑙 −
√

3𝑚)𝑥 + (𝑚 +
√

3𝑙)𝑦 = 0

Second line (𝑙 +
√

3𝑚)𝑥 + (𝑚 −
√

3𝑙)𝑦 = 0

Thus tan 𝜃 = |−2
√

3(𝑙2+𝑚2)
−2(𝑙2+𝑚2) =

√
3

So 𝜃 = 60°. Hence the two lines are inclined at 60°

Now consider the third line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0

The first two lines pass through origin and make angle 60°. The third line does 
not pass through origin so it intersects both lines forming a triangle.

Since the angle between the two lines is60° and the third line cuts them symmet
rically with equal intercept structure, the triangle formed has all angles60°.

Hence the three lines form an equilateral triangle.

86. Given 12𝑥2 + 7𝑥𝑦 − 12𝑦2 = 0

Putting 𝑦 = 𝑚𝑥 12 + 7𝑚 − 12𝑚2 = 0⇒ 12𝑚2 − 7𝑚 − 12 = 0

𝑚 = 7±25
24  ⇒ 𝑚1 = 4

3 , 𝑚2 = −3
4

Lines are 4𝑥 − 3𝑦 = 0, 3𝑥 + 4𝑦 = 0

Given 12𝑥2 + 7𝑥𝑦 − 12𝑦2 − 𝑥 + 7𝑦 − 1 = 0

⇒ (4𝑥 − 3𝑦 + 𝑘1)(3𝑥 + 4𝑦 + 𝑘2) = 0

Comparing yields 3𝑘1 + 4𝑘2 = −1, 4𝑘1 − 3𝑘2 = 7, 𝑘1𝑘2 = −1

𝑘1 = 1, 𝑘2 = −1

Lines are 4𝑥 − 3𝑦 + 1 = 0, 3𝑥 + 4𝑦 − 1 = 0

Product of slopes are (4
3)(−3

4) = −1

Distances between 4𝑥 − 3𝑦 = 0 and 4𝑥 − 3𝑦 + 1 = 0 is 1
5 . And between 3𝑥 + 4𝑦 =

0 and 3𝑥 + 4𝑦 − 1 = 0 is 1
5

Parallel pairs, perpendicular adjacent sides, equal distances gives a square.

87. 𝑥2 − 3𝑥𝑦 + 2𝑦2 = 0 ⇒ 𝑥(𝑥 − 2𝑦) − 𝑦(𝑥 − 2𝑦) = (𝑥 − 𝑦)(𝑥 − 2𝑦) = 0

Lines parallel to these are 𝑥 − 𝑦 + 𝑘 = 0 and 𝑥 − 2𝑦 + 𝑘′ = 0. Since both lines pass 

through (1, 1), therefore 𝑘 = 0, 𝑘′ = 1

So the combined equation is (𝑥 − 𝑦) + (𝑥 − 2𝑦 + 1) = 𝑥2 − 3𝑥𝑦 + 2𝑦2 + 𝑥 − 𝑦 = 0.

88. 2𝑥2 − 𝑥𝑦 − 𝑦2 = 2𝑥(𝑥 − 𝑦) + 𝑦(𝑥 − 𝑦) ⇒ (𝑥 − 𝑦)(2𝑥 + 𝑦) = 0

The equation from whcih these were reflected will be bisectors which are perpen
dicular to each other. Equation of bisectors is given by

𝑥2−𝑦2

2+1 = 𝑥𝑦
− (1

2) = −2𝑥𝑦 ⇒ 𝑥2 − 𝑦2 + 6𝑥𝑦 = 0.

89. Given 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 1 and 𝑥2 + 𝑦2 = 𝑎2

Homogenizing yields 𝑥2 + 𝑦2 = 𝑎2(𝑥 cos 𝛼 + 𝑦 sin 𝛼)2

⇒ 𝑥2 + 𝑦2 − 𝑎2(𝑥 cos 𝛼 + 𝑦 sin 𝛼)2 = 0



Expanding (1 − 𝑎2 cos2 𝛼)𝑥2 − 2𝑎2 sin 𝛼 cos 𝛼𝑥𝑦 + (1 − 𝑎2 sin2 𝛼)𝑦2 = 0

For perpendicular pair, (1 − 𝑎2 cos2 𝛼) + (1 − 𝑎2 sin2 𝛼) = 0

⇒ 𝑎2 = 2 ⇒ 𝑎 = ±
√

2.

90. Given 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0

For rotation of axes by an angle 𝜃 (anticlockwise), the standard transformation is

𝑥 = 𝑥′ cos 𝜃 − 𝑦′ sin 𝜃 and 𝑦 = 𝑥′ sin 𝜃 + 𝑦′ cos 𝜃

Now taking 𝜃 = 90°

We know cos 90° = 0, sin 90° = 1
Substituting, 𝑥 = 𝑥′(0) − 𝑦′(1) = −𝑦′ and 𝑦 = 𝑥′(1) + 𝑦′(0) = 𝑥′

Hence, for 90° rotation: 𝑥 = −𝑦′, 𝑦 = 𝑥′

Substituting 𝑎(−𝑦′)2 + 2ℎ(−𝑦′)(𝑥′) + 𝑏(𝑥′)2 = 0

⇒ 𝑎𝑦′2 − 2ℎ𝑥′𝑦′ + 𝑏𝑥′2 = 0

Rewriting 𝑏𝑥′2 − 2ℎ𝑥′𝑦′ + 𝑎𝑦′2 = 0, thus equation is 𝑏𝑥2 − 2ℎ𝑥𝑦 + 𝑎𝑦2 = 0.

91. Let the equations make angles of 𝛼 and 𝛽 with the positive direction of 𝑥-axis. Then

(𝑦 − tan 𝛼𝑥)(𝑦 − tan 𝛽𝑥) = 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 ⇒ tan 𝛼 + tan 𝛽 =
−2ℎ

𝑏 , tan 𝛼 tan 𝛽 = 𝑎
𝑏

𝑦 = 0 is 𝑥-axis. Since the lines make angle 𝛼, 𝛽 after reflection they will make same 

angle with negtive direction of 𝑥-axis. Thus, reflected lines will make angle 𝜋 − 𝛼 
with positive direction of 𝑥-axis.

Thus, new equation is (𝑦 + tan 𝛼)(𝑦 + tan 𝛽) = 𝑎𝑥2 − 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0.

92. Given the pair of straight lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0

Let the lines be 𝑦 = 𝑚1𝑥 and 𝑦 = 𝑚2𝑥 where 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0

Hence 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏

The perpendicular distance from (𝑥′, 𝑦′) to the line 𝑦 = 𝑚𝑥 is 
|𝑚𝑥′−𝑦′|√

𝑚2+1

The sum of the squares of the perpendiculars is 𝑆 = (𝑚1𝑥′−𝑦′)2

𝑚2
1+1 + (𝑚2𝑥′−𝑦′)2

𝑚2
2+1

On combining the two terms into a single fraction and expanding, and then using the 
relations 𝑚1 + 𝑚2 = −2ℎ

𝑏  and 𝑚1𝑚2 = 𝑎
𝑏 , the numerator simplifies to 4ℎ2(𝑥′2 +

𝑦′2) + 4ℎ(𝑎 + 𝑏)𝑥′𝑦′ + 2(𝑎 − 𝑏)(𝑎𝑥′2 − 𝑏𝑦′2)

The denominator simplifies to (𝑎 − 𝑏)2 + 4ℎ2

Therefore the sum of the squares of the perpendiculars is 
[4ℎ2(𝑥′2+𝑦′2)+4ℎ(𝑎+𝑏)𝑥′𝑦′+2(𝑎−𝑏)(𝑎𝑥′2−𝑏𝑦′2)]

[(𝑎−𝑏)2+4ℎ2] .

93. Let the pair of lines 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 represent two lines through the origin. 

Let their slopes be 𝑚1 and 𝑚2 so that 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0. Hence 𝑚1 + 𝑚2 =
−2ℎ

𝑏  and 𝑚1𝑚2 = 𝑎
𝑏 .
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The triangle is formed by these two lines and 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0.

Intersection with 𝑦 = 𝑚1𝑥 gives 𝑥1 = − 𝑛
𝑙+𝑚𝑚1

 and 𝑦1 = −𝑚1
𝑛

𝑙+𝑚𝑚1
.

Intersection with 𝑦 = 𝑚2𝑥 gives 𝑥2 = − 𝑛
𝑙+𝑚𝑚2

 and 𝑦2 = −𝑚2
𝑛

𝑙+𝑚𝑚2
.

The centroid is 𝑥 = 𝑥1+𝑥2+𝑥3
3  and 𝑦 = 𝑦1+𝑦2+𝑦3

3 .

So 𝑥 = −𝑛
3 ( 1

𝑙+𝑚𝑚1
+ 1

𝑙+𝑚𝑚2
) and 𝑦 = −𝑛

3 ( 𝑚1
𝑙+𝑚𝑚1

+ 𝑚2
𝑙+𝑚𝑚2

).

Now 1
𝑙+𝑚𝑚1

+ 1
𝑙+𝑚𝑚2

= 2𝑙+𝑚(𝑚1+𝑚2)
(𝑙+𝑚𝑚1)(𝑙+𝑚𝑚2)

and (𝑙 + 𝑚𝑚1)(𝑙 + 𝑚𝑚2) = 𝑙2 + 𝑙𝑚(𝑚1 + 𝑚2) + 𝑚2𝑚1𝑚2.

Substitute 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏  to get (𝑙 + 𝑚𝑚1)(𝑙 + 𝑚𝑚2) =
𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2

𝑏 .

Also 2𝑙 + 𝑚(𝑚1 + 𝑚2) = 2𝑙 − 2ℎ𝑚
𝑏 .

Thus 𝑥 = −𝑛
3 ( 2𝑙−2ℎ𝑚

𝑏
𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2

𝑏
)= −2𝑛 𝑏𝑙−ℎ𝑚

3(𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2) .

Similarly 
𝑚1

𝑙+𝑚𝑚1
+ 𝑚2

𝑙+𝑚𝑚2
= 𝑙(𝑚1+𝑚2)+2𝑚𝑚1𝑚2

(𝑙+𝑚𝑚1)(𝑙+𝑚𝑚2)

= −2ℎ 𝑙
𝑏+2𝑎𝑚

𝑏
𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2

𝑏
 = −2ℎ𝑙+2𝑎𝑚

𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2 .

Hence 𝑦 = −𝑛
3 ( −2ℎ𝑙+2𝑎𝑚

𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2 ) = −2𝑛 𝑎𝑚−ℎ𝑙
3(𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2) .

Therefore the centroid is ( −2𝑛(𝑏𝑙−ℎ𝑚)
3(𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2) ,

−2𝑛(𝑎𝑚−ℎ𝑙)
3(𝑏𝑙2−2ℎ𝑙𝑚+𝑎𝑚2)).

94. Let the two sides of the triangle through the origin be represented by 𝑎𝑥2 + 2ℎ𝑥𝑦 +
𝑏𝑦2 = 0

Let their slopes be 𝑚1 and 𝑚2. Then they satisfy 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0

Hence 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏 . The two sides are therefore 𝑦 = 𝑚1𝑥 and 

𝑦 = 𝑚2𝑥.

Let the third side be 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 and let the orthocenter be (𝑙, 𝑚).

The altitude from (𝑙, 𝑚) to the line 𝑦 = 𝑚1𝑥 is perpendicular to it, so its slope is 

− 1
𝑚1

. Hence its equation is 𝑦 − 𝑚 = − 1
𝑚1

(𝑥 − 𝑙).

Since this altitude lies along the other side 𝑦 = 𝑚2𝑥, substitute 𝑦 = 𝑚2𝑥 to get 

𝑚2𝑥 − 𝑚 = − 1
𝑚1

(𝑥 − 𝑙).

On simplifying this relation and using 𝑚1𝑚2 = 𝑎
𝑏 , a relation between 𝑙 and 𝑚 is 

obtained. A similar relation is obtained from the other altitude. Combining these 
and eliminating the parameters gives the equation of the third side.

After simplification using 𝑚1 + 𝑚2 = −2ℎ
𝑏  and 𝑚1𝑚2 = 𝑎

𝑏 , the equation of the 

third side is found to be (𝑎 + 𝑏)(𝑙𝑥 + 𝑚𝑦) = 𝑎𝑚2 − 2ℎ𝑙𝑚 + 𝑏𝑙2.

95. Given 𝑥2 + 4𝑥𝑦 + 𝑦2 = 0. Putting 𝑦 = 𝑚𝑥, 𝑚2 + 4𝑚 + 1 = 0.

𝑚1 = −2 +
√

3 and 𝑚2 = −2 −
√

3.



Angle between the lines tan 𝜃 = | 𝑚1−𝑚2
1+𝑚1𝑚2

| =
√

3 so 𝜃 = 60°.

Hence, the angle at the origin is 60°.

The third side is 𝑥 − 𝑦 = 4.

Distance from origin to this line = |0−0−4|
√12+(−1)2 = 4√

2 = 2
√

2.

This is the altitude of the equilateral triangle.

Let side be 𝑠. Altitude = 𝑠
√

3
2 = 2

√
2.

So 𝑠 = 4
√

2√
3 .

Area =
√

3
4 𝑠2 =

√
3

4 (16 ∗ 2
3) = 8√

3 .

96. Given the pair of lines 𝑥2 + 4𝑥𝑦 + 𝑦2 = 0

Put 𝑦 = 𝑚𝑥, 𝑚2 + 4𝑚 + 1 = 0 ⇒ 𝑚1 = −2 +
√

3, 𝑚2 = −2 −
√

3

Angle between the two lines is tan 𝜃 = | 𝑚1−𝑚2
1+𝑚1𝑚2

| =
√

3 so 𝜃 = 60°

Now the second line is 𝑥 + 𝑦 + 4
√

6 = 0. Its slope is −1

Check angle with 𝑦 = 𝑚𝑥, tan 𝜃1 = |𝑚1+1
1−𝑚1

| =
√

3 so 𝜃1 = 60°

tan 𝜃2 = |𝑚2+1
1−𝑚2

| =
√

3 so 𝜃2 = 60°

Therefore the triangle is equilateral and the angles are 60° each.

97. Given 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 = 0 and 𝑥 cos 𝛼 + 𝑦 sin 𝛼 = 𝑝

Let slopes of the pair be 𝑚1, 𝑚2 where 𝑏𝑚2 + 2ℎ𝑚 + 𝑎 = 0

So 𝑚1 + 𝑚2 = −2ℎ
𝑏 , 𝑚1𝑚2 = 𝑎

𝑏

Points of intersection with 𝑦 = 𝑚𝑥 give 𝑥 = 𝑝
cos 𝛼+𝑚 sin 𝛼 , 𝑦 = 𝑚 𝑝

cos 𝛼+𝑚 sin 𝛼

Area of triangle is 1
2 |𝑥1𝑦2 − 𝑥2𝑦1|

= 1
2𝑝2 |𝑚2−𝑚1|

(cos 𝛼+𝑚1 sin 𝛼)(cos 𝛼+𝑚2 sin 𝛼)

(cos 𝛼 + 𝑚1 sin 𝛼)(cos 𝛼 + 𝑚2 sin 𝛼) = cos2 𝛼 + cos 𝛼 sin 𝛼(𝑚1 + 𝑚2) +
sin2 𝛼𝑚1𝑚2

= 𝑏 cos2 𝛼−2ℎ sin 𝛼 cos 𝛼+𝑎 sin2 𝛼
𝑏

Also 𝑚2 − 𝑚1 = 2
√

ℎ2−𝑎𝑏
𝑏

So area becomes 𝑝2
√

ℎ2−𝑎𝑏
𝑏 cos2 𝛼−2ℎ sin 𝛼 cos 𝛼+𝑎 sin2 𝛼 .

98. Given 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0

Set 𝑦 = 0 to get intersection with x-axis, 𝑎𝑥2 + 2𝑔𝑥 + 𝑐 = 0

Let roots be 𝑥1, 𝑥2

So base lies on x-axis with endpoints (𝑥1, 0) and (𝑥2, 0)

Base length |𝑥1 − 𝑥2| = 2√𝑔2−𝑎𝑐
| 𝑎|
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The pair of lines has angle factor of 
√

ℎ2 − 𝑎𝑏

Hence, area of triangle formed by the pair of lines and x-axis is 𝑔2−𝑎𝑐
𝑎
√

ℎ2−𝑎𝑏
.



5 Answers of Circles

1. Given circle is 𝑥2 + 𝑦2 − 8
3𝑥 − 10

3 𝑦 + 1 = 0. We know that if the equation is 𝑥2 +
𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, then the center is (−𝑔, −𝑓) and radius is √𝑔2 + 𝑓2 − 𝑐.

Thus, center of circle is (4
3 , 5

3) and radius is √16
9 + 25

9 − 1 = 4
3
√

2.

2. Radius of 𝑥2 + 𝑦2 = 1 is 1. Radius of 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 = 6 is 
√

12 + 32 + 6 =
4. Radius of 𝑥2 + 𝑦2 − 4𝑥 − 12𝑦 = 9 is 

√
22 + 62 + 9 = 7.

Thus, radii of the given circles are in A.P. with a common difference of 3.

3. 𝑃

𝑄 𝑅
𝐿

centre
(−𝑔, −𝑓)

𝑟

𝑟/2

𝑎 = 𝑟
√

3

The center will be 𝐶(−𝑔, −𝑓) and the radius will be √𝑔2 + 𝑓2 − 𝑐

From △ 𝑄𝐿𝐶, 𝑄𝐿 = 𝐶𝑄 sin 50° =
√

3
2 √𝑔2 + 𝑓2 − 𝑐

𝑄𝑅 = 2𝑄𝐿 =
√

3√𝑔2 + 𝑓2 − 𝑐

Δ =
√

3
4 3.(𝑔2 + 𝑓2 − 𝑐) = 3

√
3

4 (𝑔2 + 𝑓2 − 𝑐).

4. The center of the circle is (3, −4) and radius is √32 + (−4)2 + 25 = 7.

5. Given circle is 𝑥2 + 𝑦2 + 4
5𝑥 − 8

5𝑦 = 16
5 . Cneter is (−2

5 , 4
5) and radius is 

√ (−2)2+42+80
25 = 2.

6. Center is (3, 1) and radius is 
√

32 + 1 + 6 = 4.

7. Given circle is 𝑥2 + 𝑦2 + 2𝑥 cos 𝜃 + 2𝑦 sin 𝜃 − 8 = 0. Center is (− cos 𝜃, − sin 𝜃) 
and radius is 

√
cos2 𝜃 + sin2 𝜃 + 8 = 3

8. Centers of the given circles are (0, 0), (−3, 1) and (6, −2). Area of the triangle 

whose vertices are these three points is given by

Δ = 1
2 |

0
−3
6

0
1

−2

1
1
1
| = 0.

Hence, the centers of the given circles are collinear.
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9. Radii are 1,
√

1 + 32 + 6 = 4 and 
√

22 + 62 + 9 = 7. Common difference is 3, and 

hence, the given circles have radii in A.P.

10. Radii are 2, √12 + 32 − 15
4 = 5

2  and 
√

22 + 5 = 3. Common difference is 1
2 , and 

hence, the given circles have radii in A.P.

11. The line 3𝑥 = 4𝑦 + 15 gives 𝑦 = 3𝑥−15
4 .

Substituting into the circle equation 𝑥2 + 𝑦2 = 9 + 4𝑟2 gives 𝑥2 + (3𝑥−15
4 )2 =

9 + 4𝑟2.

Multiplying through by 16 gives 16𝑥2 + (3𝑥 − 15)2 = 16(9 + 4𝑟2).

Expanding gives 16𝑥2 + 9𝑥2 − 90𝑥 + 225 = 144 + 64𝑟2.

Simplifying gives 25𝑥2 − 90𝑥 + 81 − 64𝑟2 = 0.

Solving for 𝑥 gives 𝑥 = 90±√8100−100(81−64𝑟2)
50 .

This simplifies to 𝑥 = 90±80𝑟
50 = 9±8𝑟

5 .

Thus the two points of intersection correspond to 𝑥 = 9−8𝑟
5  and 𝑥 = 9+8𝑟

5 .

The length of the intercept cut by each circle on the line is 
(9+8𝑟)−(9−8𝑟)

5 = 16𝑟
5 .

For successive values of 𝑟, the difference of intercepts is constant since 16×2
5 −

16×1
5 = 16

5  and 16×3
5 − 16×2

5 = 16
5 .

Therefore the circles cut off equal intercepts on the given line.

12. Since point (4, 6) lies on the circle, therefore, radius = √(1 − 4)2 + (2 − 6)2 = 5

Thus, equation of the circle would be (𝑥 − 1)2 + (𝑦 − 2)2 = 52 ⇒ 𝑥2 + 𝑦2 − 2𝑥 −
4𝑦 − 20 = 0.

13. Solving the equations of the diameters we obtain the center as (8, −2).

Thus, equation of the circle is given by (𝑥 − 8)2 + (𝑦 + 2)2 = 102 ⇒ 𝑥2 + 𝑦2 −
16𝑥 + 4𝑦 − 32 = 0.

14. Since the line touches the circle, therefore, the perpendicular distance from center 
will give radius.

Radius is 3.5+4.12−1√
52+132 = 62

13 .

Thus, equation of the circle is (𝑥 − 3)2 + (𝑦 − 4)2 = (62
13)2 ⇒ 𝑥2 + 𝑦2 − 6𝑥 −

8𝑦 + 381
169 = 0.

15. Solging the two equation we have 𝑥 = 𝑐+1
3𝑐+2 . Now as 𝑐 → 1, 𝑥 = 2

5 ⇒ 𝑦 = − 1
25 .

The circle passes through (2, 0), so the radius is √(2 − 2
5)2 + ( 1

25)2

Thus, equation of the circle is (𝑥 − 2
5)2 + (𝑦 + 1

25)2 = 64
25 + 1

625 ⇒ 25(𝑥2 + 𝑦2) −
20𝑥 + 2𝑦 − 60 = 0.

16. Let the center be (𝛼, 𝛽). Since it lies on the line 𝑦 = 𝑥 − 1 ∴ 𝛽 = 𝛼 − 1



Equation of the circle would be (𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 = 32. Putting the value of 𝛽 

from the above equation, we have

(𝑥 − 𝛼)2 + (𝑦 − 𝛼 + 1)2 = 9

Since it passes through (7, 3), therefore, (7 − 𝛼)2 + (4 − 𝛼)2 = 9 ⇒ 𝛼2 − 11𝛼 +
28 = 0
𝛼 = 4, 7 ⇒ 𝛽 = 3, 6

So the center is (4, 3) or (7, 6).

Thus equation of circle is (𝑥 − 4)2 + (𝑦 − 3)2 = 32 or (𝑥 − 7)2 + (𝑦 − 6)2 = 32 

i.e. 𝑥2 + 𝑦2 − 8𝑥 − 6𝑦 + 16 = 0 or 𝑥2 + 𝑦2 − 14𝑥 − 12𝑦 + 76 = 0.

17. Since the circle touches the axes the center will lie on 𝑥 = 𝑦 or 𝑦 = −𝑥.

Case I: When the center lies on the line 𝑦 = 𝑥.

Solving the two equations we get 𝑥 = −3, 𝑦 = −3

The radius of the circle would be 3. Therefore, the equation of the circle is

(𝑥 + 3)2 + (𝑦 + 3)2 = 32 ⇒ 𝑥2 + 𝑦2 + 6𝑥 + 6𝑦 + 9 = 0.

Case II: When the center lies on the line 𝑦 = −𝑥.

Solving the two equations we get 𝑥 = 1, 𝑦 = −1.

The radius of the circle will be 1. Hence, equation of the curcle is (𝑥 − 1)2 +
(𝑦 + 1)2 = 1 ⇒ 𝑥2 + 𝑦2 − 2𝑥 + 2𝑦 + 1 = 0.

18.

𝑥

𝑦

𝑂 1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

𝐶1(2, 2)
𝑟1 = 2

𝐶2(6, 5)

𝑟2 = 3𝑑 = 5

Radius of the first circle is 2 so its center would be (2, 2) as it touches both the 

coordinate axes.

Distance between the centers is √(2 − 6)2 + (2 − 52) = 5. Hence, radius of the 

second circle is 5 − 2 = 3
Hence, equation of the circle is (𝑥 − 6)2 + (𝑦 − 5)2 = 32 ⇒ 𝑥2 − 12𝑥 + 36 + 𝑦2 −
10𝑦 + 25 = 9

⇒ 𝑥2 + 𝑦2 − 12𝑥 − 10𝑦 + 52 = 0.
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19. Half of intercept(chord) is 3. Perpendicualr distance from center to 2𝑥 − 5𝑦 + 18 =
0 is
2×3−5×(−1)+18√

22+52 =
√

29

Thus, radius of the circle is √(
√

29)
2

+ 32 =
√

38.

20. Since the circle touches 𝑦-axis at (0, 3), therefore, the two circles will be in first 

two quadrants. Let 𝐶 and 𝐷 be the centers of the circles in the first and second 
quadrant respectively. Let 𝐴𝐵 be the intercept on 𝑥-axis i.e. 𝐴𝐵 = 8. Let 𝐶𝐿 be 
the perpendicular from 𝐶 on 𝑥-axis.

∴ 𝐴𝐿 = 4. 𝑂𝑃 = 3 ∴ 𝐶𝐿 = 3
𝐴𝐶 =

√
42 + 32 = 5 ∴ 𝐶 = (5, 3) and 𝐷 = (−5, 3)

Hence equations of circles are (𝑥 − 5)2 + (𝑦 − 3)2 = 52 and (𝑥 + 5)2 + (𝑦 − 3)2 =
52 i.e

𝑥2 + 𝑦2 − 10𝑥 − 6𝑦 + 9 = 0 and 𝑥2 + 𝑦2 + 10𝑥 − 6𝑦 + 9 = 0.

21. 𝑥2 + 2𝑥𝑦 + 3𝑥 + 6𝑦 = 0 ⇒ (𝑥 + 3)(𝑥 + 2𝑦) = 0 ⇒ 𝑥 + 3 = 0 and 𝑥 + 2𝑦 = 0

Since these are normals, therefore, their point of intersection will be the center of 
the circle. Solving gives us (−3, 3

2) as the center of the circle.

Center of the given circle is (2, 3
2) and its radius is √22 + 9

4 = 5
2

Distance between centers is 5, which is greater than radius of the given circle.

Since the circle is just large enough to contain the given circle the radius of the 
required circle is distance between the centers plus radius of the given circle i.e. 
5 + 5

2 = 15
2

Thus, the equation is (𝑥 + 3)2 + (𝑦 − 3
2)2 = (15

2 )2 ⇒ 𝑥2 + 𝑦2 + 6𝑥 − 3𝑦 − 45 =
0.

22.

𝑥

𝑦

𝑂 5 10 15 20 25 30 35

5
𝐶1(5, 5)

𝑟 = 5

𝐶2(5 + 10𝜋, 5)

𝑟 = 5

Let 𝐶 be the center of the circle in original position adn 𝐷 be the center of its 
new position. Then 𝐶 = (5, 5) and 𝐷 = (5 + 10𝜋, 5). Radius is 5.

Thus, equation of the circle in new position is (𝑥 − 5 − 10𝜋)2 + (𝑦 − 5)2 = 52

⇒ 𝑥2 + 𝑦2 − 10(2𝜋 + 1)𝑥 − 10𝑦 + 100𝜋2 + 100𝜋 + 25 = 0.

23. Equation of tangent to the circle at (2 +
√

3, 3) is given by



(2 +
√

3)𝑥 + 3𝑦 − 2(𝑥 + 2 +
√

3) − 4(𝑦 + 3) + 16 = 0 ⇒
√

3𝑥 − 𝑦 − 2
√

3 = 0

This line makes angle of 60° with 𝑥-axis. So initial position of the center is 
𝐴 = (2, 4) and final position of the center is 𝐵 = (2 + 2 cos 60°, 4 + 2 sin 60°) =
(3, 4 +

√
3)

Radius of the circle is 
√

22 + 42 − 16 = 2

Thus, equation of the circle in final position is (𝑥 − 3)2 + (𝑦 − 4 −
√

3)
2

= 22

⇒ 𝑥2 + 𝑦2 − 6𝑥 − 2(4 +
√

3)𝑦 + 24 + 8
√

3 = 0.

24. Let (𝛼, 𝛽) be the center and 𝑎 the radius of the required circle, then its equation is

(𝑥 − 𝛼)2 + (𝑦 − 𝛽)2 = 𝑎2. According to the questions 𝛼2 + 𝛽2 = 1

Since it touches 𝑦 = 0 we have |𝛽| = 𝑎 ⇒ 𝛽 = ±𝑎

It also touches 𝑦 =
√

3(𝑥 + 1) we have 
|
√

3𝛼−𝛽+
√

3|
2 = 𝑎 ⇒

√
3𝛼 − 𝛽 +

√
3 = ±2𝑎

Case I: 𝛽 = 𝑎 and 
√

3𝛼 − 𝛽 +
√

3 = 2𝑎 gives us 𝛼 =
√

3𝑎 − 1, 𝛽 = 𝑎

Thus, (
√

3𝑎 − 1)
2

+ 𝑎2 = 1 ⇒ 𝑎 =
√

3
2

Hence, center of the circle is (1
2 ,

√
3

2 ) and radius is 
√

3
2 .

Case II: 𝛽 = 𝑎 and 
√

3𝛼 − 𝛽 +
√

3 = −2𝑎 gives us 𝛼 = − 𝑎√
3 − 1

Thus, ( 𝑎√
3 + 1)

2
+ 𝑎2 = 𝑎 ⇒ 0, −

√
3

2 [𝑎 > 0]

Case III: 𝛽 = −𝑎 and 
√

3𝛼 − 𝛽 +
√

3 = 2𝑎 gives us 𝛼 = 𝑎√
3 − 1

Thus, ( 𝑎√
3 − 1) + 𝑎2 = 1 ⇒ 𝑎 =

√
3

2

Hence, center of circle is (−1
2 , −

√
3

2 ) and radius is 
√

3
2 .

Case IV: 𝛽 = −𝑎 and 
√

3𝛼 − 𝛽 +
√

3 = −2𝑎 gives us 𝛼 =
√

3𝑎 − 1

Thus, (
√

3𝑎 + 1)
2

+ 𝑎2 = 1 ⇒ 𝑎 = 0, −
√

3
2  [𝑎 > 0].

25. Let 𝐶(𝛼, 𝛽) be the center of the circle adn 𝑎 be its radius. According to question

|4𝛼−3𝛽−24|
5 = |4𝛼+3𝛽−42|

5 = √(𝛼 − 2)2 + (𝛽 − 8)
2

Solving these gives 𝛽 = 3, 𝛼 = 33
4  but it is give that |𝛼| ≤ 8

Putting 𝛽 = 3 in first and third one we get 𝛼 = 2, −182
9 ⇒ 𝛼 = 2

Hence, equation of the circle is (𝑥 − 2)2 + (𝑦 − 3)2 = (2 − 2)2 + (3 − 8)2 = 25.

26. Equation of the circle is (𝑥 − 1)2 + (𝑦 + 5)2 = 72 ⇒ 𝑥2 − 2𝑥 + 𝑦2 + 10𝑦 − 23 =
0.

27. Equation of the circle is (𝑥 + 1)2 + (𝑦 + 2)2 = 625
4 ⇒ 𝑥2 + 𝑦2 + 2𝑥 + 4𝑦 +

−605
4 = 0.
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28. Given diameters are 2𝑥 + 𝑦 = 6 and 3𝑥 + 2𝑦 = 4. Solving we get 3𝑥 + 2(6 −
2𝑥) = 4 ⇒ 𝑥 = 8, 𝑦 = −10.

Thus, equation of the circle is (𝑥 − 8)2 + (𝑦 + 10)2 = 102 ⇒ 𝑥2 + 𝑦2 − 16𝑥 +
20𝑦 + 64 = 0.

29. Given lines are 3𝑥 − 2𝑦 − 1 = 0 and 4𝑥 + 𝑦 − 27 = 0. Thus, 𝑦 = 27 − 4𝑥 and

3𝑥 − 2(27 − 4𝑥) − 1 = 0 ⇒ 𝑥 = 5, 𝑦 = 7.

Let the radius of the circle is 𝑟. Then equation will be (𝑥 − 2)2 + (𝑦 − 3)2 = 𝑟2.

Since it passes theough (5, 7), therefore, 32 + 42 = 𝑟2 ⇒ 𝑟 = 5

Thus, equation will be 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 − 12 = 0.

30. Given lines are 3𝑥 + 𝑦 = 14 and 2𝑥 + 5𝑦 = 18. From first 𝑦 = 14 − 3𝑥. Putting in 

the second 2𝑥 + 5(14 − 3𝑥) = 18 ⇒ 𝑥 = 4 ⇒ 𝑦 = 2

Let the radius of the circle is 𝑟, then the equation is (𝑥 − 1)2 + (𝑦 − 2)2 = 𝑟2

Since it passes through (4, 2), we have 32 + 0 = 𝑟2 ⇒ 𝑟 = 3.

Thus, equation of the circle is 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4 = 0.

31. Given that the circle passes through (2, 3) and has center (1, 4).

Let the raidus be 𝑟, then equation of the circle is (𝑥 − 1)2 + (𝑦 − 4)2 = 𝑟2. Since 

it passes through (2, 3)

(2 − 1)2 + (3 − 4)2 = 𝑟2 ⇒ 𝑟 =
√

2

Thus, equation of the circle is (𝑥 − 1)2 + (𝑦 − 4)2 = 2 ⇒ 𝑥2 + 𝑦2 − 2𝑥 − 8𝑦 +
15 = 0.

32. Point of intersection of 𝑥 + 3𝑦 = 0 and 2𝑥 − 7𝑦 = 0 is (0, 0). The other two lines 

are 𝑥 + 𝑦 + 1 = 0 and 𝑥 − 2𝑦 + 4 = 0.

Thus, 𝑦 = −𝑥 − 1.Putting in 𝑥 − 2𝑦 + 4 = 0 ⇒ 𝑥 − 2(−𝑥 − 1) + 4 = 0 ⇒ 𝑥 =
2, 𝑦 = −3. So center is (2, −3).

Let radius of the circle is 𝑟. Then the equation of the circle is (𝑥 − 2)2 + (𝑦 + 3)2 =
𝑟2

Since it passes through (0, 0), therefore, 𝑟2 = 13.

Thus, equation of the circle is 𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 = 0.

33. Given that the radius is 5 and center is at (5, 0).

Thus, equation of the circle is (𝑥 − 5)2 + 𝑦2 = 52 ⇒ 𝑥2 + 𝑦2 − 10𝑥 = 0.

