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Preface

This book provides an introduction to coordinate geomtry. In this book we cover striaght
lines, pair of straight lines, circle, parabla, hyperbola, ellipse and general conics in two-
dimensions. We also cover planes, lines, spheres, cones etc in the three diemnsional
coordinate geometry.

Prerequisite

Basic mathematics till grade 10 is needed to understand this book. Basic knowledge
of trigonometry and geometry are needed to understand the material presented in
this book.
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1.1

1.2

1.2.1

1 Coordinates

Coordinate geometry is study of geometric using algebra. It is also called Analytical
Geometry. In geometry, we study about points, lines, triangles, quadrilaterals, circles,
polygons etc. without the use of algebra but as said in coordinate geometry these
geometrical figures are studied using variables and equations of algebra. In coordinate
geometry we will come to know a term called Cartesian plane or cartesian coordinates
which are named after René Des Cartes who first published his work on coordinate
geometry in 1637. Pierre de Fermat also independently discovered, but he did not
publish his discovery.

Number Line

We take a straight line and any point O on it. This point O is taken such that it divides
the line in two equal parts. We take the part right of this point as positive part and
the part left of it as negative part of this line. We represent the number 0 with the
point O. Let us take another point A such that it represents 1 on the number line.
Now OA represents a unit, and thus we can represent all natural numbers in terms of
it. We can also represent all real numbers on this number line. Positive real numbers
will lie on the right side and negative real numbers will lie on the left side of the mid-
point, which is O. Because all real numbers can be represented on this line we call it
real line or in general number line.

-3 =6 —2 -2 -1 0 1 V2432 3
|

oo I I | [ | |
Y 0 A

[ > oo

Figure 1.1: Number Line.

As we know from our basic algebra that there are a infinite number of rational and
irrational numbers between any two numbers so we will have infinite points between
any two points on this number line which we know from geometry.

Coordinates

Consider any point P in a 2-dimensional plane. To define the location of this point
we need a reference. In any n-dimensional plane no point can be given an absolute
position rather we define location of points in relation to some other point in the same
plane. Typically, we define axes of the plane and take intersection of these axes as
origin, represented by O and every other point is defined with reference to this point.
This method gives us cartesian coordinates. The other way is choosing an origin and
one axis. Every point is then defined in terms of its distance from origin and the angle
made by the line joining the point and origin with the axis. This method gives us Polar
Coordiantes. We will first study cartesian coorsinates, and later we will study polar
coordinates.

Cartesian Coordinate System

In general, when we study cartesian coordinate system we mamke use of two perpen-
dicular axes. However, to prevent the loss of generality let us make use of inclined
axes or oblique axes. Consider the diagram given below:
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=
=

M, o M,

Y’

Figure 1.2: Cartesian axes in zy-plane.

XOX' is called the z-axis and YOY” is called the y-axis. As said the point O is called
the origin of coordinates or simply, the origin.

Consider a point F,. Draw a line from it parallel to OY to meet OX at M;. The
distance OM, is called the Abscissa and the distance M, P is called the Ordinate of the
point P, while together they are called its Coordinate.

Distances when measured parallel to z-axis are typically denoted by z with or without
a suffix, for example: 1, o, ...,2", 2", ..., and distances when measured parallel to y-

axis are typically denoted by y with or without a suffix, for example: y;,ys, ..., ¥, ¥”, -...

A point P having the abscissa z and the ordinate is y is typically denoted as (z,y).
For example, if a point is at two units distance from y-axis and at a distance of three
units from z-axis then it is written as (2, 3).

Distances measured parallel to OX are positive while distances measured parallel
to OX’ are negative. Similarly, distances measured parallel to OY are positive and
distances parallel to OY’ are negative. Thus, cartesian plane is divided into four
quadrants. XOY is the first qudrant in which both abscissa and ordinates are positive.
X'OY represents the second quadrant in which abscissa is negative and ordinate is
positive. X’OY” is the third quadrant where both abscissa and ordinate are negative
and finally XOY” is the fourth quadrant in which abscissa is positive and ordinate is
negative. Observe that these quadrants are taken in anti-clockwise order and similar to
qudrants in trigonometry.

Referring to Figure 1.2 we can say that P, lies in first quadrant, P, lies in second
quadrant and so on.
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The axes, when they are not at right angles, are called Oblique Axes. The angle between
positive z-axis and y-axis i.e. angle between OX and OY or the ZXOY is generally

denoted by the Greek letter w.
In general, it is convenient to take the axes at right angles. The axes are then called
the Rectangular Axes. You can assume that axes are rectangular unless otherwise stated.

As you can guess this system is called Cartesian Coordinate System in the honor of
Des Cartes.

Distance Between Two Points

Y
P
P, R
w
X
o M, M,

Figure 1.3: Distance between two points.

Let P, and P, be two points as shown in the diagram with coordiantes (z;,y;)
and (z,,y,). M P, || OY,M,P, | OY and RR || OX. Thus, bR = M,M, = OM, —
OM, =z — x, RP, = M,P, — M,P, =y, — vy, and ZP,RP, = ZOM,P, = 180" —
PBM,X = 180" — w.

From trigonometry, we know that PP} = B,R? + RP? —2PR,R.RP, cos(180° — w)

which is
(27— 79) + (41 — ¥2)” + 2(z1 — 75) (Y, — y) cOSW (1.1)

In the case when axes are rectangular i.e. axes are at right angle or w = 90° then the
Equation (1.1) reduces to P,P2 = (z, — z,)> + (y, — y,)° and therefore in rectangular

2
coodinate system the distance between two points is \/ (z — :v2)2 + (y; — y2) .

Clearly, the distance between any point (z,y) and the origin (0,0) will be /22 + y?2

Section Formula

Consider the diagram given below:

Consider points P, (z,,y;) and Py (z4,y,). The point P(z,y) divides the line segment
P, P, such that P, P : PP, :: my;m, then we need to find the coordinates of P.
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Y
P,
P R,
Py R,
w
o M M M~ X

Figure 1.4: Section Formula.

We have OM; =z, M P, = y;,OM =z, MP = y,OM, = z, and My P, = y,.
P R,,PR, | OX. Then

PR, =MM,=0M—-0OM, =z —x;

PRy, = MM, =0M,—OM =z, —=z

R\P=MP—-MP =y—y

and Ry P, = My, — MP =y, —y.

From the similar triangles A P,R; P and A PP, R,, we have

my PP _ PR,  z—x,

my — PP, PR, To—x
o= Tt Gimilarly, it can be found that y = Za¥etmeyy
mq+mgy my+mg

Thus, the coordinates of the point which divides P, P in the ratio m, : m, is

(z,y) = MyTy + MyTy MYy + Myl (1.2)
’ my+my  omy+my ’

If the point P divides these two points externally then we can prove in a similar
manner that the point’s coordinates is

(z,y) = (ml% —a1 b m2y1> (1.3)
my —my my — My

Clearly if the point is mid-point then we find that the coordinates of mid-point is
given by

(z,y) = (L ;xi’,iyl ;yz) (1.4)

Area of a Trapezium

We will consider the area of a trapezium in this section from geometry because it will
be useful in the coming sections. Consider the following diagram:
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D

I
I
I
I
I
I
|
A L
Figure 1.5: Area of a trapezium.

We know that area of a triangle is half of the product of height of any side and the
perpendicular drawn from the opposite angle. Thus,

Area ABCD = AABC + AACD = 1. BC.AL+ 1. AD.CN = }(BC + AD).AL

1.6 Area of a Triangle

Consider following diagram with A(z,,y,), B(z4,y,) and C(z3,y3):

YA

I
I
I
I
I -—
o L N M

Figure 1.6: Area of a triangle.

Let A denote the area of the A ABC. Then, AABC = OJALNC +OCNMB —
OALMB

=1LN(LA+ NC)+ iNM(BC + MB) — 1LM(LA + MB)

= 3l(xs — 1) (Y1 +y3) + (22 — 23)(Ys + y3) — (22 — 1) (Y1 + v2)]

On simplification, we obtain

A= %[m(yz —ys) + o (ys —y1) + 23(y1 — ¥2)] (1.5)

The equation can be represented in the determinant form as given below:

zy Yy 1
A=z yp 1 (1.6)
z3 Y3 1
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In the above calculation if the axes are oblique with an angle w then the area of the
triangle would be:

A= %sinw[m(?/z —y3) + 2o (ys — y1) + 23(y1 — ¥s)] (1.7)

If one of the vertices is the origin O(0,0) then the area of the triangle would be

%(zly2 - $2y1)-

Sign of Area of a Triangle

As you can see from the formula; area of a triangle could be positive or negative. There
are two ways to fix this. The first is to take modulus of the equation. The second is to
plot the points of triangle in clockwise direction. If we plot the points in anti-clockwise
direction then area of the triangle will be negative in that case we can take modulus
of the value obtained.

Condition of Collinearity of Three Points

From the above relation we can extrapolate that if the area of the triangle is zero then
the three vertexes would collapse into a straight line. Thus the condition of collinearity
of these three points can be written as:

zy Yy 1
Ty Yy 1| =0 (1.8)
z3 Y3 1

Now that we have area of a trapezium and area of a triangle finding area of other
polygons is trivial and we will find them in our exercises.

Centroid of a Triangle

The point of intersection of the medians of the triangle is called the centroid of the
triangle.

C(x;,35)

B(x,, )
A(x, m1)

Figure 1.7: Centroid of a triangle.

Let A(zq,vy;), B(xs,y5) and C(x4,ys) be the vertices of the A ABC. Let AD, BE and
CF be the three medians.

Since D is middle point of BC = D = (L;mz, yl;—l’?)
Let G be the centroid i.e. intersection of the three medians. G will divide BC in the
ratio 2: 1 ie. AG: GC =2 :1 then

+ +
G = (23022703"'1“1 273‘22”‘*'1-?/1) _ (11+w2+13 yl+92+y3)
- - 3

2 ! 2 ’ 2
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Similarly it can be shown that G has same coordinates for other medians. Thus, G lies
on the same coordinates for all three medians.

Thus, G(%, %) is the centroid of the triangle.

Incenter of a Triangle

The point of intersection of the bisectors of the angles of the triangle is called the
incenter of the triangle.

C(x5,35)

B(x,, )
A(x, m)

Figure 1.8: Incenter of a triangle.

Let A(zy,y,), B(zq,y,) and C(z4,ys) be the vertices of the A ABC. Let AD, BE and
CF be the three internal bisectors of the angles A, B and C, respectively. Let these
bisectors meet at the incenter I.

Since BC is internal bisector of ZBAC, therefore 22 = B4 — g

DC — AC
_ (bxzytcxy byy+cys
= D= ( b+c btc )

The incenter I divides AD internally in the ratio b+c:a=.AI :ID=b+c:a

=] = ax,+bxytcrs ay,+bys+cys
- a+b+c ’ a+b+c

Similarly it can be shown for two other bisectors that I has the same coordinate.

Thus,

I (am1+bx2+cx3 ay1+by2+cy3) (1.9)

a+b+c ' a+b+c

is the incenter of the triangle.

Area of a Quadrilateral
Consider following diagram with A(zq,y,), B(Z4,Y,), C(z3,y3) and D(zy, y,):
C

A B

Figure 1.9: Area of a quadrilateral.
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If A, B,C, D are in anti-clockwise order then area of quadrilateral will be positiive but
if it is clockwise then it will be negative and we will have to take modulus of it.

Area of OJABCD = AABC + AACD
Another way to find area of a quadrilateral is

Ty Y
ToY2

To Yo
T3 Y3

T3 Y3
Ty Yg

Ta Yg

OABCD = * [
2 z1 Yy

] (1.10)

Polar Coordinates

Consider a line OX through a point O. We call the line initial line and we call the the
pole or the origin.

P(r,0)

Figure 1.10: Polar Coordinates.

As you can figure out the position of a point P can be found by knowing its distance
from the pole and the positive counter-clockwise angle made by the line joining the
point with the initial line. The distance OP is typically denoted by r and the ZXOP
is denoted by 6. OP or r is called the radius vector and  is called the vectorial angle
of the point.

Polar Coordinates and Cartesian Coordinates

0] rcosf

Figure 1.11: Polar Cartesian Coordinates.

As we can see from the diagram a point P having polar coordinates (r,6) can be

represented in terms of cartesian coordinate as (7 cos 6, 7 sin 6). Similarly, if a point has
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cartesian coordinates (z,y) then r = /2% +y? and 6 = tan"' £ would represent the

equivalent polar coordinates.

Problems

Find the areas of the triangles the coordinates of whose vertices are respectively:
1. (1,3),(—7,6) and (5,—1).

2. (0,4),(3,6) and (—8,—2).

2),(—9,—-3) and (—3,-5).

(0,
3. (5,
. (a,b+¢),(a,b—c) and (—a,c).
- (

iS

acosp,asin g, ), (acosp,,asin p,) and (acos pg, asin @;).

o

(am?,2am,), (am?,2am,) and (am2,2ams).

Prove by showing that the area of the triangle formed by them is zero that the following
points are in a straight line:

7. (1,4),(3,—2) and (-3, 16).
8. (—3%,3),(—5,6) and (—8,8).
9. (a,b+c¢),(b,c+a) and (c,a +b).

10. In any A ABC prove that AB? + AC? = 2(AC? + CD?) where D is the middle
point of BC.

11. ABC is a triangle and D, E and F are the middle points of the sides BC,CA

and AB; prove that the point which divides AD internally in the ratio 2 : 1 also
divides the line BE and CF in the same ratio.

12. Find the area of a quadrilateral whose vertices are (zq,y,), (Z5,¥s), (z3,y5) and
(T4 Ys)-

Find the areas of the quadrilaterals the coordinates of whose vertices, taken in order, are

13. (1,1),(3,4),(5,—2) and (4,—7).

14. (—1,0),(—3,—9),(5,8) and (3,9).

Find the lengths of the straight lines joining the pairs of points whose polar coordinates
are

15. (ry,60;) and (rq,6,).

16. (2,30°) and (4,120°).

17. (—3,457) and (7,105").

18. (a,%) and (3a, %).

Find the areas of the triangle whose coordinates are
19. (rq,6;), (r9,05) and (rg,65).

20. (1,30°),(2,60°) and (3,90°).
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21.

22.

(—3,30°), (5,150°) and (7,210").

(~a.2), (. 3) and (—20,%)

Find the distance between the points.

23.

24.

(acosa,asina) and (acos B, asin j3).

(at?,2at,) and (at3,2at,).

Change the following equations to polar coordinates

25.
26.
27.
28.
29.

30.

x2+y2 =a?.

y =z tana.
2% + 9% = 2az.
2% — 9% = 2ay.

2% = y?(2a — ).

(= + y2)2 =a?(z? —y?).

Change the following equations to cartesian coordinates

31.
32.
33.
34.
35.
36.

37.

38.

39.

40.

41.

42.

43.

44.

r=a.

0 = tan~tm.

r = acosf.

r? = a2 sin 26.

72 sin 20 = 2a2.

Vreost = /.

VT =asin.

r(cos 30 + sin 30) = 5k sin f cos 6.

Find a if the distance between (a,2) and (3,4) is 8.

Prove that the distance between the points (a + rcos6,b + rsinf) and (a,b) is
independent of 6.

Use distance formula to show that the points (csc?#6,0), (0,sec?d) and (1,1)

are collinear.

If the point P(z,y) be equidistant from the points (a + b,b —a) and (a —b,a +
z—y

—b
b), prove that &7 = Pyl

Prove that the points (3,4),(8,—6) and (13,9)are the vertices of a right angled
triangle.

Determine the type(isosceles, right angled, right angled isosceles, equilateral,
scalene) of the following triangles whose vertices are

1. (1,1), (—\/5, \/:7,) and (—1,—1).
2. (0,2),(7,0) and (2,5).
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

3. (—2,5),(7,10) and (3,—4).

Prove that the distance of the point (a cos o, asin @) from the origin is independent
of o

Let A(6,—1),B(1,3) and C(z,8) be three points such that AB = BC. Find the
value of z.

Using distance formula, show that the points (1,5), (2,4) and (3, 3) are collinear.

Prove that the points (2a,4a), (2a,6a) and 2a + v/3a,5a are the vertices of an
equilateral triangle.

If the line segment joining the points A(a,b) and A(a,b) subtend an angle 6 at

the origin O, prove that cosf = #ﬁlﬂd?) or OA.OB.cosf = ac + bd.

Find the circumcenter of the triangle whose vertices are (—2,—3),(—1,0) and
(7,—6). Also find the radius of the circumcircle.

The distance between two parallel lines is unity. A point P lies between the lines
at a distance a from one of them. Find the length of a side of an equilateral A
PQR, vertex @ of which lies on one of the parallel lines and vertex R on the
other line.

The opposite angular points of a square are (3,4) and (1, —1), find the coordinate
of the remaining vertices of the square.

A(—4,0) and B(—1,4) are two given points. C' and D are symmetric to the given
points A and B respectively with respect to y-axis. Calculate the perimeter of the
trapezium ABCD.

Point B is symmetric to A(4, —1) with respect to the bisector of the first quadtrant.
Find AB.

A line segment AB through a point A(2,0) which makes an angle of 30° with the
positive direction of z-axis is rotated about A in anti-clockwise direction though
an angle of 15°. If C' be the new position of the point B(Q + V3, 1), find the
coordiantes of C.

The point (1,—2) is reflected in the z-axis and then translated parallel to the
positive direction of z-axis through a distance of 3 units. Find the coordinates of
the point in the new position.

The line segment joining A(3,0) and B(5,2) is rotated about A in the anti-

clockwise direction by an angle of 45° so that point B goes to C. If D is the
reflection of C' in y-axis, find the coordinates of D.

Find the coordinates of the point which divides the line segment joining the points
(5,—2) and (9,6) internally and externally in the ratio 3 : 1.

x coordinates of two points B and C are the roots of the equation z? + 4z +
3 =0 and their y coordinates are the roots of the equation 22 —2 — 6 =0. If 2
coordinates of B is less than x coordinate of C and y coordinate of B is greater
than the y coordinate of C' and coordinate of a third point A be (3,—5), find the
length of the bisector of the interior angle at A.
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60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.
71.