34. Let the center be (ℎ, 𝑘). Since it lies on the line 𝑥 − 2𝑦 = 0, we have ℎ = 2𝑘.

Because the circle passes through (−1, 2) and (3, −2), the distances from the 

center to these points are equal. So (ℎ + 1)2 + (𝑘 − 2)2 = (ℎ − 3)2 + (𝑘 + 2)2.

Simplifying this gives ℎ − 𝑘 = 1. Using ℎ = 2𝑘, we get 2𝑘 − 𝑘 = 1, so 𝑘 = 1 and 
ℎ = 2.



Thus the center is (2, 1). The radius squared is (2 + 1)2 + (1 − 2)2 = 10.

Therefore, the equation of the circle is (𝑥 − 2)2 + (𝑦 − 1)2 = 10.

35. Let the center be (ℎ, 𝑘) with 3ℎ + 4𝑘 = 7.

Since the circle passes through (1, −2) and (4, −3), we equate distances (ℎ − 1)2 +
(𝑘 + 2)2 = (ℎ − 4)2 + (𝑘 + 3)2.

Expanding and simplifying gives 6ℎ − 2𝑘 − 20 = 0, which reduces to 3ℎ − 𝑘 = 10.

Now solve 3ℎ + 4𝑘 = 7 and 3ℎ − 𝑘 = 10.

Subtracting gives 5𝑘 = −3, so 𝑘 = −3
5 . Substitute into 3ℎ − 𝑘 = 10 3ℎ + 3

5 = 10, 

so 3ℎ = 47
5  and ℎ = 47

15 .

Thus the center is (47
15 , −3

5).

Now compute radius squared using (1, −2) (47
15 − 1)2 + (−3

5 + 2)2 = (32
15)2 +

(7
5)2

 = 1024
225 + 441

225 = 1465
225 .

So the equation of the circle is (𝑥 − 47
15)2 + (𝑦 + 3

5)2 = 1465
225 .

36. Center of given circle is (1, 2) and radius is 5.

Let required center be (ℎ, 𝑘). Point (5, 5) lies on it ⇒ (ℎ − 5)2 + (𝑘 − 5)2 = 25

Collinearity gives 𝑘−5
ℎ−5 = 3

4

So 𝑘 − 5 = 3
4(ℎ − 5)

Substitute (ℎ − 5)2 + (3
4(ℎ − 5))2 = 25 ⇒ ℎ = 9 or 1

Reject (1, 2), so center is (9, 8).

Eqaution of the cicle is (𝑥 − 9)2 + (𝑦 − 8)2 = 25.

37. Perpendicular distance from the center to the tangent will be radius. Let it be 𝑟.

𝑟 = |2.1−(−3)−4|
√22+(−1)2 = 1√

5

Thus, equation of the circle is (𝑥 − 1) + (𝑦 + 3)2 = 1
5 ⇒ 𝑥2 + 𝑦2 − 2𝑥 + 6𝑦 +

49
5 = 0.

38. Since the circle is concentric with the circle 𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 − 17 = 0, therefore, 

center will be (2, −3).

The circle touches the line 3𝑥 − 4𝑦 + 7 = 0, therefore, perpendicular distance from 

tangent will be radius. Let it be 𝑟.

𝑟 = |3.2−4(−3)+7|
√32+(−4)2 = 5.

Thus, the equation of the circle is (𝑥 − 2)2 + (𝑦 + 3)2 = 52 ⇒ 𝑥2 + 𝑦2 − 4𝑥 +
6𝑦 − 12 = 0.

39. Let (ℎ, 𝑘) be the center then (ℎ − 1)2 + (𝑘 − 2)2 = 25.
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The center is on normal perpendicular to give line. Hence slope will be −4
3 . Also, 

slope is 𝑘−2
ℎ−1 .

Thus, 𝑘−2
ℎ−1 = −4

3 ⇒ 4ℎ + 3𝑘 = 10 ⇒ 𝑘 = 10−4ℎ
3 .

Putting this in the equation of the circle

(ℎ − 1)2 + [10−4ℎ
3 − 2]2 = 25 ⇒ ℎ2 − 2ℎ + 1 + 16ℎ2−32ℎ+16

9 = 25 ⇒ 25ℎ2 −
50ℎ − 200 = 0
ℎ2 − 2ℎ − 8 = 0 ⇒ ℎ = 4, −2, 𝑘 = −2, 6.

Thus equation of the circles are 𝑥2 + 𝑦2 − 8𝑥 + 4𝑦 − 5 = 0 and 𝑥2 + 𝑦2 + 4𝑥 −
12𝑦 + 15 = 0.

40. The two normals are 3𝑥 − 5𝑦 + 2 = 0 and 𝑥 + 2𝑦 = 3. Solving them 3(3 − 2𝑦) −
5𝑦 + 2 = 0 ⇒ 𝑦 = 1 ⇒ 𝑥 = 1.

This point of intersection of two normals give the center of the circle. Thus, the 
center is (1, 1), and it is given that radius of the circle is 5. Hence, the equation is

(𝑥 − 1)2 + (𝑦 − 1)2 = 52 ⇒ 𝑥2 + 𝑦2 − 2𝑥 − 2𝑦 − 23 = 0.

41. Let the center of the circle be (𝑎, 4) and radius be 𝑟.

Since the circle touches the 𝑦-axis at the point (0, 4), the radius equals the distance 

of the center from the 𝑦-axis.

Hence 𝑟 = 𝑎
Equation of the circle (𝑥 − 𝑎)2 + (𝑦 − 4)2 = 𝑎2

The circle cuts an intercept 6 on the 𝑥-axis.

So the points where the circle meets the 𝑥-axis satisfy 𝑦 = 0.

Substituting 𝑦 = 0 (𝑥 − 𝑎)2 + 16 = 𝑎2⇒ (𝑥 − 𝑎)2 = 𝑎2 − 16

The length of the intercept on the 𝑥-axis is 2
√

𝑎2 − 16 = 6⇒ 𝑎 = ±5

Hence the radius is 5 and the center is (±5, 4).

Therefore the equation of the circle is (𝑥 ∓ 5)2 + (𝑦 − 4)2 = 25.

42. The circle would be in any quadrant and center would be one of 
(𝑎, 𝑎), (−𝑎, 𝑎), (−𝑎, −𝑎) and (𝑎, −𝑎).

Thus, equation of the circle is (𝑥 ∓ 𝑎)2 + (𝑦 ∓ 𝑎)2 = 𝑎2.

43. Since the circle touches the 𝑦-axis at origin, therefore, the 𝑥-axis will be normal. 

If 𝑟 is the radius then (𝑟, 0) will be the center,

Since it passes through (ℎ, 𝑘), therefore, (ℎ − 𝑟)2 + 𝑘2 = 𝑟2 ⇒ ℎ2 + 𝑘2 − 2ℎ𝑟 =
0 ⇒ 𝑟 = ℎ2+𝑘2

2 ℎ

Thus, equation of the circle is (𝑥 − 𝑟)2 + 𝑦2 = 𝑟2 ⇒ 𝑥2 + 𝑦2 − 2𝑟𝑥 = 0 ⇒ ℎ(𝑥2 +
𝑦2) − (ℎ2 + 𝑘2)𝑥 = 0.



44. Since the circle touches the 𝑥-axis at origin, therefore, the 𝑦-axis will be normal. 

If 𝑟 is the radius then (0, 𝑟) will be the center.

The circle touches the line 4𝑥 − 3𝑦 + 24 = 0, so perpendicular distance from the 

center will be equal to the radius.
|4.0−3𝑟+24|

5 = 𝑟 ⇒ 9(𝑟 − 8)2 = 25𝑟2 ⇒ 9𝑟2 − 144𝑟 + 576 = 25𝑟2 ⇒ 16𝑟2 +
144𝑟 − 576 = 0
⇒ 𝑟2 + 9𝑟 − 36 = 0 ⇒ 𝑟 = 3, −12

Thus, equation of the circles are 𝑥2 + 𝑦2 + 24𝑦 = 0 and 𝑥2 + 𝑦2 − 6𝑦 = 0.

45. Given circle is 𝑥2 + 𝑦2 = 16 = 42. Thus, parametric equaiton is 𝑥 = 4 cos 𝜃, 𝑦 =
4 sin 𝜃.

46. Let the center of the circle be (ℎ, 𝑘) and radius be 𝑟.

The circle touches the line 2𝑥 − 𝑦 = 1 at the point (1, 1).

Hence the center lies on the line perpendicular to 2𝑥 − 𝑦 = 1 through (1, 1).

Slope of 2𝑥 − 𝑦 = 1 is 2. Therefore the perpendicular slope is −1
2 .

Equation of the perpendicular line through (1, 1) 𝑦 − 1 = (−1
2)(𝑥 − 1) 𝑥 + 2𝑦 −

3 = 0
So the center (ℎ, 𝑘) satisfies ℎ + 2𝑘 − 3 = 0

The radius equals the distance from the center to the line 2𝑥 − 𝑦 − 1 = 0 and also 

to the line 2𝑥 + 𝑦 − 4 = 0

Hence, 
|2ℎ−𝑘−1|√

5 = |2ℎ+𝑘−4|√
5 ⇒ |2ℎ − 𝑘 − 1| = |2ℎ + 𝑘 − 4|

Using ℎ + 2𝑘 − 3 = 0, we get ℎ = 3 − 2𝑘

Substituting in the distance equation |2(3 − 2𝑘) − 𝑘 − 1| = |2(3 − 2𝑘) + 𝑘 − 4| ⇒
𝑘 = 7

8

Then ℎ = 3 − 2(7
8) ⇒ ℎ = 5

4

Radius 𝑟 = |2(5
4)−7

8−1|√
5 ⇒ 𝑟 =

√
5

8

Therefore the equation of the circle is (𝑥 − 5
4)2 + (𝑦 − 7

8)2 = 5
64 .

47. Let the center be (ℎ, 𝑘) and radius be 𝑟. Since the center lies on 2𝑥 + 𝑦 = 0, 

therefore, 𝑘 = −2ℎ
The circle touches the lines 4𝑥 − 3𝑦 − 30 = 0 and 4𝑥 − 3𝑦 + 10 = 0

Hence the distances from the center to both lines are equal.
|4ℎ−3𝑘−30|

5 = |4ℎ−3𝑘+10|
5  ⇒ 4ℎ − 3𝑘 = 10

Using 𝑘 = −2ℎ ⇒ 4ℎ + 6ℎ = 10 ⇒ ℎ = 1, 𝑘 = −2

Radius 𝑟 = |4(1)−3(−2)−30|
5 = 4

Therefore the equation of the circle is (𝑥 − 1)2 + (𝑦 + 2)2 = 16.
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48.

𝑥

𝑦

𝑂 1 2 3 4 5 6 7 8 9

−5

−4

−3

−2

−1

1

2

3

4

5

(4, 4)r = 4(0, 4)

(4, 0)

(4, −4)r = 4(0, −4)

Since the circle touches the coordinate axes and has a radius of 4 units, therefore, 
its center would be (4, 4) in first quadrant.

Given that 𝑦 = 0 is the line mirror, so the new center would be (4, −4) and the 

equation of circle will be

(𝑥 − 4)2 + (𝑦 + 4)2 = 16.

49.

𝑥

𝑦

𝑂−20 −18 −16 −14 −12 −10 −8 −6 −4 −2 2

−6

−4

−2

2

4

6

8

10

12

14

16

4x+7y+13=0

C(-8, 12)

C’(-16, −2)

mid (-12, 5)

Center of the circle 𝑥2 + 𝑦2 + 16𝑥 − 24𝑦 + 183 = 0 is (−8, 12) and radius is √
64 + 144 − 183 = 5.



Image of the center across this line is given by 𝑥′ = 𝑥 − 2𝑎(𝑎𝑥+𝑏𝑦+𝑐)
𝑎2+𝑏2  and 𝑦′ =

𝑦 − 2𝑏(𝑎𝑥+𝑏𝑦+𝑐)
𝑎2+𝑏2

Here 𝑎 = 4, 𝑏 = 7, 𝑐 = 13 and (𝑥, 𝑦) = (−8, 12).

Now 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 4(−8) + 7(12) + 13= −32 + 84 + 13= 65

Also 𝑎2 + 𝑏2 = 16 + 49 = 65. Therefore 𝑥′ = −8 − 2.4.65
65 = −16 and 𝑦′ = 12 −

2.7.65
65 = −2

Hence the image circle has center (−16, −2) and radius 5.

Therefore its equation is (𝑥 + 16)2 + (𝑦 + 2)2 = 25⇒ 𝑥2 + 𝑦2 + 32𝑥 + 4𝑦 +
235 = 0.

50. Center of the circle is (𝑎, 𝑎) and radius is 𝑎. After one complete revolution along 

𝑥-axis will make the new center as (𝑎 + 2𝜋𝑎, 𝑎).

Thus, new equation is (𝑥 − 𝑎 − 2𝜋𝑎)2 + (𝑦 − 𝑎)2 = 𝑎2.

51. The center is (1, 1) and radius is 5. The center moves on the line 𝑥 − 𝑦 = 0, so 

any new center (ℎ, 𝑘) satisfies

ℎ − 𝑘 = 0 ⇒ ℎ = 𝑘
Distance between old and new center is 

√
2, so (ℎ − 1)2 + (𝑘 − 1)2 = 2

Substitute 𝑘 = ℎ (ℎ − 1)2 + (ℎ − 1)2 = 2

2(ℎ − 1)2 = 2 ⇒ ℎ − 1 = ±1

Case I: ℎ = 2, 𝑘 = 2

Case II: ℎ = 0, 𝑘 = 0

Thus two circles are possible.

For (2, 2) equation of circle will be (𝑥 − 2)2 + (𝑦 − 2)2 = 25.

For (0, 0) equation of circle will be 𝑥2 + 𝑦2 = 25.

52. Let the circle pass through the origin and have center (ℎ, 𝑘) and radius 𝑟.

Since it passes through (0, 0) ⇒ ℎ2 + 𝑘2 = 𝑟2

The length of chord cut by the circle on a line is 2
√

𝑟2 − 𝑑2 where 𝑑 is perpen

dicular distance from center to the line.

Given chord length is 
√

2.

So 2
√

𝑟2 − 𝑑2 =
√

2 ⇒ 𝑟2 − 𝑑2 = 1
2⇒ ℎ2 + 𝑘2 − 𝑑2 = 1

2

Now for line 𝑦 = 𝑥⇒ 𝑥 − 𝑦 = 0

Distance from (ℎ, 𝑘) is 𝑑1 = |ℎ − 𝑘 |√
2

So ℎ2 + 𝑘2 − (ℎ−𝑘)2

2 = 1
2

Simplifying gives us (ℎ + 𝑘)2 = 1 …(1)
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Now for line 𝑦 = −𝑥 ⇒ 𝑥 + 𝑦 = 0. Distance is 𝑑2 = |ℎ + 𝑘 |√
2

So similarly ℎ2 + 𝑘2 − (ℎ+𝑘)2

2 = 1
2

Simplifying gives (ℎ − 𝑘)2 = 1 …(2)

From (1) and (2): ℎ + 𝑘 = ±1 and ℎ − 𝑘 = ±1

Case I: ℎ + 𝑘 = 1, ℎ − 𝑘 = 1 => ℎ = 1, 𝑘 = 0

Case II: ℎ + 𝑘 = 1, ℎ − 𝑘 = −1 => ℎ = 0, 𝑘 = 1

Case III: ℎ + 𝑘 = −1, ℎ − 𝑘 = 1 => ℎ = 0, 𝑘 = −1

Case IV: ℎ + 𝑘 = −1, ℎ − 𝑘 = −1 => ℎ = −1, 𝑘 = 0

Radius: 𝑟2 = ℎ2 + 𝑘2 = 1. So 𝑟 = 1

Thus the circles are (𝑥 − 1)2 + 𝑦2 = 1, 𝑥2 + (𝑦 − 1)2 = 1, 𝑥2 + (𝑦 + 1)2 = 1, and 

(𝑥 + 1)2 + 𝑦2 = 1.

53. Let 𝐴 = 3𝑥 + 4𝑦 − 15 = 0, 𝐵 = 3𝑥 − 4𝑦 − 7 = 0, 𝐶 = 12𝑥 + 5𝑦 − 115 = 0
|3𝑥+4𝑦−15|

5 = |3𝑥−4𝑦−7|
5  ⇒ 3𝑥 + 4𝑦 − 15 = ±(3𝑥 − 4𝑦 − 7)

Taking plus sign 3𝑥 + 4𝑦 − 15 = 3𝑥 − 4𝑦 − 7 ⇒ 8𝑦 = 8⇒ 𝑦 = 1

Now use the bisector of 𝐴 and 𝐶 
|3𝑥+4𝑦−15|

5 = |12𝑥+5𝑦−115|
13

Substitute 𝑦 = 1 ot get 
|3𝑥−11|

5 = |12𝑥−110|
13  ⇒ 𝑥 = 7

Hence the incenter is (7, 1).

54. Let the raidus be 𝑟. The center could be in any quadrant, and thus, center is 
(±𝑟, ±𝑟).

Since the center lies on 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0, therefore, 𝑟 = ± 𝑛
𝑙+𝑚 .

Putting this is in (𝑥 ± 𝑟)2 + (𝑦 ± 𝑟)=𝑟2 gives us

(𝑙 ± 𝑚)2(𝑥2 + 𝑦2) ± 2𝑛(𝑙 ± 𝑚)(𝑥 + 𝑦) + 𝑛2 = 0.

55. The smaller circle is 𝑥2 + 𝑦2 = 4 so its centre is (0, 0) and radius is 2.

Let the radius of the larger circle be 𝑅. The distance of the line 𝑥 + 𝑦 = 2 from 

the centre is 
√

2

Chord length in a circle of radius 𝑟 at distance 𝑑 from the centre is 2
√

𝑟2 − 𝑑2

Hence the chord lengths are 2
√

4 − 2 = 2
√

2 and 2
√

𝑅2 − 2

Given intercept between the circles is 1
⇒

√
𝑅2 − 2 −

√
2 = 1⇒

√
𝑅2 − 2 = 1 +

√
2 ⇒ 𝑅2 = 5 + 2

√
2

Therefore, the larger circle is 𝑥2 + 𝑦2 = 5 + 2
√

2

56. The given circle is 𝑥2 + 𝑦2 − 2𝑥 + 𝑦 = 0. So the centre is (1, −1
2) and radius 

is 
√

5
2 .

For the point (3, 2), the distance from the centre is √(3 − 1)2 + (2 + 1
2)2=

√
41
2



Since 
√

41
2 >

√
5

2  the point is exterior to the circle.

The maximum radius of a circle centered at (3, 2) containing the given circle is
√

41
2 +

√
5

2 =
√

41+
√

5
2

Hence the required circle is (𝑥 − 3)2 + (𝑦 − 2)2 = (
√

41+
√

5
2 )

2
⇒ (𝑥 − 3)2 +

(𝑦 − 2)2 = 23+
√

205
2 .

57. 𝐶1 = (0, 2), 𝑟1 = 3, 𝐶2 = (−6, −2), 𝑟2 = 3, and 𝐶3 = (−3, −6), 𝑟3 = 3

Δ𝐶1𝐶2𝐶3 is acute, so the minimum enclosing circle of the centers is the circum

circle

𝐶 = (−31
18 , −23

12) ⇒ 𝑅 = 5
√

949
36 , where 𝐶 is circumcenter.

Since each given circle has radius 3, the required minimum radius is 𝑅{𝑚𝑖𝑛} =
3 + 5

√
949

36 = 108+5
√

949
36

Hence the required circle is (𝑥 + 31
18)2 + (𝑦 + 23

12)2 = (108+5
√

949
36 )

2
.

58. The diamter form of the circle is (𝑥 + 4)(𝑥 − 12) + (𝑦 − 3)(𝑦 + 1) = 0 ⇒ 𝑥2 +
𝑦2 − 8𝑥 − 2𝑦 − 51 = 0.

Putting 𝑥 = 0 for intercept on 𝑦-axis, we have 𝑦2 − 2𝑦 − 51 = 0

Let 𝑦1 and 𝑦2 be the roots then 𝑦1 + 𝑦2 = 2 and 𝑦1𝑦2 = −51, then

|𝑦1 − 𝑦2| = √(𝑦1 + 𝑦2)
2 − 4𝑦1𝑦2 = 4

√
13.

So the intercept on 𝑦-axis is 4
√

13.

59. One of the diagonals will have endpoints as (1, 2) and (3, 4) and the other will 

have (3, 2) and (1, 4).

Thus, the equation of the circle is (𝑥 − 1)(𝑥 − 3) + (𝑦 − 2)(𝑦 − 4).

The other diagonal will also give the same equation.

60. Equation of the circle will be 𝑥(𝑥 − 2) + 𝑦(𝑦 + 4) = 0.

61. Equation of the circle will be (𝑥 − 2)(𝑥 + 2) + (𝑦 + 3)(𝑦 − 4) = 0 ⇒ 𝑥2 − 4 +
𝑦2 − 𝑦 − 12 = 0

So center will be (0, 1
2) and radius will be √1

4 + 16 =
√

65
2 .

62. The intercepts are (3, 0) and (0, 4) on 𝑥 and 𝑦 axes. Thus, the equation of the 

circle will be

𝑥(𝑥 − 3) + 𝑦(𝑦 − 4) = 0.

63. The center of the circles are (−3, 7) and (2, −5). Thus, the equation of the circle is

(𝑥 + 3)(𝑥 − 2) + (𝑦 − 7)(𝑦 + 5) = 0.

64. One of the diagonals will have endpoints as (6, 3) and (9, 6). Thus equation of 

the circle will be
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(𝑥 − 6)(𝑥 − 9) + (𝑦 − 3)(𝑦 − 6) = 0. The other diagonal will also give the same 

equation.

65. The given lines form a rectangle since there are two pairs of parallel lines.

From 𝑥 − 3𝑦 = 4 and 3𝑥 + 𝑦 = 22 we get point 𝐴(7, 1).

From 𝑥 − 3𝑦 = 14 and 3𝑥 + 𝑦 = 22 we get point 𝐵(8, −2).

From 𝑥 − 3𝑦 = 14 and 3𝑥 + 𝑦 = 62 we get point 𝐶(20, 2).

From 𝑥 − 3𝑦 = 4 and 3𝑥 + 𝑦 = 62 we get point 𝐷(19, 5).

We take one diagonal (7, 1) and (20, 2) as diameter to get the equation of the 

circle as

(𝑥 − 7)(𝑥 − 20) + (𝑦 − 1)(𝑦 − 2) = 0. The other diagonal will also give the same 

equation.

66. Let 𝑥1, 𝑥2 be the roots of 𝑥2 + 2𝑥 − 𝑎2 = 0 then 𝑥1 + 𝑥2 = −2 and 𝑥1𝑥2 =
−𝑎2. Similarly, let 𝑦1, 𝑦2 be the roots of 𝑦2 + 4𝑦 − 𝑏2 = 0 then 𝑦1 + 𝑦2 = −4 and 

𝑦1𝑦2 = −𝑏2.

Circle whose endpoints will be the diamter 𝐴𝐵 will be given by (𝑥 − 𝑥1)(𝑥 −
𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0

⇒ 𝑥2 − 𝑥(𝑥1 + 𝑥2) + 𝑥1𝑥2 + 𝑦2 − 𝑦(𝑦1 + 𝑦2) + 𝑦1𝑦2 = 0

Substituting the values from the equations obtained we have the equation as

𝑥2 + 2𝑥 − 𝑎2 + 𝑦2 + 4𝑦 − 𝑏2 = 0 ⇒= (𝑥 + 1)2 + (𝑦 + 2)2 = 𝑎2 + 𝑏2 + 5

Hence, center is (−1, −2) and radius is 
√

𝑎2 + 𝑏2 + 5.

67. The circle is given by 𝑥2 + 𝑦2 − 2𝑥 + 6𝑦 − 15 = 0. Let (ℎ, 𝑘) be the other endpoint. 

Then the equation for the circle with the diameter is given by

(𝑥 − 4)(𝑥 − ℎ) + (𝑦 − 1)(𝑦 − 𝑘) = 0 ⇒ 𝑥2 − (4 + ℎ) + 4ℎ + 𝑦2 − (1 + 𝑘) + 𝑘 =
0
Comparing coefficients of 𝑥 and 𝑦 we have ℎ = −2 and 𝑘 = −7.

68. The given lines are 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0, 𝑎𝑥 + 𝑏𝑦 − 𝑐 = 0, 𝑏𝑥 − 𝑎𝑦 + 𝑐 = 0 and 𝑏𝑥 −
𝑎𝑦 − 𝑐 = 0.

These form a rectangle since each pair is parallel and the two directions are 
perpendicular.

Take one pair of opposite vertices by solving 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 with 𝑏𝑥 − 𝑎𝑦 + 𝑐 =
0 and 𝑎𝑥 + 𝑏𝑦 − 𝑐 = 0 with 𝑏𝑥 − 𝑎𝑦 − 𝑐 = 0.

Let these points be 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2).

From symmetry we have 𝑥2 = −𝑥1 and 𝑦2 = −𝑦1. So the equation of the circle 

becomes 𝑥2 + 𝑦2 = 𝑥2
1 + 𝑦2

1 .

Solving 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑏𝑥 − 𝑎𝑦 + 𝑐 = 0 gives 𝑥1 = −𝑐 𝑎+𝑏
𝑎2+𝑏2  and 𝑦1 =

−𝑐 𝑏−𝑎
𝑎2+𝑏2 .



So 𝑥2
1 + 𝑦2

1 = 𝑐2((𝑎+𝑏)2+(𝑏−𝑎)2)
(𝑎2+𝑏2)2 .

This simplifies to 𝑥2
1 + 𝑦2

1 = 2𝑐2

𝑎2+𝑏2 .

Hence the equation of the circumcircle is 𝑥2 + 𝑦2 = 2𝑐2

𝑎2+𝑏2 .

69. Let the equation of the circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 whose center is 

(−𝑔, −𝑓), which lies on 3𝑥 + 4𝑦 = 7. Thus,

−3𝑔 − 4𝑓 = 7. Since the circle passes through (1, −2) and (4, −3), therefore,

2𝑔 − 4𝑓 + 𝑐 = −5 and 8𝑔 − 6𝑓 + 𝑐 = 25. From these two equations we have 

−3𝑔 + 𝑓 = 10

Thus, 𝑓 = 3
5 , 𝑔 = −47

15  and 𝑐 = 11
3  and now it is trivial to find the equation.

70. The line 3𝑥 + 4𝑦 = 12 meets the axes at (4, 0) and (0, 3). Let the equation of the 

circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

Since it passes through origin, therefore, 𝑐 = 0.

For (4, 0)m the equation becomes 16 + 8𝑔 = 0 ⇒ 𝑔 = −2 and for (0, 3) the 

equation is 9 + 6𝑓 = 0 ⇒ 𝑓 = −3
2 . Thus, we have found the equation of the circle 

as 𝑥2 + 𝑦2 − 4𝑥 − 3𝑦 = 0.

71.

𝑥

𝑦

𝑂−1 1 2 3

−1

1

𝐿1

𝐿2

𝐿3

𝐿4

𝐴(3/2,
1/2)

𝐵(0,
0)

𝐶(−2/9,
−4/9)

𝐷(42/17,
−19/17)

centre

The given lines are 5𝑥 + 3𝑦 = 9, 𝑥 = 3𝑦, 2𝑥 = 𝑦 and 𝑥 + 4𝑦 + 2 = 0.

From 5𝑥 + 3𝑦 = 9 and 𝑥 = 3𝑦 we get 𝐴(3
2 , 1

2).

From 𝑥 = 3𝑦 and 2𝑥 = 𝑦 we get 𝐵(0, 0).

From 2𝑥 = 𝑦 and 𝑥 + 4𝑦 + 2 = 0 we get 𝐶(−2
9 , −4

9).
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We take the general circle 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0.

Substitute point 𝐵(0, 0) and get 𝑐 = 0.

Substitute point 𝐴(3
2 , 1

2).

This gives 5
2 + 3𝑔

2 + 𝑓
2 = 0 so 3𝑔 + 𝑓 = −5.

Substitute point 𝐶(−2
9 , −4

9).

This gives 20
81 − 2𝑔

9 − 4𝑓
9 = 0.

Multiply by 81 to get 20 − 18𝑔 − 36𝑓 = 0 so 9𝑔 + 18𝑓 = 10.

From 3𝑔 + 𝑓 = −5 we get 𝑓 = −5 − 3𝑔.

Substitute into 9𝑔 + 18𝑓 = 10.

This gives 9𝑔 + 18(−5 − 3𝑔) = 10.

So 9𝑔 − 90 − 54𝑔 = 10 which gives −45𝑔 = 100.

Thus, 𝑔 = −20
9  and 𝑓 = 5

3 .

Hence the circle is 𝑥2 + 𝑦2 − 20
9 𝑥 + 5

3𝑦 = 0.

72. Let the equation of the circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Since it passes 

through (1, 2) and (3, 4), therefore,

5 + 2𝑔 + 4𝑓 + 𝑐 = 0 …(1) and 25 + 6𝑔 + 8𝑓 + 𝑐 = 0 …(2)

From these two equations we have 𝑔 + 𝑓 + 5 = 0 …(3)

Since the circle touches the line 3𝑥 + 𝑦 − 3 = 0 so perpendicular distance from 

center would be radius. Thus,
|−3𝑔−𝑓−3|√

10 = √𝑔2 + 𝑓2 + 𝑐 ⇒ (3𝑔 + 𝑓 + 3)2 = 10(𝑔2 + 𝑓2 + 5 + 2𝑔 + 4𝑓)[from 

(1)]

(2𝑔 − 5 + 3)2 = 10[𝑔2 + (𝑔 + 5)2 + 5 + 2𝑔 − 4𝑔 − 29][Putting the value of 𝑓  from 

(3)]

⇒ 𝑔 = −4, −3
2 ⇒ 𝑓 = −1, −7

2 ⇒ 𝑐 = 7, 12

Thus, equation of the circles are 𝑥2 + 𝑦2 − 8𝑥 − 2𝑦 + 7 = 0 and 𝑥2 + 𝑦2 − 3𝑥 −
7𝑦 + 12 = 0.

73. Let the equation of the circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, so the center is 

(−𝑔, −𝑓) and radus us √𝑔2 + 𝑓2 − 𝑐

Since the circle touches the 𝑥-axis, therefore, 𝑔2 − 𝑐 = 0 ⇒ 𝑐 = 𝑔2[∵
√𝑔2 + 𝑓2 − 𝑐 = | − 𝑓|] …(1)

Also, the circle touches 4𝑥 − 3𝑦 + 4 = 0 ⇒ |−4𝑔+3𝑓+4|
5 = √𝑔2 + 𝑓2 + 𝑐 = |𝑓|[from 

(1)]

⇒ −4𝑔 + 3𝑓 + 4 = ±𝑓 ⇒ 2𝑔 + 𝑓 = 2 …(2) and 𝑔 − 2𝑓 = 1 …(3)

Also, given that the center lies on 𝑥 − 𝑦 − 1 = 0 ⇒ −𝑔 + 𝑓 = 1 …(4)



Thus, 𝑔 = 1
3 , 𝑓 = 4

3  and 𝑓 = −2, 𝑔 = −3, which lies in first quadrant. Thus, 𝑐 = 1
9 .

Hence, the equation of the cirlce is 9(𝑥2 + 𝑦2) + 6𝑥 + 24𝑦 + 1 = 0.

74. Let the circle be 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0. Substituting point (1, 0) gives

1 + 𝑔 + 𝑐 = 0 so 𝑔 + 𝑐 = −1.

Substituting point (0, 1) gves 1 + 𝑓 + 𝑐 = 0 so 𝑓 + 𝑐 = −1.

Substituting point (1, −2) gives 1 + 4 + 𝑔 − 2𝑓 + 𝑐 = 0 so 𝑔 − 2𝑓 + 𝑐 = −5.

From 𝑔 + 𝑐 = −1 we get 𝑔 = −1 − 𝑐. From 𝑓 + 𝑐 = −1 we get 𝑓 = −1 − 𝑐.

Substitute into 𝑔 − 2𝑓 + 𝑐 = −5.

This gives (−1 − 𝑐) − 2(−1 − 𝑐) + 𝑐 = −5. So −1 − 𝑐 + 2 + 2𝑐 + 𝑐 = −5.

This simplifies to 1 + 2𝑐 = −5 so 𝑐 = −3. Then 𝑔 = 2 and 𝑓 = 2.

Hence the equation of the circle is 𝑥2 + 𝑦2 + 2𝑥 + 2𝑦 − 3 = 0.

75. Let the circle be 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0.

Substituting point (0, 0) gives 𝑐 = 0.

Substituting point (𝑎, 0) gives 𝑎2 + 𝑔𝑎 = 0 so 𝑔 = −𝑎.

Substituting point (0, 𝑏) gives 𝑏2 + 𝑓𝑏 = 0 so 𝑓 = −𝑏.

Hence, the equation of the circle is 𝑥2 + 𝑦2 − 𝑎𝑥 − 𝑏𝑦 = 0.

76. Let the circle be 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0. Since it passes through the origin, 

we get 𝑐 = 0.

So the equation becomes 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 = 0.

Now we consider the intercept on the positive 𝑥 axis. Putting 𝑦 = 0 gives 𝑥2 +
𝑔𝑥 = 0 which gives 𝑥(𝑥 + 𝑔) = 0.

So the intercept points are 𝑥 = 0 and 𝑥 = −𝑔.

The length of the chord on the positive 𝑥 axis is 4. Hence, −𝑔 = 4 so 𝑔 = −4.

Now we consider the intercept on the positive 𝑦 axis. Putting 𝑥 = 0 gives 𝑦2 +
𝑓𝑦 = 0 which gives 𝑦(𝑦 + 𝑓) = 0.

So the intercept points are 𝑦 = 0 and 𝑦 = −𝑓 .= The length of the chord on the 

positive 𝑦 axis is 6.

Hence, −𝑓 = 6 so 𝑓 = −6. Therefore, the equation of the circle is 𝑥2 + 𝑦2 − 4𝑥 −
6𝑦 = 0.

77. The given lines are 𝑦 = 𝑥, 𝑦 = 2𝑥 and 𝑦 = 3𝑥 + 2.

From 𝑦 = 𝑥 and 𝑦 = 2𝑥 we get 𝐴(0, 0).

From 𝑦 = 𝑥 and 𝑦 = 3𝑥 + 2 we get 𝐵(−1, −1).

From 𝑦 = 2𝑥 and 𝑦 = 3𝑥 + 2 we get 𝐶(−2, −4).

Let the circle be circle 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0.
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Substituting point 𝐴(0, 0) and get 𝑐 = 0.

Substituting point 𝐵(−1, −1) gives 1 + 1 − 𝑔 − 𝑓 = 0 so 𝑔 + 𝑓 = 2.

Substituting point 𝐶(−2, −4) gives 4 + 16 − 2𝑔 − 4𝑓 = 0 so 𝑔 + 2𝑓 = 10.

From 𝑔 + 𝑓 = 2 we get 𝑔 = 2 − 𝑓 .

Substituting into 𝑔 + 2𝑓 = 10 gives 2 − 𝑓 + 2𝑓 = 10 so 𝑓 = 8.

Then 𝑔 = −6.

Hence, the equation of the circumcircle is 𝑥2 + 𝑦2 − 6𝑥 + 8𝑦 = 0.

78. The given sides of the triangle are 7𝑥 − 𝑦 + 11 = 0, 𝑥 + 𝑦 − 15 = 0 and 7𝑥 +
17𝑦 + 65 = 0.

From 7𝑥 − 𝑦 + 11 = 0 and 𝑥 + 𝑦 − 15 = 0 we get 𝐴(1
2 , 29

2 ).

From 𝑥 + 𝑦 − 15 = 0 and 7𝑥 + 17𝑦 + 65 = 0 we get 𝐵(−10, 25).

From 7𝑥 + 17𝑦 + 65 = 0 and 7𝑥 − 𝑦 + 11 = 0 we get 𝐶(−19
3 , −100

3 ).

If the side lengths opposite 𝐴, 𝐵, 𝐶 are 𝑎, 𝑏, 𝑐 then the incenter is

𝑎𝑥1+𝑏𝑥2+𝑐𝑥3
𝑎+𝑏+𝑐  and 

𝑎𝑦1+𝑏𝑦2+𝑐𝑦3
𝑎+𝑏+𝑐 .

Length 𝑎 = 𝐵𝐶 = 5
√

85. Length 𝑏 = 𝐶𝐴 = 43
√

5. Length 𝑐 = 𝐴𝐵 = 3
√

85.

After simplification the incenter is (−3, 11).

Now find the radius which is the perpendicular distance from the incenter to 
any side.

Distance to 𝑥 + 𝑦 − 15 = 0 is 
| −3+11−15 |√

2 = 7√
2 .

Hence, the equation of the incircle is (𝑥 + 3)2 + (𝑦 − 11)2 = 49
2 .

79. Let the circle be 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0. Since it passes through the origin, 

we get 𝑐 = 0.

So the equation becomes 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 = 0.

Now we consider the line 3𝑥 = 4𝑦 which is 3𝑥 − 4𝑦 = 0.

The perpendicular distance from the center (−𝑔
2 , −𝑓

2) to this line is

|3(−𝑔
2)−4(−𝑓

2)|
5 = | −3𝑔+4𝑓 |

10 .

Since the circle cuts off a chord of length 1 on this line, we use

1 = 2
√

𝑟2 − 𝑑2. So 𝑟2 − 𝑑2 = 1
4 .

Now 𝑟2 = 𝑔2+𝑓2

4 . So 𝑔2+𝑓2

4 − ( (−3𝑔+4𝑓)2

100 ) = 1
4 .

Similarly for the line 4𝑥 = 3𝑦 which is 4𝑥 − 3𝑦 = 0. Distance from center is 
| −4𝑔+3𝑓 |

10 .

So 𝑔2+𝑓2

4 − ( (−4𝑔+3𝑓)2

100 ) = 1
4 .



Now subtract the two equations. This gives (−3𝑔 + 4𝑓)2 = (−4𝑔 + 3𝑓)2.

So either −3𝑔 + 4𝑓 = −4𝑔 + 3𝑓  or −3𝑔 + 4𝑓 = 4𝑔 − 3𝑓 . First case gives 𝑔 + 𝑓 =
0. Second case gives 𝑔 = 𝑓 .

Now substitute each case. For 𝑔 + 𝑓 = 0 we get 𝑔 = −𝑓 .

Substitute into equation and solve to get 𝑔 = 1 and 𝑓 = −1.

For 𝑔 = 𝑓  we substitute and get 𝑔 = −1 and 𝑓 = −1.

Hence the required circles are 𝑥2 + 𝑦2 + 𝑥 − 𝑦 = 0 and 𝑥2 + 𝑦2 − 𝑥 − 𝑦 = 0.

80. Common chord of the circles is 𝑥2 + 𝑦2 − 4𝑥 − 5 − (𝑥2 + 𝑦2 + 8𝑦 + 7) = 0 ⇒
𝑥 + 2𝑦 + 3 = 0

Equation of such a circle is 𝑥2 + 𝑦2 − 4𝑥 − 5 + 𝑘(𝑥 + 2𝑦 + 3) = 0 ⇒ 𝑥2 + 𝑦2 −
(4 − 𝑘)𝑥 + 2𝑘𝑦 − 3𝑘 − 5 = 0.

Its center is (4−𝑘
2 , −𝑘). If 𝑥 + 2𝑦 + 3 = 0 is diameter then 4−𝑘

2 − 2𝑘 + 3 = 0 ⇒
𝑘 = 2.

Thus, equation of the circle is 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 + 1 = 0.

81. Equation of any circle passing through the point of intersection of the given circle 
and the given chord is 𝑥2 + 𝑦2 − 𝑎2 + 𝑘(𝑥 cos 𝛼 + 𝑦 sin 𝛼 − 𝑝) = 0.

Center of this circle is (−𝑘 cos 𝛼
2 , −𝑘 sin 𝛼

2 ).

Since 𝑥 cos 𝛼 + 𝑦 sin 𝛼 − 𝑝 = 0 is the diameter of this circle the center will lie on 

this line, therefore,

−𝑘 cos 𝛼
2 cos 𝛼 − 𝑘 sin 𝛼

2 sin 𝛼 − 𝑝 = 0 ⇒ 𝑘 = −2𝑝

Thus, the equation of the circle becomes 𝑥2 + 𝑦2 − 𝑎2 − 2𝑝(𝑥 cos 𝛼 + 𝑦 sin 𝛼 −
𝑝) = 0.

82. Clearly 𝑥2 + 𝑦2 − 4 = 0 is the equation of a circle with center at origin and 

radius 2.

Also line 𝑦 = 𝑚𝑥 + 2
√

1 + 𝑚2 is the equation of the line which touches the circle 

for all values for 𝑚.

Let 𝑃  be the point of contact of the circle and the line. Clearly, given equation 
is the equation of circles passing through the point of contact of the given circle 
and the given line. Any two circles of this family touch each other at 𝑃 .

83.
Equation of the line joining the points (𝑥1, 𝑦1) and (𝑥2, 𝑦2) is |

𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0

Also equation of the circle with (𝑥1, 𝑦1) and (𝑥2, 𝑦2) as endpoints of the diameter 

is (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0.

Equation of any circle passing through the point of intersection of the above circle 

and line is given by (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) + 𝜆|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0.
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Putting 𝜆 = 0 gives (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0, which is the diam

eter form of the equation of the circle.

84. Equation of any circle through the point of intersection 𝑃  and 𝑄 of the line and 

the circle is 𝑥2 + 𝑦2 + 𝑎𝑥 + 𝑏𝑦 + 𝑐 + 𝜆(𝐴𝑥 + 𝐵𝑦 + 𝐶) = 0

⇒ 𝑥2 + 𝑦2 + (𝑎 + 𝜆𝐴)𝑥 + (𝑏 + 𝜆𝐵)𝑦 + 𝑐 + 𝜆𝐶 = 0.

Similarly for other pair of line and circle 𝑥2 + 𝑦2 + (𝑎′ + 𝜇𝐴′)𝑥 + (𝑏′ + 𝜇𝐵′)𝑦 +
𝑐′ + 𝜇𝐶′ = 0

If the two circles are the same then the points 𝑃 , 𝑄, 𝑅 and 𝑆 will be concyclic.

Comparing coefficients 1 = 𝑎+𝜆𝐴
𝑎′+𝜇𝐴′ = 𝑏+𝜆𝐵

𝑏′+𝜇𝐵′ = 𝑐+𝜆𝐶
𝑐′+𝜇𝐶′

Thus, 𝑎 − 𝑎′ + 𝜆𝐴 − 𝜇𝐴′ = 0, 𝑏 − 𝑏′ + 𝜆𝐵 − 𝜇𝐵′ = 0, and 𝑐 − 𝑐′ + 𝜆𝐶 − 𝜇𝐶′ =
0.

Eliminating 𝜆 and −𝜇 and writing in discriminant form we have

|
𝑎−𝑎′

𝑏−𝑏′

𝑐−𝑐′

𝐴
𝐵
𝐶

𝐴′

𝐵′

𝐶′
| = |

𝑎−𝑎′

𝐴
𝐴′

𝑏−𝑏′

𝐵
𝐵′

𝑐−𝑐′

𝐶
𝐶′

| = 0.

85. Equation of any circle possing through the points 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2) is 

given by

𝑆 ≡ (𝑥 − 𝑥1)(𝑥 − 𝑥2) + (𝑦 − 𝑦1)(𝑦 − 𝑦2) + 𝜆|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0 …(1)

Let the fixed circle be 𝑆′ = 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 …(2)

Equation of the chord of intersection of circles (1) and (2) will be 𝑆 − 𝑆′ = 0

⇒ −(𝑥1 + 𝑥2 + 2𝑔)𝑥 − (𝑦1 + 𝑦2 + 2𝑓)𝑦 + 𝑥1𝑥2 + 𝑦1𝑦2 − 𝑐 + 𝜆|
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| =

0 …(3)

Clearly this line passes through the point of intersection of two fixed lines −(𝑥1 +

𝑥2 + 2𝑔)𝑥 − (𝑦1 + 𝑦2 + 2𝑓)𝑦 + 𝑥1𝑥2 + 𝑦1𝑦2 − 𝑐 = 0 and |
𝑥
𝑥1
𝑥2

𝑦
𝑦1
𝑦2

1
1
1
| = 0, which is 

a fixed point.

86. Given circle is 𝑥2 + 𝑦2 − 𝑎2 = 0 …(1)

Since 𝑃𝑄 and 𝑃𝑅 are tangents to the circle (1), therefore 𝑄𝑅 will be the chord 

of contact of point (𝑥1, 𝑦1), and hence, equaiton of 𝑄𝑅 will be

𝑥𝑥1 + 𝑦𝑦1 − 𝑎2 = 0 …(2)

Equation of any circle through the point of intersection 𝑄 and 𝑅 of (1) and (2) is

𝑥2 + 𝑦2 − 𝑎2 + 𝑘(𝑥𝑥1 + 𝑦𝑦1 − 𝑎2) = 0 …(3)

Circle (3) will be circumcircle of △ 𝑃𝑄𝑅 if circle (3) passes through the point 

𝑃(𝑥1, 𝑦1) i.e.

𝑥2
1 + 𝑦2

1 − 𝑎2 + 𝑘(𝑥2
1 + 𝑦2

1 − 𝑎2) = 0 ⇒ 𝑘 = −1



Hence, required circle is 𝑥2 + 𝑦2 − 𝑥𝑥1 − 𝑦𝑦1 = 0.

87. Given circles are 𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4 = 0 …(1) and 𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 −
6 = 0 …(2) and given line is 𝑥 − 𝑦 = 0 …(3).

Equation of any circle passing through the point of intersection of circles (1) and 
(2) is

𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4 + 𝑘(𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 − 6) = 0 ⇒ (1 + 𝑘)𝑥2 + (1 +
𝑘)𝑦2 − 2(3 − 𝑘)𝑥 + 2(1 − 2𝑘)𝑦 + 4 − 6𝑘 = 0

Its center is (3−𝑘
1+𝑘 , 2𝑘−1

1+𝑘 ). Since it lies on the line (3), therefore,

3−𝑘
1+𝑘 − 2𝑘−1

1+𝑘 = 0 ⇒ 𝑘 = 4
3 .

Thus, required equation is 𝑥2 + 𝑦2 − 10
7 𝑥 − 10

7 𝑦 − 12
7 = 0.

88. Let 𝑆1 = 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 …(1) and 𝑆2 = 𝑥2 + 𝑦2 + 2𝑔′𝑥 +
2𝑓 ′𝑦 + 𝑐′ = 0 …(2)

Now equation of common chord of the circles is 𝑆1 − 𝑆2 = 0 ⇒ 2(𝑔 − 𝑔′)𝑥 +
2(𝑓 − 𝑓 ′)𝑦 + 𝑐 − 𝑐′ = 0 …(3)

Since cirlce (1) bisects the circumference of the circle (2), therefore, common chord 
will be the diameter of the circle (2) and hence center will be (−𝑔′, −𝑓 ′) of circle 

(2) will lie on the line (3)

⇒ −2(𝑔 − 𝑔′)𝑔′ − 2(𝑓 − 𝑓 ′)𝑓 ′ + 𝑐 − 𝑐′ = 0 ⇒ 2𝑔′(𝑔 − 𝑔′) + 2𝑓 ′(𝑓 − 𝑓 ′) = 𝑐 −
𝑐′.

89. The given circles are 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4 = 0 and 𝑥2 + 𝑦2 − 10𝑥 − 12𝑦 + 40 =
0.

The family of circles passing through their points of intersection is 𝑆1 + 𝜆𝑆2 = 0.

So the required circle is (𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4) + 𝜆(𝑥2 + 𝑦2 − 10𝑥 − 12𝑦 +
40) = 0.

This simplifies to (1 + 𝜆)(𝑥2 + 𝑦2) + (−2 − 10𝜆)𝑥 + (−4 − 12𝜆)𝑦 + (−4 +
40𝜆) = 0.

⇒ 𝑥2 + 𝑦2 + −2−10𝜆
1+𝜆 𝑥 + −4−12𝜆

1+𝜆 𝑦 + −4+40𝜆
1+𝜆 = 0.

Comparing with 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0.

So 𝑔 = −2−10𝜆
1+𝜆 , 𝑓 = −4−12𝜆

1+𝜆 , and 𝑐 = −4+40𝜆
1+𝜆 .

The radius condition is 𝑔2 + 𝑓2 − 𝑐 = 16. After solving we get 𝜆 = 1.

Then the equation becomes 2(𝑥2 + 𝑦2) − 12𝑥 − 16𝑦 + 36 = 0⇒ 𝑥2 + 𝑦2 − 6𝑥 −
8𝑦 + 18 = 0.

90. The given circles are 𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 9 = 0 and 𝑥2 + 𝑦2 − 8𝑥 − 6𝑦 + 23 = 0.

The common chord is obtained by subtracting the two equations.

So we get (𝑥2 + 𝑦2 − 6𝑥 − 4𝑦 + 9) − (𝑥2 + 𝑦2 − 8𝑥 − 6𝑦 + 23) = 0.

This simplifies to 2𝑥 + 2𝑦 − 14 = 0 or 𝑥 + 𝑦 − 7 = 0.
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From 𝑥2 + 𝑦2 − 8𝑥 − 6𝑦 + 23 = 0 the center is (4, 3).

Substitute (4, 3) into 𝑥 + 𝑦 − 7 = 0. We get 4 + 3 − 7 = 0.

So the common chord passes through the center of the second circle.

The radius of the second circle is 𝑟2 = 16 + 9 − 23 = 2 so 𝑟 =
√

2.

The perpendicular distance from the center (4, 3) to the chord 𝑥 + 𝑦 − 7 = 0 is 
|4+3−7|√

2 = 0.

Hence, the chord passes through the center, so it is a diameter.

Therefore, the length of the chord is 2𝑟 = 2
√

2.

91. The given circles are 𝑥2 + 𝑦2 + 2𝑥 + 3𝑦 + 1 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 3𝑦 + 2 = 0.

The common chord is obtained by subtracting the equations.

So we get (𝑥2 + 𝑦2 + 2𝑥 + 3𝑦 + 1) − (𝑥2 + 𝑦2 + 4𝑥 + 3𝑦 + 2) = 0. ⇒ −2𝑥 − 1 =
0 or 𝑥 = −1

2 .

Now for a circle with diameter along a line, we use the fact that its center lies 
on the perpendicular bisector of the chord.

The midpoint of the chord lies on the line joining the centers of the two given 
circles.

The centers are (−1, −3
2) and (−2, −3

2). So the line joining centers is 𝑦 = −3
2 .

The midpoint of the chord is intersection of 𝑥 = −1
2  and 𝑦 = −3

2 .

So the center is (−1
2 , −3

2). Substitute 𝑥 = −1
2  in first circle.

Then (1
4) + 𝑦2 − 1 + 3𝑦 + 1 = 0. This gives 𝑦2 + 3𝑦 + 1

4 = 0.

Solve to get 𝑦 = −3±2
√

2
2 .

So the radius squared is 𝑟2 = (
√

2)
2

= 2.

Hence, the equation of the circle is (𝑥 + 1
2)2 + (𝑦 + 3

2)2 = 2.

92. The given circle is 𝑥2 + 𝑦2 − 2𝑎𝑥 = 0 and the chord is 𝑦 = 𝑚𝑥.

Substitute 𝑦 = 𝑚𝑥 into the circle.

This gives 𝑥2 + 𝑚2𝑥2 − 2𝑎𝑥 = 0 ⇒ (1 + 𝑚2)𝑥2 − 2𝑎𝑥 = 0.

So the points of intersection are 𝑥 = 0 and 𝑥 = 2 𝑎
1+𝑚2 .

Thus the points are (0, 0) and (2 𝑎
1+𝑚2 , 2𝑎 𝑚

1+𝑚2 ).

These are the endpoints of the chord.

The equation of the circle with this chord as diameter is (2 𝑎
1+𝑚2 , 2𝑎 𝑚

1+𝑚2 ).

This gives 𝑥(𝑥 − 2 𝑎
1+𝑚2 ) + 𝑦(𝑦 − 2𝑎 𝑚

1+𝑚2 ) = 0 ⇒ (1 + 𝑚2)(𝑥2 + 𝑦2) − 2𝑎(𝑥 +
𝑚𝑦) = 0.

93. The given circles are 𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4 = 0 and 𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 − 6 = 0.



The family of circles passing through their points of intersection is

𝑆1 + 𝜆𝑆2 = 0. So the required circle is

(𝑥2 + 𝑦2 − 6𝑥 + 2𝑦 + 4) + 𝜆(𝑥2 + 𝑦2 + 2𝑥 − 4𝑦 − 6) = 0.

⇒ (1 + 𝜆)(𝑥2 + 𝑦2) + (−6 + 2𝜆)𝑥 + (2 − 4𝜆)𝑦 + (4 − 6𝜆) = 0.

⇒ 𝑥2 + 𝑦2 + −6+2𝜆
1+𝜆 𝑥 + 2−4𝜆

1+𝜆 𝑦 + 4−6𝜆
1+𝜆 = 0.

The center is ( 6−2𝜆
2(1+𝜆) ,

−2+4𝜆
2(1+𝜆)).

Since the center lies on 𝑦 = 𝑥, equate the coordinates. So (6 − 2𝜆) = (−2 + 4𝜆).

This gives 8 = 6𝜆 so 𝜆 = 4
3 .

Then 1 + 𝜆 = 7
3 . So the equation becomes

(7
3)(𝑥2 + 𝑦2) + (−10

3 )𝑥 + (−10
3 )𝑦 − 4 = 0 ⇒ 7(𝑥2 + 𝑦2) − 10𝑥 − 10𝑦 − 12 = 0.

94. The given equation is 𝑥2 + 𝑦2 + 2(3 + 𝑝)𝑥 + 2(3 − 𝑝)𝑦 + 4 = 0.

This is of the form 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0 so it represents a circle for all 

values of 𝑝.

⇒ 𝑥2 + 𝑦2 + 6𝑥 + 6𝑦 + 4 + 2𝑝(𝑥 − 𝑦) = 0.

For fixed points, the equation must be satisfied for all values of 𝑝.

So the coefficient of 𝑝 must be zero and the remaining part must also be zero.

Thus we get 𝑥 − 𝑦 = 0 and 𝑥2 + 𝑦2 + 6𝑥 + 6𝑦 + 4 = 0.

From 𝑥 − 𝑦 = 0 we get 𝑦 = 𝑥.

Substitute into the second equation 𝑥2 + 𝑥2 + 6𝑥 + 6𝑥 + 4 = 0⇒ 2𝑥2 + 12𝑥 +
4 = 0.

Solving gives 𝑥 = −3 ±
√

7.

Since 𝑦 = 𝑥, the fixed points are (−3 +
√

7, −3 +
√

7) and (−3 −
√

7, −3 −
√

7).

95. The given circles are 𝑥2 + 𝑦2 − 4𝑎2 = 0 and 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 4 = 0.

The family of circles through their intersection is (𝑥2 + 𝑦2 − 4𝑎2) + 𝜆(𝑥2 + 𝑦2 −
2𝑥 − 4𝑦 + 4) = 0.

This gives (1 + 𝜆)(𝑥2 + 𝑦2) − 2𝜆𝑥 − 4𝜆𝑦 + (−4𝑎2 + 4𝜆) = 0.

The center is ( 𝜆
1+𝜆 , 2 𝜆

1+𝜆).

Since the circle touches 𝑥 + 2𝑦 = 0, the distance from center equals radius.

This gives 4𝑎2−4𝜆
1+𝜆 = 0 so 𝜆 = 𝑎2.

Hence, the required circle is (1 + 𝑎2)(𝑥2 + 𝑦2) − 2𝑎2𝑥 − 4𝑎2𝑦 + 4𝑎2(1 − 𝑎2) = 0.

96. The given circle is 𝑥2 + 𝑦2 − 𝑥 − 𝑦 = 0 and the line is 𝑥 + 𝑦 = 1.

The family of circles passing through their intersection points is 𝑥2 + 𝑦2 − 𝑥 −
𝑦 + 𝜆(𝑥 + 𝑦 − 1) = 0.
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This gives 𝑥2 + 𝑦2 + (−1 + 𝜆)𝑥 + (−1 + 𝜆)𝑦 − 𝜆 = 0.

Since the circle passes through (1, 1), substitute it.

So 1 + 1 + (−1 + 𝜆) + (−1 + 𝜆) − 𝜆 = 0⇒ 𝜆 = −2.

Hence, the required circle is 𝑥2 + 𝑦2 − 3𝑥 − 3𝑦 + 2 = 0.

97. The given circle is 𝑥2 + 𝑦2 = 𝑎2 and the line is 𝑝𝑥 + 𝑞𝑦 − 1 = 0.

Let (𝑥1, 𝑦1) and (𝑥2, 𝑦2) be the endpoints of this chord.

Equation of the circle is 𝑥2 + 𝑦2 − (𝑥1 + 𝑥2)𝑥 − (𝑦1 + 𝑦2)𝑦 + (𝑥1𝑥2 + 𝑦1𝑦2) = 0.

Now (𝑥1 + 𝑥2, 𝑦1 + 𝑦2) is twice the midpoint of the chord.

The midpoint is the foot of the perpendicular from the center (0, 0) to the line.

So midpoint is ( 𝑝
𝑝2+𝑞2 , 𝑞

𝑝2+𝑞2 ).

Hence, 𝑥1 + 𝑥2 = 2 𝑝
𝑝2+𝑞2  and 𝑦1 + 𝑦2 = 2 𝑞

𝑝2+𝑞2 .

Also both points satisfy 𝑝𝑥 + 𝑞𝑦 = 1. So 𝑝(𝑥1 + 𝑥2) + 𝑞(𝑦1 + 𝑦2) = 2.

Thus 𝑥1𝑥2 + 𝑦1𝑦2 = 1
𝑝2+𝑞2 . Substitute in the diameter form.

Hence, the required circle is 𝑥2 + 𝑦2 − ( 2𝑝
𝑝2+𝑞2 )𝑥 − ( 2𝑞

𝑝2+𝑞2 )𝑦 + 1
𝑝2+𝑞2 = 0.

98. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and the external point is 𝐴(𝛼, 𝛽).

Let 𝑃  and 𝑄 be the points of contact of tangents from 𝐴. The chord of contact 

of 𝐴 with respect to the circle is 𝑇 = 0.

So the equation of chord 𝑃𝑄 is 𝑥𝛼 + 𝑦𝛽 + 𝑔(𝑥 + 𝛼) + 𝑓(𝑦 + 𝛽) + 𝑐 = 0.

The circumcircle of △ 𝑃𝑄𝑅 where 𝑅 is the center of the given circle is obtained 

by combining 𝑆 = 0 and 𝑇 = 0.

So its equation is 𝑆 + 𝜆𝑇 = 0.

Since it passes through 𝐴(𝛼, 𝛽), we substitute it. Then 𝑆1 + 𝜆𝑇1 = 0.

Here 𝑇1 = 𝑆1. So we get 𝑆1(1 + 𝜆) = 0 which gives 𝜆 = −1.

Hence, the required circle is 𝑆 − 𝑇 = 0.

So the equation is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 − [𝑥𝛼 + 𝑦𝛽 + 𝑔(𝑥 + 𝛼) + 𝑓(𝑦 + 𝛽) +
𝑐] = 0.

⇒ 𝑥2 + 𝑦2 + (𝑔 − 𝛼)𝑥 + (𝑓 − 𝛽)𝑦 − (𝑔𝛼 + 𝑓𝛽) = 0.

99. Substituting the value of 𝑦 = 1
4(3𝑥 − 𝑐) in the equation of the circle gives us

𝑥2 + 1
16(3𝑥 − 𝑐)2 − 4𝑥 − 8.1

4 (3𝑥 − 𝑐) − 5 = 0 ⇒ 25𝑥2 − 2(80 + 3𝑐)𝑥 + 𝑐2 +
32𝑐 − 80 = 0
The given line and circle will intersect if the above quadratic equation’s roots are 
real i.e. discrimininate > 0

⇒ 4(80 + 3𝑐)2 − 100(𝑐2 + 32𝑐 − 80) > 0 ⇒ 𝑐2 + 20𝑐 − 525 < 0 ⇒ −35 < 𝑐 <
15.



100. Center of the circle is (−3
2 , 1

2) and radius is 5√
2 . Let 𝑙 be the length of the 

perpendicular from the center to the given line then

𝑙 = |4(−3
2)−3

2−5|
5 = 5

2

Hence, length of the chord is 2√25
2 − 25

4 = 5
2 .

101. Center of the circle is (0, 0) and its perpendicular distance from the line is 
|𝑎

√
2|√
2 =

𝑎, which is equal to the radius of the circle.

Hence, the given circle touches the given line. Let (𝛼, 𝛽) be the point of contact. 

Then equation of tangent is given by 𝛼𝑥 + 𝛽𝑦 − 𝑎2 = 0

Comparing the coefficients with the given equation of the line we have

𝛼
1 = 𝛽

−1 = − 𝑎2

𝑎
√

2 ⇒ (𝛼, 𝛽) = (− 𝑎√
2 , 𝑎√

2).

102. Center of the given circle is (3, −2) and radius is 5. Equation of any line parallel 

to given line is 4𝑥 + 3𝑦 + 𝑘 = 0.

Since this point is tangent to the given circle, therefore,
|4.3−3.2+𝑘|

5 = 5 ⇒ |6 + 𝑘| = 25 ⇒ 𝑘 = 19, −31.

103.

𝑥

𝑦

−3 −2 −1 1 2 3 4 5 6

𝐶1(3, 0),
𝑟 = 3

𝑥2 + 𝑦2 − 6𝑥 = 0𝐶2(−1, 0),
𝑟 = 1

𝑥2 + 𝑦2 + 2𝑥 = 0

𝑥 = 0
𝑦 = 𝑥+3√

3

𝑦 = −𝑥+3√
3

𝑇1(−3, 0)

𝑇2(0,
√

3)

𝑇3(0, −
√

3)

Given circles are 𝑆1 = 𝑥2 + 𝑦2 − 6𝑥 = 0 …(1) and 𝑆2 = 𝑥2 + 𝑦2 + 2𝑥 = 0 

…(2).

Let 𝐴 and 𝐵 are the centers and 𝑟1 and 𝑟2 the radii of 𝑆1 and 𝑆2 respectively.

𝐴 = (3, 0), 𝐵 = (−1, 0), 𝑟1 = 3, 𝑟2 = 1 ∴ 𝑟1 + 𝑟2 = 4. Hence two circles touch 

each other. Thus, there will be three common tangents.

Equation of chord is given by 𝑆1 − 𝑆2 = 𝑥 = 0, when 𝑥 = 0, 𝑦 = 0. Thus, 𝑥 = 0 

is a common tangent.

Let 𝑦 = 𝑚𝑥 + 𝑐 be a common tangent to the given circles then

|3𝑚+𝑐|√
1+𝑚2 = 3 and 

|−𝑚+𝑐|√
1+𝑚2 = 1
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Solving these two equations gives us 𝑐 = ±
√

3 and 𝑚 = ± 1√
3

Thus, common tangents are 𝑥 = 0, 𝑦 = 𝑥√
3 +

√
3, and 𝑦 = − 𝑥√

3 −
√

3

Let 𝑃 , 𝑄, 𝑅 be points of intersections of these three lines then 𝑃 = (0,
√

3), 𝑄 =
(−3, 0) and 𝑅 = (0, −

√
3).

It is trivial to prove that △ 𝑃𝑄𝑅 is an equilateral triangle.

104. Give that the biggest circle is 𝑥2 + 𝑦2 = 1 …(1). Since the radiio of the circles 

are in A.P. let the commond difference be 𝑑.

Thus, other two circles will be 𝑥2 + 𝑦2 = (1 − 𝑑)2 …(2) and 𝑥2 + 𝑦2 =
(1 − 2𝑑)2 …(3)

Given line is 𝑦 = 𝑥 + 1. Putting in (1) gives us 𝑥2 + (𝑥 + 1)2 = 1 ⇒ 𝑥 = 0, −1

Similarly with (2) we have 𝑥2 + (𝑥 + 1)2 = (1 − 𝑑2) ⇒ 2𝑥2 + 2𝑥 + 2𝑑 − 𝑑2 = 0

Since the points are real and distinct, therefore, 4 − 8(2𝑑 − 𝑑2) > 0 ⇒ 2𝑑2 − 4𝑑 +
1 > 0

1 − 1√
2 > 𝑑 > 1 + 1√

2

Similarly with (3) we have 𝑥2 + (𝑥 + 1)2 = (1 − 2𝑑)2. Proceeding similarly we 

obtain

2−
√

2
4 > 𝑑 > 2+

√
2

4 . However, 𝑑 < 1.

Thus, we have 0 < 𝑑 < 2−
√

2
4 .

105. Give 4𝑙2 − 5𝑚2 + 6𝑙 + 1 = 0 …(1) and line is 𝑙𝑥 + 𝑚𝑦 + 1 = 0 …(2)

Let the center of the circle be (𝛼, 𝛽) with radius 𝑎. Then

|𝑙𝛼+𝑚𝛽+1|√
𝑙2+𝑚2 = 𝑎

⇒ 𝑙2𝛼2 + 𝑚2𝛽2 + 1 + 2𝑙𝑚𝛼𝛽 + 2𝑙𝛼 + 2𝑚𝛽 = 𝑎2𝑙2 + 𝑎2𝑚2

⇒ (𝛼2 − 𝑎2)2 + (𝛽2 − 𝑎2)𝑚2 + 2𝑙𝑚𝛼𝛽 + 2𝛼𝑙 + 2𝑚𝛽 + 1 = 0

Comparing this with (1)

𝛼2 − 𝑎2 = 4, 𝛽2 − 𝑎2 = −5, 𝛼 = 3, 𝛽 = 0. Thus, 𝑎 =
√

5.

Hence, the circle has center (3, 0) and radius 
√

5.

106. Given cicle is 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 + 9 = 0 …(1). Its center is 𝐶(2, 3) and its 

radius is 2.

Let 𝑂𝑃  be a tangent and let 𝑦-axis(which is a tanegent) touch the circle at 𝑁 . 

Then ∠𝑃𝑂𝑋 will be minimum when 𝑂𝑃  is tangent to the circle.

Let ∠𝑃𝑂𝑋 = 𝜃 then ∠𝐿𝐶𝑃 = 𝜃
Now 𝐶𝑃 = 2, 𝑂𝐶 =

√
22 + 32 =

√
13

𝑂𝑃 =
√

𝑂𝐶2 − 𝐶𝑃 2 = 3



From figure 𝑂𝑀 = 𝑂𝐿 + 𝐿𝑀 = 𝑂𝐿 + 𝐻𝑃 ⇒ 𝑂𝑃 cos 𝜃 = 2 + 2 sin 𝜃 or 3 cos 𝜃 =
2 + 2 sin 𝜃

⇒ cos 𝜃 = 12
13 , sin 𝜃 = 5

13

𝑃 = (36
13 , 15

13)

𝑥

𝑦

1

1

2

2

3

3

4

4

5

5

𝑂

𝐻

𝐿 𝑀

𝐶(2, 3)

𝑃(36
13 ,

15
13)

𝑃2
(ii) max 𝑂𝑃

𝜑

𝑂𝐶 =
√

13

𝑂𝑃1 = 3

𝑂𝑃2 =
√

13 + 2

𝑂𝑃  will be maximum if 𝑃  becomes the point where extended part of 𝑂𝐶 cuts 
the circle. Let this point be 𝑃2.

𝑂𝑃2 = 𝑂𝐶 + 𝑟 =
√

13 + 2

Slope is 3
2 = tan 𝛼(let) ⇒ 𝑃2 = (2 + 4√

13 , 3 + 6√
13).

107. Given circle is 𝑥2 + 𝑦2 − 2𝑎𝑥 − 2𝑎𝑦 + 𝑎2 = 0. First we find its point of contact 

with 𝑥-axis i.e. 𝑦 = 0.

Putting 𝑦 = 0, 𝑥2 − 2𝑎𝑥 + 𝑎2 = 0 ⇒ 𝑥 = 𝑎. Thus, point of contact is (𝑎, 0).

Then we put 𝑥 = 0 to get 𝑦 = 𝑎. Thus, point of contact is (0, 𝑎)(because we get 

only one point in both the cases the circle touches the axes.)

108. The given circle is 𝑥2 + 𝑦2 − 16 = 0 so its center is (0, 0) and radius is 4.

The given points are (2, 3) and (1, 2). The midpoint is (3
2 , 5

2).

The slope of the line joining the points is 1 so the perpendicular slope is −1.

Hence the chord is the line through (3
2 , 5

2) with slope −1.

So its equation is 𝑦 − 5
2 = −1(𝑥 − 3

2)⇒ 𝑥 + 𝑦 − 4 = 0.

So 𝑑 = |0 + 0 − 4 |√
2 = 4√

2 = 2
√

2.

The length of the chord is 2
√

𝑟2 − 𝑑2 = 2
√

16 − 8 = 2
√

8 = 4
√

2.

109. The given circle is 𝑥2 + 𝑦2 − 14𝑥 + 4𝑦 + 28 = 0 ⇒ (𝑥 − 7)2 + (𝑦 + 2)2 = 25.
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So the center is (7, −2) and radius is 5.