72.

73.

74.

75.

Find the ratio in which the point (2,y) divides the line segment joining (4, 3) and
(6,3) and hence find the value of y.

If A,B,C,D are points whose coordinates are (—2,3),(8,9),(0,4) and (3,0)
respectively, find the ratio in which AB is divided by CD.
If A;,A,; As,...,A, are n points in a plane whose coordinates are
(z1,%1), (%3, Ys), (T3,Y3), -y (T, Yy,) respectively. A; A, is bisected in the point
Gy; Gy A3 is divided at G, in the ratio 1:2; Gy, A, is divided at G in the ratio
1:3; and so on until all the points are exhausted. Show that the coordinates of
the final point so obtained are

Ty +To+...t+2x, Y +Ys+ ... T Y,

n n

(1.11)

Show that the straight line ax + by 4+ ¢ = 0 divides the join of points A(z,y;)
ax,+by,+c
azy+bys+c’

A line L intersects three sides BC,CA and AB of a A ABC in P,Q and R

respectively. Show that g—g%.% =—1

and B(z,,y,) in the ratio — Explain the negative sign.

The vertices of a triangle are A(z,,z, tan ), B(z,, 24 tan 8), C(z5, x4 tan~y). If
the circumcenter of A ABC coincides with the origin and H(Z,7) is the ortho-
center of A ABC, (where x; sec o, x4 sec 5, x5 secy are of the same sign). Show
that ¥ = Statsiirony,

If o, B and y are the real roots of the equation 23 — 3p22 + 3¢gz — 1 = 0, find the
centroid of the triangle whose vertices are (a, é), (,8, %) and (7, %)

If A(at?,2at), B(&, —27“) and C(a,0) be any three points, show that %C + %C
is independent of ¢.

If two vertices of an equilateral triangle be (0,0) and (3, \/g), find the coordinate
of the third vertex.

Find the circumcenter and circumradius of the triangle whose vertices are
(—2,3),(2,—1) and (4,0).

The vertices of a triangle are A(1,1), B(4,5) and C(6,13). Find cos A.

Find the distance between the points (3, %) and (7, 2F).

A(2,4) and B(2,6) are two given points; ABP is an equilateral triangle on the
side of AB opposite to the origin. Find the coordinates of P.

Show that the points (2,45°), (\/5, 90°> and (—2,135") are the vertices of a right
angled triangle.

Find the coordinates of the point which divides the line segment joining (2,4)
and (6,8) in the ratio 1 : 3 internally and externally.

Find the coordinates of the points which trisect the line segment joining the points
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76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

1. (1,—2) and (—3,4).

2. (2,3) and (6, 5).

A(1,1) and B(2,—3) are two points and D is a point on AB produced such that
AD = 3AB, then find the coordinates of D.

If the middle point of the line segment joining (3,4) and (k,7) is (z,y) and 2z +
2y + 1 =0, find the value of k.

One end of a diameter of a circle is at (2,3) and the center is (—2,5), find the
coordinates of the other end of the diameter.

Find the length of the medians of the triangle whose vertices are (—1,3), (1, —1)
and (5,1).

If the point C'(—1,2) divides the line segment joining A(2,5) and Bin the ratio
3 : 4, find the coordinates of B.

A, B, C are collinear points and B lies between A and C. A and B are (3,4) and
(7,7) respectively. If AC = 10 units, find the coordinates of C.

Find the ratio in which (—8,3) divides the line segment of the points (2,—2)
and (—4,1).

In what ratio does the z-axis divides the line segment joining the points (2, —3)
and (5, 6).

Show that the straight lines joining the points A(0, —1) and B(15,2) divides the
line joining the points C'(—1,2) and D(4,—5) internally in the ratio 2 : 3.

Find the ratio in which the line segment joining the points (1,2) and (—2,3) is
divided by the line 3z + 4y = 7.

Find the ratio in which the line y — z + 2 = 0 divides the line segment joining
(3,—1) and (8,9).

Find the distance of the point from origin which divides the line segment joining
the points (5,—4) and (3,—2) in the ratio 4 : 3.

The coordinates of the middle points of the sides of a triangle are (1,1),(2,3)
and (4,1), find the coordinates of the vertices.

Find the centroid and incenter of the triangle whose vertices are

1. (2,4),(6,4) and (2,0).

2. (1,2),(2,3) and (3,4).

Two vertices of a triangle are (—1,4) and (5, 2). If its centroid is (0, —3), find the
third vertex.

A(1,4) and B(4,8) are two points. P is a point on AB such that AP = AB +
BP. If AP =10, find the coordinates of P.

Find the area of the triangle whose vertices A, B, C' are respectively (3,4), (—4, 3)
and (8,6).
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93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

Find the area of the quadrilateral whose vertices are (—3,2),(7,—6),(—5,—4)
and (5,4).

The coordinates of points A, B,C and P are (6,3),(—3,5),(4,—2) and (x, y)

APBC _ |z+y—2|
AABC — 71

respectively, prove that
Show that the points (3, 3), (h, 0) and (0, k) are collinear if + + 1 = %

If A(z1,9,), B(zy,y5) and C(zg,ys3) are the vertices of a A ABC and (z,y) be

z y 1 r y 1
a point on the internal bisector of ZA, then prove that bz, v, 1|+ clz, v 1| =
Ty Yy 1 z3 Yz 1

0, where AC =b and AB =c.

If the points (aa—jl, ‘f::f), (bbfgl, bbz:f ) and (chl, Cj:f’) are collinear for three

distinct values a, b and c¢ then show that abc — (ab + bc + ca) + 3(a + b+ ¢) = 0.

If (1,4) be the center of gravity of a triangle and the coordinates of its any two
vertices be (4,—8) and (—9,7), find the area of the triangle.

Prove that the coordinates of the vertices of an equilateral triangle cannot all be
rational.

If A,B,C are the points (—1,5),(3,1),(5,7) respectively and D, E, F are the
middle points of BC,CA and AB respectively prove that AABC = 4ADEF.
The vertices of a A ABC are A(3,0),B(0,6) and C(6,9). A straight line DE
divides AB and AC in the ratio 1:2 at D and E respectively, prove that
AABC =9AADE.

If (t,t —2),(t+ 3,t) and (¢t + 2,t + 2) are the vertices of a triangle, show that its
area if independent of ¢.

If A(z,y),B(1,2) and C(2,1) are the vertices of a triangle of area 6 units, show
that x +y = 15 or —9.

Find the area of the quadrilateral whose vertices are (1,1),(7,3),(12,2) and
(7,21).

Find the area of the pentagon whose vertices are (4,3), (—5,6), (0,—7), (3,—6)
and (—7,—2).

Find the area of the hexagon whose consecutive vertices are
(57 0)7 (47 2)7 (17 3)» (_27 2)7 (_37 _1) and (07 _4)'

Find the area of the triangle whose vertices are ((a +1)(a+2),a+ 2), ((a +
2)(a+3),a+3) and ((a+3)(a+4),a+4).

The point A divides the join of P(—5,1) and (Q(3,5) in the ratio k : 1. Find the
two values of k for which the area of A ABC, where B(1,5) and C(7,—2) are
given, is equal to 2 units in magnitude.

The coordinates of A, B,C,D are (6,3),(—3,5),(4,—2), (z,3z) respectively. If
AABC =2ABCD, find z.
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110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.

If the area of the quadrilateral whose angular points taken in order are
(1,2),(—5,6),(7,—4) and (h,-2) be zero; show that h = 3.

Find the area of the triangle whose vertices A, B,C are (3,4),(—4,3),(8,6)
respectively and hence find the length of perpendicular from A on BC.

The coordinates of the centroid of a triangle and those of two of its vertices are
respectively (£,2),(2,3), (—1,2). Find the area of the triangle.
The area of a triangle is 3 square units. Two of its vertices are A(3,1), B(1,—3)

and the centroid off the triangle lies on z-axis. Find the coordinates of the third
vertex is C.

A and B are the points (3,4) and (5, —2), find the point P such that PA = PB
and APAB = 10.

Prove that the points (a,b + ¢), (b,¢ + a) and (¢,a + b) are collinear.

If the points (z,y;), (24, y,) and (z3,y3) be collinear, show that 11122;21133 + % +

Ya—Y2 __
LT3

If the points (a,b), (a;,b;) and (@ —a;,b —b;) are collinear show that = %.
Show that the points (a,0), (0,b) and (1,1) are collinear if < + ¢ = 1.

Prove that the points (—4,—1),(—2,—4), (4,0) and (2,3) are the vertices of a
rectangle.

If the points (zq,y,), (Z5,¥s), (z3,y5) be the three consecutive vertices of a
parallelogram, find the coordinates of the fourth vertex.

In any A ABC, prove that AB? + AC? = 2(A02 + BDQ), where D is the middle
point of BC.

If G be the centroid of the ABC and O be any other point in the plane of the
ABC, then prove that OA% + OB? + OC? = GA? + GB? + GC? + 3GO2.

Prove that the area of a triangle is four times the area of the triangle formed by
joining the mid points of its sides.

Prove that the line segment joining the middle points of two sides of a triangle
is half the third side.

If P,Q, R divide the sides BC,CA and AB of /A ABC in the same ratio, prove
that the centroid of both the triangles coincide.

Prove that in any triangle four times the sum of the squares of the medians is
equal to three times the sum of the squares of the sides.

If G be the centroid of a A ABC, prove that AB? + BC? + CA? = 3(GA% +
GB? + GC?).

Show that the line joining the centroid of a triangle to its vertices divide it into
three triangles of equal area.

Show that the middle point of the hypotenuse of a right angled triangle is
equidistant from its vertices.
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130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

143.

144.

A(aq,b,),B(ag, by), C(ag, bs) are the vertices of a A ABC. The side AB is divided
by the point D in the ratio A : 1 and then the line segment DC is divided by the
point E in the ratio y : A + p. Find the coordinates of E.

The four points A(«,0), B(5,0),C(v,0) and D(4,0) are such that «, 3 are the
roots of the equation az? + 2hz + b = 0 and v, § are those of the equation az? +
2h'x + b” = 0. Show that the sum of the ratios in which C' and D divide AB is
zero if ab’ + a’b = 2hh’.

A(1,—2) and B(2,5) are two points. The lines OA, OB are produced to C and
D respectively such that OC = 20A and OD = 20B. Find CD.

Two vertices of a triangle are A(2,1) and B(3,—1). The third vertex C lies on the
line y = z + 9. If the centroid of A ABC lies on the y-axis, find the coordinates
of C and the centroid.

If (o, 8), (z,y) and (p, q) are the coordinates of the circumcenter, the centroid and
the orthocenter of a triangle, prove that 3z = 2a + p and 3y = 28 + p.

Find the coordinates of the centroid, circumcenter and orthocenter of the triangle
whose vertices are (2,3),(3,4) and (6, 8).

It A(a, é),B(ﬂ, %) and C(fy, %) be the vertices of a /A ABC, where «.f3 are the

roots of the equation 22 — 6p;z + 2 = 0; 3, are the roots of the equation z% —

6poz +3 =0 and 7, « are the roots of the equation 22 — 6p, + 6 = 0, p;,Dq, D3
being positive, find p;, p,, p3 and the coordinates ofo the centroid of A ABC.

If tan o, tan 3, tany are the roots of the equation z® — 3az? + 3bz — 1 = 0, find
the centroid of the triangle whose vertices are (tana,cota), (tan 3, cot 8) and
(tan~, cot ).

Two unlike forces equal to 30 and 40 newtons are applied at the point A(—3,—1)
and B(4,6) respectively. Find the point of application of resultant force.

The area of a parallelogram is 12 units. Two of its vertices are the points A(—1, 3)
and B(—2,4). Find the other two vertices of the parallelogram if the point of
intersection of diagonals lies on the positive side of z-axis.

Give the points A(1,2), B(8,4),C(4,10) find the coordinates of the point P such
that the triangles PC B, PC'A and PAB have the same area in magnitude and sign.

If a, b, c be the pth, gth and rth terms respectively of an H.P., show that the points
(be,p), (ca, q), (ab,r) are collinear.

If z,,25,25 are in AP. and y;,y,,y; are also in AP. prove that the points
(z1,%1), (3, ys), (z3,y3) are collinear.

If a, b, c are distinct real numbers, show that the points (a,a?), (b,b?) and (c, c?)

are not collinear.

If A(zy,y,),B(29,Ys),C(z3,y3) are the vertices of a A ABC and (z,y) be a

z y 1 z y 1
point on the median through A, show that |z, v, 1|+ |z, v, 1| =0.
Ty Yy 1 T3 yz 1
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145.

146.

147.

148.

The area of a triangle is 3 sq. units. Two of its vertices are A(2,—3) and B(3,—2),
the centroid of the triangle lies on the line 3z — y — 8 = 0. Find the third vertex C.
Prove that the quadrilateral whose vertices are A(—2,5), B(4,—1),C(9,1) and
D(3,7) is a parallelogram and find its area. If E divides AC in the ratio 2: 1,
prove that D, E and the middle point F' of BC are collinear.

Prove that points (—3,—1),(2,—1),(1,1) and (—2,1) taken in order are vertices
of a trapezium.

If the vertices of a triangle have integral coordinates, prove that the triangle cannot
be equilateral.



30

1. Coordinates




2 Locus

When the movement of a point is represented by an equation or equations then it
means that the movement of point satisfies some geometric condition or conditions, the
associated equation or equations or the path traced by the point is called its locus. In
coordinate geometry all the equations whether they are straight lines, circles, parabolas,
ellipses or hyperbolas are all locus of a point to some equation.

A common example is that of a circle. Consider a point P which moves as to form
a circle. Then the condition is that the distance of point from the center of the circle
is equal to the radius of the circle. Let C(a,b) be the center of the circle and r be

its radius. Then the equation which governs this movement is given by (z —a)? +
(y — b)? = r2, also known as general equation of a circle. In this case the circumference
is the locus of the point P.

Another example could be given as bisector of a line segment. Consider a point P and
a line segment formed by two points A and B. In this case the path is governed by

the fact that P moves in such a way that its distance from A and B remains equal.
Let A be (z1,y;) and B be (z4,y,). Then we can say that P(z,y) satisfies

2 2
(—x)" 4+ (y—v}) = (z—23) + (y — )" = —22z, + 27 — 2y, +y} = —2az, +
z3 — 2yy, + Y3

= 22(zy — 1) + 2y(yy — y1) = 3 — 22 + y3 — y? is the equation of the straight line
which representd the locus of the bisector of AB, which is a straight line.

C

A } B
D

Figure 2.1: Bisector lines.

In the given figure both AB and CD are bisectors of each other.

We can also state our circle example in another manner, which will lead to same locus
but a different equation. By geometry, we know that the end points of a diameter and
any point on the circumference subtend a right angle at the circumference. Thus, A
and B can be two different fixed points and P can be a point such that A ABP is
a right-angled triangle at P. The locus of P is therefore again a circle with AB as a
diameter.

Consider equation of a straight line.
r=y (2.1)
The equation Equation (2.1) is a relationship between two quantities and as

such there are infinite solutions that exist. We cannot know all solutions
but we can definitely enumerate some of the solutions. For example, (z,y) €

{(0,0),(1,1),(2,2),(3,3),(—1,-1),(—2,—2),(—3,—3) } are some of the values which
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will satisfy the above equation. These are the points which will lie on the line
represented by the equations Equation (2.1).

y

A 3

)

e

Pe6

|

Figure 2.2: Locus of a straight line.

We see from Figure 2.2 that the points we have chosen indeed lie on the equation
representing the locus.

Now we consider our example of a circle again. Imagine a circle with center at origin
having radius of 2 units. The equation of this circle is given by

24+ =1 (2.2)
Like straight line there are infinite points on this cir-
cle and we consider some of them. For  example, (z,y) €

{(2,0), (v3,1), (v2,v2), (1,v3),(0,2), (-1, V3), (-v2,v2), (-3,1), (-2,0),
(—v3,—1), (—v3,—v2), (~1,—v3), (0,-2), (1,—v3), (v, —v2), (V3,—1)}.

These points are shown on the circle in the figure below:

y

M.
N

Figure 2.3: Locus of a circle.
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We can take any point Q(z,y) on Figure 2.3 such that QM is the perpendicular on
z-axis then we find that QM? + OM? = 0Q? = 42 + x? = 2, which is what the
equation of a circle is. Thus, all the points on the circle satisfy the Equation (2.2).

We take one more example of that of a parabola. We take a specific parabola given by
the equation

y? =dx (2.3)

Like the circle example there are infinite points on this parabola as well and we consider
some of them like the circle example. For example, (z,y) € {(0,0), (1, +2),

(2, +2v/2, (4, :|:4)}. These points are shown on the parabola in the figure below:

y
A

Figure 2.4: Locus of a parabola.

If we take any other point on the parabola then it will satisfy the equation of the
parabola like it did for the circle example. Thus, all the points on the parabola satisfy
the Equation (2.3).

Similarly, we can prove that 2—; + g—i =1 is locus of an ellipse and ﬁ—; — g—s =1 is that

of a hyperbola. You are encourage to draw the diagram and verify it.

Finding Locus of a Point

Let the coordinates of the moving point P be (a, (). Apply the given geometrical
constraint or condition tp obtain the relationship between «, f and known quantities.
Replace (a, 8) by (z,y) in the obtained equation. The resulting equation will be the
locus of the point under consideration.

If a point moves in such a manner that it satisfies any given condition it will describe
some definitive curve, or locus then we can always find an equation between z and y
of any point on the path. This equatio is called equation of the locus or the curve in
question.

Definition: Euqation to a curve: The equation to a curve is a relation, which exists
between the coordinates of any point on the curve, and which holds for no other points
except lying on the curve.
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It is obvious that for every equation between x and y a geometrical locus can always
be found.

Equation of Locus in Different Forms

1.

Cartesian Form: If the equation of the locus has the form y = f(x) or f(z,y) =
0, where x and y are the cartesian coordinates of the point P, it is called cartesian

equation of the locus. All the examples we have covered are of the cartesian form.