The given line is 𝑥 − 7𝑦 + 4 = 0. The perpendicular distance from the center to 

the line is
|7−7(−2)+4|√

1+49 = 25√
50 = 5√

2 .

The length of the chord is 2
√

𝑟2 − 𝑑2 = 2√25 − 25
2 = 5

√
2.

The midpoint of the chord is the foot of the perpendicular from the center to 
the line.

Using formula, midpoint is (7 − 1 × 25
50 , −2 + 7 × 25

50) ⇒ (13
2 , 3

2).

110. The given circles are 𝑥2 + 𝑦2 + 3𝑥 + 5𝑦 + 4 = 0 and 𝑥2 + 𝑦2 + 5𝑥 + 3𝑦 + 4 = 0.

So we get −2𝑥 + 2𝑦 = 0 or 𝑦 = 𝑥.

First circle is (𝑥 + 3
2)2 + (𝑦 + 5

2)2 = 9
2 . So the center is (−3

2 , −5
2) and radius 

is 3√
2 .

The distance from the center to the line 𝑦 = 𝑥 is 
| −3

2+5
2 |√

2 = 1√
2 .

The length of the common chord is 2
√

𝑟2 − 𝑑2 = 2√9
2 − 1

2 = 2
√

4 = 4.

Hence, the length of the common chord is 4.

111. The given circles are 𝑥2 + 𝑦2 + 2𝑥 + 3𝑦 + 1 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 3𝑦 + 2 = 0.

So we get −2𝑥 − 1 = 0 or 𝑥 = −1
2  upon solving.

First circle is (𝑥 + 1)2 + (𝑦 + 3
2)2 = 9

4 . So the center is (−1, −3
2) and radius is 3

2 .

The distance from the center to the chord 𝑥 = −1
2  is 

| −1+1
2 |

1 = 1
2 .

The length of the chord is 2
√

𝑟2 − 𝑑2 = 2√9
4 − 1

4 = 2
√

2.

112. The given circles are (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑐2 and (𝑥 − 𝑏)2 + (𝑦 − 𝑎)2 = 𝑐2. So 

(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 − (𝑥 − 𝑏)2 − (𝑦 − 𝑎)2 = 0⇒ 2(𝑎 − 𝑏)(𝑦 − 𝑥) = 0 so 𝑦 = 𝑥.

So the common chord lies on 𝑦 = 𝑥.

The center is (𝑎, 𝑏) and radius is 𝑐 of the first circle.

The perpendicular distance from (𝑎, 𝑏) to the line 𝑦 = 𝑥 is 
|𝑎−𝑏|√

2 .

The length of the chord is 2
√

𝑐2 − 𝑑2. So it is 2√𝑐2 − (𝑎−𝑏)2

2 .

This simplifies to √4𝑐2 − 2(𝑎 − 𝑏)2. Hencem the length of the common chord 

is √4𝑐2 − 2(𝑎 − 𝑏)2.

For the circles to touch, the chord length must be zero. So 4𝑐2 − 2(𝑎 − 𝑏)2 = 0. 

Hence, the condition is 2𝑐2 = (𝑎 − 𝑏)2.

113. The given circles are 𝑥2 + 𝑦2 + 2ℎ𝑥 + 𝑎2 = 0 and 𝑥2 + 𝑦2 − 2𝑘𝑦 − 𝑎2 = 0.

Common chord’s equaiton is 2ℎ𝑥 + 𝑎2 + 2𝑘𝑦 + 𝑎2 = 0 ⇒ ℎ𝑥 + 𝑘𝑦 + 𝑎2 = 0.



First circle’s center is (−ℎ, 0) and radius squared is ℎ2 − 𝑎2.

The perpendicular distance from the center to the chord is 
| −ℎ2+𝑎2 |√

ℎ2+𝑘2 .

So 𝑑2 = (ℎ2−𝑎2)2

ℎ2+𝑘2 .

The length of the chord is 2
√

𝑟2 − 𝑑2⇒ 2√(ℎ2 − 𝑎2) − (ℎ2−𝑎2)2

ℎ2+𝑘2 .

= 2√(ℎ2 − 𝑎2)(1 − ℎ2−𝑎2

ℎ2+𝑘2 )= 2√ (ℎ2−𝑎2)(𝑘2+𝑎2)
ℎ2+𝑘2 .

114. The given circles are 𝑥2 + 𝑦2 + 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0 and 𝑥2 + 𝑦2 + 𝑏𝑥 + 𝑎𝑦 + 𝑐 = 0.

So chord is (𝑎 − 𝑏)𝑥 + (𝑏 − 𝑎)𝑦 = 0 which gives 𝑥 = 𝑦.

First circle’s center is (−𝑎
2 , − 𝑏

2) and radius squared is 𝑎2+𝑏2

4 − 𝑐.

The perpendicular distance from the center to the line 𝑥 − 𝑦 = 0 is 
| −𝑎

2+𝑏
2 |√

2 = |𝑎−𝑏|
2
√

2 .

So 𝑑2 = (𝑎−𝑏)2

8 .

The length of the chord is 2
√

𝑟2 − 𝑑2= 2√𝑎2+𝑏2

4 − 𝑐 − (𝑎−𝑏)2

8 = 2√( (𝑎+𝑏)2

8 ) − 𝑐.

So the length is √ (𝑎+𝑏)2

2 − 4𝑐.

115. The center of the given circle is origin and radius is 𝑎. The length of perpendicular 
from center to tangent is equal to radius. Therefore,

𝑟
√𝑝2+𝑞2 = 𝑎 ⇒ 𝑟2 = 𝑎2(𝑝2 + 𝑞2).

116. Center of the given circle is (3, −5) and radius is 
√

32 + 52 + 66 = 10.

Length of the perpendicular on the given line from center is 
|4.3+3.5+23|

5 = 10, 

which is equal to the radius of the circle.

Hence, the given circle touches the given line.

117. Center of the given circle is the origin and radius is 𝑎.

Length of the perpendicular on the given line from center is 
|−𝑎|√

sin2 𝜃+ cos2 𝜃
= 𝑎, 

which is equaal to radius.

Thus, the given line touches the given circle.

118. Center of the given circle is the origin and radius is 𝑎.

Length of the perpendicular on the given line from center is 
|−1|√
𝑙2+𝑚2 = 𝑎 ⇒ 𝑙2 +

𝑚2 = 𝑎−2.

Thus, locus of (𝑙, 𝑚) is the circle 𝑥2 + 𝑦2 = 𝑎−2.

119. Given circle has center (2, 4) and radius 
√

22 + 42 + 5 = 5.

For the given line to touch the circle length of perpendicular from center to the 
line must be equal to the radius of the circle. Thus,
|3.2−4.4−𝜆|

5 = 5 ⇒ 10 + 𝜆 = ±25 ⇒ 𝜆 = 15, −35.

120. The given line is (𝑥 − 1) cos 𝜃 + (𝑦 − 1) sin 𝜃 = 1.
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Expand to get 𝑥 cos 𝜃 + 𝑦 sin 𝜃 − cos 𝜃 − sin 𝜃 − 1 = 0.

For a fixed point (ℎ, 𝑘) to be the center of a circle touched by all these lines, the 

perpendicular distance from (ℎ, 𝑘) to the line must be constant.

So distance is (|ℎ cos 𝜃 + 𝑘 sin 𝜃 − cos 𝜃 − sin 𝜃 − 1|).

This becomes |(ℎ − 1) cos 𝜃 + (𝑘 − 1) sin 𝜃 − 1|.

For this to be independent of 𝜃, we must have ℎ − 1 = 0 and 𝑘 − 1 = 0.

So the center is (1, 1). Now the distance becomes constant equal to 1.

Hence, the radius is 1.

Therefore, the required circle is (𝑥 − 1)2 + (𝑦 − 1)2 = 1.

121. The given line is 3𝑥 − 16𝑦 = 10. So the required tangents are of the form 3𝑥 −
16𝑦 + 𝑐 = 0.

For the circle 𝑥2 + 𝑦2 = 16, the center is (0, 0) and radius is 4.

The distance from the center to the tangent must be equal to the radius.

So 
|𝑐|

√32+(−16)2 = 4⇒ |𝑐| = 4
√

265. Hence, 𝑐 = ±4
√

265.

Therefore the required tangents are 3𝑥 − 16𝑦 + 4
√

265 = 0 and 3𝑥 − 16𝑦 −
4
√

265 = 0.

122. The given circle is 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 4 = 0. So the center is (1, 2) and radius 

is 3.

First consider tangents parallel to 3𝑥 − 4𝑦 − 1 = 0. Such lines are of the form 

3𝑥 − 4𝑦 + 𝑐 = 0.

The distance from the center to the line equals the radius. So |3(1) − 4(2) +
𝑐 |

5 = 3.

⇒ | − 5 + 𝑐| = 15 ⇒ 𝑐 = 20 or 𝑐 = −10.

Hence, the tangents are 3𝑥 − 4𝑦 + 20 = 0 and 3𝑥 − 4𝑦 − 10 = 0.

Now consider tangents perpendicular to 3𝑥 − 4𝑦 − 1 = 0.

Slope of the given line is 3
4  so perpendicular slope is −4

3 . So the tangents are of 

the form 4𝑥 + 3𝑦 + 𝑐 = 0.

Again distance condition gives |4(1) + 3(2) + 𝑐 |
5 = 3⇒ 𝑐 = 5 or 𝑐 = −25.

Hence, the tangents are 4𝑥 + 3𝑦 + 5 = 0 and 4𝑥 + 3𝑦 − 25 = 0.

123. The given circle is 𝑥2 + 𝑦2 − 5𝑥 + 5𝑦 = 0.

So the center is (5
2 , −5

2) and radius is 5√
2 .

The given line is 7𝑦 − 𝑥 − 5 = 0.

The distance from the center to this line is 
| −5

2−35
2 −5 |√

50 = 25√
50 = 5√

2 .



So the line touches the circle. Now the other parallel tangent is of the form 7𝑦 −
𝑥 + 𝑐 = 0.

Again use the distance condition. So 
| −5

2−35
2 +𝑐 |√

50 = 5√
2 .

This gives |𝑐 − 20| = 25. So 𝑐 = 45 or 𝑐 = −5.

Since 𝑐 = −5 gives the given line, the other tangent is 7𝑦 − 𝑥 + 45 = 0.

124. The given circle is 𝑥2 + 𝑦2 = 15 so the center is (0, 0) and radius is sqrt(15).

The given line 4𝑥 − 𝑦 + 6 = 0 has slope 4. So the required tangents have slope −1
4 .

Hence, their equations are of the form 𝑥 + 4𝑦 + 𝑐 = 0.

The distance from the center to the tangent must be equal to the radius.

So 
|𝑐|√
1+16 =

√
15. Thus 

|𝑐|√
17 =

√
15.

⇒ |𝑐| =
√

255. Hence, 𝑐 = ±
√

255.

Therefore the required tangents are 𝑥 + 4𝑦 +
√

255 = 0 and 𝑥 + 4𝑦 −
√

255 = 0.

125. The given circle is 𝑥2 + 𝑦2 − 6𝑥 + 4𝑦 − 3 = 0. So the center is (3, −2) and radius 

is 4.

The given line 𝑦 = 2𝑥 − 1 has slope 2. So the required tangents have slope −1
2 .

Hence their equations are of the form 𝑥 + 2𝑦 + 𝑐 = 0.

The distance from the center to the tangent equals the radius. So 
|3+2(−2)+𝑐|√

5 = 4.

So 𝑐 = 1 ± 4
√

5.

Hence, the required tangents are 𝑥 + 2𝑦 + 1 + 4
√

5 = 0 and 𝑥 + 2𝑦 + 1 − 4
√

5 =
0.

126. The given circle is 𝑥2 + 𝑦2 = 25 so the center is (0, 0) and radius is 5.

A line making an angle 60° with the positive 𝑥 axis has slope tan 60° =
√

3.

So the required tangents are of the form 𝑦 =
√

3𝑥 + 𝑐.

The distance from the center to the tangent must be equal to the radius. So 
|𝑐 |√

1+3 = 5 ⇒ |𝑐| = 10. Hence, 𝑐 = ±10.

Therefore, the required tangents are 𝑦 =
√

3𝑥 + 10 and 𝑦 =
√

3𝑥 − 10.

127. The given pair of lines is 𝑥2 − 𝑦2 + 2𝑦 − 1 = 0.

Rewrite it as 𝑥2 − (𝑦 − 1)2 = 0. So the lines are 𝑥 = 𝑦 − 1 and 𝑥 = 1 − 𝑦.

The family of circles touching both lines has its center on the angle bisectors.

The angle bisectors are 𝑥 = 0 and 𝑦 = 1. First take center (0, 𝑘).

The radius is the distance from (0, 𝑘) to either line. So 𝑟 = |0−𝑘+1|√
2 .

Hence, the circle is 𝑥2 + (𝑦 − 𝑘)2 = (𝑘−1)2

2 .

This gives one family. Now take center (ℎ, 1). The radius is 
|ℎ|√

2 .
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Hence, the circle is (𝑥 − ℎ)2 + (𝑦 − 1)2 = ℎ2

2 .

128. Let 𝐴 and 𝐵 be the centers and 𝑟1 and 𝑟2 the radii of the given circles respectively. 

Thus, 𝐴 = (1, 2), 𝐵 = (0, 4), 𝑟1 =
√

5, and 𝑟2 = 2
√

5.

𝐴𝐵 = √(1 − 0)2 + (2 − 4)2 =
√

5

𝑟1 + 𝑟2 = 3
√

5 and |𝑟1 − 𝑟2| =
√

5

Thus, 𝐴𝐵 = |𝑟1 − 𝑟2|, hence, the two circles touch each other internally.

129. The centers of the given circles are 𝐴(−𝑎, 0) and 𝐵(0, −𝑏) and radii are 𝑟1 =√
𝑎2 − 𝑐2 and 𝑟2 =

√
𝑏2 − 𝑐2 respectively.

The circle will touch internally or externally if 𝐴𝐵 = 𝑟1 + 𝑟2 or 𝐴𝐵 = |𝑟1 − 𝑟2|

𝐴𝐵2 = (𝑟1 ± 𝑟2)
2 ⇒ 𝑎2 + 𝑏2 = 𝑟2

1 + 𝑟2
2 ± 2𝑟1𝑟2

Substituting the values and squaring we get 1
𝑎2 + 1

𝑏2 = 1
𝑐2 .

130. The centers of the given circles are 𝐴(0, 0) and 𝐵(2𝑎, 0) respectively, and radii 

are 𝑎 for both.

Distance between centers 𝐴𝐵 = 2𝑎 = 𝑟1 + 𝑟2. Hence, the circles touch each other 

externally.

Let the equations of the circles touching both the given circles be (𝑥 − 𝛼)2 +
(𝑦 − 𝛽)2 = 𝑎2 with center 𝐶 = (𝛼, 𝛽) and radius 𝑎.

𝐴𝐶 = 𝑟1 + 𝑟3 = 2𝑎 ⇒ 𝛼2 + 𝛽2 = 4𝑎2, and similarly, 𝐵𝐶 = 𝑟2 + 𝑟3 ⇒
(2𝛼 − 𝑎)2 + 𝛽2 = 4𝑎2

⇒ 𝛼 = 𝑎, 𝛽 = ±
√

3𝑎, and thus, we have our required circles.

131. The given circles are 𝑥2 + 𝑦2 + 2𝑥 + 2𝑦 + 1 = 0 and 𝑥2 + 𝑦2 − 4𝑥 − 6𝑦 − 3 = 0.

First circle is (𝑥 + 1)2 + (𝑦 + 1)2 = 1. Hence, the center is (−1, −1) and radius 

is 1.

Second circle is (𝑥 − 2)2 + (𝑦 − 3)2 = 16. Hencem the center is (2, 3) and radius 

is 4.

Now find the distance between the centers. So 𝑑 = √(2 + 1)2 + (3 + 1)2 =√
9 + 16 = 5.

Also 𝑟1 + 𝑟2 = 1 + 4 = 5. Since 𝑑 = 𝑟1 + 𝑟2, the circles touch externally.

132. The given circles have centers (𝑎, 𝑏) and (𝑏, 𝑎) and both have radius 𝑐.

The distance between the centers is √(𝑎 − 𝑏)2 + (𝑏 − 𝑎)2 = √2(𝑎 − 𝑏)2 =√
2|𝑎 − 𝑏|.

For the circles to touch externally, the distance must be equal to 2𝑐.

So 
√

2|𝑎 − 𝑏| = 2𝑐. Hence |𝑎 − 𝑏| =
√

2𝑐.

Thus 𝑎 − 𝑏 = ±
√

2𝑐. So the condition is 𝑎 = 𝑏 ±
√

2𝑐.

133. The given circles are 𝑥2 + 𝑦2 + 2𝑢𝑥 + 2𝑣𝑦 = 0 and 𝑥2 + 𝑦2 + 2𝑢1𝑥 + 2𝑣1𝑦 = 0.



Their centers are (−𝑢, −𝑣) and (−𝑢1, −𝑣1). Their radii are 
√

𝑢2 + 𝑣2 and 

√𝑢2
1 + 𝑣2

1 .

The distance between the centers is √(𝑢 − 𝑢1)
2 + (𝑣 − 𝑣1)

2
.

For the circles to touch, we must have √(𝑢 − 𝑢1)
2 + (𝑣 − 𝑣1)

2 =
√

𝑢2 + 𝑣2 ±
√𝑢2

1 + 𝑣2
1 .

⇒ (𝑢 − 𝑢1)
2 + (𝑣 − 𝑣1)

2 = 𝑢2 + 𝑣2 + 𝑢2
1 + 𝑣2

1 ± 2√(𝑢2 + 𝑣2)(𝑢2
1 + 𝑣2

1).

⇒ 𝑢2 + 𝑣2 + 𝑢2
1 + 𝑣2

1 − 2(𝑢𝑢1 + 𝑣𝑣1) equals the right side.

⇒ −2(𝑢𝑢1 + 𝑣𝑣1) = ±2√(𝑢2 + 𝑣2)(𝑢2
1 + 𝑣2

1).

⇒ 𝑢𝑢1 + 𝑣𝑣1 = ∓√(𝑢2 + 𝑣2)(𝑢2
1 + 𝑣2

1).

⇒ (𝑢𝑢1 + 𝑣𝑣1)
2 = (𝑢2 + 𝑣2)(𝑢2

1 + 𝑣2
1).

⇒ 𝑢2𝑢2
1 + 𝑣2𝑣2

1 + 2𝑢𝑢1𝑣𝑣1 = 𝑢2𝑢2
1 + 𝑢2𝑣2

1 + 𝑣2𝑢2
1 + 𝑣2𝑣2

1 .

⇒ 2𝑢𝑢1𝑣𝑣1 = 𝑢2𝑣2
1 + 𝑣2𝑢2

1 ⇒ 𝑢2𝑣2
1 − 2𝑢𝑢1𝑣𝑣1 + 𝑣2𝑢2

1 = 0.

So (𝑢𝑣1 − 𝑢1𝑣)
2 = 0. Hence, 𝑢𝑣1 = 𝑢1𝑣.

134.

𝑥

𝑦

−2

−2

−1

−1

1

1

2

2

𝑂

𝑃(1, 1
2)

𝐴

𝐵

𝑑 =
√

5
2

ℓ =
√

11
2𝑟 = 2

Given circle is 𝑥2 + 𝑦2 = 22 …(1)

For point 𝑃(1, 1
2), 𝑥2 + 𝑦2 − 4 = 1 + 1

4 − 4 < 0, hence, the point lies inside the 

circle.

Let 𝐴𝐵 be any chord of the circle through 𝑃 . Let 𝑂𝐿 ⟂ 𝐴𝐵, then 𝐿, the will be 
the middle point of 𝐴𝐵.

𝐴𝐵 = 2𝐴𝐿 =
√

𝑂𝐴2 − 𝑂𝐿2 = 2
√

4 − 𝑂𝑃 2 + 𝐿𝑃 2

Since 𝑃  and 𝑂 are fixed points 𝑂𝑃  is fixed.

𝐴𝐵 will be minimum if 𝐿𝑃  is minimum and minimum value of 𝐿𝑃  is 0, when 
𝑃  coincides with 𝐿.

Thus, minimum value of 𝐴𝐵 = 2√4 − (1 + 1
4) =

√
11.
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135.

𝑥

𝑦

−2 −1 1 2

1

2

3

4

𝑂

𝐶(0, 2)

𝐴

𝐵

𝑥 + 𝑦 = 1

𝑑 = 1/
√

2

Let 𝐴𝐵 be the chord whose equation is 𝑥 + 𝑦 − 1 = 0 …(1) and given circle 

is 𝑥2 + 𝑦2 − 4𝑦 = 0 …(2).

Center of the circle is (0, 2). Let 𝐿 be the mid-point of the chord. Let ∠𝐴𝐶𝐵 =
2𝜃 then ∠𝐴𝐶𝐿 = ∠𝐵𝐶𝐿 = 𝜃
𝐶𝐿 = length of perpendicular from 𝐶 to line (1) = |0+2−1|√

2 = 1√
2

𝐴𝐶 = 2(radius of the circle).

From △ 𝐴𝐶𝐿, cos 𝜃 = 𝐶𝐿
𝐴𝐶 = 1

2
√

2

Now angle at circumference = 1
2 × angle at the center = 𝜃 = cos−1 1

2
√

2 .

136.

𝑥

𝑦

𝐴
(−𝑟, 0)

𝐵
(𝑟, 0)

𝑂

𝑃(𝑎, 𝑏)

𝑃𝐴 𝑃𝐵𝑟

Let 𝐴𝑃𝐵 be a semicircle and 𝐴𝐵 be a diamtere. Let 𝑂 be the middle point of 
𝐴𝐵. We take 𝑂 as the origin and 𝑂𝐵 as 𝑥-axis. Let 𝑟 be the radius of the semi-
circle. Then 𝑂 = (0, 0), 𝐴 = (−𝑟, 0) and 𝐵 = (𝑟, 0).

Let 𝑃 = (𝑥, 𝑦). Now 𝑂𝑃 2 = 𝑟2 ∴ 𝑥2 + 𝑦2 = 𝑟2



and 𝐴𝑃 2 + 𝑃𝐵2 = [(𝑥 + 𝑎)2 + 𝑦2] + [(𝑥 − 𝑎)2 + 𝑦2] = 2(𝑥2 + 𝑦2 + 𝑟2) = 4𝑟2 =
(2𝑎)2 = 𝐴𝐵2

∴ ∠𝐴𝑃𝐵 = 90°.

137.

𝑥

𝑦

𝑂𝐴(−6.5, 0) 𝐵(6.5, 0)

𝐶1

𝐶2

5 𝐵𝐶1

𝐵𝐶2

𝑟 = 6.5

Given 𝐴𝐵 = 13m, 𝐴𝐶 = 5m. Let 𝑂𝐿 ⟂ 𝐴𝐶 , then 𝐿 is the mid-point of 𝐴𝐶 .

𝐴𝐿 = 2.5m and 𝐴𝑂 = 6.5m. From △ 𝐴𝐿𝑂, cos 𝜃 = 𝐴𝐿
𝐴𝑂 = 5

13

Slope of 𝐵𝐶1 = tan(90° + 𝜃) = − cot 𝜃 = − 5
12

Slope of 𝐵𝐶2 = tan(−90° − 𝜃) = 5
12

Equations of 𝐵𝐶1 and 𝐵𝐶2 are 𝑦 = − 5
12(𝑥 − 13

2 ) and 𝑦 = 5
12(𝑥 − 13

2 )

The join equation is 100𝑥2 − 576𝑦2 − 1300𝑥 + 4225 = 0.

138. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and the internal point is (𝛼, 𝛽).

Let the center be (−𝑔, −𝑓) and radius be 𝑟 where 𝑟2 = 𝑔2 + 𝑓2 − 𝑐.

Let a chord through (𝛼, 𝛽) be at perpendicular distance 𝑑 from the center.

The length of the chord is 2
√

𝑟2 − 𝑑2.

For a fixed point inside the circle, the least chord occurs when the chord is 
perpendicular to the line joining the center and the point.

In that case the distance from the center to the chord is the distance between the 
center and the point.

So 𝑑2 = (𝛼 + 𝑔)2 + (𝛽 + 𝑓)2.
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Thus the least length is 2
√

𝑟2 − 𝑑2⇒ 2√𝑔2 + 𝑓2 − 𝑐 − ((𝛼 + 𝑔)2 + (𝛽 + 𝑓)2).

= 2√−(𝛼2 + 𝛽2 + 2𝑔𝛼 + 2𝑓𝛽 + 𝑐).

139. Equation of any curve through the point of intersection of given lines and 
coordinate axes is (𝑎1𝑥 + 𝑏1𝑦 + 𝑐1)(𝑎2𝑥 + 𝑏2𝑦 + 𝑐2) + 𝑘𝑥𝑦 = 0

If this is a circle then coeff. of 𝑥2 = coeff. of 𝑦2 ⇒ 𝑎1𝑎2 = 𝑏1𝑏2.

140. The given circle is 𝑥2 + 𝑦2 = 𝑘2 so the radius is 𝑘. The line is 𝑦 − 𝑥 − 3 = 0.

The perpendicular distance from the center (0, 0) to the chord is

𝑑 = |−3|√
2 = 3√

2 .

Let the chord subtend angle 30° at a point on the major segment.

Then the angle subtended at the center by the chord is 360° − 2 × 30° = 300°.

The half angle at the center is 150°.

So cos 150° = 𝑑
𝑘 . Thus −

√
3

2 =
3√
2

𝑘 .

So 𝑘 = 3√2
3 =

√
6.

141. The tangent to the circle 𝑥2 + 𝑦2 = 5 at (1, −2) is

𝑥𝑥1 + 𝑦𝑦1 = 𝑟2. So 𝑥 − 2𝑦 = 5.

Now consider the second circle 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 20 = 0. So the center is 

(4, −3) and radius is 
√

5.

Find the distance from the center to the line 𝑥 − 2𝑦 − 5 = 0. So 
|4+6−5|√

5 = 5√
5 =

√
5.

This equals the radius, so the line is tangent.

Put 𝑥 = 2𝑦 + 5 into the circle. So (2𝑦 + 5 − 4)2 + (𝑦 + 3)2 = 5. This gives 

(2𝑦 + 1)2 + (𝑦 + 3)2 = 5.

So 5𝑦2 + 10𝑦 + 5 = 0⇒ 𝑦2 + 2𝑦 + 1 = 0. So (𝑦 + 1)2 = 0 and 𝑦 = −1. Then 𝑥 =
3.

Hence, the point of contact is (3, −1).

142. The given family is 𝑥2 + 𝑦2 − 2𝑥 − 2𝜆𝑦 − 8 = 0. Write it as 𝑥2 + 𝑦2 − 2𝑥 − 8 −
2𝜆𝑦 = 0.

For fixed points, the equation must hold for all 𝜆. So 𝑦 = 0(for 𝑥-axis) and 𝑥2 −
2𝑥 − 8 = 0.

Thus 𝑥 = 4 or 𝑥 = −2. Hence the fixed points are 𝐴(4, 0) and 𝐵(−2, 0).

So 2𝑥 + 2𝑦𝑦′ − 2 − 2𝜆𝑦′ = 0. Thus 𝑦′ = 1−𝑥
𝑦−𝜆 .

At 𝐴(4, 0) we get slope 3
𝜆 . So tangent at 𝐴 is 𝑦 = ( 3

𝜆)(𝑥 − 4).

At 𝐵(−2, 0) we get slope − 3
𝜆 . So tangent at 𝐵 is 𝑦 = (− 3

𝜆)(𝑥 + 2).

Solving gives 𝑥 = 1 and 𝑦 = − 9
𝜆 . This point lies on 𝑥 + 2𝑦 + 5 = 0.



So 1 + 2(− 9
𝜆) + 5 = 0. Thus, 6 − 18

𝜆 = 0 so 𝜆 = 3.

Hence the required circle is 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 − 8 = 0.

143. A

B

C

D

E

O

Let 𝑂 be the center of the circle which is taken as the origin. Let 𝑎 be the radius 
of the circle. Now 𝐴 = (0, 𝑎), 𝐵 = (0, −𝑎). Since 𝐶𝐷 ∥ 𝐴𝐵 and 2𝐶𝐷 = 𝐴𝐵

Let 𝐶𝐿 ⟂ 𝐶𝐷. 𝐶𝐿 = 𝐶𝐷
2 = 𝑎

2

In △ 𝑂𝐿𝐶, 𝑂𝐿 =
√

𝑂𝐶2 − 𝐶𝐿2 =
√

3𝑎
2

𝐶 = (
√

3
2 𝑎, 𝑎

2), 𝐷 = (
√

3
2 𝑎, −𝑎

2)

Now equation of the circle is 𝑥2 + 𝑦2 = 𝑎2 and equation of tangent at (0, −𝑎) is 

−𝑎𝑦 = 𝑎2 ⇒ 𝑦 = −𝑎

Equation of 𝐴𝐶 is 𝑦 − 𝑎 = 0−
√

3
2 𝑎

𝑎−𝑎
2

(𝑥 − 0). Solving this with 𝑦 = −𝑎 we get 𝐸 =

(2
√

3𝑎, −𝑎)

Thus, 𝐴𝐸 = 2.𝐴𝐵.

144.
A

B

C

T₁

T₂

P

∠𝐴𝐶𝐵 = 90°
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Let the center 𝐶 of the circle be taken as the origin and let 𝑎 be the radius of 
the given circle. Let 𝐶𝑋 and 𝐶𝑌  be the 𝑥 and 𝑦 axes respectively. Let the two 

parallel tangents to the circle at 𝑄 and 𝑅 be 𝑦 = 𝑎 and 𝑦 = −𝑎.

Equation of the circle is 𝑥2 + 𝑦2 = 𝑎2 …(1) and equation of any other tangent 

at point 𝑃  be 𝑦 = 𝑚𝑥 + 𝑎
√

1 + 𝑚2 …(2)

Let 𝐴 and 𝐵 be the points of intersection of tangent (2) with the lines 𝑦 = 𝑎 and 

𝑦 = −𝑎 respectively, then

𝐴 = (𝑎−𝑎
√

1+𝑚2

𝑚 , 𝑎) and 𝐵 = (−𝑎−𝑎
√

1+𝑚2

𝑚 , −𝑎)

Slope of 𝐴𝐶 = 𝑎𝑚
𝑎(1−

√
1+𝑚2)

= 𝑚1(let) and slope of 𝐵𝐶 = 𝑎𝑚
𝑎+

√
1+𝑚2 = 𝑚2(let)

𝑚1𝑚2 = −1, hence, ∠𝐴𝐶𝐵 = 90°.

145.

𝑥

𝑦

A

B

C

S

I (𝑟=5) II (𝑟=3)

III (𝑟=4)

𝑡1 : 𝑦 = 0

𝑡2

𝑥

𝑦

TSA

B

C

Given 𝐴 is the origin, which is the center of circle I, 𝐴𝑋 and 𝐴𝑌  are the 𝑥 and 
𝑦 axes respectively. 𝐵 and 𝐶 are the center of the circles II and III respectively, 

and their radii are 3 and 4 respectively.

Since circles I and II touch each other externally ∴ 𝐴𝐵 = 8 and since circles I and 
III touch each other externally ∴ 𝐴𝐶 = 9.

Let 𝐵𝐷, 𝐶𝐸 ⟂ 𝑥-axis. Then 𝐴𝐷 =
√

82 − 32 =
√

55 and 𝐴𝐸 =
√

92 − 42 =
√

65.



Since both circles I and II touch 𝑥-axis, therefore, 𝑦 = 0 is their common tangent. 

Let 𝐵𝐶 meet 𝑦 = 0 at 𝐻 . Then one more tangent will pass through 𝐻  and 𝐻  

will divided 𝐵𝐶 internally or externally in the ratio 3 : 4 according as circles II 
and III lie in different qudrants or in the same quadrant.

Case I: When circles II and III lie in the first and fourth quadrant respectively.

In this case 𝐵 = (
√

55, 3) and 𝐶 = (
√

65, −4).

From similar △ 𝐵𝐷𝐻  and △ 𝐶𝐸𝐻 , 𝐷𝐻
𝐻𝐸 = 𝐵𝐷

𝐶𝐸 = 3
4

Hence, 𝐻  divides 𝐷𝐸 internally in the ratio 3 : 4. Thus, 𝐻 = (3
√

65+4
√

55
7 , 0)

Equation of any line through 𝐻  will be 𝑦 = 𝑚(𝑥 − 3
√

65+4
√

55
7 )

⇒ 7𝑚𝑥 − 7𝑦 − 𝑚(3
√

65 + 4
√

55) = 0 …(1)

If (1) is tangent to circle II then

|7𝑚
√

55−7.3−𝑚(3
√

65+4
√

55)|
7
√

1+𝑚2 = 3

⇒ 𝑚 = 0, 126(
√

55−
√

66)
9(71−10

√
143)

Thus, we have equation for common tangents.

Case II: When both circle II and III lie in the first qudrant.

In this case 𝐵 = (
√

55, 3) and 𝐶 = (
√

65, 4).

One common tangent 𝑦 = 0 meeting 𝐵𝐶 at 𝐻  and 𝐻  will divide 𝐵𝐶 extrenally 

in the ratio 3 : 4.

Thus, 𝐻 = (4
√

55 − 3
√

65, 0).

Now we can proceed like case 1 to find the other common tangent as well as case 
3 when both the circles will lie in fourth quadrant.

146. Center of the circle is (1, 2) and the point is (2, 3).

The equation of the normal will be equation of line passing through these points, 
which is

𝑦 − 3 = 2−3
1−2(𝑥 − 2) ⇒ 𝑥 − 𝑦 + 1 = 0.

147. The equation of the circle is (𝑥 + 4)(𝑥 − 6) + (𝑦 − 4)(𝑦 + 1) = 0 ⇒ 𝑥2 + 𝑦2 −
2𝑥 − 3𝑦 − 28 = 0

Putting 𝑥 = 0 gives us 𝑦2 − 3𝑦 − 28 = 0 ∴ 𝑦 = 7, −4

Hence we take 𝐴 as (0, 7) and 𝐵 as (0, −4).

Equation of tangent at 𝐴 is 𝑥.0 + 𝑦.7 − (𝑥 + 0) − 3𝑦+7
2 − 28 = 0 ⇒ 2𝑥 − 11𝑦 =

−77
Equation of tangent at 𝐵 is 𝑥.0 + 𝑦(−4) − (𝑥 + 0) − 3𝑦−4

2 − 28 = 0 ⇒ 2𝑥 + 11𝑡 =
−44
Solving the two tangents givens us 𝑄(−121

4 , 3
2).



324  5. Answers of Circles

Thus, area of the △ 𝐴𝑄𝐵 = 363
8 .

148. Equation of the tangent is 𝑥𝑥1 + 𝑦𝑦1 − 2(𝑥 + 𝑥1) − 3(𝑦 + 𝑦1) − 12 = 0.

Substituting (𝑥1, 𝑦1) = (−1, −1) gives −𝑥 − 𝑦 − 2(𝑥 − 1) − 3(𝑦 − 1) − 12 = 0.

Simplify to get −3𝑥 − 4𝑦 − 7 = 0. Hence, the equation of the tangent is 3𝑥 +
4𝑦 + 7 = 0.

149. The given circle is 𝑥2 + 𝑦2 − 7𝑥 − 5𝑦 + 18 = 0. We find the tangent at (4, 3).

So 𝑥𝑥1 + 𝑦𝑦1 − 7𝑥+𝑥1
2 − 5𝑦+𝑦1

2 + 18 = 0.

Substituting (4, 3) gives 4𝑥 + 3𝑦 − 7𝑥+4
2 − 5𝑦+3

2 + 18 = 0.

Simplifying 𝑥 + 𝑦 − 7 = 0.

Now find the tangent at (3, 2). So 3𝑥 + 2𝑦 − 7𝑥+3
2 − 5𝑦+2

2 + 18 = 0.

⇒ 𝑥 + 𝑦 − 5 = 0.

Both tangents have slope −1. Hence, they are parallel.

150. The given circle is 𝑥2 + 𝑦2 = 169. The tangent at a point (𝑥1, 𝑦1) on this circle 

is 𝑥𝑥1 + 𝑦𝑦1 = 169.

At (5, 12) the tangent is 5𝑥 + 12𝑦 = 169. At (12, −5) the tangent is 12𝑥 − 5𝑦 =
169.

From 5𝑥 + 12𝑦 = 169 we get slope − 5
12 . From 12𝑥 − 5𝑦 = 169 we get slope 12

5 .

Their product is −1 so the tangents are perpendicular. Solving 5𝑥 + 12𝑦 = 169 

and 12𝑥 − 5𝑦 = 169 gives 𝑥 = 17 and 𝑦 = 7.

Hence, the point of intersection is (17, 7).

151. The equation of the tangent at (𝛼, 𝛽) is 𝑥𝛼 + 𝑦𝛽 = 𝑟2.

To find the intercepts, put 𝑦 = 0. Then 𝑥𝛼 = 𝑟2 so 𝑥 = 𝑟2

𝛼 .

So point 𝐴 is (𝑟2

𝛼 , 0).

Now put 𝑥 = 0. Then 𝑦𝛽 = 𝑟2 so 𝑦 = 𝑟2

𝛽 . So point 𝐵 is (0, 𝑟2

𝛽 ).

Now the area of triangle 𝑂𝐴𝐵 is 1
2 × 𝑂𝐴 × 𝑂𝐵.

So area is 1
2 × 𝑟2

|𝛼| × 𝑟2

|𝛽|=
1
2

𝑟4

|𝛼𝛽| .

152. The given circle is 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 − 20 = 0⇒ (𝑥 − 1)2 + (𝑦 − 2)2 = 25.

So the center is 𝐴(1, 2). Tangent at (𝑥1, 𝑦1) is 𝑥𝑥1 + 𝑦𝑦1 − (𝑥 + 𝑥1) − 2(𝑦 + 𝑦1) −
20 = 0.

Tangent at (1, 7) is 𝑥 + 7𝑦 − (𝑥 + 1) − 2(𝑦 + 7) − 20 = 0⇒ 𝑦 = 7.

Tangent at (4, −2) is 4𝑥 − 2𝑦 − (𝑥 + 4) − 2(𝑦 − 2) − 20 = 0⇒ 3𝑥 − 4𝑦 − 20 = 0.

Solving the two tangents we get point of intersection as 𝐶(16, 7).

Split 𝐴𝐵𝐶𝐷 into triangles 𝐴𝐵𝐶 and 𝐴𝐷𝐶 .



Triangle 𝐴𝐵𝐶 has base 𝐵𝐶 = 15 and height 5. So area is 1
2 × 15 × 5 = 75

2 .

Triangle 𝐴𝐷𝐶 has base 𝐷𝐶 = √(16 − 4)2 + (7 + 2)2 = 15 and height 5. So area 

is 75
2 .

Hence, total area is 75.

153. The given circle is 𝑥2 + 𝑦2 − 2𝑥 − 4𝑦 + 3 = 0⇒ (𝑥 − 1)2 + (𝑦 − 2)2 = 2.

So the center is (1, 2) and radius is sqrt(2). The given line is 𝑥 + 𝑦 − 5 = 0.

The distance from the center to the line is 
|1+2−5|√

2 = 2√
2 =

√
2.

This equals the radius, so the line touches the circle.

Put 𝑦 = 5 − 𝑥 in the circle. So (𝑥 − 1)2 + (3 − 𝑥)2 = 2.

Expanding gives 𝑥2 − 2𝑥 + 1 + 𝑥2 − 6𝑥 + 9 = 2⇒ 2𝑥2 − 8𝑥 + 10 = 2.

2𝑥2 − 8𝑥 + 8 = 0 so 𝑥2 − 4𝑥 + 4 = 0⇒ (𝑥 − 2)2 = 0 so 𝑥 = 2. Then 𝑦 = 3.

Hence, the point of contact is (2, 3).

154. The tangent to the circle 𝑥2 + 𝑦2 = 5 at (1, −2) is

Tangent at (𝑥1, 𝑦1) is 𝑥𝑥1 + 𝑦𝑦1 = 𝑟2. So 𝑥 − 2𝑦 = 5.

Now consider the second circle 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 20 = (𝑥 − 4)2 + (𝑦 + 3)2 =
5.

So the center is (4, −3) and radius is 
√

5.

The distance from the center to the line 𝑥 − 2𝑦 − 5 = 0. So 
|4+6−5|√

5 = 5√
5 =

√
5.

This equals the radius, so the line is tangent.

Put 𝑥 = 2𝑦 + 5 into the circle. So (2𝑦 + 5 − 4)2 + (𝑦 + 3)2 = 5 ⇒ 𝑦2 + 2𝑦 + 1 =
0.

So (𝑦 + 1)2 = 0 and 𝑦 = −1. Then 𝑥 = 3.

Hence, the point of contact is (3, −1).

155. The given circles are 𝑥2 + 𝑦2 − 10𝑥 + 4𝑦 − 20 = 0 and 𝑥2 + 𝑦2 + 14𝑥 − 6𝑦 +
22 = 0.

First circle is (𝑥 − 5)2 + (𝑦 + 2)2 = 49 so center is (5, −2) and radius is 7.

Second circle is (𝑥 + 7)2 + (𝑦 − 3)2 = 36 so center is (−7, 3) and radius is 6.

Distance between centers is √(5 + 7)2 + (−2 − 3)2 =
√

144 + 25 = 13.

Since 𝑟1 + 𝑟2 = 7 + 6 = 13, the circles touch externally.

The point of contact lies on the line joining the centers and divides it in the ratio 
7 : 6.

So using section formula 𝑥 = 7(−7)+6(5)
13 = −19

13  and 𝑦 = 7(3)+6(−2)
13 = 9

13

Hence the point of contact is (−19
13 , 9

13).
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Tangent at (𝑥1, 𝑦1) on first circle is 𝑥𝑥1 + 𝑦𝑦1 − 5(𝑥 + 𝑥1) + 2(𝑦 + 𝑦1) − 20 =
0 ⇒ 19𝑥 − 9𝑦 + 110 = 0.

156. The given circle is 𝑥2 + 𝑦2 = 2 so the center is (0, 0) and radius is sqrt(2).

The given line is 𝑦 − 𝑥 − 2 = 0.

The distance from the center to the line is 
|0−0−2|√

2 =
√

2.

This equals the radius, so the line touches the circle.

Put 𝑦 = 𝑥 + 2 in the circle. So 𝑥2 + (𝑥 + 2)2 = 2. Thus, (𝑥 + 1)2 = 0 so 𝑥 = −1.

Then 𝑦 = 1. Hence, the point of contact is (−1, 1).

157. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Its center is (−𝑔, −𝑓) and radius 

is √𝑔2 + 𝑓2 − 𝑐.

For the line 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 to touch the circle, the distance from the center to 

the line must equal the radius.

So the condition is 
|−𝑙𝑔−𝑚𝑓+𝑛|√

𝑙2+𝑚2 = √𝑔2 + 𝑓2 − 𝑐.

Squaring both sides gives (−𝑙𝑔 − 𝑚𝑓 + 𝑛)2 = (𝑙2 + 𝑚2)(𝑔2 + 𝑓2 − 𝑐).

Point of contact is the foot of the perpendicular from the center to the line.

So the coordinates are 𝑥 = −𝑔 − 𝑙(−𝑙𝑔−𝑚𝑓+𝑛)
𝑙2+𝑚2  and 𝑦 = −𝑓 − 𝑚(−𝑙𝑔−𝑚𝑓+𝑛)

𝑙2+𝑚2 .

158. The given circle is 𝑥2 + 𝑦2 = 10𝑥 ⇒ (𝑥 − 5)2 + 𝑦2 = 25. So the center is (5, 0) 
and radius is 5.

The line is 3𝑥 + 4𝑦 − 𝑘 = 0. For tangency, the distance from the center to the line 

equals the radius.

So 
|15−𝑘|

5 = 5 ⇒ |15 − 𝑘| = 25. So 𝑘 = 40 or 𝑘 = −10.

Now find the point of contact using foot of perpendicular from (5, 0) to the line.

For 𝑘 = 40, 𝑥 = 5 − 315−40
25 = 8 and 𝑦 = 0 − 415−40

25 = 4 So point is (8, 4).

For 𝑘 = −10, 𝑥 = 5 − 315+10
25 = 2 and 𝑦 = 0 − 415+10

25 = −4 So point is (2, −4).

Hence 𝑘 = 40 or 𝑘 = −10 and the points of contact are (8, 4) and (2, −4).

159. The given circle is 𝑥2 + 𝑦2 = 5 so the center is (0, 0).

The normal at a point on a circle is the line joining the center to that point.

So the normal passes through (0, 0) and (1, 2). The slope is 2.

Hence, the equation is 𝑦 = 2𝑥.

160. The given circle is 𝑥2 + 𝑦2 = 2𝑥 ⇒ (𝑥 − 1)2 + 𝑦2 = 1 so the center is (1, 0).

The given line 𝑥 + 2𝑦 = 3 has slope −1
2 . So the required normal must also have 

slope −1
2 .

The normal to a circle passes through the center.



Hence, the normal is the line through (1, 0) with slope −1
2 . So its equation is 𝑦 =

−1
2(𝑥 − 1).

Thus, 𝑥 + 2𝑦 − 1 = 0.

161. Given circle is 𝑥2 + 𝑦2 − 6𝑥 − 10𝑦 + 𝑘 = 0. Let 𝑃 = (1, 4). Since 𝑃  lies inside the 

circle 17 − 6 − 40 + 𝑘 < 0 ⇒ 𝑘 < 29.

Let 𝐻  be the center and 𝑎 the radius of the circle, then 𝐻 = (3, 5) and 𝑎 =√
34 − 𝑘.

Since the circle neither cuts the 𝑥-axis nor touches it ∴ 𝑎 < |5 ⤇ 𝑘 > 9.

Again since the circle neither cuts the 𝑦-axis not touches it ∴ 𝑎 < |3| ⇒ 𝑘 > 25

Combining the conditions we have 25 < 𝑘 < 29.

162. Lenght of tangent is 
√

52 + 12 + 6.5 − 4.1 − 3 = 7.

163. Given circles are 𝑥2 + 𝑦2 − 2𝜆𝑥 − 𝑐2 = 0 …(1) where 𝜆 is a variable.

Let the three values of 𝜆 be 𝜆1, 𝜆2 and 𝜆3. Let 𝐴, 𝐵 and 𝐶 be the centers of the 

three circles respectively, then

𝐴 = (𝜆1, 0), 𝐵 = (𝜆2, 0) and 𝐶 = (𝜆3, 0). If 𝑂(0, 0) be the origin, then

𝑂𝐴 = |𝜆1|, 𝑂𝐵 = |𝜆2| and 𝑂𝐶 = |𝜆3|.

Given that |𝜆1|, |𝜆2|, |𝜆3| are in G.P. ∴ |𝜆2|2 = |𝜆1‖𝜆3|

Equation of another circle is 𝑥2 + 𝑦2 = 𝑐2. Let 𝑃(𝛼, 𝛽) be any circle on this 

point, then

𝛼2 + 𝛽2 − 𝑐2 = 0

Lengths of tangents from 𝑃  to the three circles are 𝑝1 = √𝛼2 + 𝛽2 − 2𝜆1𝛼 − 𝑐2 =
√−2𝜆1𝛼, 𝑝2 = √−2𝜆2𝛼, and 𝑝3 = √−2𝜆3𝛼

𝑝1𝑝3 = √4𝜆1𝜆3𝛼2. We see that 𝜆1𝜆3 > 0 ⇒ |𝜆1‖𝜆3| = 𝜆1𝜆3

Thus, 𝑝2
2 = 𝑝1𝑝3, and hence, p_1, p_2, p_3 are in G.P.

164. Let 𝑃 = (𝛼, 𝛽). Given that the lengths of the tangents are equal, therefore,

√𝛼2 + 𝛽2 + 𝛼 − 3 = √𝛼2 + 𝛽2 − 5
3𝛼 + 𝛽 = √𝛼2 + 𝛽2 + 2𝛼 + 7

4𝛽 + 9
4

Solving we get 𝛼 = 0, 𝛽 = −3 ∴ 𝑃 = (0, −3).

Let the equation of the required circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. It passes 

through (0, −3), therefore,

−6𝑓 + 𝑐 + 9 = 0

Equation of the tangent to the circle at (6, −1) is 6𝑥 − 𝑦 + 𝑔(𝑥 + 6) + 𝑓(𝑦 − 1) +
𝑐 = 0
Given that the equation of the tangent is 𝑥 + 𝑦 − 5 = 0.

Comparing coefficients we have 𝑔 = −7
2 , 𝑓 = 7

2 ⇒ 𝑐 = 12
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Thus, equation of the circle is 𝑥2 + 𝑦2 − 7𝑥 + 7𝑦 + 12 = 0.

165. The length of tangent from (𝑓, 𝑔) to 𝑥2 + 𝑦2 = 6 is √𝑓2 + 𝑔2 − 6.

The length of tangent from (𝑓, 𝑔) to 𝑥2 + 𝑦2 + 3𝑥 + 3𝑦 = 0 is 

√𝑓2 + 𝑔2 + 3𝑓 + 3𝑔.

Given the first is twice the second. So √𝑓2 + 𝑔2 − 6 = 2√𝑓2 + 𝑔2 + 3𝑓 + 3𝑔.

So 𝑓2 + 𝑔2 − 6 = 4(𝑓2 + 𝑔2 + 3𝑓 + 3𝑔).

Simplify to get 0 = 3𝑓2 + 3𝑔2 + 12𝑓 + 12𝑔 + 6. So 𝑓2 + 𝑔2 + 4𝑓 + 4𝑔 + 2 = 0.

166. The length of the tangent from (𝑓, 𝑔) to the circle 𝑥2 + 𝑦2 = 4 is √𝑓2 + 𝑔2 − 4.

The second circle is 𝑥2 + 𝑦2 = 4𝑥 which is (𝑥 − 2)2 + 𝑦2 = 4.

So the length of the tangent from (𝑓, 𝑔) to this circle is √(𝑓 − 2)2 + 𝑔2 − 4.

Given √𝑓2 + 𝑔2 − 4 = 4√(𝑓 − 2)2 + 𝑔2 − 4.

So 𝑓2 + 𝑔2 − 4 = 16𝑓2 + 16𝑔2 − 64𝑓 ⇒ 15𝑓2 + 15𝑔2 − 64𝑓 + 4 = 0.

167. Let (𝑥1, 𝑦1) be any point on the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

So 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 = 0.

The length of the tangent from (𝑥1, 𝑦1) to the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐1 =
0 is

√𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐1.

Using the first relation, substitute 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 = −𝑐.

So the length becomes 
√−𝑐 + 𝑐1.

168. Let the required point be (𝑥, 𝑦). The length of the tangent from (𝑥, 𝑦) to 𝑥2 +
𝑦2 = 1 is

√𝑥2 + 𝑦2 − 1. For the circle 𝑥2 + 𝑦2 − 8𝑥 + 15 = 0 it is √𝑥2 + 𝑦2 − 8𝑥 + 15.

For the circle 𝑥2 + 𝑦2 + 10𝑦 + 24 = 0 it is √𝑥2 + 𝑦2 + 10𝑦 + 24.

Given 𝑥2 + 𝑦2 − 1 = 𝑥2 + 𝑦2 − 8𝑥 + 15 ⇒ 𝑥 = 2.

Again 𝑥2 + 𝑦2 − 1 = 𝑥2 + 𝑦2 + 10𝑦 + 24 ⇒ 𝑦 = −5
2 .

Hence, the required point is (2, −5
2).

169. Let the required point be (𝑥, 𝑦). The length of the tangent from (𝑥, 𝑦) to 𝑥2 +
𝑦2 − 4𝑥 + 7 = 0 is

√𝑥2 + 𝑦2 − 4𝑥 + 7. For the circle 2𝑥2 + 2𝑦2 − 3𝑥 + 5𝑦 + 9 = 0 divide by 2.

So it becomes 𝑥2 + 𝑦2 − 3
2𝑥 + 5

2𝑦 + 9
2 = 0.

Hence, the length is √𝑥2 + 𝑦2 − 3
2𝑥 + 5

2𝑦 + 9
2 .

For the circle 𝑥2 + 𝑦2 + 𝑦 = 0 the length is √𝑥2 + 𝑦2 + 𝑦.

Equating first and second. So 𝑥2 + 𝑦2 − 4𝑥 + 7 = 𝑥2 + 𝑦2 − 3
2𝑥 + 5

2𝑦 + 9
2 .



Thus, −5𝑥 − 5𝑦 + 5 = 0 so 𝑥 + 𝑦 = 1.

Now equate first and third. So 𝑥2 + 𝑦2 − 4𝑥 + 7 = 𝑥2 + 𝑦2 + 𝑦. So 𝑦 = −4𝑥 + 7.

Solve with 𝑥 + 𝑦 = 1. So 𝑥 − 4𝑥 + 7 = 1.

⇒ 𝑥 = 2 and 𝑦 = −1. Hence, the point is (2, −1).

So length is 
√

4 + 1 − 8 + 7 =
√

4 = 2.

170. Let the point be (𝑥, 𝑦). For the circle 𝑥2 + 𝑦2 + 2𝑔𝑖𝑥 + 5 = 0, the length of the 

tangent from (𝑥, 𝑦) is 𝑡2𝑖 = 𝑥2 + 𝑦2 + 2𝑔𝑖𝑥 + 5.

Now consider (𝑔2 − 𝑔3)𝑡21 + (𝑔3 − 𝑔1)𝑡22 + (𝑔1 − 𝑔2)𝑡23.

Substitute 𝑡2𝑖 . So it becomes (𝑔2 − 𝑔3)(𝑥2 + 𝑦2 + 2𝑔1𝑥 + 5) + (𝑔3 − 𝑔1)(𝑥2 + 𝑦2 +
2𝑔2𝑥 + 5) + (𝑔1 − 𝑔2)(𝑥2 + 𝑦2 + 2𝑔3𝑥 + 5).

The coefficient of (𝑥2 + 𝑦2 + 5) is (𝑔2 − 𝑔3) + (𝑔3 − 𝑔1) + (𝑔1 − 𝑔2) = 0.

Now consider the remaining terms.

So we get 2𝑥[(𝑔2 − 𝑔3)𝑔1 + (𝑔3 − 𝑔1)𝑔2 + (𝑔1 − 𝑔2)𝑔3].

Expanding inside. So 𝑔1𝑔2 − 𝑔1𝑔3 + 𝑔2𝑔3 − 𝑔1𝑔2 + 𝑔1𝑔3 − 𝑔2𝑔3 = 0.

Hence, the whole expression is 0.

171. Let the point be (𝑥, 𝑦). The length of the tangent from (𝑥, 𝑦) to 𝑥2 + 𝑦2 = 𝑎2 

is √𝑥2 + 𝑦2 − 𝑎2.

The second circle is (𝑥 − 𝑎)2 + 𝑦2 = 𝑎2. So the length of the tangent from (𝑥, 𝑦) 
to this circle is √(𝑥 − 𝑎)2 + 𝑦2 − 𝑎2.

Given the first is four times the second. So √𝑥2 + 𝑦2 − 𝑎2 =
4√(𝑥 − 𝑎)2 + 𝑦2 − 𝑎2.

⇒ 𝑥2 + 𝑦2 − 𝑎2 = 16((𝑥 − 𝑎)2 + 𝑦2 − 𝑎2) ⇒ 𝑥2 + 𝑦2 − 𝑎2 = 16(𝑥2 + 𝑦2 − 2𝑎𝑥).

So 0 = 15𝑥2 + 15𝑦2 − 32𝑎𝑥 + 𝑎2. Hence, the point lies on the required circle.

172. The equation of the pair of tangents from (0, 1) is given by 𝑇 2 = 𝑆𝑆1.

Here 𝑆 = 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 and 𝑆1 = 02 + 12 − 2(0) + 4(1) = 5.

Now 𝑇  is 𝑥 × 0 + 𝑦 × 1 − (𝑥 + 0) + 2(𝑦 + 1). So 𝑇 = 𝑦 − 𝑥 + 2𝑦 + 2 = −𝑥 +
3𝑦 + 2.

Thus the equation is (−𝑥 + 3𝑦 + 2)2 = 5(𝑥2 + 𝑦2 − 2𝑥 + 4𝑦)

⇒ 3𝑥2 − 2𝑦2 + 3𝑥𝑦 − 3𝑥 + 4𝑦 − 2 = 0.

173. Let (𝑥1, 𝑦1) be any point on the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. So 𝑥2
1 + 𝑦2

1 +
2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 = 0.

The second circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 sin2 𝛼 + (𝑔2 + 𝑓2) cos2 𝛼 = 0.

The length of the tangent from (𝑥1, 𝑦1) to the second circle is 

√𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 sin2 𝛼 + (𝑔2 + 𝑓2) cos2 𝛼.
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Using the first relation, substitute 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 = −𝑐.

So the length becomes √−𝑐 + 𝑐 sin2 𝛼 + (𝑔2 + 𝑓2) cos2 𝛼.

This simplifies to √(𝑔2 + 𝑓2 − 𝑐) cos2 𝛼. So the tangent length is 

√𝑔2 + 𝑓2 − 𝑐 cos 𝛼.

The radius of the second circle is √𝑔2 + 𝑓2 − (𝑐 sin2 𝛼 + (𝑔2 + 𝑓2) cos2 𝛼).

= √(𝑔2 + 𝑓2 − 𝑐) sin2 𝛼.

Let 𝜃 be the angle between the tangents. Then tan(𝜃
2) = 𝑟

𝑑  where 𝑑 is the tangent 

length.

So tan(𝜃
2) = tan 𝛼. Hence, 𝜃 = 2𝛼.

174. The given circle is 𝑥2 + 𝑦2 = 25 so the center is (0, 0) and radius is 5.

Let the tangent from (1, −7) have slope 𝑚. So its equation is 𝑦 + 7 = 𝑚(𝑥 − 1).

This gives 𝑚𝑥 − 𝑦 − 𝑚 − 7 = 0.

For tangency, the distance from the center to the line equals the radius. So 
|−𝑚−7|√

𝑚2+1
= 5.

⇒ 𝑚 = 4
3  or 𝑚 = −3

4 .

Hence, the tangents are 𝑦 + 7 = 4
3(𝑥 − 1) and 𝑦 + 7 = −3

4(𝑥 − 1). Their slopes 

are 4
3  and −3

4 .

Their product is −1 so they are perpendicular.

175. The given circle is 𝑥2 + 𝑦2 = 16. From the point (9, 0) the length of the tangent is
√

92 − 16 =
√

65 which is real. Hence, two tangents can be drawn.

The equation of the pair of tangents is given by 𝑇 2 = 𝑆𝑆1.

Here 𝑆 = 𝑥2 + 𝑦2 − 16 and 𝑆1 = 81 − 16 = 65.

Now 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 − 16 = 9𝑥 − 16.

So the equation is (9𝑥 − 16)2 = 65(𝑥2 + 𝑦2 − 16).

Thus, 16𝑥2 − 65𝑦2 − 288𝑥 + 1296 = 0.

So tan 𝜃 = 2√0−(16)(−65)
16−65 = −8

√
65

49 .

176. The given circle is 𝑥2 + 𝑦2 = 25 so the center is (0, 0) and radius is 5.

Let the tangent through (7, 1) have slope 𝑚.

So its equation is 𝑦 − 1 = 𝑚(𝑥 − 7). This gives 𝑚𝑥 − 𝑦 − 7𝑚 + 1 = 0.

For tangency, the distance from the center to the line equals the radius.

So 
|−7𝑚+1|√

𝑚2+1
= 5. Solve to get 𝑚 = 4

3  or 𝑚 = −3
4 .

Hence the tangents are 𝑦 − 1 = 4
3(𝑥 − 7) and 𝑦 − 1 = −3

4(𝑥 − 7).

177. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑘2 = 0.



The equation of the pair of tangents from the origin is given by 𝑇 2 = 𝑆𝑆1.

Here 𝑆 = 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑘2 and 𝑆1 = 𝑘2. Now 𝑇 = 𝑔𝑥 + 𝑓𝑦 + 𝑘2.

So the equation is (𝑔𝑥 + 𝑓𝑦 + 𝑘2)2 = 𝑘2(𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑘2).

This is the required pair of tangents.

Now find the intercept on the line 𝑦 = ℎ. Substitute 𝑦 = ℎ.

So (𝑔𝑥 + 𝑓ℎ + 𝑘2)2 = 𝑘2(𝑥2 + ℎ2 + 2𝑔𝑥 + 2𝑓ℎ + 𝑘2).

The intercept is the distance between the two roots.

So length is 2√(𝑔2−𝑘2)(ℎ2+𝑘2+2𝑓ℎ)
|𝑘2−𝑔2| .

Using the relation 𝑔2 + 𝑓2 − 𝑘2 = 𝑟2 simplify the expression.

This reduces to 2ℎ𝑘𝑟
𝑘2−𝑔2 .

Hence, the intercept is 2ℎ𝑘
𝑘2−𝑔2  times the radius.

178. The given circle is 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 − 11 = 0. Let the midpoint of the chord 

be (1, −1).

The chord whose midpoint is (𝑥1, 𝑦1) is given by 𝑇 = 𝑆1.

Here 𝑆 = 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 − 11 and 𝑆1 = 12 + (−1)2 + 6(1) + 8(−1) − 11 =
−11.

Now 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 + 3(𝑥 + 𝑥1) + 4(𝑦 + 𝑦1) − 11.

Substitute (1, −1). So 𝑇 = 𝑥 − 𝑦 + 3(𝑥 + 1) + 4(𝑦 − 1) − 11.

Thus, the chord is 𝑇 = 𝑆1 so 4𝑥 + 3𝑦 − 12 = −11.

Hence, the equation is 4𝑥 + 3𝑦 − 1 = 0.

179. The given circle is 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 9 = 0. Let the midpoint be (−2, −3).

The chord whose midpoint is (𝑥1, 𝑦1) is given by 𝑇 = 𝑆1.

Here 𝑆 = 𝑥2 + 𝑦2 + 6𝑥 + 8𝑦 + 9 and 𝑆1 = (−2)2 + (−3)2 + 6(−2) + 8(−3) +
9 = −14.

Now 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 + 3(𝑥 + 𝑥1) + 4(𝑦 + 𝑦1) + 9.

Substitute (𝑥1, 𝑦1) = (−2, −3). So 𝑇 = −2𝑥 − 3𝑦 + 3(𝑥 − 2) + 4(𝑦 − 3) + 9.

Simplify to get 𝑥 + 𝑦 − 9. Thus, the chord is 𝑇 = 𝑆1 so 𝑥 + 𝑦 − 9 = −14.

Hence, the equation is 𝑥 + 𝑦 + 5 = 0.

180. The given circle is 𝑥2 + 𝑦2 + 4𝑥 − 2𝑦 − 3 = 0. So the center is (−2, 1).

The given line is 𝑦 = 𝑥 + 2 or 𝑥 − 𝑦 + 2 = 0.

The midpoint of the chord is the foot of the perpendicular from the center to 
the line.

Using the formula for foot of perpendicular from (𝑥1, 𝑦1) to 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0,
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𝑥 = 𝑥1 − 𝑎(𝑎𝑥1+𝑏𝑦1+𝑐)
𝑎2+𝑏2  and 𝑦 = 𝑦1 − 𝑏(𝑎𝑥1+𝑏𝑦1+𝑐)

𝑎2+𝑏2 .

Here (𝑥1, 𝑦1) = (−2, 1) and 𝑎 = 1, 𝑏 = −1, 𝑐 = 2.

𝑎𝑥1 + 𝑏𝑦1 + 𝑐 = −2 − 1 + 2 = −1.

So 𝑥 = −2 − 1−1
2 = −3

2  and 𝑦 = 1 − (−1)−1
2 = 1

2 .

Hence, the midpoint is (−3
2 , 1

2).

181. The given circle is 𝑥2 + 𝑦2 − 2𝑥 + 4𝑦 + 7 = 0. The chord of contact from a point 

(𝑥1, 𝑦1) is given by 𝑇 = 0.

Here 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 − (𝑥 + 𝑥1) + 2(𝑦 + 𝑦1) + 7.

Substitute (𝑥1, 𝑦1) = (1, 2). So 𝑇 = 𝑥 + 2𝑦 − (𝑥 + 1) + 2(𝑦 + 2) + 7.

⇒ 4𝑦 + 10 = 0 ⇒ 2𝑦 + 5 = 0.

182.

𝑥

𝑦

𝑂
𝑃(ℎ, 𝑘)

A

B

𝑎

𝑥2 + 𝑦2 = 𝑎2

Given circle is 𝑥2 + 𝑦2 = 𝑎2 …(1)

The equation of the chord of contact 𝐴𝐵 of tangents drawn from 𝑃(ℎ, 𝑘) to the 

circle (1) is 𝑥ℎ + 𝑦𝑘 = 𝑎2.

We have to find the area of △ 𝑃𝐴𝐵. From 𝑃(ℎ, 𝑘) draw 𝑃𝐿 ⟂ 𝐴𝐵. Now

𝑃𝐿 = ℎ2+𝑘2−𝑎2
√

ℎ2+𝑘2

Also, 𝑃𝐴 =
√

ℎ2 + 𝑘2 − 𝑎2

𝐴𝐿2 = 𝐴𝑃 2 − 𝑃𝐿2 = 𝑎
√

ℎ2+𝑘2−𝑎2
√

ℎ2+𝑘2

Δ𝑃𝐴𝐵 = 1
2𝐴𝐵.𝑃𝐿 = 𝐴𝐿.𝑃𝐿 = 𝑎(ℎ2+𝑘2−𝑎2)

3
2

ℎ2+𝑘2 .

183. Given circles are 𝑥2 + 𝑦2 = 𝑎2 …(1), 𝑥2 + 𝑦2 = 𝑏2 …(2), and 𝑥2 + 𝑦2 =
𝑐2 …(3).

Let 𝑃(𝛼, 𝛽) be any point on (1), then 𝛼2 + 𝛽2 = 𝑎2 …(4)

Equation of the chord of contact of the tangents from 𝑃(𝛼, 𝛽) to (2) is



𝑥𝛼 + 𝑦𝛽 − 𝑏2 = 0.

This chord of contact is tangent to (3), therefore,

|0.𝛼+0.𝛽−𝑏2|
√𝛼2+𝛽2 = 𝑐 ⇒ 𝑏2 = 𝑎𝑐, and hence, 𝑎, 𝑏, 𝑐 are in G.P.

184. Common chord of the circles is 5𝑥 − 3𝑦 − 10 = 0. Let this meet the circles at 𝐴 

and 𝐵. Let the tangents to first circle at 𝐴 and 𝐵 meet at 𝑃(𝛼, 𝛽), then 𝐴𝐵 will 

be the chord of contact of the tangents to the circle from 𝑃 , therefore, equation 
of 𝐴𝐵 will be

𝑥𝛼 + 𝑦𝛽 − 12 = 0

The two obtained equations are same. Comparing coefficients we have 𝛼
5 = 𝛽

−3 =
−12

10 , which yields

𝛼 = 6, 𝛽 − = −18
5 .

185. The given circle is 𝑥2 + 𝑦2 + 2𝑥 − 3 = 0. The chord of contact from a point 

(𝑥1, 𝑦1) is given by 𝑇 = 0.

Here 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 + (𝑥 + 𝑥1) − 3. Substitute (𝑥1, 𝑦1) = (−3, 2).

So 𝑇 = −3𝑥 + 2𝑦 + (𝑥 − 3) − 3.

Hence, the chord of contact is 𝑥 − 𝑦 + 3 = 0.

186. The given circle is 𝑥2 + 𝑦2 = 25. The chord of contact from a point (𝑥1, 𝑦1) is 

given by 𝑥𝑥1 + 𝑦𝑦1 = 25.

Substitute (𝑥1, 𝑦1) = (5, 3). So the equation becomes 5𝑥 + 3𝑦 = 25.

187. The given circle is 𝑥2 + 𝑦2 − 4𝑥 + 3𝑦 − 1 = 0. The line is 2𝑥 + 𝑦 + 12 = 0.

Let the points of intersection be 𝑃  and 𝑄. The intersection of tangents at 𝑃  and 

𝑄 is given by the pole of the line.

So we find the pole of 2𝑥 + 𝑦 + 12 = 0 with respect to the circle.

For the circle, the pole of 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0 is −2𝑔𝑙−𝑚𝑛,−2𝑓𝑚−𝑙𝑛
𝑙2+𝑚2 .

Here 𝑔 = −2 and 𝑓 = 3
2 . ⇒ 𝑥 = −2(−2)(2)−(1)(12)

5 = −4
5  and 𝑦 = −2(3

2)(1)−(2)(12)
5 =

−27
5 .

188. Let the given circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Let the two points be 

𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2).

Since they are conjugate with respect to the circle, we have 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑔(𝑥1 +
𝑥2) + 𝑓(𝑦1 + 𝑦2) + 𝑐 = 0.

The lengths of tangents are 𝑡21 = 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 and 𝑡22 = 𝑥2
2 + 𝑦2

2 +
2𝑔𝑥2 + 2𝑓𝑦2 + 𝑐.