. Polar Form: If the equation of the locus has the form r = f(0) or f(r,0) =0 are

the polar coordinates of the point P, it is called polar equation of the locus. For
example, 72 cos’ 472 sin? @ = a? is the equation of the circle in polar form.

. Parametric Form: If z and y coodinates of the point P are given in terms of a

third variable t(called the parameter). This equation is called parametric equation of
the locus. For example, the equation of parabola, which is y? = 4z in cartesian form

can be written in parametric form as z = t2 and y = 2t. If we eliminate ¢ then we

get cartesian form of the equation to the locus.

Problems

1.

2.

3.

A point moves so that the algebraic sum of its distances from two given perpendicular
axes is equal to a constant quantity a; find the equation to its locus.

The sum of squares of the distances of a moving point from the two fixed points
(a,0) and (—a,0) is equal to a constant quatity 2c?. Find the equation to its locus.

Find the locus of a point which moves such that its distance from the point (—1,0)

is always three times its distance from the point (0, 2).

A and B being the fixed points (a,0) and (—a,0) respectively, obtain the equations

giving the locus of P, when

4.
5.
6.
7.

8.

PA? — PB? = a constant quantity = 2k>.

PA =nPB,n being a constant.

PA+ PB = ¢, a constant quantity.

PB? + PC? = 2PA?,C being the point (c,0).

Find the locus of a point whose distance from the point (1, 2) is equal to its distance

from the y-axis.

Find the equation to the locus of a point which is always equidistant from the points
whose coordinates are

10.

11.

. (1,0) and (0,—2).

(2,3) and (4,5).
(a+b,a—0>) and (a —b,a+b).

Find the equation to the locus of a point which moves so that

12. its distance from the z-axis is three times its distance from the y-axis.
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13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

its distance from the point (a,0) is always four times its distance from the axis
of y.
the sum of the squares of its distances from the axes is equal to 3.

the square of its distance from the point (0, 2) is equal to 4.
its distance from the point (3,0) is three times its distance from (0, 2).

its distance from the z-axis is always one half its distance from the origin.

A fixed point is at a perpendicular distance a from a fixed straight line and a point
moves so that its distance from the fixed point is always equal to its distance from
the fixed line. Find the equation to its locus, the axes of coordinates being drawn
through the fixed point and being parallel and perpendicular to the given line.

In the previous question if the first distance be (1), always half, and (2), always
twice, the second distance, find the equations to the respective loci.

If the coordinates of a variable point P be (acos®,bsin@), where 6 is a variable
quantity, find the locus of P.

Find the equation of the locus of a point such that the sum of its distances from
(0,2) and (0,—2) is 6.

A and B are two fixed points having a distance of 2a. Find the locus of a point P

such that ZAPB is a right angle.

A line segment AB of length a + b moves such that its extremeties A and B always
remain on the axis of « and y respectively. Find the locus of a variable point P on

AB such that PA =a,PB=1b.

If O be the origin and A be a point on the locus y? = 8. Find the locus of the
middle point of OA.

Examine whether point (2, —5) lies on the curve 2 +y? — 2z +1 = 0.

If the equations az?+ 2hay+by? =0 and y? — (m; + my)zy + mymya? =0

represent the same curve, find m; + m, and m;m,.

Find the locus of a variable point (at?,2at), where ¢ is the parameter.

If the coordinates of a variable point P be (t—l— %,t— %) where t is variable
quantity, then find the locus of P.

If the coordinates of a variable point P be (cos + sin 6, cos @ — sin 6), where 6 is
a variable quantity, then find the locus of P.

If A(cosf,sin@), B(sin6,cosf) and C(1,2) are the vertices of a A ABC, find the
locus of its centroid if @ varies.

The position of a moving point in the zy-plane at time ¢ is (ucosa.t,usina.t —

kt?), where u, a, k are constants. Find the locus of the moving point.

A point moves so that its distance from the point (—2,3) is always three times its

distance from the point (0, 3). Find equation to its locus.
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33.

34.

35.

36.

37.

38.

39.

40.

A and B are two given points whose coordinates are (—5, 3) and (2, 4) respectively.
A point P moves in such a manner that PA: PB = 3 : 2. Find the equation to the
locus of P.

S is the point (4,0) and M is the foot of perpendicular drawn from a point P to
the y-axis. If P moves such that the distance PS amd PM remain equal, find the
locus to P.

Prove that the locus of the point equidistant from two given points is the straight
line which bisects the line segment joining the given points at right angles.

If a point P moves such that its distance from (a,0) is always equal to a + z

coordinate of P, show that the locus of P is y? = 4az.

If A(1,2) and B(—2,3) are two fixed points, find the locus of a point P so that
area of A PAB is 9 units.

If P is the middle point of the straight line joining a given point A(1,2) and Q
where @ is a variable point on the curve x2 4+ y? + 2 +y = 0. Find the locus of P.
A(2,3) is a fixed point and Q(3cosf,2sinf) a variable point. If P divides AQ
internally in the ratio 3 : 1, find the locus of P.

From the point A(6,—8) all possible lines are drawn to cut the z-axis. Find the
locus of their middle points.



3 Straight Lines

Straight lines are the simplest locus which a point can have. We have studied the
concept of locus in previous chapter. In this chapter we will study different forms of
the straight lines and problems related to these concepts. It goes without saying that
it is one of most fundamental and important concepts in coordinate geometry.

We know certain facts about straight lines:

1. Infinitely many lines can be drawn through a point. See Figure 3.1.

-

Figure 3.1:

2. Infinitely many lines can be drawn in a direction. See Figure 3.2.

f 45° f 45° /_< 45°

Figure 3.2:

3. One and only one line can be drawn through a fixed point in a given direction. See

Figure 3.3.
A
45°

Figure 3.3:

4. One and only one line can be drawn through two given points. See Figure 3.4.

e

Figure 3.4:
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Angle of Inclination of a Line

The angle of elevation of any line which cuts the z-axis the angle which it makes with
z-axis in the positive anti-clockwise direction. See Figure 3.5.

Y Y

135°
X’ X X' X

Y’ Y’

Figure 3.5:

Slope or Gradient of a Line

If the angle of inclination is € then tan @ is called the slope or gradient of the straight
line. Usually it is denoted by m. Thus, the slope of the lines shown in Figure 3.5 are
tan45" and tan 135" ie. 1 and —1.

If a line passes through two points (z1,y;) and (z5,y,) then the slope is given by

Y2 a5 we will see soon.
T1—T2

Equation of a Straight Line

Equation of a straight line is the equation in x and y, which is satisfied by the
coordinates of all the points on the line and is not satisfied by any point which is not
on the line. It is always an equation of first degree in x and y. Thus, the general form

would be ax + by + ¢ = 0, where a,b and ¢ are constants. There are other forms or

representations of this equation which will follow this section. The equation may be
an equation in z and y or only x or only y.

Equation of Lines Parallel to Axes

Equation of z-axis

Let P(z,y) be an arbitrary point on z-axis. Since P(z,y) lies on z-axis, therefore, y =
0. The relation y = 0 is true for all points on z-axis, while z varies. Hence the equation
of z-axis is

y=0. (3.1)
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Equation of y-axis

Let P(z,y) be an arbitrary point on y-axis. Since P(z,y) lies on y-axis, therefore, z =
0. The relation « = 0 is true for all points on y-axis, while y varies. Hence the equation
of y-axis is

z=0. (3.2)

Equations of Lines Parallel to y-axis

Figure 3.6:

Let AB be a straight line parallel to y-axis at a distance a from it on the positive side
of z-axis.

Let AB meets z-axis at L, then OL = a. Let P(z,y) be any point on the line AB.

Now z = OL or x = a. This relation is satisfied for all points on the line AB and is
not satisfied by any point, which does not lie on AB.

Hence, the equation of the straight line parallel to y-axis at a distance a from it on the

positive side of z-axis is
T =a. (3.3)
Similarly if the line is on negative side of x-axis is

T = —a. (3.4)

Equations of Lines Parallel to y-axis

Proceeding like previous section, the equation of the straight line parallel to z-axis at
a distance b frfom it on the positive side of y-axis is

y=bo. (3.5)
and if on negative side is

y = —b. (3.6)
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Forms of Straight Line

Slope-intercept Form

We will find an equation to a straight line whose slope is m and which cuts an intercept
on the y-axis i.e. which passes through the point (0, ¢).

4 /ﬁ(f y)

Figure 3.7: Slope intercept form of a straight line

Let AB be a line whose slope is m and which cuts an intercept ¢ on y-axis. Let
/ZBHX = 0 and line AB cuts y-axis at Q.

Then from the figure OQ = ¢ and tanf = m.

Let P(z,y) be any point on the line AB. From P we draw PL 1 QX and from Q we
draw QM 1 PL.

Since ZPHL =6 - PQM =0

Now in A PQM ,tanf = g—% = PL—QMLM: PLEQOp —v-c =y

y=mz+ec. (3.7)

Note: If the line passes through origin, then ¢ = 0 and the equation of the line becomes
y = mz.

Point-Slope Form

We will find an equation to a straight line whose slope is m and which passes through
a point (z1,y;). See Figure 3.8.

Let AB be a straight line whose slope is m and which passes through the point
Q(zq,y,). Let the line AB cut the z-axis at H and ZBHX = 6 then tanf = m.

Let P(z,y) be any point on line AB. From P and @ we draw PL and QM perpen-
diculars on OX and from @ we draw QN perpedicular on PL.

Since P = (z,y) ~ OL=x and PL =y
and since @ = (z1,y;) ~ OM =z, and QM =y,
Since /ZBHX =0 -~ ZPQN =0

Now from A PQN, tanf = LN — L=
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am =YY or

y—y =m(x—z) (3.8)
Y
A /P/(B
(x,y)
o 1IN
, Hb o
X - 0 ML =X
A
Y
Y/

Figure 3.8: Slope point form of a straight line

Aliter: Since m is the slope of the line therefore its equation may be written as y =
ma + c. Since (x,y,) lies on this line therefore we can write

Y =mxy +c=c=y; —mr,

Thus, y — y; = m(z — z;).

Two-Point Form

We will find an equation of a straight line which passes through two points (z;,y,)
and (z,,y,). See Figure 3.9.

Let AB be a line which passes through two points Q(z1,y;) and R(z,,y,). Let P(z,y)
be any point on AB.

From P,(Q and R we drop PL,QM and RN perpediculars to z-axis. From @) we drop
perpendicular QH to PL and from R we drop perpendicular RK to QM.
+P=(x,y) ~OL=z,PL=y, Q= (zy,y,)~OM=2,,QM =y;, and ~ R==
(T2,42) « ON =25, RN =y,

From similar A PHQ and A QK R, we have

PH _ HQ . y~y, _ ;-2 Y=Yi _ Ty
QK KR Y1—Y2 Toy—Ty Y1—Y2 T1—To
Y1 — Y2
y—y=-—7-(z—m). (3.9)
L1 — Tg

Aliter: Since points P(z,y), Q(z,y;) anad R(z,,y,) are collinear, therefore



42 3. Straight Lines

z y 1

— — Y17Y2
zy Yy 1 —0:>y*y1—z1,z2(l’*xl)
zy Yz 1

P(x,y)
H (x1, 1)
K R(x, )
X 0 I M N \i X

A

Y
v’

Figure 3.9: Two point form of a straight line

Aliter: Let the equation of straight line be y = mz + c. Since it passes through

(z1,y1) and (z4,y,), therefore y; = mx; + ¢,y = mzy+c = m = % Now ¢ =

Y1 —mzy =Y — (Y1 — Yo)(T1 — T3) 74

Substituting we get y —y; = L2 (2 — z,).

Ty —To

3.5.4 Intercept Form

A

Figure 3.10: Intercept form of a straight line
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We will find the equation of the straight line which cuts the intercept a and b at z-
axis and y-axis respectively. See Figure 3.10.

Let AB be a line which cuts intercept ¢ and b on z-axis and y-axis respectively. Let
line AB cut x-axis at ) and y-axis at R, then OQ = a and OR = b.

Let P(z,y) be any point on line AB, then OL = z and PL = y.
Now in similar A QLP and A OQR, we have

QL _ PL a—zx y
b

Q0 —ORrR °Y 4

r Yy
—+==1. .1
:>a+b (3.10)

Aliter: Since OQ = a and OR = b, therefore @ = (a,0) and R == (0, b). Since points
P(z,y),Q(a,0) and R(0,b) are collinear, therefore,

=0=>br+ay=ab

o

o e 8
s ow

=1. (3.11)

Aliter: AQOR = APOQ + APRO = $ab = jay+ $bx = £+ ¥ = 1.

Normal Form

We will find the equation of the straight line upon which the length of the perpendicular
from the origin is p and this normal makes an angle o with the positive direction of

T-axis.

A

Figure 3.11: Normal form of a straight line

Let AB be a line and OP be perpendicular from the origin to AB. Let OP = p and
ZPOX = a(the point can be different than P but in this diagram P is such that OP
is perpendicular to AB).

Let P(z,y) be any point on the line AB. From P we draw PL perpendicular to OX.
Let line AB cut z-axis and y-axis at () and R respectively.
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Since P = (z,y) ~ OL = z, PL = y. Since ZPOQ = a . ZPQO = 90" — o, ZLPQ =
et
From A PLQ,LQ = PLtana = ytana. Now OP = 0Q cosa = (OL + LQ) cos o
= (z+ytana)cosa

zcosa+ysina =p. (3.12)
Aliter: OQ = pseca and since ZORP = a,OR = pcsca
Hence, Q@ = (pseca,0), R = (0,pcsca)
Now the points P(z,y), Q(pseca,0) and R(0,pcsca) are collinear, therefore,

x y 1
pseca 0 1
0 pesca 1

=0= z(—pcsca) —ypseca + l.p?secacsca =0

= zcosa+ ysina = p. (3.13)

Distance Form or Parametric Form

We will find the equation of the straight line passing through the point (z;,y;) and

making an angle 6 with the positive direction of z-axis.

A
B

P(x,y)

KE= Q(x1, 3)

0 L M X
A

Figure 3.12: Distance form or parametric form of a straight line

Let AB be a line which passes through the point Q(z;,¥;) and makes an angle 6 with

the positive direction of z-axis.

Let P(z,y) be a point on the line AB.

From P and Q we draw PL and QM perpendicular on z-axis. From @, we draw QK
perpendicular to PL.

*P=(2y) - OL=x2PL=y Q= (z,y) - OM =12,,QM = y,.
“/BHX =0+ /BHO=71—0:PQK=m1—10

Let PQ =r. From APKQ,COS(W—O):%:—cosﬁzz;zl =cosf = =

"E*fl?l
cos 0

=r
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Also, sin(r —0) = EE = sing =10 = LW —

PQ sin
Thus,
T—% _ Y= %
- =r. 3.14
cos 0 sin (3.14)
Corollary: From Equation (3.14) we can say that
z=1x, +rcosb,y =1y, +rcosb (3.15)

which is parametric form of a straight line.

If Q(x,y;) be a point on a line AB, which makes an angle 0 with the positive direction
of z-axis, then there will be two points on line AB and their coordinates will be (z; +
rcos,y; +rsinf) and (x; —rcosf,y; — rsinf). These two points will be on two

opposite sides of ) on the line AB.

General Euqation of a Straight Line

We will show that the general equation of first degree in x and y always represent a
straight line.

Let the general equation of first degree in  and y be ax + by +c = 0.

Let P(z,,y;) and Q(x4,y5) be two points on this line. Then

azy + by, + ¢ =0 and az, + by, + ¢ =0.

Multiplying the two equations by m and n respectively and adding gives us
a(mzy + nxy) + b(my; + byy) +c(m+n) =0

a(mz; +nzy) b(my; +nys) _
= m+n + m+n +c=0

. mx,+nTy my;+ . .
ThllS, oint ( ——2,6 —L =2 Y2 lie on the line we have chosen.
)
m+n m+n

Since m and n are arbitrary numbers, therefore, each point on the line AB will lie on
this locus. Hence, the general equation of a straight line is

ar +by+c=0. (3.16)
Aliter: Let the general equation of first degree in « and y be ax + by + ¢ = 0.
Let A(zq,v,), B(z,,y,) and C(zg,y3) be any three points on the above line. Then
ar, +by; +c=0,axy + by, +c=0,ax3 +by; +c =0
z y 1

Ty Yo 1
z3 Yz 1

= =0

Thus, A, B, C are collinear. Thus, the equation az + by + ¢ = 0 is equation of a straight
line.

Converse: Every straight line may be represented by a first degree equation in = and y.
We know that through two points one and only one straight line can be drawn.

Let A(zy,y,) and B(z4,y,) be two points on the straight line and let P(z,y) be any

point on it. Now since P, A, B are collinear
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z y 1
z; Yy 1
Ty Yo 1

= =0= (Y1 —Y2)T — (T — T2)Y + T 1Y — Toy; =0

which is of the form az +by+c=0, where a =y, —yy,b=2, —2,c =27yy —
T2Yy-

Since the equation ax + by + ¢ = 0 is satisfied by all points on the line AB and it will

not be satisfied by the coordinates of any point which does not lie on the line AB,
hence, it represents the equation of line AB.

Representing General Equation in Standard Forms

Slope Intercept Form
We will reduce the equattion Az + By+C =0toy=mz+c

Given equation is Az + By+C =0=y = —%w — %, which is of the form y = mz +
c

: __A __cC
Comparing we have m = —5 and ¢ = —%.

Intercept Form

We will reduce the equation Az + By +C =0to 2+ ¥ =1,

This reduction is possible only if C' # 0.

Given equation is Az + By+C =0= —%:c - gy =1, where C # 0

= “% + 2% =1, which is of the form 2 4 ¥ =1, whereaz—%,bz—%,
A B

Normal Form

We will reduce the equation Az + By + C = 0 to the form z cos @ 4+ y sin o = p where
« is the angle made by the perpendicular on the line from origin and p is the length
of the perpendicular.

Given equation is Az + By = —C
Case I: When C < 0 ie. —C > 0.
Dividing both sides by v/A2 + B2 gives us
T+

which is of the form z cosa + ysina = p.

A B ___c
VA2+B? \/A2+Bzy VA24+B?’

Case II: When C > 0 ie. —C < 0.