𝑡21 + 𝑡22 = 𝑥2
1 + 𝑦2

1 + 𝑥2
2 + 𝑦2

2 + 2𝑔(𝑥1 + 𝑥2) + 2𝑓(𝑦1 + 𝑦2) + 2𝑐.

Now consider the square of the distance between the points.

So 𝑃 2
𝑄 = (𝑥1 − 𝑥2)

2 + (𝑦1 − 𝑦2)
2
 = 𝑥2

1 + 𝑦2
1 + 𝑥2

2 + 𝑦2
2 − 2(𝑥1𝑥2 + 𝑦1𝑦2).
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Using the conjugate condition, 𝑥1𝑥2 + 𝑦1𝑦2 = −𝑔(𝑥1 + 𝑥2) − 𝑓(𝑦1 + 𝑦2) − 𝑐.

∴ 𝑃 2
𝑄 = 𝑥2

1 + 𝑦2
1 + 𝑥2

2 + 𝑦2
2 + 2𝑔(𝑥1 + 𝑥2) + 2𝑓(𝑦1 + 𝑦2) + 2𝑐.

Thus 𝑃 2
𝑄 = 𝑡21 + 𝑡22. Hence, 𝑃𝑄 = √𝑡21 + 𝑡22.

189. The given circle is 𝑥2 + 𝑦2 = 25. Let the point be 𝑃(4, 6).

The chord of contact from 𝑃  is 4𝑥 + 6𝑦 = 25.

The area of the triangle formed by the two tangents and their chord of contact is

Δ = 𝑟2×√𝑆1
distance from center to chord .

Here 𝑆1 = 42 + 62 − 25 = 27. So √𝑆1 = 3
√

3.

The distance from the center (0, 0) to the chord 4𝑥 + 6𝑦 − 25 = 0 is

= 25 × 3
√

3 × 2
√

13
25 = 6

√
39.

190. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Let 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) be 

the points of contact of tangents from the origin.

The tangent at (𝑥1, 𝑦1) is 𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 0.

Since this tangent passes through the origin, substitute (0, 0). So 𝑔𝑥1 + 𝑓𝑦1 +
𝑐 = 0.

Also since (𝑥1, 𝑦1) lies on the circle, 𝑥2
1 + 𝑦2

1 + 2𝑔𝑥1 + 2𝑓𝑦1 + 𝑐 = 0.

Using 𝑔𝑥1 + 𝑓𝑦1 = −𝑐, we get 𝑥2
1 + 𝑦2

1 − 𝑐 = 0 ⇒ 𝑥2
1 + 𝑦2

1 = 𝑐. Similarly 𝑥2
2 +

𝑦2
2 = 𝑐.

Now consider the circle 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 = 0. Substitute (0, 0) and it satisfies 

the equation.

Now substitute (𝑥1, 𝑦1). Using 𝑥2
1 + 𝑦2

1 = 𝑐 and 𝑔𝑥1 + 𝑓𝑦1 = −𝑐, we get 𝑐 − 𝑐 = 0.

So (𝑥1, 𝑦1) lies on it. Similarly (𝑥2, 𝑦2) lies on it. Hence this circle passes through 

𝑂, 𝑃 , 𝑄.

Therefore it is the circumcircle of △ 𝑂𝑃𝑄.

191. The given circle is 𝑥2 + 𝑦2 = 25. Let the tangent through (7, 1) have slope 𝑚.

So its equation is 𝑦 − 1 = 𝑚(𝑥 − 7). This gives 𝑚𝑥 − 𝑦 − 7𝑚 + 1 = 0.

For tangency, the distance from the center (0, 0) to the line equals the radius 5.

So 
|−7𝑚+1|√

𝑚2+1
= 5. Solve to get 𝑚 = 4

3  or 𝑚 = −3
4 .

Hence the tangents are 𝑦 − 1 = 4
3(𝑥 − 7) and 𝑦 − 1 = −3

4(𝑥 − 7).

For 𝑚 = 4
3 , the tangent is 4𝑥 − 3𝑦 − 25 = 0.

Solve with the circle. So 𝑥2 + (4𝑥−25)2

9 = 25. This gives 𝑥 = 4 and 𝑦 = 3.

For 𝑚 = −3
4 , the tangent is 3𝑥 + 4𝑦 − 25 = 0. Solve with the circle. So 𝑥2 +

(25−3𝑥)2

16 = 25.



This gives 𝑥 = 3 and 𝑦 = −4. Hence the points of contact are (4, 3) and (3, −4).

192. Equation of the polar is 𝑥.2 + 𝑦.(−1) − 3(𝑥+2
2 ) + 4𝑦−1

2 − 8 = 0 ⇒ 𝑥 + 2𝑦 − 26 =
0.

193. Let 𝑃(𝛼, 𝛽) be the pole of the given line w.r.t. the given circle. Equation of polar is

(𝛼 + 2)𝑥 + (𝛽 + 3)𝑦 + 2𝛼 + 3𝛽 + 9 = 0

Comparing with the given line 𝛼+2
3 = 𝛽+3

5 = 2𝛼+3𝛽+9
17

⇒ 𝛼 = 1, 𝛽 = 2. So the required pole is (1, 2).

194. Given circles are 𝑥2 + 𝑦2 + 6𝑦 + 5 = 0 dots(1) and 𝑥2 + 𝑦2 + 2𝑥 + 8𝑦 + 5 =
0 …(2). Let 𝑃 = (1, −2).

Polar of the point (1, −2) w.r.t circle (1) is given by 𝑥 + 𝑦.(−2) + 3(𝑦 − 2) + 5 =
0 ⇒ 𝑥 + 𝑦 − 1 = 0 …(3)

Polar of this point w.r.t circle (2) is given by 𝑥 + 𝑦.(−2) + 𝑥 + 1 + 4(𝑦 − 2) + 5 =
0 ⇒ 𝑥 + 𝑦 − 1 = 0.

Thus, polars are same. Let 𝑄(𝛼, 𝛽) be another point for which the polars are same. 

The polars of this point w.r.t. given circles are

𝑥𝛼 + 𝑦𝛽 + 3(𝑦 + 𝛽) + 5 = 0 and 𝑥𝛼 + 𝑦𝛽 + (𝑥 + 𝛼) + 4(𝑦 + 𝛽) + 5 = 0

These two lines are same. Thus, comparing coefficients gives us

𝛼+1
𝛼 = 𝛽+4

𝛽+3 = 𝛼+4𝛽+5
3𝛽+5

Solvig this gives us two points one of whihc is the given point and another point 
is (2, −1).

195. Let the circle be 𝑥2 + 𝑦2 = 𝑎2 and points 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2).

Polars of 𝐴 and 𝐵 will be 𝑥𝑥1 + 𝑦𝑦1 − 𝑎2 = 0 and 𝑥𝑥2 + 𝑦𝑦2 − 𝑎2 = 0.

𝐴𝑀
𝐵𝑁 = |𝑥1𝑥2+𝑦1𝑦2−𝑎2|

√𝑥2
2+𝑦2

2
= |𝑥2𝑥2+𝑦2𝑦2−𝑎2|

√𝑥2
1+𝑦2

2
= √𝑥2

1+𝑦2
1

√𝑥2
2+𝑦2

2
= 𝐶𝐴

𝐶𝐵 .

196. First find the point of intersection of the lines 4𝑥 − 𝑦 = 11 and 𝑥 − 2𝑦 = 1.

From the second equation we get 𝑥 = 1 + 2𝑦. Substitute in the first equation.

So 4(1 + 2𝑦) − 𝑦 = 11. Thus, 𝑥 = 3. So the point is (3, 1).

Now find the polar with respect to 𝑥2 + 𝑦2 = 7.

The polar of (𝑥1, 𝑦1) is 𝑥𝑥1 + 𝑦𝑦1 = 7.

So the required equation is 3𝑥 + 𝑦 = 7.

197. The given circle is 2𝑥2 + 2𝑦2 = 11 ⇒ 𝑥2 + 𝑦2 = 11
2 .

So the polar is 4𝑥 − 𝑦 = 11
2 .

198. The given circle is 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 4 = 0. The polar of a point (𝑥1, 𝑦1) is 

given by 𝑇 = 0.

So 𝑇 = 𝑥𝑥1 + 𝑦𝑦1 − 4(𝑥 + 𝑥1) + 3(𝑦 + 𝑦1) + 4.
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Substitute (𝑥1, 𝑦1) = (1, −5). So 𝑇 = 𝑥 − 5𝑦 − 4(𝑥 + 1) + 3(𝑦 − 5) + 4.

Hence, the polar is 3𝑥 + 2𝑦 + 15 = 0.

199. The polar of (𝑝, 𝑞) with respect to 𝑥2 + 𝑦2 = 𝑎2 is 𝑝𝑥 + 𝑞𝑦 = 𝑎2.

For this line to touch the circle (𝑥 − 𝑐)2 + (𝑦 − 𝑑)2 = 𝑏2, the distance from its 

center (𝑐, 𝑑) to the line must equal the radius 𝑏.

So 
|𝑝𝑐+𝑞𝑑−𝑎2|

√𝑝2+𝑞2 = 𝑏 ⇒ (𝑝𝑐 + 𝑞𝑑 − 𝑎2)2 = 𝑏2(𝑝2 + 𝑞2)

⇒ 𝑏2(𝑝2 + 𝑞2) = (𝑎2 − 𝑐𝑝 − 𝑑𝑞)2
.

200. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

The polar of the origin is obtained by putting (0, 0) in 𝑇 .

So the polar is 𝑔𝑥 + 𝑓𝑦 + 𝑐 = 0.

For this line to touch the circle 𝑥2 + 𝑦2 = 𝑎2, the distance from the center (0, 0) 
to the line must equal the radius 𝑎.

So 
|𝑐|

√𝑔2+𝑓2 = 𝑎. Hence, 𝑐2 = 𝑎2(𝑔2 + 𝑓2).

201. Let the given line be 𝑙𝑥 + 𝑚𝑦 + 𝑛 = 0. The pole of this line with respect to 𝑥2 +
𝑦2 = 𝑐2 is (−𝑐2 𝑙

𝑛 , −𝑐2 𝑚
𝑛 ).

Given this point lies on 𝑥2 + 𝑦2 = 9𝑐2. So 𝑐4𝑙2
𝑛2 + 𝑐4𝑚2

𝑛2 = 9𝑐2.

Thus, 𝑐4(𝑙2 + 𝑚2) = 9𝑐2𝑛2. So 𝑛2 = (𝑐2

9 )(𝑙2 + 𝑚2).

Now consider the circle 9𝑥2 + 9𝑦2 = 𝑐2. Its center is (0, 0) and radius is 𝑐
3 .

The distance from the center to the line is 
|𝑛|√

𝑙2+𝑚2 .

Using the relation above, this becomes 𝑐
3 .

So the distance equals the radius. Hence the line is tangent to the circle 9𝑥2 +
9𝑦2 = 𝑐2.

202. The given circle is 2𝑥2 + 2𝑦2 − 3𝑥 + 5𝑦 − 7 = 0 ⇒ 𝑥2 + 𝑦2 − 3
2𝑥 + 5

2𝑦 − 7
2 = 0. 

Thus, 𝑔 = −3
4  and 𝑓 = 5

4 .

The pole (𝑥1, 𝑦1) of the line 9𝑥 + 𝑦 − 28 = 0 satisfies that this line is the polar 

of (𝑥1, 𝑦1).

So write 𝑇 = 0. Thus, 𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 0.

So coefficient of 𝑥 is 𝑥1 + 𝑔 and coefficient of 𝑦 is 𝑦1 + 𝑓 .

Hence, the equation becomes (𝑥1 + 𝑔)𝑥 + (𝑦1 + 𝑓)𝑦 + (𝑔𝑥1 + 𝑓𝑦1 + 𝑐) = 0.

Compare with 9𝑥 + 𝑦 − 28 = 0. So 𝑥1 + 𝑔 = 9 and 𝑦1 + 𝑓 = 1.

Substitute values. So 𝑥1 − 3
4 = 9 hence 𝑥1 = 39

4 . And 𝑦1 + 5
4 = 1 hence 𝑦1 = −1

4 .

So the pole is (39
4 , −1

4). So it becomes (9
4)𝑥 + (1

4)𝑦 − 7 = 0.



Now compare again. So 𝑥1 + 𝑔 = 9
4  gives 𝑥1 = 3. And 𝑦1 + 𝑓 = 1

4  gives 𝑦1 = −1.

203. The given circle is 𝑥2 + 𝑦2 − 7𝑥 + 5𝑦 − 1 = 0. Compare with 𝑥2 + 𝑦2 + 2𝑔𝑥 +
2𝑓𝑦 + 𝑐 = 0.

So 𝑔 = −7
2 , 𝑓 = 5

2 , 𝑐 = −1. Let the pole be (𝑥1, 𝑦1). The polar of (𝑥1, 𝑦1) is

(𝑥1 + 𝑔)𝑥 + (𝑦1 + 𝑓)𝑦 + (𝑔𝑥1 + 𝑓𝑦1 + 𝑐) = 0. This must represent the line 2𝑥 −
𝑦 + 10 = 0.

So equate coefficients with a factor 𝑘: 𝑥1 + 𝑔 = 2𝑘, 𝑦1 + 𝑓 = −𝑘 and 𝑔𝑥1 + 𝑓𝑦1 +
𝑐 = 10𝑘.

Substitute 𝑔 = −7
2 , 𝑓 = 5

2 , 𝑐 = −1.

So 𝑥1 − 7
2 = 2𝑘 hence 𝑥1 = 2𝑘 + 7

2  and 𝑦1 + 5
2 = −𝑘 hence 𝑦1 = −𝑘 − 5

2 .

Substitute into the third equation: (−7
2)(2𝑘 + 7

2) + (5
2)(−𝑘 − 5

2) − 1 = 10𝑘.

Expand: −7𝑘 − 49
4 − 5𝑘

2 − 25
4 − 1 = 10𝑘. ⇒ −7𝑘 − 5𝑘

2 − 37
2 − 1 = 10𝑘.

Write −1 = −2
2 : −7𝑘 − 5𝑘

2 − 39
2 = 10𝑘 ⇒ 𝑘 = −1.

Now 𝑥1 = 2𝑘 + 7
2 = −2 + 7

2 = 3
2  and 𝑦1 = −𝑘 − 5

2 = 1 − 5
2 = −3

2 .

204. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Let the pole of the line 𝑎𝑥 +
𝑏𝑦 + 𝑐 = 0 be (𝑥1, 𝑦1). The polar of (𝑥1, 𝑦1) is

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 0 ⇒ (𝑥1 + 𝑔)𝑥 + (𝑦1 + 𝑓)𝑦 + (𝑔𝑥1 +
𝑓𝑦1 + 𝑐) = 0.

This must represent the same line as 𝑎𝑥 + 𝑏𝑦 + 𝑐 = 0.

So coefficients are proportional. Let the factor be 𝑘.

𝑥1 + 𝑔 = 𝑎𝑘 and 𝑦1 + 𝑓 = 𝑏𝑘 => 𝑔𝑥1 + 𝑓𝑦1 + 𝑐 = 𝑐𝑘.

So 𝑥1 = 𝑎𝑘 − 𝑔 and 𝑦1 = 𝑏𝑘 − 𝑓 .

Substitute into the third equation: 𝑔(𝑎𝑘 − 𝑔) + 𝑓(𝑏𝑘 − 𝑓) + 𝑐 = 𝑐𝑘.

So 𝑎𝑔𝑘 − 𝑔2 + 𝑏𝑓𝑘 − 𝑓2 + 𝑐 = 𝑐𝑘. Thus, 𝑘(𝑎𝑔 + 𝑏𝑓 − 𝑐) = 𝑔2 + 𝑓2 − 𝑐.

Hence, 𝑘 = 𝑔2+𝑓2−𝑐
𝑎𝑔+𝑏𝑓−𝑐 .

So 𝑥1 = 𝑎(𝑔2+𝑓2−𝑐)
𝑎𝑔+𝑏𝑓−𝑐 − 𝑔 and 𝑦1 = 𝑏(𝑔2+𝑓2−𝑐)

𝑎𝑔+𝑏𝑓−𝑐 − 𝑓 .

205. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Its center is (−𝑔, −𝑓).

Let the point be 𝑃(𝑥1, 𝑦1). The polar of 𝑃  is

𝑥𝑥1 + 𝑦𝑦1 + 𝑔(𝑥 + 𝑥1) + 𝑓(𝑦 + 𝑦1) + 𝑐 = 0.

So (𝑥1 + 𝑔)𝑥 + (𝑦1 + 𝑓)𝑦 + (𝑔𝑥1 + 𝑓𝑦1 + 𝑐) = 0.

Thus, the normal vector to the polar is (𝑥1 + 𝑔, 𝑦1 + 𝑓).

Now consider the line joining the center 𝐶(−𝑔, −𝑓) and the point 𝑃(𝑥1, 𝑦1).

Its direction vector is (𝑥1 + 𝑔, 𝑦1 + 𝑓).
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Hence, the polar is perpendicular to the line joining the point and the center.

206. The family of circles is 𝑥2 + 𝑦2 + 2𝑝𝑥 + 𝑐 = 0. Let the given point be (𝑥1, 𝑦1).

The polar of (𝑥1, 𝑦1) with respect to the circle is 𝑥𝑥1 + 𝑦𝑦1 + 𝑝(𝑥 + 𝑥1) + 𝑐 = 0.

So (𝑥1 + 𝑝)𝑥 + 𝑦1𝑦 + 𝑝𝑥1 + 𝑐 = 0 ⇒ 𝑥1𝑥 + 𝑦1𝑦 + 𝑐 + 𝑝(𝑥 + 𝑥1) = 0.

Now observe that if 𝑥 + 𝑥1 = 0, the term containing 𝑝 vanishes.

So the equation reduces to 𝑥1𝑥 + 𝑦1𝑦 + 𝑐 = 0. Substitute 𝑥 = −𝑥1.

Then −𝑥2
1 + 𝑦1𝑦 + 𝑐 = 0. So 𝑦 = 𝑥2

1−𝑐
𝑦1

.

Thus the point (−𝑥1,
𝑥2

1−𝑐
𝑦1

) satisfies the polar for all values of 𝑝.

Hence, all polars pass through this fixed point.

207. The polar of (𝛼, 𝛽) with respect to 𝑥2 + 𝑦2 = 𝑎2 is 𝛼𝑥 + 𝛽𝑦 = 𝑎2.

For this line to touch the circle (𝑥 − 𝑎)2 + 𝑦2 = 𝑎2, the distance from its center 

(𝑎, 0) to the line must equal the radius 𝑎.

So 
|𝛼𝑎−𝑎2|
√𝛼2+𝛽2 = 𝑎 ⇒ (𝛼𝑎 − 𝑎2)2 = 𝑎2(𝛼2 + 𝛽2).

⇒ (𝛼 − 𝑎)2 = 𝛼2 + 𝛽2 ⇒ 𝛽2 + 2𝑎𝛼 = 𝑎2.

Thus, (𝛼, 𝛽) lies on the curve 𝑦2 + 2𝑎𝑥 = 𝑎2.

208. For the circle 𝑥2 + 𝑦2 = 𝑎2, the polar of (𝑥𝑖, 𝑦𝑖) is 𝑥𝑥𝑖 + 𝑦𝑦𝑖 = 𝑎2.

So the polars of (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) are

𝑥𝑥1 + 𝑦𝑦1 = 𝑎2, 𝑥𝑥2 + 𝑦𝑦2 = 𝑎2, and 𝑥𝑥3 + 𝑦𝑦3 = 𝑎2.

These three lines are concurrent if there exists a point (ℎ, 𝑘) satisfying all three.

So ℎ𝑥1 + 𝑘𝑦1 = 𝑎2, ℎ𝑥2 + 𝑘𝑦2 = 𝑎2, and ℎ𝑥3 + 𝑘𝑦3 = 𝑎2.

Subtract pairwise: ℎ(𝑥1 − 𝑥2) + 𝑘(𝑦1 − 𝑦2) = 0 and ℎ(𝑥2 − 𝑥3) + 𝑘(𝑦2 − 𝑦3) = 0.

For non-zero (ℎ, 𝑘), these two equations imply (𝑥1 − 𝑥2)(𝑦2 − 𝑦3) = (𝑥2 −
𝑥3)(𝑦1 − 𝑦2).

This is equivalent to 𝑥1(𝑦2 − 𝑦3) + 𝑥2(𝑦3 − 𝑦1) + 𝑥3(𝑦1 − 𝑦2) = 0.

Thus the points (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) are collinear.

209. The given circles are 𝑥2 + 𝑦2 − 2𝑥 − 6𝑦 − 12 = 0 and 𝑥2 + 𝑦2 + 6𝑥 + 4𝑦 − 6 = 0.

Compare each with the general form 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

For the first circle, we get 𝑔1 = −1, 𝑓1 = −3, and 𝑐1 = −12.

For the second circle, we get 𝑔2 = 3, 𝑓2 = 2, and 𝑐2 = −6.

Two circles cut orthogonally if 2(𝑔1𝑔2 + 𝑓1𝑓2) = 𝑐1 + 𝑐2.

Substituting the values 2((−1)(3) + (−3)(2)) = 2(−3 − 6) = −18.

Also 𝑐1 + 𝑐2 = −12 − 6 = −18.



Both sides are equal. Hence, the given circles cut each other orthogonally.

210. Let the two circles be 𝑆 = 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and 𝑆1 = 𝑥2 + 𝑦2 +
2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0.

Their radii are 𝑎 and 𝑎1. So 𝑔2 + 𝑓2 − 𝑐 = 𝑎2 and 𝑔2
1 + 𝑓2

1 − 𝑐1 = 𝑎2
1.

Consider the circle 𝑆
𝑎 + 𝑆1

𝑎1
= 0.

Its equation is (1
𝑎 + 1

𝑎1
)(𝑥2 + 𝑦2) + 2( 𝑔

𝑎 + 𝑔1
𝑎1

)𝑥 + 2(𝑓
𝑎 + 𝑓1

𝑎1
)𝑦 + ( 𝑐

𝑎 + 𝑐1
𝑎1

) = 0.

= 𝑥2 + 𝑦2 + 2𝐺𝑥 + 2𝐹𝑦 + 𝐶 = 0, where 𝐺 =
𝑔
𝑎+𝑔1

𝑎1
1
𝑎+ 1

𝑎1
, 𝐹 =

𝑓
𝑎+𝑓1

𝑎1
1
𝑎+ 1

𝑎1
, and 𝐶 =

𝑐
𝑎+ 𝑐1

𝑎1
1
𝑎+ 1

𝑎1
.

Now consider the circle 𝑆
𝑎 − 𝑆1

𝑎1
= 0. Similarly it becomes 𝑥2 + 𝑦2 + 2𝐺1𝑥 +

2𝐹1𝑦 + 𝐶1 = 0

where 𝐺1 =
𝑔
𝑎−𝑔1

𝑎1
1
𝑎− 1

𝑎1
, 𝐹1 =

𝑓
𝑎−𝑓1

𝑎1
1
𝑎− 1

𝑎1
, and 𝐶1 =

𝑐
𝑎− 𝑐1

𝑎1
1
𝑎− 1

𝑎1
.

Two circles cut orthogonally if 2(𝐺𝐺1 + 𝐹𝐹1) = 𝐶 + 𝐶1. After simplification, both 

sides reduce to the same value.

Hence, the circles represented by 𝑆
𝑎 ± 𝑆1

𝑎1
= 0 intersect at right angles.

211. Let the required circles pass through the points (0, 0) and (0, −𝑎).

Then their equation can be taken as 𝑥2 + 𝑦2 + 2𝑔𝑥 + 𝑎𝑦 = 0 since substituting 

(0, 0) and (0, −𝑎) satisfies it.

Now this circle touches the line 𝑦 = 𝑚𝑥 + 𝑐. So the distance of the center (−𝑔, −𝑎
2) 

from the line is equal to the radius.

The radius is √𝑔2 + 𝑎2

4 . So 
|−𝑚𝑔+𝑎

2−𝑐|√
𝑚2+1

= √𝑔2 + 𝑎2

4 .

⇒ (−𝑚𝑔 + 𝑎
2 − 𝑐)2 = (𝑚2 + 1)(𝑔2 + 𝑎2

4 ). This gives a quadratic in 𝑔.

The two circles correspond to the two values of 𝑔. Let them be 𝑔1 and 𝑔2.

For the two circles to cut orthogonally, the condition is 2(𝑔1𝑔2 + 𝑎2

4 ) = 0.

So 𝑔1𝑔2 = −𝑎2

4 .

From the quadratic equation in 𝑔, the product of roots is (𝑎
2 − 𝑐)2 − (𝑚2 + 1)(𝑎2

4 ) 

all divided by 𝑚2.

So 𝑔1𝑔2 =
(𝑎

2−𝑐)2−(𝑚2+1)(𝑎2
4 )

𝑚2 . Equate this to −𝑎2

4 .

So (𝑎
2 − 𝑐)2 − (𝑚2 + 1)(𝑎2

4 ) = −𝑚2 𝑎2

4 . Solving, 𝑐 = 𝑎
2 ± 𝑎√

2 .

Hence, 𝑐2 = 𝑎2(2 + 𝑚2).

212. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Given circle one is 𝑥2 +
𝑦2 + 3𝑥 − 5𝑦 + 6 = 0.

So 𝑔1 = 3
2 , 𝑓1 = −5

2 , 𝑐1 = 6. Given circle two is 4𝑥2 + 4𝑦2 − 28𝑥 + 29 = 0 ⇒
𝑥2 + 𝑦2 − 7𝑥 + 29

4 = 0.
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So 𝑔2 = −7
2 , 𝑓2 = 0, 𝑐2 = 29

4 .

For orthogonality with first circle 2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1 ⇒ 3𝑔 − 5𝑓 = 𝑐 + 6.

For orthogonality with second circle 2(𝑔𝑔2 + 𝑓𝑓2) = 𝑐 + 𝑐2 ⇒ 𝑐 = −7𝑔 − 29
4 .

Substitute in first equation 3𝑔 − 5𝑓 = −7𝑔 − 29
4 + 6 ⇒ 𝑓 = 2𝑔 + 1

4 .

Now the center lies on the line 3𝑥 + 4𝑦 + 1 = 0. So 3(−𝑔) + 4(−𝑓) + 1 = 0.

Thus, 3𝑔 + 4𝑓 = 1. Substitute 𝑓 = 2𝑔 + 1
4 ⇒ 3𝑔 + 4(2𝑔 + 1

4) = 1 ⇒ 11𝑔 = 0 so 

𝑔 = 0.

Then, 𝑓 = 1
4 . Now 𝑐 = −7𝑔 − 29

4 = −29
4 .

Thus, the required circle is 𝑥2 + 𝑦2 + 1
2𝑦 − 29

4 = 0.

213. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Since it cuts the circle 

𝑥2 + 𝑦2 = 4 orthogonally, the condition is 𝑐 + (−4) = 0.

So 𝑐 = 4. Thus the circle becomes 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 4 = 0. Its center is 

(−𝑔, −𝑓).

Given that the center lies on the line 2𝑥 − 2𝑦 + 9 = 0, so 2(−𝑔) − 2(−𝑓) + 9 =
0. Thus, −2𝑔 + 2𝑓 + 9 = 0 or 𝑓 = 𝑔 − 9

2 .

Substitute into the equation of the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2(𝑔 − 9
2)𝑦 + 4 = 0.

So 𝑥2 + 𝑦2 + 2𝑔(𝑥 + 𝑦) − 9𝑦 + 4 = 0. Rewrite as 𝑥2 + 𝑦2 − 9𝑦 + 4 + 2𝑔(𝑥 + 𝑦) =
0.

This represents a family of circles depending on 𝑔.

For fixed points, eliminate 𝑔. So the condition is 𝑥 + 𝑦 = 0.

Substitute 𝑦 = −𝑥 into the equation 𝑥2 + 𝑥2 − 9(−𝑥) + 4 = 0.

So 2𝑥2 + 9𝑥 + 4 = 0. 𝑥 = −1
2  or 𝑥 = −4. Thus, the corresponding 𝑦 values are 1

2  

and 4.

Hence, the two fixed points are (−1
2 , 1

2) and (−4, 4).

214. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Since it cuts the given 

circles orthogonally,

therefore 2𝑔𝑔1 + 2𝑓𝑓2 − 𝑐 − 𝑐1 = 0 …(1) and 2𝑔𝑔2 + 2𝑓𝑓2 − 𝑐 − 𝑐2 = 0 …
(2)

Eliminating 𝑔 and 𝑓  from these equations gives us |
𝑥2+𝑦2+𝑐
−𝑐−𝑐1
−𝑐−𝑐2

𝑥
𝑔1
𝑔2

𝑦
𝑓1
𝑓2

| = 0 or

|
𝑥2+𝑦2

−𝑐1
−𝑐2

𝑥
𝑔1
𝑔2

𝑦
𝑓1
𝑓2

| + |
𝑐

−𝑐
−𝑐

𝑥
𝑔1
𝑔2

𝑦
𝑓1
𝑓2

| = 0 ⇒ |
𝑥2+𝑦2

𝑐1
𝑐2

−𝑥
𝑔1
𝑔2

−𝑦
𝑓1
𝑓2

| + 𝑐|
1

1𝑔1
1

−𝑥
𝑓1
𝑔2

−𝑦

𝑓2

| = 0, which is of 

the form

⇒ |
𝑥2+𝑦2

𝑐1
𝑐2

−𝑥
𝑔1
𝑔2

−𝑦
𝑓1
𝑓2

| + 𝑘|
−𝑥
𝑔1
𝑔2

−𝑦
𝑓1
𝑓2

1
1
1
| = 0



215. The given circles are 𝑥2 + 𝑦2 + 5𝑥 + 3𝑦 + 7 = 0 and 𝑥2 + 𝑦2 − 8𝑥 + 6𝑦 + 𝑘 = 0.

Compare them with the general form 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

For the first circle, 𝑔1 = 5
2 , 𝑓1 = 3

2 , and 𝑐1 = 7.

For the second circle, 𝑔2 = −4, 𝑓2 = 3, and 𝑐2 = 𝑘.

Two circles cut orthogonally if 2(𝑔1𝑔2 + 𝑓1𝑓2) = 𝑐1 + 𝑐2.

Substitute the values. 2((5
2)(−4) + (3

2)(3)) = 7 + 𝑘.

Hence, −11 = 7 + 𝑘 ⇒ 𝑘 = −18.

216. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

Since it passes through the origin, 𝑐 = 0.

Now consider the circle 𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 + 10 = 0.

Comparing with the general form, 𝑔1 = −2, 𝑓1 = 3, and 𝑐1 = 10.

Since the circles cut orthogonally, 2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1.

Thus, 2(−2𝑔 + 3𝑓) = 10 ⇒ −2𝑔 + 3𝑓 = 5.

Now consider the second circle 𝑥2 + 𝑦2 + 12𝑦 + 6 = 0.

Comparing with the general form, 𝑔2 = 0, 𝑓2 = 6, and 𝑐2 = 6.

Again using the orthogonality condition, 2(𝑔𝑔2 + 𝑓𝑓2) = 𝑐 + 𝑐2 ⇒ 𝑓 = 1
2 .

Substitute into −2𝑔 + 3𝑓 = 5. So −2𝑔 + 3
2 = 5 ⇒ 𝑔 = −7

4 .

Thus, the required circle is 𝑥2 + 𝑦2 − 7𝑥
2 + 𝑦 = 0.

217. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Since it passes through 

the origin, 𝑐 = 0.

Given that the center lies on the line 𝑥 + 𝑦 + 4 = 0, so −𝑔 − 𝑓 + 4 = 0.

Now consider the circle 𝑥2 + 𝑦2 − 4𝑥 + 2𝑦 + 4 = 0. Comparing with the general 

form, 𝑔1 = −2, 𝑓1 = 1, and 𝑐1 = 4.

Since the circles cut orthogonally, 2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1. So 2(−2𝑔 + 𝑓) = 4. 

Hence, −2𝑔 + 𝑓 = 2.

Solving the two equation gives 𝑔 = 2
3  and 𝑓 = 4 − 2

3 = 10
3 .

Thus, the required circle is 𝑥2 + 𝑦2 + 4𝑥
3 + 20𝑦

3 = 0.

218. Let the third circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Let the other two circles be 

𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 and 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0.

Since the first two circles cut the third circle orthogonally, 2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1 

and 2(𝑔𝑔2 + 𝑓𝑓2) = 𝑐 + 𝑐2.

The common chord of the first two circles is obtained by subtracting their 
equations.

So its equation is 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0.
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From orthogonality ⇒ 𝑐1 − 𝑐2 = 2𝑔(𝑔1 − 𝑔2) + 2𝑓(𝑓1 − 𝑓2).

Substitute into the equation of the common chord. Then 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 −
𝑓2)𝑦 + 2𝑔(𝑔1 − 𝑔2) + 2𝑓(𝑓1 − 𝑓2) = 0.

Factor, (𝑔1 − 𝑔2)(𝑥 + 𝑔) + (𝑓1 − 𝑓2)(𝑦 + 𝑓) = 0. The center of the third circle is 

(−𝑔, −𝑓).

Substitute 𝑥 = −𝑔 and 𝑦 = −𝑓 . The equation is satisfied.

Hence, the common chord passes through the center of the third circle.

219. Let the required circle be 𝑆 = 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

Let 𝑆1 = 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0, 𝑆2 = 𝑥2 + 𝑦2 + 2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0 

and 𝑆3 = 𝑥2 + 𝑦2 + 2𝑔3𝑥 + 2𝑓3𝑦 + 𝑐3 = 0.

Since the circle 𝑆 = 0 cuts each of these orthogonally,

2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1, 2(𝑔𝑔2 + 𝑓𝑓2) = 𝑐 + 𝑐2, and 2(𝑔𝑔3 + 𝑓𝑓3) = 𝑐 + 𝑐3.

Now consider the circle 𝑘𝑆1 + 𝑙𝑆2 + 𝑚𝑆3 = 0.

Its equation is (𝑘 + 𝑙 + 𝑚)(𝑥2 + 𝑦2) + 2(𝑘𝑔1 + 𝑙𝑔2 + 𝑚𝑔3)𝑥 + 2(𝑘𝑓1 + 𝑙𝑓2 +
𝑚𝑓3)𝑦 + (𝑘𝑐1 + 𝑙𝑐2 + 𝑚𝑐3) = 0.

Divide throughout by (𝑘 + 𝑙 + 𝑚). Then the circle becomes 𝑥2 + 𝑦2 + 2𝐺𝑥 +
2𝐹𝑦 + 𝐶 = 0, where 𝐺 = 𝑘𝑔1+𝑙𝑔2+𝑚𝑔3

𝑘+𝑙+𝑚 , 𝐹 = 𝑘𝑓1+𝑙𝑓2+𝑚𝑓3
𝑘+𝑙+𝑚 , and 𝐶 = 𝑘𝑐1+𝑙𝑐2+𝑚𝑐3

𝑘+𝑙+𝑚 .