Given equation can be written as —Ax — By = C

A

= VA

x

- \/AiB?y: \/A2C+B2’ which is of the form x cosa + ysina = p.
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3.7 Angle between Two Straight Lines

Figure 3.13: Angle between two straight lines

We will find the angle between two straight lines given by the equations y = m;x +
¢, and y = mxy + c,.

Let AB and CD be two given lines whose equations are y =m;z+ ¢, and y =
MTgy + Co.

Let AB and CD cut each other at P and they cut the z-axis at points L and M
respectively.

Let ZMPL =1 and LALX = a,ZDMX = 3. Now since line AB makes an angle
a with z-axis and its slope is m;. ~ m; = tana.

Again since CD makes an angle § with z-axis and its slope be m,. =~ m, = tan g.
From the figure a =y +8=>¢v=a—pf

_ o _ tana—tanB _ m;—my
tanw - tan(a ﬂ) T l4+tanatanB T 14+mymy

If /ZPLD=yp thenYy+p=n=p=7m1—1

mymy
1+mym,

~tanp = —tany =

Since 1 and ¢ are the two angles between the lines AB and CD, it follows that the
angle 6 between these two lines is given by

my "My — —1|_mi—my
1+mymg = 0 =tan 1+m—1m,

tanf = +

,w—tan—l‘m‘

1+m—1m,
If 0 is the acute angle between the lines then

my — My

tanf = ‘ . (3.17)

1+mymy
Notes:

« There are two angles between two non-perpendicular lines. One of them is acute and
the other one is obtuse and their sum is 180°. Thus, if acute angle 6 between the
two lines is known then the other angle will be 180" — 6.

+ The formula tan = :I:fzi;:frf? is valid only when m; and m, are defined.

« If both the lines are perpendicular to z-axis then the angle between them is 0°.
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« If one of the lines is perpendicular to z-axis and the other line makes an angle of ¢
with positive direction of z-axis then the angle between them is |90° — 4.

Parallelism and Perpendicularity

my—Mo

Ty If the lines are

Our equation for angle between two straight lines is tan = +
parallel then the value of § would be 0. Thus, m; = m,. For special case when two

lines are parallel to y-axis i.e. m; = my = oo then both the lines are taken as parallel.

For lines to be perpendicular then tanf = oo = 14+ m;my = 0 = m;my = —1. When
either of m; or my is not defined then one of them has to be parallel to z-axis while

the other has to be parallel to y-axis.

To find the angle between straight lines a,z + b,y + ¢ = 0 and a,z +
byy+c=0

Writing the equation in slope intercept form we find that the slopes are given by m; =

—Z—I and my = —Z—;
. _ my—my 7%*’% _
If 6 be the angle between the two lines then tanf = i1+:ﬂlm22 = il+%—i.% =
agb;—aqb.
ia?alg-%—bibi
_ —1|agb;—a;b. _ —1|agb;—a,b
0 = tan 7{1?&12%11)2 or # =7 — tan 7;&12%1,]2
Clearly, the lines will be parallel if § = 0 i.e.
a b
2=2 (3.18)
ag by
and the lines will be perpendicular if
ayaqy +bby = 0. (3.19)

Lines Parallel to Another Line

We will find equation of a line parallel to another line in standard form i.e. az + by +
c=0.

Let the line parallel to give line is lz + my+n =10

m

From Equation (3.18) these two lines will be parallel if é: & =p (say) then [ =
ap, m = bp
which makes the equation of the line as az + by + % =0 or az + by + k = 0, where

k=2
g

Thus, equation of any line parallel to ax + by 4+ ¢ = 0 is given by
ax +by+k=0. (3.20)
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Lines Perpendicular to Another Line

We will find equation of a line perpendicular to another line in standard form i.e. az +
by+c=0.

Let the line perpendicular to give line is lz + my +n =0

From Equation (3.19) these two lines will be parallel if al 4+ bm =0 or %: =0 =
p (say)
Thus, bpw—apy+n=0:>bx—ay+% =0=bxr —ay+ k =0, where kzg
Thus, equation of any line perpendicular to ax + by 4+ ¢ = 0 is given by
bx —ay+k = 0. (3.21)

Point of Intersection

We will find the point of intersection of two lines in standard form i.e. between the
lines given by a,z + by +¢; = 0 and ayx + byy + ¢, = 0.

Let P(«, () is the point of intersection of these two lines then a;a + b, 8+ ¢; = 0 and
aa+byB+cy =0

B —

ciag—cya; — ayby—ashy

By cross-multiplication we have @ =
bica—bycy

Thus, the point of intersection is given by (m M)

a1by—ayb;? a;by—ayb,

As you can see in case of parallel lines a;by —ayb; =0 and then o and § are not

defined.

. . . . b
In this case neither ¢;a, — c,a; nor b;c, — boc,; will be zero, otherwise & = L = &
109 — Ca0g 1C2 — 09C a by

i.e. the two lines will be coincident or same.

Line Passing through Point of Intersection of Two Lines

We will find the general equation of a straight line passing through point of intersection
of two straight lines in standard form i.e. lines given by a;z + b,y + ¢; = 0 and ay,z +

by + ¢y =0.

We consider the straight line in first degree equation a;x + by + ¢; + k(asx + byy +
cy) =0.

Let P(a,f3) be the point of intersection then a,a +b;8+¢; =0 and a,a + b5 +
¢y =0and a;a+b,8+ ¢ +k(aga+b,8+¢,) =0

Clearly, the third equation is an equation of a line passing through P.

Thus, our desired equation is

a .z + by + ¢ + k(agx + byy + ¢5) = 0. (3.22)
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Concurrency of Three Straight Lines

We will find condition for concurrency of three lines in standard form i.e. the lines are
given by a;x + by + ¢y = 0,052 + byy + ¢ = 0 and agx + b3y + ¢3 = 0.

Let P(«, B) be the point where these three lines meet. Then (o, 8) will lie on all three
lines. Thus, a;a+b;8+¢; =0 and asa+ b8+ ¢y =0

a _ B 1

—bycy C1a3—Ca0y a;1by—asb,

Using cross-multiplication gives us e

bycy—bye;  craz—cyay )

Thus, the point of intersection is given by (a b o2 h
1927 %2%1 1¥27 %251

Now this point will lie on the third line and therefore will satisfy the equation for third
line. Hence,

bycy—bycy €102—C2ay —
as ayby—agb; + b3 ayby—agb; + C3 = 0.

Thus, the required condition for concurrency of three lines is give by

ag(bycy — byey) + bs(crag — caay) + c3(a1by — aghy) = 0. (3.23)
Aliter: Equations of given lines are a,x + b,y 4+ ¢; = 0,a,% + byy + ¢, = 0 and azz +
bsy +c5=0.
Let P(a, B) be the point where these three lines meet. Then («, ) will lie on all three
lines. Thus, a;a+b;8+¢; =0,a90+by8+ ¢y =0 and azo + b3 +c¢c53 =0
Eliminating o and  we can write that
a; by ¢

ay by cy
az by cy

=0, which is the required condition. Upon expansion the determinant

becomes ag(bycy — bycy) + by(cias — coaq) + c5(agby — agby) = 0.

Corollary: The straight lines a;x + b;y + ¢; = 0,a5@ + byy + ¢, = 0 and azz + by +
¢ = 0 will be concurrent if and only if there exists three constants [, m,n (not all zero
at the same time) such that I(a,z + by + ¢;) + m(ayz + byy + ¢y) + n(agx + byy +

¢3) = 0 identically ie. for all values of z and y.

Let there be three constants [, m,n (not all zero at the same time) such that {(a,z +

biy + c;) + m(ayx + byy + ¢3) + n(asz + byy + c3) = 0 for all values of & and y.

Since [,m,n are not zero at the same time let n # 0. Let (o, 8) be the point of

intersection of first two lines. Then

a,a+b;f+c¢; =0and aya+by,8+¢, =0

Since the given condition is true for all « and y, therefore
llaja+b,84¢;) + maga + by8+ ¢y) + n(aga+bsf+¢3) =0
=10+ m.0+n(aga+bs3f+c3) =0=aga+b3f+c3 =0
Thus, the third line also passes through («, 3).
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Two Sides of a Straight Line
Every line divides the plane in two regions. Any point which does not lie on the line
can be only on one side of the straight line.

We will show that a point (e, 8) will be on one or the other side of the line az +
by + ¢ = 0 according as the expression aac + b5+ ¢ > 0 or < 0.

Y

P(a, B)
R(e,, ﬂl)

Figure 3.14:

Let AB be the given line whose equation is az + by + ¢ = 0. Let P(a, 8) be a point
which does not lie on this line.

From P we draw P(Q perpendicular on z-axis. Let PQ cut line AB at R. Clearly, z
coordinate of P and R are same.

Let R = (aq, B1). Since it lies on the line, therefore, ac; + b3, + ¢; = 0.

When b > 0, on left side of the Figure 3.14 PQ > RQ - 8 > [3; or b3 > bf3; or acx +
bB+c>aa+bB;+coraa+b8+c>0

Similarly, for right side of the figure we can estanlish aac + 08+ ¢ <0

When b < 0, on left side of the Figure 3.14 PQ > RQ - 3 > f3; or b3 < bf; or ax +
bf+c<aa+bp+coraa+bf+c<0

Similarly, for right side of the figure we can estanlish aa + b8+ ¢ > 0

Thus, we see that aa + b8 + ¢ > 0 or < 0 according as the point P(a, ) lies on one
or the other side of the line az + by + ¢ = 0.

Corollary: It follows from previous article that two points (z1,y;) and (z4,y,) will
lie on the same side or opposite side of the line az + by + ¢ = 0 according as az; +

by, + ¢ and ax, + by, + c are of the same sign or opposite sign.

Length of a Perpendicular

We will find the length of the perpendicular from the point (a,8) to the line az +
by+c=0.



52 3. Straight Lines

A
Pla,p)

0 A\i X

Figure 3.15: Length of a perpendicular

Let the given line be az + by + ¢ = 0 and given point be P(c, §). We have to find the
length of the perpendicular from the point P(«, ) on line AB.

We draw PM perpendicular to AB and join PA and PB. Let PM = p.

Putting y =0 in the equation for the given line gives us ax+c=0=2=—2 -
A= (-5,0)
Putting z =0 in the equation for the given line gives us by+c=0=y=—7 =
B=(0,—-f)

Now APAB = |§[a(0+ §) — £.(—% — B) + 0(8—0)]| = 3|5 |lac + bB + ¢

Again APAB = ;. AB.PM = %\/(—g 0+ (0+9)°p =15 Va2 b2 p
Equaating two obtained equations for APAB gives us the length of the perpendicular,
which is
o= laa + b8 + ¢|
VaZ¥b2
Aliter: Let PM make an angle § with the positive direction of z-axis, then the equation

of PM in distance form is =% = ¥=8
cos 6 sin 6

(3.24)

=r
Coordinates of any point on PM at a distance r from P(«, 8) will be (o + rcos, 3 +
rsin6).

Since PM = p, therefore coordinates of M is (a + pcosf, 3 + psin@), which will lie
on the line az + by + ¢ = 0, thus,

a(a+pcos) +b(B+ psin®) + ¢ =0 = p(acosf + bsinh) = —(aa + bf + ¢)

Now slope of AB = —
kcosf,b = ksinf

=a? 4+ =k k=+Va2+02:a=4Va> +b2c050:>cos9::|:\/%.

a?+b?

slopeofPMz%:-tan@z%or a = b — [ (say) ~ a =

a
b cos 6 sin@
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Similarly, sinf = +———

Va? +b2
Putting the values of cosf and sin 6 in the equation p(acosf + bsinf) = —(aa + b8 +
c) gives us
aa+bB+c
P =T e

Since p is positive, therefore,

B |aa + b8 + ¢

N (3.25)

Aliter(Calculus Method):
Y

A
P(a, p)

X,y

X

0 1‘\i

Figure 3.16: Length of a perpendicular

Let Q(z,y) be any point on the line AB. Now PQ will be the length of the perpen-
dicular if PQ is minimum. Hence, length of the perpendicular from P on AB will be
the least value of PQ when the point Q(z,y) varies.

Let PQ? = z. Also, PQ will be least if and only if PQ? ie. z is least.
Now 2= (2~ a)? + (y — §)?

Since Q(x,y) lies on the line az + by + ¢ = 0, therefore, y = —2&%¢

=z =(a—a) + (=25~ ) = (@~ )’ + (—=5= — §)°
92 =2z — )+ &2z +bB+c)

For maxima and minima of z, % =0
Sz—at+glar+b+c)=0=z—a+H(-by+b8) =0
() - L (g -

= Slope of line PQ.Slope of line AB = —1

Thus, when % =0,PQ 1 AB
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Since maximum length of P(Q is not possible as it will be co (tend to oo) and hence

% = 0 gives the minimum length of PQ.

Length of perpendicular z = v/(z — )2 + (y — B)?

But if % =0 then 2 = % = (a(z —a)+ b(y_m)

a?+b2
_ az+bytc—(aatbf+c) _  aa+bB+c
- a?+b2 - a?+b2
_ alaa+bB+c) __ blaa+bp+c)
T—Oa= """ and y — = — a2+b?

2= lact+bBtc| _
VT

Note: Length of perpendicular from origin on line az + by + ¢ =0 is

|l

VaT+2

Bisectors of Angles between Straight Lines

A Y

‘\A

P(x,

»
L

X’

@)

s

C

y’

M

X

B

Figure 3.17: Bisectors of angles between straight lines

We will find the equation of the bisectors of the angles between the straight lines

a1+ byy+cy =0 and ayx + byy + ¢y =0.

Let the given lines be AB and C'D whose equations are a;& + b,y + ¢; = 0 and a,x +

byy + ¢y =0.

Let LM and RS be the two bisectors of the angles between AB and CD. Let P(z,y)

be the point on any bisector. Since P lies on a bisector, therefore, the lengths of

perpendiculars on two lines will be equal.

Thus, the length of perpendicular from P to AB will be equal to the length of the

perpendicular from P to CD.

layz+biyter| _ Jagztbyy+es

= e a2 bl

Thus,
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ax+by+c _ j:a290—i-b2y—1-02 (3.26)

are the equations of two bisectors.

Note: If P(x,y) is taken on the bisector of the angle which contains the origin then
either O(0,0) and P(z,y) will lie on the same sides of two lines. Thus,

012 +by+c; >0and ayxr +byy+cy >0
or 0(0,0) and P(z,y) will lie on the oppposite side of the two lines i.e.
a1+ by+c; <0 and ayx + by +cy <0

Then equation of bisectors will be

layz+biytes| _ |agzt+byy+tes
Vai+bi Va3 +b3
. b b .
ie DTEAVECL - BP0 when both ayx + byy + ¢; and a,x + byy + ¢, are positive
Va3 +b? Va3+b3
b b
or —UTEVEe - B0thte: when both ajz +byy+ ¢ and ayw + by + ¢,y are
a2+b? Va3+b3
\/ 1101 2103
negative.

Thus, in both the cases equation of the bisector containing the origin when ¢; and ¢,
are both positive is

ar+by+c _ ayx + boy + ¢4 (3.27)

When both ¢; and ¢, are positive, then the equation of the bisector of the angle

between the lines which does not contain the origin is

ax+by+c :_a2z+b2y+02 (3.28)

Va2 + b? Va3 + b2

The two bisectors are perpendicular to each other.

Finding Bisector of the Acute and Obtuse Angles

To find the bisector of the acute and obtuse angles take any line out of a 2 + b,y +
¢y =0 and ayx + byy + ¢, = 0 and any of the bisectors obtained. Let 6 be the angle
between them. Find |tan f|. The bisector considered will be the bisector of the acute

angle or obtuse angle between the lines according as § < 45" or 6 > 45° i.e. according
as [tanfd| <1 or > 1.

Aliter: Let the equations of the two lines be a;x + b,y + ¢; =0 and ay,x + byy + ¢y =
0, where ¢; >0 and ¢, >0

Then the equation wotbyte, _ aetbiytes o the equation of the bisector of the acute

Va3+b3 Va3+b3
or obtuse angle between the lines according as a;aq + b1by < 0 or > 0.

_ay a§+b§7a2\/ a%+b§
by y/a3+b3—byr/a2+b2

a

Slope of bisector = m, = and slope of first line is mqy = —5



3.14.2

56 3. Straight Lines

KL S —
1+mymy,

Angle between first line and bisector is tanf =
a1by—asb,
V(a1b5—a3b1)%+(a1a5+b1b5)* (a1 a5+ by)

Let o = a;by — ayby and 8 = ajay + by by then [tand| = lof

If <0 then \/a?+ 32— B> |a| — B> |af, therefore,

tanf| < 1 and hence, the
bisector is the bisector of acute angle between the lines.

If 5> —0 then /a2 + B2 <|a|+ |6 = Va2 + 2 —F< |a

and hence, the bisector is the bisector of obtuse angle between the lines.

, therefore,

tan@| > 1,

a;z+byy+cy — 7a2x+b2y+62
Va3+b3 a3+b3
the bisector of the acute or obtuse angles according as a,a, + byby > 0 or < 0.

Similarly, we can show that the equation

is the equation of

Bisectors Between Lines Containing a Given Point
Let the equations be of the lines be a,z + b,y +¢; =0 and ayx + byy + ¢, = 0.

Let (o, B) be a given point. If a;a + by 5 + ¢; and aga + by 8 + ¢, are of the same sign
then equation of the bisector of the angle containing the point («, 3) is

a1x+bly+01:a2x+b2y+c2 (3.29)

Va2 + b3 Va3 + b2

. . b b
Let (z,,%,) be a point on the bisector then “Z1tli¥ites _ GaZitbayite,

Va3 +b? Va3+b3

Since +/a? +b? and +/a% + b2 are both posiitive, therefore, a;z; + by, +¢; and
ayxq + byy, + ¢; are of the same sign.

Case I: When both a,z; + b,y; + ¢; and ayx; + byy; + ¢, are positive.



3.14 Bisectors of Angles between Straight Lines 57

Since a;a+b,+c¢; and a;x, +by; +¢c; are both posiitive, therefore, points
P(zy,y;) and Q(c,B) will lie on the same side of the line a;z + by +c¢; =0.
Agains since aya + b8 + ¢4 and aqxq + byy; + ¢y are both posiitive, therefore, points
P(zy,y;) and Q(«, B) will lie on the same side of the line ayz + byy + ¢, = 0.

The figure will be like Figure 3.18.
Case II: When both a,x,; + b,y; + ¢; and ayx; + byy; + ¢, are negative.

In this case a,a + b, 8 + ¢; and a,z; + byy; + ¢; are of opposite sign, therefore, points
P(z,y;) and Q(«, 3) will lie on opposite side of the line a,z + b,y + ¢, = 0.

Again since ago + by 8 + ¢y and a,; + byy; + ¢, are of opposite sign, therefore, points
P(zy,y;) and Q(«, 3) will lie on opposite side of the line ayz + byy + ¢, = 0.

Thus, in this case figure will be as given below:
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Similarly, if a4 by 8 + ¢; and aya + by B + ¢, are of opposite sign then the equation
of the bisector of the angle containing the point («, 3) is

Va2 + b2 Va3 + b2

Aliter: Let the equations of lines AB and CD are a;x + by + ¢; = 0 and a,z + byy +

¢y = 0, where c¢; and c, are positive.

oz +by+c __azx—l—bzy—i—cz (3.30)

These equations in normal form will be

__a b,y _ [ and — aT boy _ [
Vai+b?  yJai+b? Vai+b? a3+b3  y/a3+b3 Va3+b3
Letcosa=——Y4 _ cosf=——2 _ sina=——2_ sinf=——22
Va3+b3’ B Va3+b2’ Va3+b3’ B Va3 +b?
. . b.b
Now cos(f — a) = cos a cos sinasin § = —~a%2tbibs
=) P snasinh = Tt es ol

B — o will be acute or obtuse according as a;a, +b;by >0 or <0
Now ZCAB will be acute or obtuse according as 8 — « is obtuse or acute i.e. according

as a;ay +bby <0 or >0

But ZCAB contains the origin, therefore, origin will be contained in the acute or
obtuse angle according as a;a, 4+ b;b, <0 or >0

Hence, bisector of the angle between the lines will be bisector of the acute or obtuse
angle according as origin lies in the acute or obtuse angle i.e. according as a;a, +

biby <0 or > 0.
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3.15 Problems

1.

10.
11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

Find the equation of the straight line cutting off an intercept 5 from the positive
direction of y-axis, and inclined at angle 45° to the z-axis.

. Find the equation of the straight line passing through the point (2, —3) and cutting

off intercepts, equal but of opposite signs from the two axes.

. Find the equation of the straight line which passes through the point (—5,4) and

is such that the portion of it between the axes is doivided by the point in the
ratio of 1: 2.

. Find the normal form of the equation z + y\/?: +7=0.

. Find the equation of the straight line which passes through the points (—1, 3)

and (4,—2).

. Find the equation of the straight line cutting off intercept unity from the positive

direction of the y-axis and inclines at 45° to the z-axis.

. Find the equation of the straight line cutting off intercept —5 from the y-axis and

being equally inclined to the axes.

. Find the equation of the straight line cutting off intercept 2 from the negative

direction of y-axis and incllined at 30° to OX.

. Find the equation of the straight line cutting off intercept —3 from the y-axis and

inclines at an angle tan™! g to the y-axis.

Find the equation of the straight line cutting off intercepts 3 and 2 from the axes.
Find the equation of the straight line cutting off intercepts —5 and 6 from the axes.

Find the equation of the straight line which passes through the point (5,6) and

has intercept on the axes equal in magnitude and both positive. Find the equation
if intercepts are equal in magnitude but opposite in sign.

Find the equations of the straight lines which passes through the point (1,—2)
and cut off equal distances from the two axes.

Find the equation of the straight line which passes through the point (z,y’) and
is such that the given point bisects the part intercepted between the axes.

Find the equation of the straight line which passes through the point (—4,3) and

is such that the portion of it between the axes is divided by the point in the ratio
5:3.

Find the equation of the straight line passing through the points (0,0) and (2, —2).
Find the equation of the straight line passing through the points (3,4) and (5, 6).

Find the equation of the straight line passing through the points (—1,3) and

Find the equation of the straight line passing through the points (0, —a) and (b,0).

Find the equation of the straight line passing through the points (a,b) and (a +
b,a —b).
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Find the equation of the straight line passing through the points (at?,2at,) and
(at?,2at,).

Find the equation of the straight line passing through the points (atl, %) and
(atQ, %)
Find the equation of the straight line passing through the points (a cos ¢;, asin ¢, )

and (acos ¢y, asin p,).

Find the equation of the straight line passing through the points (a cos ¢4, bsin ¢, )

and (acos ¢y, bsin p,).

Find the equation of the straight line passing through the points (a sec ¢, btan ¢, )
and (asec pqy, btan p,).

Find the equations og the sides of the triangle the coordinates of whose angular
points are respectively (1,4), (2, —3) and (—1,—2).

Find the equations of the sides of the triangle the coordinates of whose angular
points are respectively (0,1),(2,0) and (—1,—2).

Find the equations of the diagonals of the rectangle the equations of whose sides
arex=a,r=a’,y=>b,and y =b".

Find the equation of the straight line which bisects the distance between the
points (a,b) and (a’,b’) and also bisects the distance between the points (—a,b)
and (a’,—b").

Find the equations of the straight lines which go through the origin and trisect
the portion of the straight line 3z + y = 12 which is intercepted between the axes
of coordinates.

Find the equation of the straight line which makes an angle of 15° with the

positive direction of z-axis, and which cuts an intercept of length 4 on the negative
direction of y-axis.

Find the equation of the straight line which cuts off an intercept 4 from the z-
axis and makes an angle of 30° with the y-axis.

Find the equation of the straight line which passes through the point (1,2) and

makes an angle 6 with the positive direction of x-axis where cosf = —%.

Find the equation of the line joining the points (—1,3) and (4, —2).
A line through the point A(2,0) which makes an angle of 30° with the positive

direction of z-axis is rotated about A in clockwise direction through an angle of
15°. Find the equation of the straight line in the new position.

Find the equation of the internal bisector of the ZBAC of the A ABC whose
vertices A, B, C are (5,2),(2,3),(6,5) respectively.

A rectangle has two opposite vertices at the point (1,2) and (5,5). If the other
vertices lies on the line z = 3, find the equation of the sides of the triangle.

In the given figure PQR is an equilateral triangle and OSPT is a square. If OT =
2v/2 units, find the equation of lines OT,0S, SP,QR, PR and PQ.
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

v R
A :
P L L
45
s T
45°45; 60"/ .
o < A% 45 KIX45 g
- = o

If D,E, F are three points on the sides BC, AC and AB of a A ABC such that
AD,BFE and CF are concurrent, then show thta BD.CE.AF = DC.FEA.FB.

Find the coordinates of the vertices of a square inscribed in a triangle with vertices
A(0,0), B(2,1) and C(3,0); given that two of its vertices are on the side AC.

Transform equation /3y — 3z = 3 to the slope intercept form and also find the
angle, which this straight line makes with the z-axis.

Find the equation of the straight line which cuts of an intercept of 7 on y-axis
and has the slope 3.

Find the equation of the line, which makes an angle of 75° with z-axis and cuts
an intercept of length 3 on the positive direction of y-axis.

Find the equation of the straight lines which cuts off an intercept —5 from the y
-1 12

15 with the z-axis.

-axis and makes an angle of sin
Find the equation of the straight line which is parallel to x-axis at a distance of
5 units from it.

Find the equation of the straight line which is parallel to y-axis at a distance of
4 units from it towards negative side of z-axis.
Find the equation of the straight lines which pass through (5,3) and are respec-
tively parallel and perpendicular to the z-axis.
Find the equation of the straight line which intercepts a length of 2 on the positive

direction of z-axis and is inclined at 135° with the positive direction of y-axis.

Find the equation of a straight line which cuts off an intercept 4 on the z-axis
and has the slope 2.

Find the equation of the straight line passing through (3, —2) and making an angle
of 60° with the positive direction of y-axis.

Find the slope of the line passing through the points (3,4) and (1,2). Also find
its equation.

Find the equation of the straight line passing through the points (a,b) and (a +
rcosf,b+ rsinf).

If (z,y) is a point on the straight line joining (1,—3) and (—4, 2) show that = +
y+2=0.

Prove that the points (1,4), (3,
equation of this straight line.

—2) and (—3,16) are collinear. Also, find the the
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

If the points (a,b), (aq,b;) and (a — aq,b — by) are collinear, show that the line
joining them passes through the origin.

Find the value of ¢ for which (1,2),(—30) and (¢ —1,3) will be collinear. Also
find the equation of the straight line.

Show that the straight line passing through the points (p,q+ ) and (q,r + p)
also passes through the point (r,p + ¢).

Find the equation of the straight line passes through the point which divides the
line segment joining the points (—1,2) and (4, —5) externally in the ratio 2:3
and the point (1, 2).

Find the equation of the side BC of the A ABC whose vertices A, B,C are
(—1,-2),(0,1),(2,0) respectively. Also find the equation of the median through
(—1,-2).

The vertices of a triangle are (1,2),(2,3) and (5,4). Find the equation of its
medians.

In what ratio does the line z +y+ 1 =0 divide the line segment joining the
points (2,3) and (—1,4)?

Find the ratio in which the line segment joining (2,3) and (4, 1) is divided by the
line joining (1,2) and (4, 3).

The vertices of a A ABC are (2,2),(—1,—2) and (1, —3). D is a point on BC' such
that BD : DC = 2 : 1. Find the ratio in which AD divides the median through B.
For the straight line y — v/3z = 3, find the intercept on y-axis and also the angle
which the straight line makes with the z-axis.

Find the equation of the straight line which passes through the point (3,4) and

whose intercept on y-axis is twice that on z-axis.

Find the equation of the straight line which passes through the point (3,4) and
is such that the portion of it intercepted between the axes is divided by the point
in the ratio 2 : 3.

Find the equation of the straight line whose intercepts on z-axis and y-axis are
respectively twice and thrice of those by the line 3z + 4y = 12.

Find the equation of the straight line passing through the origin and the middle
point of the intercept of the straight line ax + by + ¢ = 0 between the axes.

Find the equation of the straight lines which pass through the origin and trisect
the intercept of the line 3z + 4y = 12 between the axes.

A straight line cuts intercepts from the axes of coordinates the sum of the reciprocal
of which is a constant. Show that it always passes through a fixed point.

If the equal sides AB and AC of a right angled isosceles trigangle be produced
to P and @ so that BO.CQ = AB?, show that PQ always passes through a

fixed point.
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72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

Through the point P(a, 3), where a8 > 0 the straight line £ + ¥ =1 is drawn
so as to form with coordinate axes a triangle of area S. If ab > 0, find the least
value of S.

Find the equation of the straight line upon which the length of perpendicular
from origin is 3v/2 units and this perpendicular makes an angle of 75° with the
positive direction of z-axis.

Find the equation of the straight line upon which the length of the perpendicular
from the origin is 2 and the slope of the perpendicular is %
A canal is 4% kms from a place and the shortest route from this place to canal is
exactly north-east. A village is 3 kms north and 4 kms east from the place. Does
it lie on the canal?

Find the equation of the straight lines which makes a triangle of area 961/3 with
the axes and perpendicular from the origin to it makes an angle of 30° with y

-axis.

In the given figure ABC is a right-angled iscosceles triangle and BCDE is a
square. If OC = 2, find the equation of the sides AB and BC of A ABC and
side DE of the square.

Find the coordinates of the point where the line \/§m+y— 8 = 0 meets the
coordinate axes and also find the length of the perpendicular from the origin upon
this line and the angle which this perpendicular makes with the z-axis.

Find the equations of the straight lines which pass through the point (3,2) and

cut off intercepts @ and b on the x and y-axes such that a — b = 2.

Find the equation of the line which passes through P(1,—7) and meets the axes
at A and B respectively such that 4AP — 3BP = 0, where O is the origin.

Find the equation of the straight line which passes through the point P(2,6) and

: . AP _ 2
cuts the axes at the points A and B respectively such that 75 = 3.

Find the equation of the straight line whose intercepts on the axes are twice the
intercepts of the line 3z + 4y = 6.

Find the equation of the straight line passing through (2,1) and bisecting the
portion of the straight line 3z — 5y = 15 lying between the axes.

Find the equations of the straight lines which pass through the origin and trisect
the portion of the straight line 2z + 3y = 6 which is intercepted between the axes.

Prove that the points (5,1),(11,4) and (1,—1) lie on a straight line and find its
intercepts on the axes and between the axes.
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86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

Find the intercepts on the axes of the straight line passing through the points
(1,—3) and (4,5).

The Inegth of the perpendicular from the origin to a line is 7 and the line makes
an angle of 150° with the positive direction of y-axis. Find the equation of the line.

Find the equation of the straight line upon which the length of the perpendicular
from the origin is 2 and this perpendicular makes an angle of 30° with the positive
direction of y-axis.

Find the equation of the line which is at a distance 5 from the origin and the
perpendicular from the origin to the line makes an angle of 60° with the positive
direction of z-axis.

Find the equation of the straight line upon which the length of the perpendicular

from the origin is 6 and the gradient of the perpendicular is %.

Find the equation of the line joining the points (1, 2) and (—3, 1). Find its intercepts
on the axes. If p be the length of the perpendicular from the origin to the line,
find the value of p.

Find the equation of the straight line which passes through the point (3,2) and
whose gradient is % Find the coordinates of the points on the line that are 5 units
away from the point (3,2).

Find the direction in which a straight line must be drawn through the point (1,2)
so that its point of intersection wth the line z 4+ y =4 is at a distance \/g from
the point (1,2).

If the straight line drawn through the point P(\/?:, 2) makes an angle § with the
z-axis meets the line v/3z — 4y 4+ 8 = 0 at Q. Find the length of PQ.

Find the coordinates of the points at a distance 41/2 units from the point (02,3)
in the direction making an angle of 45° with the positive direction of x-axis.

A line joining two points A(2,0) and B(3,1) is rotated about A in anticlockwise
direction through an angle 15°. Find the equation of the line in new position. If
B goes to C in the new position what will be the coordinates of C?

The extremeties of the diagonal of a sqaure are (1,1),(—2,—1). Obtain the other
two vertices and the equation of the other diagonal.

Show that if any line through the variable point A(k + 1, 2k) meets the line 7z +
y—16=0,52 —y—8 =0,z —5y+8 =0 at B,C, D respectively AC, AB and
AD are in HP.

The center of a square is at the origin and one vertex is A(2,1). Find the

coordinates of other vertices of the square.

Show that if A(zy,y;), B(zs,ys), C(z3,ys) are the vertices of a triangle, then the

z y 1 z y 1
equation of the internal bisector of angle A is given by b|z, v, 1|+ c¢|z, v, 1| =
Ty Yo 1 T3 yz 1

0, where b = AC and ¢ = AB.
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101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

Find the coordinate of the point at a distance 6 units from the point (1,1) in the

direction making an angle of 60° with the positive direction of z-axis.

Find the distance of the line 2z + y = 3 from the point (—1,3) in the direction
whose slope is one.

The straight line through P(z,,y;) inclined at an angle 6 with z-axis meets the
line ax 4+ by + ¢ =0 in Q. Find the length of PQ.

A line through the point A(2,0) which makes an angle of 30° with the positive
direction of z-axis is rotated about A in anticlockwise direction through an angle
15°. Find the equation of the straight line in the new position.

The straight line 2z —y = 5 turns about the point on it where the ordinate is
equal to the abcissa through an angle of 45° in the anti-clockwise direction. Find
the equation of the line in the new position.

The straight line z + 2y = 4 is translated parallel to itself by 3 units in the sense

of increasing x and is then rotated by 30° in the clockwise direction about the
point where the shifted straight line cuts the z-axis. Find the equation of the new
straight line in the new position.

AB is a side of regular hexagon ABCDEF and is of length a with A as the
origin and AB and AFE as the z-axis and y-axis respectively. Find the equation
of lines AC, AF and BE.

A straight road is at a distance of 5v/2 miles froma place. The shortest distance of
the road from the place is in N — E direction. Do the following villages which (i)
is 6 miles East and 4 miles and 4 miles North from the place, lie on the road or
not. (ii) is 4 miles East and 3 miles north from the place, lie on the road or not?

A straight line x —y + 1 = 0 cuts the y-axis at A. This line is rotated about A in

the clockwise direction by 75°. Fine the equation of the new straight line.

Find the equations of all sides of the isosceles A ABC and the side BE and CD
of the square BCDE in the figure where OC = 2 units.

The mid-point of the line segment joining (3,—1) and (1,1) is shifted by two
units(in the sense of increasing y) perpendicular to the line segment. Find the
coordinates of the point in the new position.

The point (1,1) is translated parallel to the line 2z =y in the first quadrant
through a unit distance. Find the new position of the point.
The point A(2,—1) is translated parallel to the line x —y = 3 by a distance of

4 units. If the new position A’ of the point is in the (i) first quadrant (ii) third
quadrant then find A’.
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114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

124.

125.

126.

127.
128.

Two particles start from the same point (2, —1), one moving 2 units along the line
x +y =1 and the other 5 units along the line x — 2y = 4. If the particles move
towards increasing y, find their new positions and the distance between them.

One end of a thin elastic straight string is fixed at A(4,—1) and the other end
B is at (1,2) in the unstretched condition. If the string is stretched to triple its
length, find the coordinates of the other end in this stretched position.

The line AB whose equation is © —y = 2 cuts the z-axis at A and B is (4,2).
The line AB is rotated about A through 45" in the anticlockwise direction. Find
the new position of B and the equation of the line in new position.

Let zy plane be vertical. A particle dropped gently from (—1,1) in the plane
rebounds on the floor returns to %rd of the height from which it has fallen. The
equation of the line of intersection of zy plane and the floor is  + 2y = 3. Find
the highest position of the particle after one rebound.

A line is drawn through A(4, —1) parallel to the line 3z — 4y + 1 = 0. Find the
coordinates of the two points on this line which are at a distance of 5 units
from A.