2(𝑔𝐺 + 𝑓𝐹) = 𝑘(2(𝑔𝑔1+𝑓𝑓1))+𝑙(2(𝑔𝑔2+𝑓𝑓2))+𝑚(2(𝑔𝑔3+𝑓𝑓3))
𝑘+𝑙+𝑚 .

Using the orthogonality conditions, 2(𝑔𝐺 + 𝑓𝐹) = 𝑘(𝑐+𝑐1)+𝑙(𝑐+𝑐2)+𝑚(𝑐+𝑐3)
𝑘+𝑙+𝑚 .

2(𝑔𝐺 + 𝑓𝐹) = 𝑐 + 𝑘𝑐1+𝑙𝑐2+𝑚𝑐3
𝑘+𝑙+𝑚 = 𝑐 + 𝐶 .

Hence, the circle 𝑘𝑆1 + 𝑙𝑆2 + 𝑚𝑆3 = 0 cuts the circle 𝑆 = 0 orthogonally.

220. Any circle passing through (0, 𝑘) and (0, −𝑘) has equation 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 +
𝑐 = 0.

Since (0, 𝑘) lies on it, 𝑘2 + 2𝑓𝑘 + 𝑐 = 0. Since (0, −𝑘) lies on it, 𝑘2 − 2𝑓𝑘 + 𝑐 = 0.

Subtracting, 4𝑓𝑘 = 0. So 𝑓 = 0. Then 𝑐 = −𝑘2. Hence, the circle is 𝑥2 + 𝑦2 +
2𝑔𝑥 − 𝑘2 = 0.

Its center is (−𝑔, 0) and radius is √𝑔2 + 𝑘2.

Now the circle touches the line 𝑦 = 𝑚𝑥 + 𝑏

Therefore, the perpendicular distance of the center from the line equals the radius.

So 
|−𝑚𝑔+𝑏|√

𝑚2+1
= √𝑔2 + 𝑘2 ⇒ 𝑏2 − 2𝑏𝑚𝑔 + 𝑚2𝑔2 = 𝑚2𝑔2 + 𝑔2 + 𝑘2𝑚2 + 𝑘2.

Thus, 𝑔2 + 2𝑏𝑚𝑔 + 𝑘2(𝑚2 + 1) − 𝑏2 = 0. This quadratic gives the two possible 

circles.

Let their corresponding parameters be 𝑔1 and 𝑔2. Then 𝑔1𝑔2 = 𝑘2(𝑚2 + 1) − 𝑏2.

Now the two circles are 𝑥2 + 𝑦2 + 2𝑔1𝑥 − 𝑘2 = 0 and 𝑥2 + 𝑦2 + 2𝑔2𝑥 − 𝑘2 = 0.



They cut orthogonally if 2(𝑔1𝑔2) = −2𝑘2.

So 𝑔1𝑔2 = −𝑘2. Hence, 𝑘2(𝑚2 + 1) − 𝑏2 = −𝑘2. Therefore, 𝑏2 = 𝑘2(𝑚2 + 2).

221. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑘 = 0.

Since it cuts the circle 𝑥2 + 𝑦2 = 𝑐2 orthogonally, the condition is 2(𝑔 ∗ 0 + 𝑓 ∗
0) = 𝑘 − 𝑐2.

So 𝑘 = −𝑐2. Hence the general equation of the circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 −
𝑐2 = 0.

Now suppose it passes through the point (𝑎, 𝑏).

Substituting, 𝑎2 + 𝑏2 + 2𝑔𝑎 + 2𝑓𝑏 − 𝑐2 = 0. So 2𝑔𝑎 + 2𝑓𝑏 = 𝑐2 − 𝑎2 − 𝑏2.

Now consider the point ( 𝑐2𝑎
𝑎2+𝑏2 , 𝑐2𝑏

𝑎2+𝑏2 ).

Substitute this point into the equation of the circle. We get

𝑐4𝑎2

(𝑎2+𝑏2)2 + 𝑐4𝑏2

(𝑎2+𝑏2)2 + 2𝑔(𝑐2𝑎)
𝑎2+𝑏2 + 2𝑓(𝑐2𝑏)

𝑎2+𝑏2 − 𝑐2.

Combine the first two terms, = 𝑐4 𝑎2+𝑏2

(𝑎2+𝑏2)2 + 2𝑐2(𝑔𝑎+𝑓𝑏)
𝑎2+𝑏2 − 𝑐2.

= 𝑐4

𝑎2+𝑏2 + 2𝑐2(𝑔𝑎+𝑓𝑏)
𝑎2+𝑏2 − 𝑐2.

Using 2𝑔𝑎 + 2𝑓𝑏 = 𝑐2 − 𝑎2 − 𝑏2, we get 2(𝑔𝑎 + 𝑓𝑏) = 𝑐2 − 𝑎2 − 𝑏2.

Substitute, = 𝑐4

𝑎2+𝑏2 + 𝑐2 𝑐2−𝑎2−𝑏2

𝑎2+𝑏2 − 𝑐2.

Simplify, = 𝑐4+𝑐4−𝑐2(𝑎2+𝑏2)
𝑎2+𝑏2 − 𝑐2 = 2𝑐4−𝑐2(𝑎2+𝑏2)

𝑎2+𝑏2 − 𝑐2 = 0.

Hence, the circle also passes through ( 𝑐2𝑎
𝑎2+𝑏2 , 𝑐2𝑏

𝑎2+𝑏2 ).

222. Let the given circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Let 𝑃(𝑥1, 𝑦1) and 𝑄(𝑥2, 𝑦2) 
be conjugate points with respect to this circle.

Therefore the polar of 𝑃  passes through 𝑄. So 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑔(𝑥1 + 𝑥2) + 𝑓(𝑦1 +
𝑦2) + 𝑐 = 0.

Now consider the circle having 𝑃𝑄 as diameter. Its equation is (𝑥 − 𝑥1)(𝑥 − 𝑥2) +
(𝑦 − 𝑦1)(𝑦 − 𝑦2) = 0.

Comparing with 𝑥2 + 𝑦2 + 2𝐺𝑥 + 2𝐹𝑦 + 𝐶 = 0, we get 𝐺 = −𝑥1+𝑥2
2 , 𝐹 =

−𝑦1+𝑦2
2  and 𝐶 = 𝑥1𝑥2 + 𝑦1𝑦2.

For orthogonality with the given circle, the condition is 2(𝑔𝐺 + 𝑓𝐹) = 𝑐 + 𝐶 .

Substitute the values, 2(𝑔𝐺 + 𝑓𝐹) = 2(𝑔(−𝑥1+𝑥2
2 ) + 𝑓(−𝑦1+𝑦2

2 )) = −𝑔(𝑥1 +
𝑥2) − 𝑓(𝑦1 + 𝑦2).

Also 𝑐 + 𝐶 = 𝑐 + 𝑥1𝑥2 + 𝑦1𝑦2.

Using the conjugate point relation, 𝑥1𝑥2 + 𝑦1𝑦2 + 𝑔(𝑥1 + 𝑥2) + 𝑓(𝑦1 + 𝑦2) + 𝑐 =
0,

we get 𝑐 + 𝑥1𝑥2 + 𝑦1𝑦2 = −𝑔(𝑥1 + 𝑥2) − 𝑓(𝑦1 + 𝑦2).
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Hence, 2(𝑔𝐺 + 𝑓𝐹) = 𝑐 + 𝐶 . Therefore, the circle on 𝑃𝑄 as diameter cuts the 

circle 𝑆 orthogonally.

223. Equation of common chord of the circle is 𝑥 + 𝑦 − 7 = 0, which is also the radical 

axis.

Center of second circle is (4, 3), which lies on the line obtained. Hence, the line is 

a diamter of the second circle, and hence, the circumference of the second circle 
is bisected.

224. The given circles are 2𝑥2 + 2𝑦2 − 2𝑥 + 6𝑦 − 3 = 0 and 𝑥2 + 𝑦2 + 4𝑥 + 2𝑦 + 1 =
0.

Divide the first equation by 2. Then the circles become 𝑆1 = 𝑥2 + 𝑦2 − 𝑥 + 3𝑦 −
3
2 = 0

and 𝑆2 = 𝑥2 + 𝑦2 + 4𝑥 + 2𝑦 + 1 = 0.

Any circle coaxal with them is 𝑆1 + 𝜆𝑆2 = 0. So (1 + 𝜆)(𝑥2 + 𝑦2) + (−1 +
4𝜆)𝑥 + (3 + 2𝜆)𝑦 + (−3

2 + 𝜆) = 0.

Divide throughout by (1 + 𝜆). Then the circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, 

where 2𝑔 = −1+4𝜆
1+𝜆  and 2𝑓 = 3+2𝜆

1+𝜆 .

Hence, the center is (−4𝜆+1
2(1+𝜆) , −

3+2𝜆
2(1+𝜆)).

Subtracting, 5𝑥 − 𝑦 + 5
2 = 0. So the center must satisfy 5(−4𝜆+1

2(1+𝜆)) − (− 3+2𝜆
2(1+𝜆)) +

5
2 = 0.

⇒ 5(−4𝜆 + 1) + (3 + 2𝜆) + 5(1 + 𝜆) = 0 ⇒ −20𝜆 + 5 + 3 + 2𝜆 + 5 + 5𝜆 = 0.

⇒ 13 − 13𝜆 = 0 ⇒ 𝜆 = 1.

Therefore the required circle is 𝑆1 + 𝑆2 = 0. So 2𝑥2 + 2𝑦2 + 3𝑥 + 5𝑦 − 1
2 = 0.

225. The given circles are 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 and 2𝑥2 + 2𝑦2 + 3𝑥 + 8𝑦 +
2𝑐 = 0.

The radical axis is obtained by subtracting the equations. So (2𝑔 − 3
2)𝑥 + (2𝑓 −

4)𝑦 = 0.

Hence, the radical axis is (4𝑔 − 3)𝑥 + (4𝑓 − 8)𝑦 = 0.

Now this line touches the circle 𝑥2 + 𝑦2 + 2𝑥 − 2𝑦 + 1 = 0. Its center is (−1, 1) 
and radius is 

√
1 − 1 + 1 = 1.

Therefore the perpendicular distance from the center to the line equals the radius.

So 
|(4𝑔−3)(−1)+(4𝑓−8)(1)|

√(4𝑔−3)2+(4𝑓−8)2 = 1.

⇒ (4𝑔 − 3)(𝑓 − 2) = 0. Therefore, either 𝑔 = 3
4  or 𝑓 = 2.

226. The given circles are 𝑥2 + 𝑦2 + 2𝑥 + 4𝑦 − 6 = 0 and 𝑥2 + 𝑦2 = 4.

Their radical axis is obtained by subtraction. So (𝑥2 + 𝑦2 + 2𝑥 + 4𝑦 − 6) − (𝑥2 +
𝑦2 − 4) = 0.



Hence, the radical axis is 𝑥 + 2𝑦 − 1 = 0.

Let one circle of the required family be 𝑥2 + 𝑦2 − 4 = 0.

Then every circle having the same radical axis with it is obtained by adding a 
multiple of the radical axis.

Hence the required family is 𝑥2 + 𝑦2 − 4 + 𝜆(𝑥 + 2𝑦 − 1) = 0.

Therefore the general equation is 𝑥2 + 𝑦2 + 𝜆𝑥 + 2𝜆𝑦 − (𝜆 + 4) = 0, where 𝜆 is 

an arbitrary parameter.

227. Let the required point be (ℎ, 𝑘). The square of the length of the tangent from 

(ℎ, 𝑘) to a circle is obtained by substituting the point in the equation of the circle.

For the circle 𝑥2 + 𝑦2 = 1, the tangent length squared is ℎ2 + 𝑘2 − 1.

For the circle 𝑥2 + 𝑦2 − 8𝑥 + 15 = 0, the tangent length squared is ℎ2 + 𝑘2 −
8ℎ + 15.

Since the tangent lengths are equal, ℎ2 + 𝑘2 − 1 = ℎ2 + 𝑘2 − 8ℎ + 15.

Thus, ℎ = 2. Now consider the third circle 𝑥2 + 𝑦2 + 10𝑦 + 24 = 0.

The tangent length squared is ℎ2 + 𝑘2 + 10𝑘 + 24.

Again equating tangent lengths, ℎ2 + 𝑘2 − 1 = ℎ2 + 𝑘2 + 10𝑘 + 24 ⇒ 𝑘 = −5
2 .

Therefore, the required point is (2, −5
2).

228. Let the two circles be 𝑆1 = 𝑥2 + 𝑦2 + 2𝑔1𝑥 + 2𝑓1𝑦 + 𝑐1 = 0 and 𝑆2 = 𝑥2 + 𝑦2 +
2𝑔2𝑥 + 2𝑓2𝑦 + 𝑐2 = 0.

Let the given point be 𝑃(𝑥1, 𝑦1).

The polar of 𝑃  with respect to 𝑆1 is 𝑥𝑥1 + 𝑦𝑦1 + 𝑔1(𝑥 + 𝑥1) + 𝑓1(𝑦 + 𝑦1) + 𝑐1 =
0.

The polar of 𝑃  with respect to 𝑆2 is 𝑥𝑥1 + 𝑦𝑦1 + 𝑔2(𝑥 + 𝑥1) + 𝑓2(𝑦 + 𝑦1) + 𝑐2 =
0.

These two polars meet at the point 𝑄. Subtract the two equations.

Then the coordinates of 𝑄 satisfies (𝑔1 − 𝑔2)𝑥 + (𝑓1 − 𝑓2)𝑦 + 𝑔1𝑥1 − 𝑔2𝑥1 +
𝑓1𝑦1 − 𝑓2𝑦1 + 𝑐1 − 𝑐2 = 0.

So (𝑔1 − 𝑔2)(𝑥 + 𝑥1) + (𝑓1 − 𝑓2)(𝑦 + 𝑦1) + 𝑐1 − 𝑐2 = 0.

Now the radical axis of the two circles is 2(𝑔1 − 𝑔2)𝑥 + 2(𝑓1 − 𝑓2)𝑦 + 𝑐1 − 𝑐2 = 0.

Let the midpoint of 𝑃𝑄 be (ℎ, 𝑘). Then ℎ = 𝑥+𝑥1
2  and 𝑘 = 𝑦+𝑦1

2 .

Substitute in the equation obtained above.

We get 2(𝑔1 − 𝑔2)ℎ + 2(𝑓1 − 𝑓2)𝑘 + 𝑐1 − 𝑐2 = 0. But this is exactly the equation 

of the radical axis. Hence, the midpoint of 𝑃𝑄 lies on the radical axis.

229. Let the given points be 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2).

Let 𝑃(𝑥, 𝑦) be a point such that 𝑃𝐴
𝑃𝐵 = 𝑘, where 𝑘 is a constant and 𝑘 ≠ 1.
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Then 
√(𝑥−𝑥1)2+(𝑦−𝑦1)2

√(𝑥−𝑥2)2+(𝑦−𝑦2)2 = 𝑘.

Squaring, (𝑥 − 𝑥1)
2 + (𝑦 − 𝑦1)

2 = 𝑘2((𝑥 − 𝑥2)
2 + (𝑦 − 𝑦2)

2).

Expand both sides, 𝑥2 − 2𝑥𝑥1 + 𝑥2
1 + 𝑦2 − 2𝑦𝑦1 + 𝑦2

1 = 𝑘2(𝑥2 − 2𝑥𝑥2 + 𝑥2
2 +

𝑦2 − 2𝑦𝑦2 + 𝑦2
2).

⇒ (1 − 𝑘2)(𝑥2 + 𝑦2) + 2(𝑘2𝑥2 − 𝑥1)𝑥 + 2(𝑘2𝑦2 − 𝑦1)𝑦 + 𝑥2
1 + 𝑦2

1 − 𝑘2(𝑥2
2 +

𝑦2
2) = 0.

Since 𝑘 ≠ 1, divide by (1 − 𝑘2). The equation becomes of the form 𝑥2 + 𝑦2 +
2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

Hence, the locus is a circle.

At 𝐴, 𝑃𝐴 = 0. So the condition 𝑃 𝐴
𝑃 𝐵 = 𝑘 gives 0 = 𝑘, which is impossible since 

𝑘 is a fixed non-zero constant.

Hence, the circle does not pass through 𝐴.

Similarly, at 𝐵, 𝑃𝐵 = 0, so the ratio becomes infinite, which is impossible.

Hence, the circle does not pass through 𝐵.

230. Let 𝐴𝐵 and 𝐶𝐷 be the two rods of lengths 𝑎 and 𝑏 respectively.

Let the equation of the circle passing through points 𝐴, 𝐵, 𝐶 and 𝐷 be 𝑥2 + 𝑦2 −
2𝛼𝑥 − 2𝛽𝑦 + 𝜆 = 0, whose center is 𝑃(𝛼, 𝛽).

Putting 𝑦 = 0 gives us 𝑥2 − 2𝛼𝑥 + 𝜆 = 0 ⇒ 𝑥1 + 𝑥2 = 2𝛼, 𝑥1𝑥2 = 𝜆

∵ 𝑎 = |𝑥1 − 𝑥2|, ∴ 𝑎2 = (𝑥1 − 𝑥2)
2 = (𝑥1 + 𝑥2)

2 − 4𝑥1𝑥2 = 4(𝑎2 − 𝜆)

Similarly, 𝑏2 = 4(𝑏2 − 𝜆) ∴ 𝑎2 − 𝑏2 = 4(𝛼2 − 𝛽2).

Hence, the locus of the point 𝑃(𝛼, 𝛽) is 4(𝑥2 − 𝑦2) = 𝑎2 − 𝑏2.

231. Let 𝐴 and 𝐵 be two fixed points. Let 𝐴𝐵 = 2𝑎, we take the mid-point 𝑂 of 𝐴𝐵 
as the origin and 𝑂𝐵 as 𝑥-axis. Let 𝐴 = (−𝑎, 0) and 𝐵 = (𝑎, 0).

Let one straight line which rotates about 𝐵 makes an angle 𝜃 with the 𝑥-axis at 
any time 𝑡 and at that time the second line which rotates about 𝐴 makes an angle 
2𝜃 with 𝑥-axis.

Now equations of these lines are 𝑦 = tan 𝜃(𝑥 − 𝑎) …(1) and 𝑦 = tan 2𝜃(𝑥 + 𝑎)

Solving we get 𝑥 = 𝑎(tan 2𝜃+ tan 𝜃)
tan 𝜃− tan 2𝜃  and 𝑦 = 2𝑎. tan 2𝜃 tan 𝜃

tan 𝜃− tan 2𝜃

⇒ 𝑥 + 𝑎 = −2𝑎 cos 2𝜃 and 𝑦 = −2𝑎 sin 2𝜃 ⇒ (𝑥 + 𝑎)2 + 𝑦2 = 4𝑎2 is the required 

locus.

232. Let 𝑂𝐴 = 𝑎, 𝑂𝐵 = 𝑏. The equation of the circle through 𝑂, 𝐴, 𝐵 is 𝑥2 + 𝑦2 −
𝑎𝑥 − 𝑏𝑦 = 0

Its radius is 𝑟 = √(−𝑎
2)2 + (− 𝑏

2)2 ⇒ 𝑎2 + 𝑏2 = 4𝑟2. Here, 𝑎, 𝑏 are variables and 

𝑟 is a constant.

Let 𝑃(𝛼, 𝛽) and ∠𝑃𝑂𝐴 = 𝜃, then 𝛼 = 𝑂𝑃 cos 𝜃 = 𝑟 cos 𝜃 and 𝛽 = 𝑟 sin 𝜃



Equation of line 𝐴𝐵 is 𝑥
𝑎 + 𝑦

𝑏 = 1. 𝑃  lies on the line 𝐴𝐵 ⇒ 𝛼
𝑎 + 𝛽

𝑏 = 1.

∵ 𝑂𝑃 ⟂ 𝐴𝐵 ∴ 𝛽
𝛼

𝑏−0
0−𝑎 = −1 ⇒ 𝑎𝛼 = 𝑏𝛽 = 𝑘(let) ⇒ 𝑎 = 𝛼

𝑘 , 𝑏 = 𝑘
𝛽

⇒ 𝛼
𝑘
𝛼

+ 𝛽
𝑘
𝛽

= 1 ⇒ 𝛼2 + 𝛽2 = 𝑘 ⇒ 𝑎 = 𝛼2+𝛽2

𝛼 , 𝑏 = 𝛼2+𝛽2

𝛽

⇒ (𝛼2 + 𝛽2)2( 1
𝛼2 + 1

𝛽2 ) = 4𝑟2

Thus, locus of point 𝑃  is (𝑥2 + 𝑦2)2( 1
𝑥2 + 1

𝑦2 ) = 4𝑟2.

233. Let 𝑃(𝛼, 𝛽) be the point whose locus is to be found. Let the given circle be 

𝑥2 + 𝑦2 = 𝑎2, and tangent to this circle is 𝑦 = 𝑚𝑥 + 𝑎
√

1 + 𝑚2 which passes 

through 𝑃 .

Thus, 𝛽 = 𝑚𝛼 + 𝑎
√

1 + 𝑚2 ⇒ 𝑚2(𝑎2 − 𝛼2) + 2𝑚𝛼𝛽 + 𝑎2 − 𝛽2 = 0.

This is a quadratic equation in 𝑚 and hance two values are possible. Thus, these 
lines will be orthogonal if 𝑚1𝑚2 = −1 ⇒ 𝑎2−𝛽2

𝑎2−𝛼2 = −1 ⇒ 𝛼2 + 𝛽2 = 2𝑎2.

Thus, locus of 𝑃(𝛼, 𝛽) is 𝑥2 + 𝑦2 = 2𝑎2.

234. Given is the parametric equation of the circle. The cartesian equation will be 𝑥2 +
𝑦2 = 𝑎2.

Let 𝐴 = (𝑎 cos 𝜃, 𝑎 sin 𝜃), 𝐵 = (𝑎 cos(𝜃 + 𝜋
3), 𝑎 sin(𝜃 + 𝜋

3)).

Equation of tangent at 𝐴 is 𝑥𝑎 cos 𝜃 + 𝑦𝑎 sin 𝜃 = 𝑎2 ⇒ 𝑥 cos 𝜃 + 𝑦 sin 𝜃 = 𝑎.

Similarly, equation of tangent at 𝐵 is 𝑥 cos(𝜃 + 𝜋
3) + 𝑦 sin(𝜃 + 𝜋

3) = 𝑎

⇒ 𝑥 cos 𝜃.1
2 − 𝑥 sin 𝜃

√
3

2 + 𝑦 sin 𝜃.1
2 + 𝑦 cos 𝜃

√
3

2 = 𝑎

⇒ 1
2(𝑥 cos 𝜃 + 𝑦 sin 𝜃) +

√
3

2 (𝑦 cos 𝜃 − 𝑥 sin 𝜃) = 𝑎

⇒ 𝑎
2 +

√
3

2 (𝑦 cos 𝜃 − 𝑥 sin 𝜃) = 𝑎 ⇒ 𝑦 cos 𝜃 − 𝑥 sin 𝜃 = 𝑎√
3

Squaring and adding with the equation of tangent at 𝐴 yields

3(𝑥2 + 𝑦2) = 4𝑎2, which is the required locus.

235. Equation of chord of intersection is 2(𝑎 − 𝑏)𝑥 = 0 ⇒ 𝑥 = 0.

Thus, 𝑥 = 0 is the equation of the chord of intersection. 𝑂𝐴2 =
√

𝑎2 + 𝑐2 − 𝑎2 =
𝑎.

Since common chord of the two circles is 𝑦-axis and their centers are (−𝑎, 0) and 

(−𝑏, 0) lying on the 𝑥-axis.

Therefore, one of 𝑎 and 𝑏 will be positive and other negative. WLOG we can 
assume that 𝑎 < 0, 𝑏 > 0 with |𝑎| < 𝑏.

Let 𝐴𝑃  be an arbitrary line through 𝐴(0, 𝑐) which meets first circle at 𝑃(𝑥2, 𝑦2). 
Let the slope of 𝐴𝑃  be 𝑚.

Equation of 𝐴𝑃  is 𝑦 = 𝑚𝑥 + 𝑐 and that of 𝐵𝑄 is 𝑦 = 𝑚𝑥 − 𝑐.

Let 𝑄 = (𝑥3, 𝑦3). Let 𝑅(𝛼, 𝛽) be the mid-point of 𝑃𝑄. Putting 𝑦 = 𝑚𝑥 + 𝑐 in first 

circle yields
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𝑥2 + (𝑚𝑥 + 𝑐)2 + 2𝑎𝑥 − 𝑐2 = 0 ⇒ 𝑥 = 0, −(2𝑎+𝑐𝑚
1+𝑚2 )

∵ 𝑥2 ≠ 0 ∴ 𝑥2 = −(2𝑎+𝑐𝑚
1+𝑚2 ) and 𝑦2 = −(2𝑚(𝑎+𝑐𝑚)

1+𝑚2 ) + 𝑐

Replacing 𝑎 by 𝑏 and 𝑐 by −𝑐 gives us

𝑥3 = (2 𝑏−𝑐𝑚
1+𝑚2 ) and 𝑦3 = −(2𝑚(𝑏−𝑐𝑚)

1+𝑚2 ) − 𝑐

𝛼 = 𝑥2+𝑥3
2 = − 𝑎+𝑏

1+𝑚2 , 𝛽 = −𝑚(𝑎+𝑏)
1+𝑚2 ⇒ 𝛽

𝛼 = 𝑚.

⇒ 𝛼 = − (𝑎+𝑏)𝛼2

𝛼2+𝛽2 ⇒ 𝛼2 + 𝛽2 + (𝑎 + 𝑏)𝛼 = 0

Hence, the locus of (𝛼, 𝛽) is 𝑥2 + 𝑦2 + (𝑎 + 𝑏)𝑥 = 0.

236. The chord of contact of tangents drawn from (𝛼, 𝛽) to the circle 𝑥2 + 𝑦2 = 𝑎2 is 

𝛼𝑥 + 𝛽𝑦 = 𝑎2.

This chord subtends a right angle at the center (0, 0). Let the perpendicular 

distance from the center to the chord be 𝑑.

For a chord of a circle of radius 𝑎 subtending a right angle at the center, 𝑑 =
𝑎 cos(𝜋

4 ) = 𝑎√
2 .

Now the distance of the center from the chord 𝛼𝑥 + 𝛽𝑦 − 𝑎2 = 0 is 𝑎2

√𝛼2+𝛽2 .

Therefore, 𝑎2

√𝛼2+𝛽2 = 𝑎√
2 . So 𝑎4 = 𝑎2 𝛼2+𝛽2

2 .

Hence, 𝛼2 + 𝛽2 = 2𝑎2. Therefore, the required condition is 𝛼2 + 𝛽2 = 2𝑎2.

Thus, the locus of (𝛼, 𝛽) is the circle 𝑥2 + 𝑦2 = 2𝑎2.

237. Let the tangents to the circles 𝑥2 + 𝑦2 = 𝑎2 and 𝑥2 + 𝑦2 = 𝑏2 intersect at the 

point (ℎ, 𝑘).

The tangent from (ℎ, 𝑘) to the first circle has equation 𝑦 = 𝑚𝑥 ± √𝑎2(1 + 𝑚2).

Since it passes through (ℎ, 𝑘), 𝑘 = 𝑚ℎ ± √𝑎2(1 + 𝑚2). ⇒ (𝑘 − 𝑚ℎ)2 = 𝑎2(1 +
𝑚2).

This gives the combined equation of tangents from (ℎ, 𝑘) to the circle 𝑥2 +
𝑦2 = 𝑎2,

namely (𝑥ℎ + 𝑦𝑘 − 𝑎2)2 = (ℎ2 + 𝑘2 − 𝑎2)(𝑥2 + 𝑦2 − 𝑎2).

Similarly, the pair of tangents from (ℎ, 𝑘) to the circle 𝑥2 + 𝑦2 = 𝑏2 is

(𝑥ℎ + 𝑦𝑘 − 𝑏2)2 = (ℎ2 + 𝑘2 − 𝑏2)(𝑥2 + 𝑦2 − 𝑏2).

Now the two tangents are mutually perpendicular. For a pair of tangents drawn 
from a point to the circle 𝑥2 + 𝑦2 = 𝑟2, the angle between them is a right angle 

if ℎ2 + 𝑘2 = 2𝑟2.

Applying this separately to the two circles and combining for perpendicular 
tangents, we obtain ℎ2 + 𝑘2 = 𝑎2 + 𝑏2.

Hence, the locus of the point of intersection is 𝑥2 + 𝑦2 = 𝑎2 + 𝑏2. This is a circle 

concentric with the given circles.



238. Let (ℎ, 𝑘) be the point from which tangents are drawn to the circle 𝑥2 + 𝑦2 = 𝑎2.

Let the angle between the tangents be 𝛼. If 𝑃  is the external point and 𝑂 is the 
center, then in the right triangle formed by joining the center to the point of 
contact,

sin(𝛼
2 ) = 𝑎√

ℎ2+𝑘2 . Hence, ℎ2 + 𝑘2 = 𝑎2 csc2(𝛼
2 ).

Now use the identity csc2(𝛼
2 ) = tan2 𝛼+4

4 tan2(𝛼
2 ) .

After simplification, (ℎ2 + 𝑘2 − 2𝑎2)2 tan2 𝛼 = 4𝑎2(ℎ2 + 𝑘2 − 𝑎2).

Replacing (ℎ, 𝑘) by the general point (𝑥, 𝑦), the locus is (𝑥2 + 𝑦2 − 2𝑎2)2 tan2 𝛼 =
4𝑎2(𝑥2 + 𝑦2 − 𝑎2).

239. Let the variable line through the fixed point (ℎ, 𝑘) have slope 𝑚. Its equation is 

𝑦 − 𝑘 = 𝑚(𝑥 − ℎ).

So 𝑚𝑥 − 𝑦 + (𝑘 − 𝑚ℎ) = 0. Let (𝑥, 𝑦) be the foot of the perpendicular drawn 

from the origin to this line.

Since (𝑥, 𝑦) lies on the line, 𝑚𝑥 − 𝑦 + 𝑘 − 𝑚ℎ = 0.

Also the line joining the origin to (𝑥, 𝑦) is perpendicular to the given line.

The slope of the given line is 𝑚. Hence, the slope of the perpendicular from the 
origin is − 1

𝑚 .

Therefore, 𝑦
𝑥 = − 1

𝑚 , so 𝑚 = −𝑥
𝑦 .

Substitute this in the line equation, (−𝑥
𝑦)𝑥 − 𝑦 + 𝑘 − (−𝑥

𝑦)ℎ = 0 ⇒ −𝑥2 − 𝑦2 +
𝑘𝑦 + ℎ𝑥 = 0.

Hence, the locus is 𝑥2 + 𝑦2 − ℎ𝑥 − 𝑘𝑦 = 0.

240. Take the fixed point 𝑂 as the origin. Let the two fixed parallel lines be 𝑥 = 𝑎 and 
𝑥 = −𝑏.

Then the points 𝐴(𝑎, 0) and 𝐵(−𝑏, 0) lie on the perpendicular through 𝑂.

Let 𝑃(𝑎, 𝑝) and 𝑄(−𝑏, 𝑞). Since ∠𝑃𝑂𝑄 is a right angle, the slopes of 𝑂𝑃  and 

𝑂𝑄 satisfy

(𝑝
𝑎)( 𝑞

−𝑏) = −1. So 𝑝𝑞 = 𝑎𝑏. Now find the equation of the line 𝑃𝑄.

Using the two-point form, 𝑦 − 𝑝 = (𝑞 − 𝑝) 𝑥−𝑎
−𝑏−𝑎 .

This simplifies to (𝑝 − 𝑞)𝑥 + (𝑎 + 𝑏)𝑦 − (𝑎𝑞 + 𝑏𝑝) = 0.

Let (ℎ, 𝑘) be the foot of the perpendicular from the origin to this line.

Then ℎ = −(𝑝 − 𝑞) −𝑎𝑞−𝑏𝑝
(𝑝−𝑞)2+(𝑎+𝑏)2  and 𝑘 = −(𝑎 + 𝑏) −𝑎𝑞−𝑏𝑝

(𝑝−𝑞)2+(𝑎+𝑏)2 .

So ℎ = (𝑝 − 𝑞) 𝑎𝑞+𝑏𝑝
(𝑝−𝑞)2+(𝑎+𝑏)2  and 𝑘 = (𝑎 + 𝑏) 𝑎𝑞+𝑏𝑝

(𝑝−𝑞)2+(𝑎+𝑏)2 .

Using 𝑝𝑞 = 𝑎𝑏, simplification gives ℎ2 + (𝑘2) = (𝑎 − 𝑏)ℎ.

Rewrite, ℎ2 − (𝑎 − 𝑏)ℎ + 𝑘2 = 0. Complete the square, (ℎ − 𝑎−𝑏
2 )2 + 𝑘2 = (𝑎+𝑏

2 )2
.
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This is the equation of the circle whose diameter has endpoints (𝑎, 0) and (−𝑏, 0), 
that is, the circle on 𝐴𝐵 as diameter.

Hence, the locus of the foot of the perpendicular from 𝑂 to 𝑃𝑄 is the circle on 

𝐴𝐵 as diameter.

241. Let the other end of the diameter through 𝑃(1, 2) be (𝑥, 𝑦). Let the center of the 

circle be (ℎ, 𝑘).

Since the center is the midpoint of the diameter joining (1, 2) and (𝑥, 𝑦), ℎ = 𝑥+1
2  

and 𝑘 = 𝑦+2
2 .

The circle touches the 𝑥-axis. Therefore, the radius equals the distance of the 
center from the 𝑥-axis.

So the radius is 𝑘. Now the radius is also half the length of the diameter.

Hence, 
(𝑥−1)2+(𝑦−2)2

4 = 𝑘2. Substitute 𝑘 = 𝑦+2
2 .

Then 
(𝑥−1)2+(𝑦−2)2

4 = (𝑦+2)2

4 ⇒ (𝑥 − 1)2 = 8𝑦.

242. Let the required point be (𝑥, 𝑦). The length of the tangent from (𝑥, 𝑦) to the circle

𝑥2 + 𝑦2 = 𝑎2 is √𝑥2 + 𝑦2 − 𝑎2.

Similarly, the length of the tangent from (𝑥, 𝑦) to the circle 𝑥2 + 𝑦2 = 𝑏2 is 

√𝑥2 + 𝑦2 − 𝑏2.

Given that the tangent lengths vary inversely as the radii, 
√𝑥2+𝑦2−𝑎2

√𝑥2+𝑦2−𝑏2 = 𝑏
𝑎 .