Find the distance of the point (3,5) from the line 2z + 3y = 14 measured parallel
to the line x — 2y = 1.

Find the distance of the point (2, 5) from the line 3z + y + 4 = 0 measured parallel
to the line 3z —4y +8 = 0.

The point (1, 3) and (5,1) are two opposite sides of a rectangle and the other two
vertices lie on the line y = 2z + ¢. Find ¢ and other vertices.

A line is drawn from (z’,y’) in the direction « with the z-axis, to meet Az +
By + C = 0. Prove that the lengeth is Az’ By'te

Acosa+Bsina |

Find the equation of the line passing through the point P(1,2) cutting the lines
x+y—5=0and 2z —y =T at A and B respectively such that the H. M. of PA
and PB is 10. Given that A, B lie on the same side of P.

A straight line through the point A(—2,3) cuts the line z +3y =9 and z + y +
1=0 at B and C respectively. Find the equation of the line if AB.AC = 20.

A line which makes an acute angle 6 with the positive direction of z-axis is drawn
through the point P(3,4) to cut the curve y?> = 4z at Q and R. Show that the
lengths of the segments PQ and PR are numerical values of roots of the equation
r2sin? 6 + 4r(sinf — cos§) + 4 = 0.

Show that if A(zq,y;), B(z,,y,) and C(z5,ys) be the vertices of a triangle then

z y 1 z y 1
the equation of the median through A is given by |z, v, 1|+ |z, v 1| =0.
Ty Yy 1 T3 yz 1

Find the angle between the lines ¢t —2y+3=0and 3z+y—1=0.

Find the angle between the line  + y = 3 and the line joining the points (1,1)
and (—3,4).
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129.

130.

131.

132.

133.
134.

135.

136.

137.

138.
139.

140.

141.

142.

143.

144.

145.
146.

147.

148.

149.

Find the value of k so that the straight line 2z 4+ 3y +4 + k(6z —y + 12) =0 is
perpendicular to the line 7z + 5y —4 = 0.

Prove that the line joining the middle points of the two sides of a triangle is
parallel to the third side.

Find the values of = and y for which A(2,0), B(0,2),C(0,7) and D(z,y) are the

vertices of an isosceles trapezium in which AB || CD.

Prove that the straight lines (a + b)z + (a — b)y — 2ab =0, (a — b)z + (a + b)y —
2ab = 0 and = + y = 0 form an isosceles triangle whose vertical angle is 2 tan™? %

Find the angle between the lines = a and by + ¢ = 0.

Find the tangent of the angle between the lines which have intercepts of 3,4 and
1,9 on z and y axes respectively.

Prove that the lines 24+ ¥ =1 and ¥ — £ =1 are perpendicular to each other.
Show that the line joining (2, —3) and (—1, 2) is perpendicular to the line joining
(3,7) and (—2,4).

A line passing through the points (a,2a) and (—2,3) is perpendicular to the line
4z 4+ 3y + 5 = 0; find the value of a.

Show that the lines y = 7z + 2 and 2y — 142 + 1 = 0 are parallel.

Prove that the line k?z + ky + 1 = 0 is perpendicular to the line x — ky = 1 for
all real values of k(k #)0.

For what value of k is the line z —y + 2 + k(2z + 3y) = 0 parallel to the line
3z +y=0.

Prove that the lines 22 —3y+1=0,z+y=3,2x —3y =2 and x =4 — y form
a parallelogram.

Find the value of § between 0 and 7 if zcosf + ysinf = 2 is perpendicular to
the line z —y = 3.

If the line z — 3y + 5+ k(z +y — 3) = 0, where k is arbitrary, is perpendicular
to the line x + y = 1, then find k and the equation of the first line.

Prove that the median of an equilateral triangle is perpendicular to the corre-
sponding side.

Prove that the diagonals of a rhombus are at right angles.

Find the equation of a line through (3,4) and parallel to the line y = 3z + 5.
Find the equation of the straight line through (2,3) and perpendicular to the line
4z — 3y = 10.

Find the equation of the straight line which has y intercept equal to & and is

3
perpendicular to the line 3z — 4y + 11 = 0.

Find the equation of the perpendicular bisector of the line segment joining the
points (1,2) and (2,3).
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150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

The line z + y = a meets the axes of z and y at A and B respectively. A A

AMN is inscribed in the A OAB(O being the origin) with right angle at N.
M, N respectively lie on OB and AB. If the area of the triangle AMN is %th of

the rea of the A OAB, then find AN : NB.

Find the slope of the lines which make an angle of 45° with the line 3z —y +
5=0.

Find the equation of the lines through the point (3,2) which makes an angle of
45° with the line z — 2y = 3.

A vertex of an equilateral triangle is (2,3) and the equation of the opposite side
is  +y = 2. Find the equation of the other sides of the triangle.

A line 4z 4+ y = 1 through the point A(2, —7) meets the line BC' whose equation
is 3z —4y+ 1 =0 at the point B. Find the equation of the line AC, so that
AB = AC.

Find the equation of straight lines passing through (—2,—7) and having an
intercept of length 3 between the straight lines 4z + 3y = 12 and 4z + 3y = 3.

Find the equation of the straight line parallel to z + 2y = 3 and passing through
the point (3,4).

Find the equation of the straight line which passes through the point (4,3) and
is parallel to the line 3z + 4y = 12.

Find the equation of the straight line parallel to 3z —4y 4+ 6 =0 and passing
through the middle point of the line segment made by (2,3) and (4, —1).

Find the equation of the straight line passing through the point (2, 1) and parallel
to the line joining the points (2,3) and (3,—1).

Find the equation of the straight line passing through the point (a, 8) and parallel
to the line lx + my +n = 0.

Find the equation of the straight line passing through the point (2,5) and
perpendicular to the line 2z + 5y = 31.

Find the equation to the straight line which passes through the point (z,y’) and
is perpendicular to the line yy’ = 2a(x + z’).

2

Find the angle between the straight lines (m? —mn)y = (mn + n?)z +n® and

(mn +m?)y = (mn —n?)z +m3.
Prove that the equation of the straight line which passes through the point
(acos® 6, asin® #) and is perpendicular to the line zsec + ycsc = a is z cosf —

ysin € = a cos 26.

Find the equation of the straight line through (a cos 6, bsin 6) perpendicular to the

line £cosf + ¥sinf = 1.
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166.

167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

178.

179.

180.

Two consecutive sides of a parallelogram are 4x + 5y = 0 and 7z + 2y = 0. If the
equation of one of the diagonal is 11z + 7y =9, find the equation of the other

diagnal.

Show that the area of the triangle whose sides are y = m;x + ¢,y = myx + ¢y
2

and z =0 is %%

Show that the area of the triangle formed by the lines y =m,z +c,.,r =1,2,3

is (61*62)2 + (02—03)2 + (03—01)2
2(my—my) 2(mgy—mg) 2(mg—my)°

Show that the area of the triangle whose sides are a,z + b,y +c, =0,7=1,2,3,
is ﬁcicg\’ where C},C, and Cj are the cofactors of ¢;,c, and c3 respectively

ay by ¢

in the determinant A = —|ay by c,

az by c3

Show that the lines 4z +y—9 =0,z —2y+3=0,52 —y — 6 = 0 make equal
intercepts on any line of gradient 2.

Find the coordinates of the foot of the perpendicular drawn from point (2, 3) to
the line y = 3z + 4.

Find the image of the point (—8,12) with respect to the line mirror 4z + 7y +
13=0.

If the image of the point (z,,y;) with respect to the mirror azx + by + ¢ = 0 be

— — 2 b
(x2’y2)’ show that Z2=%1 — %2~ %1 _ _ (az1+ 3/1*01).

a b a?+b?

A ray of light is sent along the lines # — 2y — 3 = 0. Upon reaching the line 3z —
2y — 5 = 0, the ray is reflected from it. Find the equation of the line containing
the reflected ray.

A man starts from the point P(—3,4) and will reach the point Q(0,1) touching
the line 22 +y =7 at R. Find R on the line sho that he will travel the shortest
distance.

A ray of light is sent along the line 2z — 3y = 5. After refracting across the line
x 4y = 1 it enters the opposite side after turning by 15° away from the line z +
y = 1. Find the equation of the line along which the refracted ray travels.

Find the equation of the straight line which passes through the point (2, —2) and
the point of intersection of the lines 5z —y =9 and z + 6y = 8.

Find the equation of the straight line which passes through the point of intersection
of the lines x —y—1=0 and 2z — 3y + 1 =0 and is parallel to the line 3z +

4y = 14.

Find the equation for the straight line which passes through the point of inter-
section of the lines 3z — 4y — 7 =0 and 12z — 5y — 13 = 0 and is perpendicular
to the line 2z — 3y + 5 = 0.

Find the equation of the straight lines passing through the point of intersection
of the lines  + 3y +4 = 0 and 3z + y + 4 — 0 and equally inclined to the axes.
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181. The equation of two sides of a triangle are 3x —2y 4+ 6 =0 and 4z + 5y = 20
and the orthocenter is (1,1). Find the equation of the third side.

182. Show that the diagonal of the parallelogram whose sides are u = p,u = q,v =
r,v = s where u = az + by + ¢ and v = o’z + b’y + ¢’ and which passes through
the points of intersection of lines u =p,v=r and u=gq,v=s is given by
u v 1
pr 1 =0.

q s 1

183. Show that the straight lines z(a + 2b) + y(a + 3b) = a + b pass through a fixed
point for different values of @ and b.

184. If lx + my + n = 0, where [, m,n are variables is the equation of a variable line
and [,m,n are connected by the relation al+ bm + cn =0, where a,b,c are
constants, show that the line passes through a fixed point.

185. A variable line cuts n given concurrent straight lines at A, A,, As, ..., A,,, such

n
1
that Z OA is a constant. Show that it always passes through a fixed point. O
i=1 i
is the point of intersection of the lines.

186. Prove that the straight lines 4z + 7y = 9,52 —8y+15=0 and 92 —y+6=0
are concurrent.

187. Prove analytically that medians of a triangle are concurrent.

188. Show that the lines (p + )z + (p+q)y—(p—q) =0,(p— @)z —(p— @)y — (p +
q) =0,pq+qy —p =0 and gz + py + ¢ = 0 are concurrent.

189. If the lines p;z + ¢,y = 1,p,% + goy = 1 and p3z + g3y = 1 be concurrent, show
that the points (p;,q;), (P2, ¢5) and (ps, qs) are collinear.

190. For what value of m, the line mz 4+ 2y + 5 = 0 will pass through the point of
intersection of the lines z — 4y = 3 and = + 2y = 9?

191. Find the point of intersection of the lines yt; = = + at? and yt, = x + at3.

192. If the straight line £ + ¥ = 1 passes through the point of intersection of the lines
z+y =3 and 2z — 3y = 1 and is parallel to the line y = z — 6, find a,b.

193. Find the vertice and area of the triangle whose sides are z = y,y = 2z and y =
3z + 4.

194. Find the area of the triangle which is formed by the lines 3z — 4y + 4a = 0, 22 —
3y+4a=0and 5z —y+a=0.

195. Show that the area of the triangle formed by the three straight lines y; = m,z,y =
myx and y = c¢ is equal to %62\/11(\/34' 1), where m,, m, are the roots of the
equation x2 + (\/§+ 2)3: + \/g— 1=0.

196. Find the coordinates of the foot of the perpendicular drawn from the point

P(—8,12) on the line 4z + Ty + 13 = 0.
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197.

198.

199.

200.

201.

202.

203.

204.

205.

206.

207.

208.

209.

210.

211.

212.
213.

214.

215.

Find the projection of the point (1,0) on the line joining the points P(—1,2)
and Q(5,4).

If perpendiculars are drawn from origin to the straight lines  + 3y = 3 and 2z +
3y = 5, then find the equation of the line joining the foot of these perpendiculars.

If (h,r) is the foots of the perpendiculars from (z,y;) to lx +my + n = 0 prove

z,—h _ y;—r _ lz,+my,+n
that =— = = T m?

Find the image of the point (—8,12) with respect to a line mirror 427y + 13 = 0.

If the image of the point (2,1) with respect to a line mirror be (5,2), find the
equation of the mirror.

Find the equation of the straight line which passes through the point (1,1) and
the point of intersection of the lines 3z + 2y = 0 and z — 2y = 0.

Find the equation of the straight line which passes through the point (2, —2) and
the point of the intersection of the lines 5z —y =9 and z + 6y = 8.

Find the equation of the straight line passing through the point of intersection

of the lines 2z +y —1 =0 and  + 3y — 2 = 0 and making with the coordinate

3

axes a triangle of area 3.

The sides AB and AD of a parallelogram ABCD are 2z —y+1=0 and z +
3y — 10 = 0 respectively and C' is the point (—1,—2). Find the equation of the
diagonals AC and BD.

Prove that the lines 20 —y —5=0,3z —y—6 =0 and 4o —y — 7 = 0 are con-
current.

Find the value of m for which the two lines mz + (2m + 3)y +m+6 =0 and
(2m + 1)z 4+ (m — 1)y +m —9 = 0 intersect at a point on y-axis.

Find the value of m so that lines y = z + 1,2z + y = 16 and y = mz — 4 may be
concurrent.

If the three lines ax + a?y+1=0,bz +b%>y+1=0 and cx+c2y+1=0 are
concurrent, show that at least two of the three constants a, b, ¢ are equal.

Find the condition that the lines y = m;x + ¢,y = myx + ¢y and y = m3x + ¢,
may be concurrent.

Show that the straight lines (b+c¢)z+ay+1=0,(c+a)z+by+1=0 and
(a+b)z+ cy+1=0 are concurrent.

Prove analytically that the right bisectors of the sides of a triangle are concurrent.

Prove that perpendiculars drawn from the vertices to the opposite sides are
concurrent.

Prove that the family of lines represented by z(1 + \) + y(2 — A) + 5 = 0, A beind
arbitrary, pass through a fixed point. Also find the fixed point.

Prove that the line z(a + 2b) + y(a — 3b) = a — b passes through a fixed point for
different values of a and b.
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216.

217.

218.

219.

220.

221.

222.

223.

224.

225.

226.

227.

228.

229.

230.

231.

Find the centroid and incenter of the triangle whose sides are 3z — 4y = 0,5z +
12y =0 and y — 15 =0.

Find the coordinate of the orthocenter of the triangle whose vertices are
(0, 0), (2, _1) and (_17 3)

Find the coordinate of the orthocenter of the triangle whose sides are 3z — 2y =
6,3z +4y + 12 =0 and 3z — 8y + 12.

Two vertices of a triangle are (3,—1) and (—2,3) and its orthocenter is origin,
find the coordinate of its third vertex.

A triangle has the lines y = m;x and y = myx for two of its sides, where m,; and
my are the roots of the equation bz? + 2hz + a = 0. If H(a,b) is the orthocenter
of the triangle, show that the equation of the third side is (a + b)(az + by) =
ab(a + b — 2h).

A triangle is formed by the straight lines ax + by + ¢ = 0,lz + my +n =0 and

px + qy + r = 0. Show that that straight line pi;f{);” = lw;’:gzn passes through

the orthocenter of the triangle.

The three sides of a triangle are L, = x cosf, + ysinf, —p, = 0,r = 1,2, 3. Show
that the orthocenter of the triangle is given by L, cos(fy — 63) = L, cos(65 —
6,) = Ly cos(6, — 6,).

Find the centroid and incenter of the triangle whose sides have the equations 3z —
4y =0,12y + 5z =0 and y — 15 = 0.

The coordinates of the vertices A, B and C of the A ABC taken in anti-clockwise
order are respectively (z,y,), (Z,,Yy5) and (z3,ys). Prove that the ZA is acute
or obstuse according as (z; — x5) (27 — z35) + (Y1 — y)(y; — y3) > 0 or < 0. Also
find the condition for the triangle to be right-angled at A.

Show that the four lines 4z — 3y =5, —2y =10,7xr +y =40 and = + 3y +
10 = 0 form the sides of a cyclic quadrilateral.

Find the condition for the quadrilateral to be cyclic whose sides are a,z + b,y +

¢, =0;r=1,2,3,4 taken in order.

Show that the lines 2z 4+ 3y + 19 =0 and 9z + 6y — 17 = 0 cut the coordinate
axes in concyclic points.

Find the equation of the sides of a triangle having B(—4,—5) as a vertex, 5z +
3y —4 =0 and 3z + 8y + 13 = 0 as the equation of two of altitudes not passing
through B.

The straight line L is perpendicular to the line 52 — y = 1. The area of the triangle
formed by L and the coordinate axes is 5. Find the equation of the line.

The line 2z + 3y = 12 meets the z-axis at A and y-axis at B. The line through
(5,5) perpendicular to AB meets the zy axes and AB at C, D, E respectively. If
O is origin of axes then find the area of OCEB.

A square has its center at origin and one vertex at (1,2). Find the equation of
its sides.
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ABC is an equilateral triangle. AD is its altitude through A. If A = (1,2) and
D = (—2,6), find the equations of the sides of the triangle.

The equation of one side of an equilateral triangle is # —y = 0 and one vertex is

(2 + \/g, 5). Prove that second side is y + (2 — \/g)w = 6, and find the equation
of the third side.

A diagonal of a square lies along the line 8z — 15y = 0 and one vertex of the
square is (1,2). Find the equations of the lines of the square passing through this

vertex.

Find the equation of the lines which pass through (4,5) andd make equal angles
with the lines 5y = 12z + 6 and 3z =4y + 7.

Two equal sides of an isosceles triangle have the equations 7z —y + 3 =0 and
z+y—3=0 and its third sides passes through the point (1,—10). Determine
the equation of the third side.

Prove that area of the triangle formed by the three straight lines
zcosa+ysina—p; =0,zcos B+ ysinf —py, and xcosy+ysiny —ps =0 is

1 {py sin(y—B)+ps sin(a—)+pg sin(f-a)}?
2 [sin(y—B) sim(a—) sin(f—a)| :

Find the area of a triangle formed by the y-axis, the straight line L passing through
the points (1,1) and (2,0) and the straight line perpendicular to the line L and
passing through (%,O).

Find the coordinates of the feet of the perpendicular from the point (9,3) to the
sides of the triangle whose vertices are at the points (0,0), (8,0), (4, 8). Prove that
the points so determined lies on a straight line and find its equation.

Obtain the coordinates («, 8) of the foot of the perpendicular from the origin to
L + ¥ —1 and show that (a? 4+ 8%)(a+ ) = (a + b)af.

Find the equation of the diagonal through the origin of the quadrilateral formed
by z=0,y=0,z+y=1,6c+y=3.

The altitudes of a A ABC are respectively AD, BE, CF. If the points A, D, E, F
have the coordinates (—4,5), (%,—2—53), (4,1),(—1,—4), find the coordinates of
other vertices of the triangle.

Prove that the lines y =m,x +c.;r=1,2,3 cut off equal intercepts on th

etransversal z +y =1 if 1 +my,1 + my, 1 + mg are in H.P.

A line is such that its segment between the lines 5z —y +4 = 0 and 3z + 4y —
4 =0 is bisected at the point (1,5). Obtain its equation.

If the lines ayz + b,y + ¢; = 0 and ayx + byy + ¢, = 0 cut the coordinate axes in
cyclic points, prove that |a;a,| = |byby].

A rectangle ABCD is inscribed in a circle with a diameter lying along the line
3y =x+10. If A and B are the points (—6,7) and (4,7) respectively, then find

the area of the rectangle.
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From the point (2,5) rays of light are sent at 45° with the line 2z + y = 1. Find
the equation of the lines of the reflected rays if the rays reflect from z + 2y = 1.

A ray of light is sent along the straight line y = %’ — 4. On reaching the z-axis

it is reflected. Find the point of incidence and the equation of the reflected ray.

From the point M(—2,3) a ray of light is sent at an angle a to the positive
direction of z-axis. Upon reaching the z-axis the ray is reflected from it. Find the
equation of the reflected ray if tana = 3.

A light beam emanating from the point (3, 10) reflects from the straight line 2z +
y— 6 =0 and then passes through the point B(7,2). Find the equations of the
incident and reflected beams.

The line 3z + 2y = 24 meets y-axis at A and x-axis at B. The perpendicular
bisector of AB meets the line through (0,—1) parallel to z-axis at C. Find the
area of the A ABC.

Find the condition that the real line ax + by +c¢=0,bx +cy+a =0 and cx +
ay + b = 0 are concurrent.

Find the condition that the lines (b —c)z + (¢ —a)y+a—b=0,(c—a)z + (a —
bjy+b—c=0and (a—b)jz+ (b—c)x+c—a=0.
Prove that the determinant

Ty — T3 Y — Y3 T1(Ty — T3) + 41 (Y — Y3)

T3 — Ty Y3 — Yy T3 — 1) +Ys(ys —91)| = 0.

Ty — Ty Yo — Yy T3(Ty —Ty) +Ys(Y1 — Ya)
What geometrical property does it imply for a triangle whose vertices are
(zpyy,);7=1,2,3?
Prove that all lines represented by the equation (2cos6 + 3sinf)z + (3cosf —

5sin@)y — (5cos @ — 2sinf) = 0 pass through a fixed point for all values of thete.
Find the coordinates of that point and its reflection in the line z 4+ y = v/2.

Prove that the orthocenter of the triangle formed by the three lines y = m;x +
almy,y = myx + almy, y = mgx + almg is {—a, (i + L+ L4 L )}

my ma ms3 mymaomg

If the coordinates of the point P, @, R satisfy the relation zy = c2, show that the
orthocenter of A PQR also satisfies the relation.

A and B are two fixed points (3,2) and (5, 1) respectively. A ABP is equilateral

and is situated on the side of AB remote from the origin. Find the coordinates of
P and the orthocenter of the A ABP.

Vertices of a triangle are A(z,,z; tanay ), B(zy, 5 tanay,) and C(z3, 5 tan ay).
If the circumcenter coincide with the origin and the orthocenter H is (Z,7)
then prove that y(cos ay + €08, + cos ag) =Z(sina; + sina, + sin o), where

X1 S€C Oy, Ty SEC Oy, T4 S€C (5 have the same sign.

Find the area and the orthocenter of the triangle formed by the lines = + ly =
12,2 +my=m? and | + ny = n?.
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If the equation of the sides of a triangle are respectively a;z + b;y = 1,a.2 +
byy = 1 and agz + by = 1 and whose orthocenter is the origin, prove that a;a, +
bi1by = ayas + bybs = aza; + bsyb;.

Prove that the A DEF has the same centroid as A ABC, where D, E, F are the

middle points of the sides of the later triangle. Also prove that the orthocenter of
the A DEF coincides with the circumcenter of the A ABC.

The circumcenter of a triangle with vertices A(a,tanca), B(b,tan) and

C(c,tan+y) lies at the origin a + 8 + v = , show that its orthocenter lies on the

i 2 eosBcos ) — in2sinfsin2 =
line 4<cos2coszcos2)a: 4dysin §sin5sing =y.

Show that the line “2ba¥ter _ 822tbabtcs pqcaq through the orthocenter of the
ajaz+by by agaz+bybs
triangle formed by the lines a;x + b,y +¢; = 0,a52 + byy + ¢, =0 and azx +

by +c3 =0.

Find the position of the points (1,1) and (2,—1) with respect to the line 3z +
4y —6=0.

Show that the four points (0,0),(—1,1),(=7,—4) and (9,6) are in the four
different compartments made by the two straight lines 2o — 3y + 1 =0 and 3z —
5y+2=0.

Find the position of the origin w.r.t. the triangle whose sides are  + 1 = 0,3z —
4y = 5,bx + 12y = 27.
Show that the line segment joining the points (z,,y;) and (z,,yy) is cut by the

az,+by,+c

line ax + by + ¢ = 0 in the ratio ~azatbyote:

Explain the minus sign.

A line L intersects three sides BC,CA and AB of a A ABC in P,Q and R
respectively. Prove that BP.CQ.AR + PC.QA.BR = 0.

Derive the condition to be imposed on § so that (0, 3) should lie on or inside the
triangle having sides y + 3z +2 = 0,3y — 2z = 5 and z + 4y = 14.

A rhombus has two consecutive vertice at (2,3) and (—2,6) and two of the sides
are parallel to 2z + y = 1. Find the other vertices of the rhombus if (0,3) is an
interior point of rhombus.

Examine wheher the points (3, —4) and (2,6) are on the same side or opposite
sides of the line 3x — 4y = 8?

Prove that the points (2,—1) and (1,1) are on the opposite sides of the straight
line 3z +4y — 6 = 0.

Find the position of the points (3,4) and (—1,1) w.rt the line 6z +y—1=0.

Prove that the points of intersection of the line # —y = 2 with the parallel lines
2z +y =7 and 2z + y = 16 are on the opposite sides of the line x +y = 5.

Find the distance of the point (4,5) from the straight line 3z — 5y + 7 = 0.

Find the distance of the point (1,2) from the straight line with slope 5 and passing
through the point of intersection of ¢ +2y =5 and x — 3y =17.
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The equation of the base of an equilateral triangle is  + y = 2 and the vertex is
(2,—1). Find the length of the side of the triangle.

If a and b are the intercepts of a straight line on the = and y axes respectively
and p be its perpendicular distance from the origin, prove that I% = % + b%.

If p and p’ be the lengths of perpendiculars from origin to the lines xsecf —

ycsc = a and x cos — ysinf = acos 20 respectively, show that 4p? + p'? = a2

Find the equation of straight line which cuts off intercepts on z-axis twice that
on y-axis and is at a unit distance from the origin.

Find the distance between the parallel lines ax + by + ¢ =0 and ax + by +d = 0.

Prove that the length of the perpendiculars from points (m?,2m), (mn, m + n)
and (n2,2n) to the line z cosf + ysinf + 22 form a G.P.

cos 6
A straight road passes through two towns, one 5 km east and the other 2% km
north from a tower. Where should a rest house be constructed by the side of the

road so that it may be nearest to the tower.

A straight line is such that the algebraic sum of the perpendiculars upon it from
any number of fixed points is zero. Show that the line always passes through a
fixed point.

The coordinates of the extremeties A and B of a rod are (1,2) and (3,4)
respectively. S(0,0) is a point source of light. The rod AB is parallel to the wall

and is at equal distance from S and the wall. If C'D is the shadow of AB on the
wall, find the coordinates of C' and D and the Inegth CD. S, AB and CD are

planar.

Prove that the diagonals of the parallelogram formed by the lines £ + ¥ =1,% +

Y=1,2+¥=2and ¥+ £ =2 are at right angles.

a

Find the area of the parallelogram whose sides are y = mz +a,y = max + b,y =
nz + ¢ and y = nx + d.

Find the distance of the point of intersection of the lines 2z + 3y = 21 and 3z —
4y 4+ 11 = 0 from the line 8z + 6y + 5 = 0.

Find the length of the perpendicular drawn from the origin upon line joining the
points (a,b) and (b, a).

Find the length of the perpendicular from the point (4,—7) to the line joining
the origin and point of intersection of the lines 2z — 3y + 14 = 0 and 5z + 4y —
7=0.

Find the equation of two straight lines which are parallel to z + 7y +2 = 0, and
at unit distance from the point (1,—1).

Find the equations of the two straight lines parallel to 3z —4y =5 at a unit
distance from it.

Find the equation of two lines through (0,a) which are at a distance a from the

point (2a, 2a).
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Find the equation of the line through the point of intersection of the lines x —
3y +1=0 and 2z + 5y — 9 = 0 and whose distance from origin is V5.

Find the equation of the straight line passing the point of intersection of the lines
z—y+1=0and 2z —3y+5=0 and at a distance I from the point (3, 2).

If the length of the perpendicular from the point (1,1) to the line az — by + ¢ =
1,1 1

0 be 1, show that ;-l-g—g:ﬁ.

Show that the product of the perpendiculars on the line £ cosf + ¥sin = 1 from

the points (:l:\/ a? — b2, 0) is b2.

Prove that the perpendicular distance between the lines 4z + 3y =11 is 8z +

6y = 15 is +=.

Prove that the lines 2z + 3y = 19 and 2z + 3y + 7 = 0 are equidistant from the

line 2x + 3y = 6.

Find the distance between the lines y = mz + ¢ and y = mz + ¢;.

The equation of two sides of a square whose area is 25 square units are 3z —
4y = 0 and 4z + 3y = 0. Find the equation of the other two sides of the square.

Show that the parallelogram formed by az + by +c=0,a.2 + by +c=0,az +
by +c; =0 and a;z + byy + ¢; = 0 will be a rhombus if a? + b2 = a? + b3.

For the straight lines 4z + 3y —6 =0 and 52 4+ 12y + 9 = 0, find the equation
of the

a. bisector of the obtuse angle between them,

b. bisector of the acute angle between them, and

c. bisector of the angle which contains the origin.

Prove that the length of the perpendiculars drawn from any point of the line 7z —
9y + 10 = 0 to the lines 3z + 4y — 5 =0 and 12z + 5y = 7 are equal.

Prove that the internal bisectors of the angle of a triangle meet in a given point.
Find the coordinates of the incenter of the triangle whose sides are z +1 =0,

3z — 4y —5=0, and 5z + 12y — 27 = 0.

Two opposite sides of a rhombus are £ +y =1 and = + y = 5. If one vertex is
(2,—1) and the angle at that vertex be 45°, find the vertex opposite to given

vertex.
Two sides of a thombus ABCD are parallel to the lines y =2+ 2 and y = 7z +

3. If the diagonals of the rhombus intersect at the point (1,2) and the vertex A
is on y-axis, find the possible coordinates of A.

Find the equations of the bisectors of the angle between the lines x —2y +3 =0
and 4z + 2y —5=0.

Prove that the line 6z + 66y — 7 = 0 is a bisector of the angle between the lines
152 — 18y — 1 =0 and 12z + 10y — 3 = 0.
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Show that each point on the line 2z 4+ 11y = 5 is at equal distance from the lines
24z + Ty = 20 and 4z — 3y = 2.

Find the locus of the point equidistant from the lines 6z + 8y — 10 = 0 and 4z —
y=".

Find the equartions of the bisectors of the angles between the lines z +y — 3 =
0 and 72z —y+ 5 =0 and state which of them bisects the acute angle between
the lines.

Prove that the bisector of the acute angle between the lines 3z + 4y = 11 and
12z — b5y =2 is 11z + 3y = 17.

Find the equation of the line which bisects the obtuse angle between the lines
r—2y+4=0and 42 —3y+2=0.

Show that the four points (1,0), (2, 3), (1,—4) and (8,1) lie in the four compart-
ments made by the lines z +y—2=0and z —y—3=0.

Determine whether the origin lies inside or outside the triangle whose saides are
given by the equation 7x — 5y — 11 =0,82 4+ 3y +31 =0, and z + 8y — 19 =0.
Sides of a square lie on the line 5z — 12y — 65 = 0 and 5x — 12y 4+ 26 = 0. Find
the area of the square.

The equation of two sides of a square are 3z +4y —5 =0 and 3z +4y — 15 =0.
The third side has a point (6, 5) on it. Find the equations of this and the remaining
side of the square.

The equation of one side of rectangle is 3z —4y — 10 = 0 and the coordinates
of two of its vertices are (2 —,1) and (2,4). Find the area of rectangle and the
equation of that diagonal of the rectangle which passes through the point (2,4).

22

Prove that the lines ax 4 by 4+ ¢ = 0 enclose a rhombus whose area is Tabl"

If p,q,r be the lengths of perpendiculars from the vertices A, B,C respectively
of the A ABC on any straight line, then prove that a?(p —q)(p —r) + b%(q —
r)(q —p) + c2(r — p)(r — q) = 4A2, where A is the area of the triangle and a, b, ¢
length of the sides opposite to angles A, B, C respectively.

Prove that no line can be drawn through the point (4,—5) so that its distance
from (—2,3) will be equal to 12.

The vertices of A OBC are O(0,0), B(—3,—1) and C(—1, —3). Find the equation

of the line parallel of BC' and intersecting with OB and OC, whose perpendiculars
distance from O is %

The point (1,—1) is the center of a square, one of whose sides lies on the line z —
2y + 12 = 0. Find the equation of the straight lines which contain the remaining
sides of the square.

The equation of two sides of a parallelogram are 3z — 2y + 12 =0 and z — 3y +
11 = 0 and the point of intersection of its diagomals is (2,2). Find the equation
of other two sides and its diagonals.
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Given three parallel lines 3z + 4y +2=0,3z +4y+5=0 and 3z +4y —5=0.
Show that the first of them lies between the other two. Also find the ratio in
which the line divides the distance between the other two.

The three lines x +2y+3=0,2+2y—7=0,2c —y—4 =0 form the three
sides of two squares. Find the equation of the fourth side of each square.

Find the equation of the internal bisectors of the angled of the triangle whose
sides are 3z + 4y = 6,12z — 5y =3 and 4z — 3y + 12 = 0.

Find the incenter of the triangle whose sides are 3z + 4y — 12 = 0,5z + 12y —
20 =0 and 24y — 7z — 22 =0.

Show that the reflection of the line pz + gy +r =0 in the line x +y+1 =0 is
the line gz + py + (p + ¢ — r) = 0, where p # —q.

A man at the corssing of two roads £ —2y —4 =0 and 2z —y —4 =0 starts
walking along the bisector of the acute angle between the roads and after covering
a distance of 2 km reaches the bank of a straight river at right angle to its path.
Find the equation of the bank and the coordinates of the point where the path
meets the bank.

A rhombus has two of its sides parallel to the lines y = 2x + 3 and y = 7z + 2.
If the diagonals cut at (1,2) and one vertex is on the y-axis find the possible
coordinates of that vertex.

A straight line segment of length | moves with its end on two mutually perpen-
dicular lines. Find the locus of the poitn which divides the segment in the ratio
1:2.

Find the locus of the middle point of the potion of the line x cosa + ysina =p

which is intercepted between the axes given that p remains constant.

A variable straight line, drawn through the point of intersection of the straight
line 24+ ¥ =1 and ¥ + £ = 1, meets the axes at A and B. Show that the locus

of the mid-point of AB is the curve 2zy(a + b) = ab(z + y).

If the line % + % = 1 moves in such a way that a—lz + biz = c%, where c¢ is constant,

prove that the foot of perpendicular from the origin on the straight line described

the circle 2 + y% = c2.

A straight line passes through a fixed point (h, k); find the locus of the foot of
the perpendicular on it drawn from the origin.

OX and OY are two straight lines at right angles to one another. On OY a
fixed point A is taken and on OX any point B. On AB an equilateral triangle is
described, its vertex C' being on the side AB away from O. Show that the locus
of the triangle is a straight line.

A point P is such that its perpendicular distance from the line y —2z +1 =10 is

equal to its distance from the origin. Find the equation of the locus of the point
P. Prove that the line y = 2z meets the locus in two points ) and R such that

the origin is the mid-point of QR.

A line drawn through the origin intersect the lines 2o +y —2 =0 and z — 2y +
2=01in A and B. Find the locus of the mid-point of segment AB.
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O is a fixed point and AP and BQ are two fixed parallel straight lines. BOA
is perpendicular to both and ZPOQ is a right angle. Prove that the locus of the
foot of the perpendicular from O on PQ is a circle, whose diameter is AB.

Two fixed points P and @ are given. R is a variable point on one side of the
line PQ such that ZRPQ — ZRQP is a positive constant 2a. Find the locus of
point R.

A variable straight line passes through the points of intersection of the lines x +
2y =1 and 2z — y = 1 and meets the coordinate axes at A and B. Find the locus
of middle point of AB.

Let L; =0 and L, = 0 be two fixed lines. A variable line is drawn through the
origin to cut the two lines at A and B. P is a point on the line AB such that
mir = 2% + &= Show that the locus of P is a straight line through the point
of intersection of the given lines (R, .S, P) are on the same side of origin.

Given n straight lines and a fixed point O. Through O a straight line is drawn
meeting these lines at the points R, R,, ..., R,, and a point R is taken on it such

that g% = %m + %& + %m' Show that the locus of R is a straight line.