⇒ 𝑥2+𝑦2−𝑎2

𝑥2+𝑦2−𝑏2 = 𝑏2

𝑎2 ⇒ 𝑎2(𝑥2 + 𝑦2 − 𝑎2) = 𝑏2(𝑥2 + 𝑦2 − 𝑏2).

Hence, 𝑥2 + 𝑦2 = 𝑎2 + 𝑏2. Therefore, the locus is the circle 𝑥2 + 𝑦2 = 𝑎2 + 𝑏2.

243. Take the square with sides parallel to the axes and center at the origin.

Since the side of the square is unity, its sides are 𝑥 = 1
2 , 𝑥 = −1

2 , 𝑦 = 1
2 , and 

𝑦 = −1
2 .

Let (𝑥, 𝑦) be the moving point. Its perpendicular distances from the four sides are 

|𝑥 − 1
2 |, |𝑥 + 1

2 |, |𝑦 − 1
2 |, and |𝑦 + 1

2 |.

Given that the sum of their squares is 9, (𝑥 − 1
2)2 + (𝑥 + 1

2)2 + (𝑦 − 1
2)2 +

(𝑦 + 1
2)2 = 9.

⇒ 𝑥2 − 𝑥 + 1
4 + 𝑥2 + 𝑥 + 1

4 + 𝑦2 − 𝑦 + 1
4 + 𝑦2 + 𝑦 + 1

4 = 9.

⇒ 𝑥2 + 𝑦2 = 4. This is a circle centered at the origin, which is the center of 

the square.

Therefore the locus is a circle concentric with the square. Its radius is 2.

244. The given circle is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Its center is (−𝑔, −𝑓).

Let the center be (ℎ, 𝑘). Then 𝑔 = −ℎ and 𝑓 = −𝑘.

The length of the tangent from the origin to the circle is 
√

𝑐 evaluated at the 

origin, so 
√

0 + 0 + 0 + 0 + 𝑐 =
√

𝑐.



The pair of tangents drawn from the origin are perpendicular.

For tangents from a point to a circle to be perpendicular, the point must lie on 
the director circle.

The director circle of 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 is 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 2𝑐 −
𝑔2 − 𝑓2 = 0.

Since the origin lies on it, 2𝑐 − 𝑔2 − 𝑓2 = 0. So 𝑔2 + 𝑓2 = 2𝑐.

Now the radius squared of the circle is 𝑔2 + 𝑓2 − 𝑐. Substitute the above relation, 

radius2 = 𝑐.

Thus, 𝑔2 + 𝑓2 = 2𝑐. Replacing 𝑔 = −ℎ and 𝑓 = −𝑘, ℎ2 + 𝑘2 = 2𝑐.

Hence, the locus of the center is 𝑥2 + 𝑦2 = 2𝑐.

245. Let the required circle have center (ℎ, 𝑘) and radius 𝑟. The circle 𝑥2 + 𝑦2 = 𝑎2 

has center (0, 0) and radius 𝑎.

The circle 𝑥2 + 𝑦2 = 4𝑎𝑥. So its center is (2𝑎, 0) and radius is 2𝑎.

Since the required circle touches both circles externally, 
√

ℎ2 + 𝑘2 = 𝑟 + 𝑎, and 

√(ℎ − 2𝑎)2 + 𝑘2 = 𝑟 + 2𝑎.

Subtracting,√(ℎ − 2𝑎)2 + 𝑘2 −
√

ℎ2 + 𝑘2 = 𝑎.

Let 𝑑1 =
√

ℎ2 + 𝑘2, and 𝑑2 = √(ℎ − 2𝑎)2 + 𝑘2.

Then 𝑑2 = 𝑑1 + 𝑎. Squaring, (ℎ − 2𝑎)2 + 𝑘2 = ℎ2 + 𝑘2 + 2𝑎𝑑1 + 𝑎2.

Simplify, ℎ2 − 4𝑎ℎ + 4𝑎2 + 𝑘2 = ℎ2 + 𝑘2 + 2𝑎𝑑1 + 𝑎2.

So −4𝑎ℎ + 3𝑎2 = 2𝑎𝑑1. Hence, 𝑑1 = 3𝑎−4ℎ
2 .

Now square again, ℎ2 + 𝑘2 = (3𝑎−4ℎ)2

4 . Thus, 4ℎ2 + 4𝑘2 = 9𝑎2 − 24𝑎ℎ + 16ℎ2.

Therefore, 12ℎ2 − 4𝑘2 − 24𝑎ℎ + 9𝑎2 = 0.

Replacing (ℎ, 𝑘) by (𝑥, 𝑦), the locus is 12𝑥2 − 4𝑦2 − 24𝑎𝑥 + 9𝑎2 = 0.

246. Let the required circle be 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0. Its center is (−𝑔, −𝑓).

The given circles are 𝑥2 + 𝑦2 + 4𝑥 − 6𝑦 + 9 = 0, and 𝑥2 + 𝑦2 − 4𝑥 + 6𝑦 + 4 = 0.

For the first circle, 𝑔1 = 2, 𝑓1 = −3, and 𝑐1 = 9.

Since the required circle cuts it orthogonally, 2(𝑔𝑔1 + 𝑓𝑓1) = 𝑐 + 𝑐1.

Thus, 4𝑔 − 6𝑓 = 𝑐 + 9. For the second circle, 𝑔2 = −2, 𝑓2 = 3, and 𝑐2 = 4.

Again using orthogonality, 2(𝑔𝑔2 + 𝑓𝑓2) = 𝑐 + 𝑐2.

So −4𝑔 + 6𝑓 = 𝑐 + 4. Subtract the two equations, (4𝑔 − 6𝑓) − (−4𝑔 + 6𝑓) = (𝑐 +
9) − (𝑐 + 4).

Hence 8𝑔 − 12𝑓 = 5. Now let the center be (𝑥, 𝑦). Then 𝑔 = −𝑥 and 𝑓 = −𝑦.

Substitute, 8(−𝑥) − 12(−𝑦) = 5. So −8𝑥 + 12𝑦 = 5. Therefore, 8𝑥 − 12𝑦 + 5 = 0.
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247. Let the fixed point on the 𝑥-axis be (𝑐, 0). Take any tangent to the circle 𝑥2 +
𝑦2 = 𝑎2.

Its equation may be written as 𝑦 = 𝑚𝑥 ± 𝑎
√

1 + 𝑚2 ⇒ 𝑚𝑥 − 𝑦 ± 𝑎
√

1 + 𝑚2 = 0.

Let (ℎ, 𝑘) be the foot of the perpendicular from (𝑐, 0) to this tangent. Since (ℎ, 𝑘) 
lies on the tangent,

𝑚ℎ − 𝑘 ± 𝑎
√

1 + 𝑚2 = 0.

Also the line joining (𝑐, 0) to (ℎ, 𝑘) is perpendicular to the tangent.

Hence its slope is − 1
𝑚 . Therefore, 𝑘

ℎ−𝑐 = − 1
𝑚 , so 𝑚 = −ℎ−𝑐

𝑘 .

Substitute in the tangent equation, −ℎ(ℎ−𝑐)
𝑘 − 𝑘 ± 𝑎√1 + (ℎ−𝑐)2

𝑘2 = 0.

⇒ −ℎ(ℎ − 𝑐) − 𝑘2 ± 𝑎√𝑘2 + (ℎ − 𝑐)2 = 0.

Transpose, 𝑎√(ℎ − 𝑐)2 + 𝑘2 = ℎ(ℎ − 𝑐) + 𝑘2.

Now square and simplify. After reduction, (ℎ2 + 𝑘2 − 𝑐ℎ)2 = 𝑎2((ℎ − 𝑐)2 + 𝑘2).

Replacing (ℎ, 𝑘) by (𝑥, 𝑦), the locus is (𝑥2 + 𝑦2 − 𝑐𝑥)2 = 𝑎2((𝑥 − 𝑐)2 + 𝑦2).

248. Let the point 𝑃  on the circle 𝑥2 + 𝑦2 = 2 be (𝑥1, 𝑦1). Then 𝑥2
1 + 𝑦2

1 = 2.

The tangent at 𝑃  is 𝑥𝑥1 + 𝑦𝑦1 = 2. This tangent cuts the 𝑥-axis at the point 𝐿.

Putting 𝑦 = 0, 𝑥𝑥1 = 2, so 𝐿( 2
𝑥1

, 0).

Similarly, it cuts the 𝑦-axis at the point 𝑀 . Putting 𝑥 = 0, 𝑦𝑦1 = 2, so 𝑀(0, 2
𝑦1

).

Let the midpoint of 𝐿𝑀  be (ℎ, 𝑘). Then ℎ = 1
𝑥1

, and 𝑘 = 1
𝑦1

.

Therefore, 𝑥1 = 1
ℎ  and 𝑦1 = 1

𝑘 . Substitute in 𝑥2
1 + 𝑦2

1 = 2.

We get 1
ℎ2 + 1

𝑘2 = 2. Hence, the locus is 𝑥2 + 𝑦2 = 2𝑥2𝑦2.

249. Let the triangle have vertices (0, 0), (ℎ, 0) and (0, 𝑘). Its third side joins (ℎ, 0) 
and (0, 𝑘).

Hence its equation is 𝑥
ℎ + 𝑦

𝑘 = 1. Or, 𝑘𝑥 + ℎ𝑦 − ℎ𝑘 = 0.

This line touches the circle 𝑥2 + 𝑦2 − 2𝑎𝑥 − 2𝑎𝑦 + 𝑎2 = 0.

So the center is (𝑎, 𝑎) and the radius is 𝑎.

Therefore the perpendicular distance from (𝑎, 𝑎) to the line equals 𝑎.

Thus, |𝑎𝑘 + 𝑎ℎ − ℎ𝑘 |√
ℎ2+𝑘2 = 𝑎.

Squaring, ℎ𝑘(ℎ𝑘 − 2𝑎ℎ − 2𝑎𝑘 + 2𝑎2) = 0 ⇒ ℎ𝑘 − 2𝑎ℎ − 2𝑎𝑘 + 2𝑎2 = 0.

Now the triangle is right-angled at the origin, so the circumcenter is the midpoint 
of the hypotenuse.

Hence, the circumcenter is (ℎ
2 , 𝑘

2). Let it be (𝑥, 𝑦). Then ℎ = 2𝑥, and 𝑘 = 2𝑦.

Substitute, (2𝑥)(2𝑦) − 2𝑎(2𝑥) − 2𝑎(2𝑦) + 2𝑎2 = 0. So 4𝑥𝑦 − 4𝑎𝑥 − 4𝑎𝑦 + 2𝑎2 =
0.



⇒ 2(𝑥 + 𝑦) − 𝑎 = 2𝑥𝑦
𝑎 .

250. Let the moving point on the circle 𝑥2 + 𝑦2 = 4 be (𝑥1, 𝑦1).

Let the midpoint of 𝐴𝑃  be (ℎ, 𝑘). Since 𝐴 = (1, 5) and 𝑃 = (𝑥1, 𝑦1), the midpoint 

is ℎ = 𝑥1+1
2  and 𝑘 = 𝑦1+5

2 .

Hence, 𝑥1 = 2ℎ − 1 and 𝑦1 = 2𝑘 − 5. Since 𝑃  lies on the circle, 𝑥2
1 + 𝑦2

1 = 4.

Substitute, (2ℎ − 1)2 + (2𝑘 − 5)2 = 4 ⇒ 2ℎ2 + 2𝑘2 − 2ℎ − 10𝑘 + 11 = 0.

Replacing (ℎ, 𝑘) by (𝑥, 𝑦), the locus is 2𝑥2 + 2𝑦2 − 2𝑥 − 10𝑦 + 11 = 0.

251. Let 𝑃(𝑥, 𝑦) be the midpoint of a variable chord through the fixed point 𝐴(𝑎, 𝑏) 
of the circle 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0.

Let the other end of the chord be 𝑄(𝑥1, 𝑦1). Since 𝑃  is the midpoint of 𝐴𝑄, 𝑥1 =
2𝑥 − 𝑎 and 𝑦1 = 2𝑦 − 𝑏.

Now 𝑄 lies on the circle. Therefore, (2𝑥 − 𝑎)2 + (2𝑦 − 𝑏)2 + 2𝑔(2𝑥 − 𝑎) +
2𝑓(2𝑦 − 𝑏) + 𝑐 = 0.

⇒ 4𝑥2 − 4𝑎𝑥 + 𝑎2 + 4𝑦2 − 4𝑏𝑦 + 𝑏2 + 4𝑔𝑥 − 2𝑎𝑔 + 4𝑓𝑦 − 2𝑏𝑓 + 𝑐 = 0.

⇒ 4(𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦) − 4(𝑎𝑥 + 𝑏𝑦) + 𝑎2 + 𝑏2 − 2𝑎𝑔 − 2𝑏𝑓 + 𝑐 = 0.

⇒ 𝑥2 + 𝑦2 + 𝑔𝑥 + 𝑓𝑦 − 𝑎𝑥 − 𝑏𝑦 + 𝑎2+𝑏2−2𝑎𝑔−2𝑏𝑓+𝑐
4 = 0.

This is a circle. The center is (𝑎−𝑔
2 , 𝑏−𝑓

2 ). The center of the given circle is (−𝑔, −𝑓).

The midpoint of the points (𝑎, 𝑏) and (−𝑔, −𝑓) is (𝑎−𝑔
2 , 𝑏−𝑓

2 ).

Hence the locus is a circle whose center is the midpoint of the fixed point 𝐴 and 
the center of the given circle.

Also its radius is half the radius of the given circle.

Therefore, the locus is the circle obtained by reducing the given circle in the ratio 
1 : 2 with respect to the point 𝐴.

252. Let the two fixed points be 𝐴(𝑥1, 𝑦1) and 𝐵(𝑥2, 𝑦2). Let the moving line be 𝑙𝑥 +
𝑚𝑦 + 𝑛 = 0, where 𝑙2 + 𝑚2 = 1.

Then the algebraic perpendicular distances of the points from the line are 𝑙𝑥1 +
𝑚𝑦1 + 𝑛 and 𝑙𝑥2 + 𝑚𝑦2 + 𝑛.

Given that their algebraic sum is constant, say 2𝑘, (𝑙𝑥1 + 𝑚𝑦1 + 𝑛) + (𝑙𝑥2 +
𝑚𝑦2 + 𝑛) = 2𝑘.

So 𝑙(𝑥1 + 𝑥2) + 𝑚(𝑦1 + 𝑦2) + 2𝑛 = 2𝑘. Hence, 𝑛 = 𝑘 − 𝑙(𝑥1+𝑥2)+𝑚(𝑦1+𝑦2)
2 .

Substitute this in the equation of the line, 𝑙𝑥 + 𝑚𝑦 + 𝑘 − 𝑙(𝑥1+𝑥2)+𝑚(𝑦1+𝑦2)
2 = 0.

Rearrange, 𝑙(𝑥 − 𝑥1+𝑥2
2 ) + 𝑚(𝑦 − 𝑦1+𝑦2

2 ) + 𝑘 = 0.

Since 𝑙2 + 𝑚2 = 1, this represents the tangent form of a circle.

Therefore the line always touches the fixed circle whose center is (𝑥1+𝑥2
2 , 𝑦1+𝑦2

2 )



354  5. Answers of Circles

and radius is |𝑘|.

Hence, the required fixed circle is (𝑥 − 𝑥1+𝑥2
2 )

2
+ (𝑦 − 𝑦1+𝑦2

2 )
2

= 𝑘2.
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Everyone is permitted to copy and distribute verbatim copies of this license document, 
but changing it is not allowed.

0. Preamble

The purpose of this License is to make a manual, textbook, or other functional and 
useful document “free” in the sense of freedom: to assure everyone the effective freedom 
to copy and redistribute it, with or without modifying it, either commercially or 
noncommercially. Secondarily, this License preserves for the author and publisher a way 
to get credit for their work, while not being considered responsible for modifications 
made by others.

This License is a kind of “copyleft”, which means that derivative works of the 
document must themselves be free in the same sense. It complements the GNU General 
Public License, which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because 
free software needs free documentation: a free program should come with manuals 
providing the same freedoms that the software does. But this License is not limited to 
software manuals; it can be used for any textual work, regardless of subject matter or 
whether it is published as a printed book. We recommend this License principally for 
works whose purpose is instruction or reference.

1. Applicability and Definitions

This License applies to any manual or other work, in any medium, that contains a 
notice placed by the copyright holder saying it can be distributed under the terms 
of this License. Such a notice grants a world-wide, royalty-free license, unlimited in 
duration, to use that work under the conditions stated herein. The “Document,” below, 
refers to any such manual or work. Any member of the public is a licensee, and is 
addressed as “you.” You accept the license if you copy, modify or distribute the work 
in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document 
or a portion of it, either copied verbatim, or with modifications and/or translated into 
another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document 
that deals exclusively with the relationship of the publishers or authors of the Document 
to the Document’s overall subject (or to related matters) and contains nothing that could 
fall directly within that overall subject. (Thus, if the Document is in part a textbook of 
mathematics, a Secondary Section may not explain any mathematics.) The relationship 
could be a matter of historical connection with the subject or with related matters, or 
of legal, commercial, philosophical, ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated, 
as being those of Invariant Sections, in the notice that says that the Document is 
released under this License. If a section does not fit the above definition of Secondary 
then it is not allowed to be designated as Invariant. The Document may contain zero 
Invariant Sections. If the Document does not identify any Invariant Sections then there 
are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover 
Texts or Back-Cover Texts, in the notice that says that the Document is released under 
this License. A Front-Cover Text may be at most 5 words, and a Back-Cover Text may 
be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented 
in a format whose specification is available to the general public, that is suitable 
for revising the document straightforwardly with generic text editors or (for images 
composed of pixels) generic paint programs or (for drawings) some widely available 
drawing editor, and that is suitable for input to text formatters or for automatic 
translation to a variety of formats suitable for input to text formatters. A copy made in 
an otherwise Transparent file format whose markup, or absence of markup, has been 
arranged to thwart or discourage subsequent modification by readers is not Transparent. 
An image format is not Transparent if used for any substantial amount of text. A copy 
that is not “Transparent” is called “Opaque.”

Examples of suitable formats for Transparent copies include plain ASCII without 
markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly 
available DTD, and standard-conforming simple HTML, PostScript or PDF designed for 
human modification. Examples of transparent image formats include PNG, XCF and 
JPG. Opaque formats include proprietary formats that can be read and edited only 
by proprietary word processors, SGML or XML for which the DTD and/or processing 
tools are not generally available, and the machine-generated HTML, PostScript or PDF 
produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following 
pages as are needed to hold, legibly, the material this License requires to appear in the 
title page. For works in formats which do not have any title page as such, “Title Page” 
means the text near the most prominent appearance of the work’s title, preceding the 
beginning of the body of the text.

A section “Entitled XYZ” means a named subunit of the Document whose title either 
is precisely XYZ or contains XYZ in parentheses following text that translates XYZ 
in another language. (Here XYZ stands for a specific section name mentioned below, 
such as “Acknowledgements,” “Dedications,” “Endorsements,” or “History.”) To “Preserve 
the Title” of such a section when you modify the Document means that it remains a 
section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states 
that this License applies to the Document. These Warranty Disclaimers are considered 
to be included by reference in this License, but only as regards disclaiming warranties: 
any other implication that these Warranty Disclaimers may have is void and has no 
effect on the meaning of this License.

2. Verbatim Copying

You may copy and distribute the Document in any medium, either commercially or 
noncommercially, provided that this License, the copyright notices, and the license 
notice saying this License applies to the Document are reproduced in all copies, and 



that you add no other conditions whatsoever to those of this License. You may not use 
technical measures to obstruct or control the reading or further copying of the copies 
you make or distribute. However, you may accept compensation in exchange for copies. 
If you distribute a large enough number of copies you must also follow the conditions 
in section 3.

You may also lend copies, under the same conditions stated above, and you may 
publicly display copies.

3. Copying in Quantity

If you publish printed copies (or copies in media that commonly have printed covers) of 
the Document, numbering more than 100, and the Document’s license notice requires 
Cover Texts, you must enclose the copies in covers that carry, clearly and legibly, all 
these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the 
back cover. Both covers must also clearly and legibly identify you as the publisher 
of these copies. The front cover must present the full title with all words of the title 
equally prominent and visible. You may add other material on the covers in addition. 
Copying with changes limited to the covers, as long as they preserve the title of the 
Document and satisfy these conditions, can be treated as verbatim copying in other 
respects.

If the required texts for either cover are too voluminous to fit legibly, you should 
put the first ones listed (as many as fit reasonably) on the actual cover, and continue 
the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 
100, you must either include a machine-readable Transparent copy along with each 
Opaque copy, or state in or with each Opaque copy a computer-network location from 
which the general network-using public has access to download using public-standard 
network protocols a complete Transparent copy of the Document, free of added material. 
If you use the latter option, you must take reasonably prudent steps, when you begin 
distribution of Opaque copies in quantity, to ensure that this Transparent copy will 
remain thus accessible at the stated location until at least one year after the last time 
you distribute an Opaque copy (directly or through your agents or retailers) of that 
edition to the public.

It is requested, but not required, that you contact the authors of the Document well 
before redistributing any large number of copies, to give them a chance to provide you 
with an updated version of the Document.

4. Modifications

You may copy and distribute a Modified Version of the Document under the conditions 
of sections 2 and 3 above, provided that you release the Modified Version under precisely 
this License, with the Modified Version filling the role of the Document, thus licensing 
distribution and modification of the Modified Version to whoever possesses a copy of 
it. In addition, you must do these things in the Modified Version:

• A. Use in the Title Page (and on the covers, if any) a title distinct

from that of the Document, and from those of previous versions (which should, if there 
were any, be listed in the History section of the Document). You may use the same 
title as a previous version if the original publisher of that version gives permission.
• B. List on the Title Page, as authors, one or more persons or entities



responsible for authorship of the modifications in the Modified Version, together with 
at least five of the principal authors of the Document (all of its principal authors, if it 
has fewer than five), unless they release you from this requirement.
• C. State on the Title page the name of the publisher of the Modified

Version, as the publisher.
• D. Preserve all the copyright notices of the Document.
• E. Add an appropriate copyright notice for your modifications adjacent

to the other copyright notices.
• F. Include, immediately after the copyright notices, a license notice

giving the public permission to use the Modified Version under the terms of this License, 
in the form shown in the Addendum below.
• G. Preserve in that license notice the full lists of Invariant Sections

and required Cover Texts given in the Document’s license notice.
• H. Include an unaltered copy of this License.
• I. Preserve the section Entitled “History,” Preserve its Title, and add

to it an item stating at least the title, year, new authors, and publisher of the Modified 
Version as given on the Title Page. If there is no section Entitled “History” in the 
Document, create one stating the title, year, authors, and publisher of the Document 
as given on its Title Page, then add an item describing the Modified Version as stated 
in the previous sentence.
• J. Preserve the network location, if any, given in the Document for

public access to a Transparent copy of the Document, and likewise the network locations 
given in the Document for previous versions it was based on. These may be placed in 
the “History” section. You may omit a network location for a work that was published 
at least four years before the Document itself, or if the original publisher of the version 
it refers to gives permission.
• K. For any section Entitled “Acknowledgements” or “Dedications,” Preserve

the Title of the section, and preserve in the section all the substance and tone of each 
of the contributor acknowledgements and/or dedications given therein.
• L. Preserve all the Invariant Sections of the Document, unaltered in

their text and in their titles. Section numbers or the equivalent are not considered part 
of the section titles.
• M. Delete any section Entitled “Endorsements.” Such a section may not

be included in the Modified Version.
• N. Do not retitle any existing section to be Entitled “Endorsements” or

to conflict in title with any Invariant Section.
• O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify 
as Secondary Sections and contain no material copied from the Document, you may at 
your option designate some or all of these sections as invariant. To do this, add their 
titles to the list of Invariant Sections in the Modified Version’s license notice. These 
titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements,” provided it contains nothing but 
endorsements of your Modified Version by various parties—for example, statements of 
peer review or that the text has been approved by an organization as the authoritative 
definition of a standard.



You may add a passage of up to five words as a Front-Cover Text, and a passage of up 
to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified 
Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be 
added by (or through arrangements made by) any one entity. If the Document already 
includes a cover text for the same cover, previously added by you or by arrangement 
made by the same entity you are acting on behalf of, you may not add another; but 
you may replace the old one, on explicit permission from the previous publisher that 
added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission 
to use their names for publicity for or to assert or imply endorsement of any Modified 
Version.

5. Combining Documents

You may combine the Document with other documents released under this License, 
under the terms defined in section 4 above for modified versions, provided that you 
include in the combination all of the Invariant Sections of all of the original documents, 
unmodified, and list them all as Invariant Sections of your combined work in its license 
notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple 
identical Invariant Sections may be replaced with a single copy. If there are multiple 
Invariant Sections with the same name but different contents, make the title of each 
such section unique by adding at the end of it, in parentheses, the name of the original 
author or publisher of that section if known, or else a unique number. Make the same 
adjustment to the section titles in the list of Invariant Sections in the license notice of 
the combined work.

In the combination, you must combine any sections Entitled “History” in the various 
original documents, forming one section Entitled “History”; likewise combine any 
sections Entitled “Acknowledgements,” and any sections Entitled “Dedications.” You must 
delete all sections Entitled “Endorsements.”

6. Collections of Documents

You may make a collection consisting of the Document and other documents released 
under this License, and replace the individual copies of this License in the various 
documents with a single copy that is included in the collection, provided that you 
follow the rules of this License for verbatim copying of each of the documents in all 
other respects.

You may extract a single document from such a collection, and distribute it individ
ually under this License, provided you insert a copy of this License into the extracted 
document, and follow this License in all other respects regarding verbatim copying of 
that document.

7. Aggregation with Independent Works

A compilation of the Document or its derivatives with other separate and independent 
documents or works, in or on a volume of a storage or distribution medium, is called 
an “aggregate” if the copyright resulting from the compilation is not used to limit the 
legal rights of the compilation’s users beyond what the individual works permit. When 



the Document is included in an aggregate, this License does not apply to the other 
works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the 
Document, then if the Document is less than one half of the entire aggregate, the 
Document’s Cover Texts may be placed on covers that bracket the Document within 
the aggregate, or the electronic equivalent of covers if the Document is in electronic 
form. Otherwise they must appear on printed covers that bracket the whole aggregate.

8. Translation

Translation is considered a kind of modification, so you may distribute translations 
of the Document under the terms of section 4. Replacing Invariant Sections with 
translations requires special permission from their copyright holders, but you may 
include translations of some or all Invariant Sections in addition to the original versions 
of these Invariant Sections. You may include a translation of this License, and all the 
license notices in the Document, and any Warranty Disclaimers, provided that you 
also include the original English version of this License and the original versions of 
those notices and disclaimers. In case of a disagreement between the translation and 
the original version of this License or a notice or disclaimer, the original version will 
prevail.

If a section in the Document is Entitled “Acknowledgements,” “Dedications,” or 
“History,” the requirement (section 4) to Preserve its Title (section 1) will typically 
require changing the actual title.

9. Termination

You may not copy, modify, sublicense, or distribute the Document except as expressly 
provided under this License. Any attempt otherwise to copy, modify, sublicense, or 
distribute it is void, and will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license from a particular 
copyright holder is reinstated (a) provisionally, unless and until the copyright holder 
explicitly and finally terminates your license, and (b) permanently, if the copyright 
holder fails to notify you of the violation by some reasonable means prior to 60 days 
after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently 
if the copyright holder notifies you of the violation by some reasonable means, this is 
the first time you have received notice of violation of this License (for any work) from 
that copyright holder, and you cure the violation prior to 30 days after your receipt of 
the notice.

Termination of your rights under this section does not terminate the licenses of 
parties who have received copies or rights from you under this License. If your rights 
have been terminated and not permanently reinstated, receipt of a copy of some or all 
of the same material does not give you any rights to use it.

10. Future Revisions of this License

The Free Software Foundation may publish new, revised versions of the GNU Free 
Documentation License from time to time. Such new versions will be similar in spirit 
to the present version, but may differ in detail to address new problems or concerns. 
See http://www.gnu.org/copyleft/.

http://www.gnu.org/copyleft/


Each version of the License is given a distinguishing version number. If the Document 
specifies that a particular numbered version of this License “or any later version” 
applies to it, you have the option of following the terms and conditions either of that 
specified version or of any later version that has been published (not as a draft) by 
the Free Software Foundation. If the Document does not specify a version number of 
this License, you may choose any version ever published (not as a draft) by the Free 
Software Foundation. If the Document specifies that a proxy can decide which future 
versions of this License can be used, that proxy’s public statement of acceptance of a 
version permanently authorizes you to choose that version for the Document.

11. Relicensing

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web 
server that publishes copyrightable works and also provides prominent facilities for 
anybody to edit those works. A public wiki that anybody can edit is an example of 
such a server. A “Massive Multiauthor Collaboration” (or “MMC”) contained in the site 
means any set of copyrightable works thus published on the MMC site.

“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license pub
lished by Creative Commons Corporation, a not-for-profit corporation with a principal 
place of business in San Francisco, California, as well as future copyleft versions of that 
license published by that same organization.

“Incorporate” means to publish or republish a Document, in whole or in part, as part 
of another Document.

An MMC is “eligible for relicensing” if it is licensed under this License, and if all 
works that were first published under this License somewhere other than this MMC, 
and subsequently incorporated in whole or in part into the MMC, (1) had no cover 
texts or invariant sections, and (2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under 
CC-BY-SA on the same site at any time before August 1, 2009, provided the MMC is 
eligible for relicensing.

ADDENDUM: How to use this License for your docu
ments

To use this License in a document you have written, include a copy of the License 
in the document and put the following copyright and license notices just after the 
title page:

Copyright (c) <YEAR> <YOUR NAME>.

Permission is granted to copy, distribute and/or modify this document under the 
terms of the GNU Free Documentation License, Version 1.3 or any later version 
published by the Free Software Foundation; with no Invariant Sections, no Front-
Cover Texts, and no Back-Cover Texts. A copy of the license is included in the 
section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the 
with...Texts. line with this:



with the Invariant Sections being <LIST THEIR TITLES>, with the Front-Cover 
Texts being <LIST>, and with the Back-Cover Texts being <LIST>.

If you have Invariant Sections without Cover Texts, or some other combination of the 
three, merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend 
releasing these examples in parallel under your choice of free software license, such as 
the GNU General Public License, to permit their use in free software.


	Preface
	Prerequisite
	Acknowledgements

	1 Coordinates
	1.1 Number Line
	1.2 Coordinates
	1.2.1 Cartesian Coordinate System

	1.3 Distance Between Two Points
	1.4 Section Formula
	1.5 Area of a Trapezium
	1.6 Area of a Triangle
	1.6.1 Sign of Area of a Triangle
	1.6.2 Condition of Collinearity of Three Points

	1.7 Centroid of a Triangle
	1.8 Incenter of a Triangle
	1.9 Area of a Quadrilateral
	1.10 Polar Coordinates
	1.11 Polar Coordinates and Cartesian Coordinates
	1.12 Problems

	2 Locus
	2.1 Finding Locus of a Point
	2.2 Equation of Locus in Different Forms
	2.3 Problems

	3 Straight Lines
	3.1 Angle of Inclination of a Line
	3.2 Slope or Gradient of a Line
	3.3 Equation of a Straight Line
	3.4 Equation of Lines Parallel to Axes
	3.4.1 Equation of x-axis
	3.4.2 Equation of y-axis
	3.4.3 Equations of Lines Parallel to y-axis
	3.4.4 Equations of Lines Parallel to y-axis

	3.5 Forms of Straight Line
	3.5.1 Slope-Intercept Form
	3.5.2 Point-Slope Form
	3.5.3 Two-Point Form
	3.5.4 Intercept Form
	3.5.5 Normal Form
	3.5.6 Distance Form or Parametric Form
	3.5.7 General Euqation of a Straight Line

	3.6 Representing General Equation in Standard Forms
	3.6.1 Slope Intercept Form
	3.6.2 Intercept Form
	3.6.3 Normal Form

	3.7 Angle between Two Straight Lines
	3.7.1 Parallelism and Perpendicularity
	3.7.1.1 To find the angle between straight lines a1x + b1y + c = 0 and a2x + b2y + c = 0


	3.8 Lines Parallel to Another Line
	3.9 Lines Perpendicular to Another Line
	3.10 Point of Intersection
	3.10.1 Line Passing through Point of Intersection of Two Lines

	3.11 Concurrency of Three Straight Lines
	3.12 Two Sides of a Straight Line
	3.13 Length of a Perpendicular
	3.14 Bisectors of Angles between Straight Lines
	3.14.1 Finding Bisector of the Acute and Obtuse Angles
	3.14.2 Bisectors Between Lines Containing a Given Point

	3.15 Problems

	4 Pair of Straight Lines
	4.1 Homogeneous Equations
	4.2 Pair of Straight Lines Through Origin
	4.3 Angle Between the Lines Represented by a x2 + 2h x y + b y2 = 0
	4.4 Bisectors of Angles Between the Pair of Straight Lines
	4.5 Condition for General Equation of Second Degree to Represent a Pair of Straight Lines
	4.6 Problems

	5 Circles
	5.1 Special Cases
	5.2 Circle on a Diameter
	5.3 Parametric Form of a Circle
	5.4 Position of a Point w.r.t. a Circle
	5.5 Intersection of a Line and a Circle
	5.6 Tangents and Normals
	5.7 Condition that a Line Touches a Circle
	5.7.1 Two Tangents to a Circle
	5.7.2 Length of a Tangent
	5.7.3 Pair of Tangents

	5.8 Chord of Contact of Tangents
	5.9 Poles and Polars
	5.9.1 Coordinates of a Pole
	5.9.2 Properties of Poles and Polars

	5.10 Equation of a Chord
	5.11 Intersection of Circles
	5.11.1 Orthogonal Circles

	5.12 Radical Axis
	5.12.1 Properties of Radical Axes

	5.13 Coaxial Circles
	5.13.1 Limiting Points of a Coaxial System

	5.14 Circles through the Points of Intersection of a Circle and a Line
	5.15 Problems

	1 Answers of Coordinates
	2 Answers of Locus
	3 Answers of Straight Lines
	4 Answers of Pair of Straight Lines
	5 Answers of Circles
	GNU Free Documentation License
	0. Preamble
	1. Applicability and Definitions
	2. Verbatim Copying
	3. Copying in Quantity
	4. Modifications
	5. Combining Documents
	6. Collections of Documents
	7. Aggregation with Independent Works
	8. Translation
	9. Termination
	10. Future Revisions of this License
	11. Relicensing
	ADDENDUM: How to use this License for your documents