The base of a triangle passes through a fixed point (f,g) and its sides are
respectively bisected at right angles by the lines y? — 82y — 922 = 0. Determine
the locus of its vertex.

Having given the bases and the sum of the areas of a number of triangles is
constant, which have a common vertex, show that the locus of this vertex is a
straight line.

If A(cost,sint), B(sint, —cost),C(1,2) are the vertices of a A ABC, find the

locus of centroid if ¢ varies.

The position of a moving point in the xy-plane given at a time ¢ is given by
U Ccos o, usin a — %gt2, where u, o, g are constants. Find the locus of the moving

points.

A straight line passing through the point (1,1) is terminated by the axes of
coordinates. Show that the locus of the mid-point of the line has the equation
2y =z +y.

Find the locus of the middle point of the intercepts made by the axes on the lines
drawn through the point (a, 8).

A straight line moves such that the sum of its intercepts on the axes is k. Find the
locus of the middle point of the portion of the line intercepted between the axes.
A line APB of constant length meets the z-axis at A and y-axis at B. If AP =
b, PB = a and the line slides with its extremities on the coordinate axes, show

that the equation of the locus of the point P is z—z + Zé—z =1
6 6
505
B. If the point P divides AB internally in the ratio 2 : 1, show that the equation
of the locus of P is 5zy = 2(2z + y).

A variable line through the point ( ) cuts the coordinate axes at points A and
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A straight line moves in such a way that the length of the perpendicular upon it
from the origin is always p. Find the locus of the centroid of the triangle which
is formed by the line and the axes.

Two fixed points A and B have coordinates (z1,y;) and (24, y,). A point P moves
such that AP is perpendicular to BP. Show that the locus of P is (z — z;)(z —
T3) +(y—y1)(y —y2) = 0.

A point moves so that the square of its distance from the point (3,—2) is
numerically equal to its distance from the line 5z — 12y = 13. Find the equation
of its locus.

A point moves such that the sum of its distance from two fixed points (ae, 0) and

(—ae, 0) is always 2a. Prove that its locud is 22 + ﬁ =1

Find the locus of the middle point of the intercept on the line y = = + ¢ made by
the line 2z + 3y = 5 and 2z + 3y = 8, ¢ being a parameter.

If a line AB of length 2! moves with end A always on z-axis and the end B
always on the line y = 6. Find the equation of the locus of the mid-point of AB.

P is the point (—1,2). A variable line through P cuts the coordinate axes at A
and B respectively. @ is a point on AB such that PA, PQ, PB are in HP. Show
that the locus of @ is the line y = 2z. (A, B lie on the same side of P) Also show
that in general locus of () is the rhombus whose sides are y =2z,y = —2x +
4,y =—2x —4 and y = 2z + 8 excluding the vertices.

If O is the origin, A is the point (4,4), B is any point on the plane, find the locus
of the point of intersection of the perpendicular bisectors of OB and AB.

Two fixed points A and B are taken on the two axes such that OA = a and OB =

b. Two variable points C' and D are taken on the same axes respectively, find the

locus of the point of intersection of AD and BC if 55 — 55 = 55 — o5-

Q is any point on the line z = a. If A is the fixed point (a,0) and QR, the
bisector of the angle OQA, meets the z-axis in R, find the locus of the foot of
the perpendicular from R to OQ.

A right-angled /A ABC having a right angle at C,CA =b and CB = a moves
such that the angular points A and B slide along x-axis and y-axis respectively.
Find the locus of C.

Show that the locus of a point which moves such that the square of its distance

from the base of an isosceles triangle is equal to the rectangle under its distance
from the other sides, is a circle.

A variable straight line is drawn through a given point O to cut two ﬁxed straight
lines in R and S; on it is taken a point P such that 55 O =+ OS, show that

the locus of P is a third fixed straight line.

If p,xy, 29, ...,x;,... and ¢, Yy;,Ys, -, Y;, --- from two infinite arithmetic sequences

with common dlfference a and b respectlvely then find the locus of the point

(ar, B) where o = Z z; and B = Z Y;-
L=} =}
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4.1

4.2

4.3

4 Pair of Straight Lines

Consider a pair of straight lines ax + by +c¢ =0 and a;x + b;y + ¢; = 0, which we
represent as (az + by + ¢)(a;z + byy+¢;) = 0.

Let P(a, B) on the line az + by +c=0= aa+ b+ c =0 and (aax + bS8 + ¢)(a;a +
by +¢;)=0.

Thus, a point which lies on either line wil satisfy (az + by + ¢)(ayz + by +¢;) = 0.
This equation represents a pair of straight lines.

Homogeneous Equations

Any equation in which combined powers of = and y is constant(say n) is called a
homogeneous equation of degree n. For example, az? + 2hxy + by? = 0 is a homoge-
neous equation of degree 2.

Pair of Straight Lines Through Origin

We will show that any homogeneous equation of second degree in x and y represents
a pair of straight lines through the origin.
Consider the equation az? + 2hzy +by? = 0= a + b(%)2 +2h% =0, which is a qua-

dratic equation in £,
x

Let the roots be m; and m, of the above equation. = £ = m,,my = b(y —m,z)(y —
myz) =0
Thus, the given homogeneous equation represents two straight lines through origin.

If the lines are represented by az? + 2hzy + by? =0 and y — m;z = 0 and y — myz =
0, then

2h
my +my = - (4.1)

and

a
mymy = ¢ (4.2)

Angle Between the Lines Represented by ax? +
2hxy + by? =0

my—my
1+m;my,

The tangent of the angle between the two lines is given by tanf = +

=4 (my+my)°—am m, _:t2\/h2—ab
- - atb

1+mymgy

For lines to be perpendicular
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a+b=0 (4.3)
and for them to be parallel
h? = ab (4.4)

Bisectors of Angles Between the Pair of Straight Lines

Coninuing from previous sections the equation of bisectors of straight lines is given by

y—m, T Y—MoT

\/1+m? \/14m3

Combined equation is given by
Yy—myur  Y—moZ y—my + Yy—mox =0
\/1+mf \/1+m§ \/1+m% \/1+m%

. 2 . 2
= (yp:nnll? - (yp:nnzb? =(my + mz)(m2 - ?JZ) +2(mymy — )zy =0

2_,2
= 7b(zgﬁy2) + 2(% - 1)Iy =0= zafg = %

22—y xy
= — 4.5
a—>b h (4.5)

Condition for General Equation of Second Degree to
Represent a Pair of Straight Lines

General equation of the second degree is given by az? + 2hzy + by? + 29z + 2fy +

¢ = 0. This equation will result into two straight lines if it can be resolved into two
linear factors.

Let the straight lines be l;z +m,y+n; =0 and ly,o + myy + ny =0, which are
represented by the above equation.

Then az? + 2hxy + by? + 29z + 2fy + ¢ = (I4z + mqy + ny) (o + Moy + ny)
Comparing coefficients [;ly = a,mymqy = b,nyny = ¢, MmNy + myny = 2f,nqly +
nyly = 2g,1;mgy + lymy = 3h
Multiplying last three we obtain

abc +2fgh —af? —bg®> —ch?> =0 (4.6)
, which is the required condition.

The above condition can be represented as

ahg
hb fl=0 (4.7)
gfec

The general equation can be treated as an equation in z and then discriminat must be

a perfect square for it to resolve into linear factors. We will obtain the same condition
as above using this method as well.
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4.6 Problems

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Find the joint equation of the straight lines represented by z = 4y —2 and z —
1=y.

Prove that the equations to the straight lines passing through the origin and making
an angle o with the straight line y 4+ x = 0 are given by z2 + 2zysec2a + y? = 0.

A pair of perpendicular straight lines are drawn through the origin forming with
the line 2z + 3y = 6 an isosceles triangle at the origin. Find the equation of pair
of straight lines and the area of the triangle.

Find the combined equation of the lines 22 —y =3 and y = 3z + 4.

Find the joint equation of the lines through (1,2) and parallel to the lines z —
2y =5 and x = 3y — 4.

Find the combines equation of the lines bisecting the angles between x and y axes.

Prove that the equation 8z2 + 8zy + 2y® + 26z + 13y + 15 = 0 represents two
straight lines.

If the equation 622 + 2kxy 4 12y 4 222 + 31y +20 =0 represent a pair of
straight lines, find the value of k.

Show that the equation 10z? — 11zy — 6y> — 122 — y + 2 = 0 represents a pair of
straight lines.

Does the equation 222 — 15zy — 17y* + 4z + 23y — 6 = 0 represent a pair of
straight lines?

For what value of m does the equation mz? —5xy — 6y% + 14z +5y +4=0
represent two straight lines? Prove that they are perpendicular to each other.

For what values of m does the equation z? 4+ may — 2y% + 3y — 1 = 0 represent
two straight lines?

If the equation 12x2? —10zy + 2y% + 11z — 5y +m = 0 represent two straight
lines, find the value of m.

For what value of m does the equation 622 4 5zy — 4y? + 7z + my + 2 = 0 repre-
sent two straight lines?

Find the angle between the pair of straight lines represented by the equation 422 +
24zy + 11y? = 0.

Find the angle between the pair of straight lines represented by the equation (2% +

2

y?)sin? @ = (x cos 8 — ysin B)2.

Find the angle between the pair of straight lines represented by the equation 22 —
Sry +4y? +3z —4=0.

Show that the two straight lines z2(tan®6 + cos® ) —2zytané + y*sin?6 =0
make with the axis of  angles such that the difference of their tangents is 2.

Find the length of the straight line joining the foot of perpendicular from the point
(p,q) on the pair of lines ax? + 2hzy + by? = 0.
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20.

21.
22.
23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

A point moves so that the distance between the feet of the perpendiculars drawn
from it to the lines axz? 4+ 2hxy 4 by? = 0 is a constant k. Show that the equation

of its locus is (22 + ¢?)(h? — ab) = k*[(a — b)% + 4h?].

Find the angle between the pair of straight lines given by z? — 3zy — y? = 0.
Find the angle between the lines given by z? + 2xy cot 2 — % = 0.

Find the angle between the lines given by x2 — 2pzy + y? = 0.

Show that the two straight lines given by x? — 2zysecf + y* = 0 make an angle
0 with one another.

Find the angle between the lines represented by (z%+y?)sin®a=
(x cosa — ysina)?.

Prove that the equation 6z2 — 5zy — 6y> + 14z + 5y +4 =0 represents twp
straight lines, which are perpendicular to each other.

Prove that the equation 16x2 + 24zy + 9y? + 40z + 30y — 75 = 0 represents two
parallel straight lines.

Prove that the equation z? — 5xy + 4y? + = + 2y — 2 = 0 represents two straight
lines. Also, find the angle between them.

If the equation 1222 + 72y — py? — 18z + qy + 6 = 0 represents two perpendicular
straight lines, find the values of p and g.

Prove that the equation 222 + 3zy — 2y? = 0 represents two lines through origin
which are perpendicular to each other.

Find the separate equation of the lines represented by 2z — zy — y* + 9z — 3y +
10=0.

Prove that the equation 222 + 5zy + 3y? + 62 + Ty +4 = 0 represents a pair of
straight lines. Find the coordinates of their point of intersection and also the angle
between them.

Show that the equation 8x2 + 8zy + 2y2 + 26x + 13y + 15 = 0 represents a pair
of parallel straight lines. Also, find the perpendicular distance between them.

Find the combined equation of the straight lines passing through the point (1,1)
and parallel to the lines represented by the equation z? — 5xy + 4y% + x + 2y —
2 =0 and find the angle between them.

If the lines represented by 222 — 5xy + 2y? = 0 be the two sides of a parallelogram
and the line 5z + 2y = 1 be one of its diagonals, find the equation of the other
diagonal and area of the parallelogram.

The base of a triangle passes through a fixed point (f, g) and its sides are bisected
at right angle by a pair of straight lines y? — 82y — 922 = 0. Determine the locus
of its vertex.

Prove that the straight lines represented by (y—mz)? =a?(1+ m?) and
(y — nz)? = a®>(1 + n?) form a rhombus.
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38.

39.
40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
51.

52.

53.

54.

55.

56.

If the equation 2hzy + 29z + 2fy + ¢ = 0 represents two straight lines, show that

they form a rectangle of area ‘i—g‘ with the coordinate axes.

Find separate equations of lines represented by z2? — 5xy + 4y% + x + 2y — 2 = 0.

Prove that the lines represented by x? — 6y + 3y? = 0 are perpendicular to the
lines represented by 322 4 6xy + 4% =0.

Show that one of the lines given by 32 + zy — 1222 = 0 coincides with one of the
lines given by 4y? — 13zy + 322 = 0 and the other two lines are perpendicular to
one another.

Prove that the lines represented by x? — 7zy + 12y? = 0 are perpendicular to the
lines represented by 1222 + Tzy +y> = 0.

The equations to a pair of opposite sides of a rectangle are 2 — 7z + 6 = 0 and
y? — 14y + 40 = 0. Find the equation of its diagonals.

Show that the four lines given by the equation 3z + 8zy — 3y? =0 and 3z2 +
8zy — 3y? + 2z — 4y — 1 = 0 form a square. Also find the equation of the diagonals
of the square.

Prove that the equation 222 — 5zy — 3y? — 2z + 6y = 0 represents two straight
lines and find their point of intersection.

Find the condition that one of the lines given by az? + 2hzy + by? = 0 may be
perpendicular to one of the lines given by a;2? + 2h;zy + byy? = 0.

If the slope of one of the lines represented by az? + 2hxy + by? =0 be A times
the other, prove that (%)2 =2

E.

If the slope of one of the lines represented by az? + 2hay + by? = 0 be the square
of the other, prove that GTH’ + % = 6.

Find the condition that the pair of straight lines az? + 2hzy + by? = 0 and a’z? +
2h/xy + b'y? = 0 have one line in common.

Find the equation of the bisectors of angles between the lines 322 — 5xy + 4y = 0.

Show that the straight lines represented by 13522 — 1362y + 33y = 0 are equally
inclined to the line = 4+ 2y = 7.

Prove that the lines a?z% + 2h(a + b)zy + b%y? = 0 are equally inclined to the lines
ax? + 2hxy + by? = 0.

Show that the lines bisecting the angles between the bisectors of the angles made
by lines az? + 2hzy + by? are (a —b)(z> — y?) + 4hay = 0.

If pairs of straight lines 22 — 2pzy — y? = 0 and 2 — 2qzy — 42 = 0 be such that
each pair bisects the other pair, prove that pg = —1.

Prove that the bisectors of the angles between the lines represented by az? +
2hzy + by? = A(2? + y?) are always the same irrespective of \.

Prove that the bisectors of the angle between the lines ax? + aczy + cy? = 0 and
(3 + %)m2 + zy + (3 + %)y2 = 0 are always the same.
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57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

Prove that the lines 222 + 6zy + y?> = 0 are equally inclined to the lines 4z2 +
18zy +y* = 0.

If the lines represented by 2% — 2pzy — y? = 0 are rotated about the origin through
an angle 6, one in clockwise direction and other in anti-clockwise direction, find
the equation of the bisectors of the angles between the lines in the new position.
If one of the lines ax? + 2hxy + by? = 0 be the bisector of the angle between the
coordinate axes, prove that (a + b)? = 4h2.

Find the equation of pair of lines both of which pass through (1,2) and are parallel
to the bisectors of the angles between the lines given by 22 + zy — 2y% + 42 — y +
3=0.

Show that the lines joining the origin to the points common to z2 + hxy — y? +
gr + fy =0 and fzr — gy = A are at right angles irrespective of value of .

Prove that the angle between the lines joining the origin to the points of intersection
of the straight line y = 3x 4 2 with the curve 22 + 22y + 3y? + 4z +8y — 11 =0

is tan~! %

Prove that the pair of lines joining the origin to the intersection of the curve 2—2 +

¥ =1 by the line [ =0 incident if a2l? 4 bm? = n?
b = y the line lx + my + n = 0 are conincident if a“l* + b*m~ = n”.

Show that the straight lines joining the origin to the other two points of inter-
section of the curves whose equations are az? + 2hxy + by? + 2gz = 0 and a,z2 +
2k, xy + byy? + 2g,z = 0 will be at right angles if g(a; +b;) = g;(a + b).

Find the equation of the straight lines joining the origin to the point of intersection
of the line 3z + 4y = 5 and the curve 222 + 3y? = 5.

Prove that the lines joining the origin and the points of intersection of the line
3z —2y =1 and the curve 322 + 5y — 3y? + 2z + 3y = 0 are perpendicular to
each other.

Find the equation of the straight lines joining the origin to the points of intersection
of the line y = mx + ¢ and the curve x2 4+ y? = a2. Prove that they are perpen-
dicular to one another if 2¢? = a?(1 + m?).

Find the equation of the straight lines joining the origin to the points of intersection
of the line Iz +my +n = 0 and y? = 4az. Also find the condition of their perpen-

dicularity.

Find the value of ¢ so that the lines joining the origin to the common points of
(x —3)% + (y — 4)2 = ¢? and 4z + 3y = 24 are at right angles.

Find the value of m, if the lines joining the origin and the points of intersection
of y =mz + 1 and z2? + 32 = 1 are perpendicular to one another.

Prove that the straight lines joining the origin to the points of intersection of the
straight lines kz + hy = 2hk with the curve (x — h)2 + (y — k)2 = 2 are at right

angles if h? + k% = 2.

Find the equation to the pair of lines through the origin and perpendicular to the
pair of lines az? + 2hzy + by? = 0.
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73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

Find the condition that the slope of one of the lines represented by az? + 2hxy +
by? = 0 should be ) times the slope of another.

Find the product of the length of the perpendiculars drawn from (z;,y;) on the
pair of straight lines ax? 4 2bxy + by? = 0.

Prove that the equation (a4 2b+ b)z? — 2(a — b)zy + (a — 2h + b)y? = 0 repre-
sents a pair of lines inclined at an angle of 45° to one or other of the lines
represented by ax? + 2hzy + by? = 0.

If the distance of a given point («, 3) from each of the two straight lines through
the origin is d, show that (ay — 8z)? = d?(2% + y?).

If one of the lines given by az? + 2hzy + by?> = 0 coincides with one of those

given by a;z% + 2h;xy + b;y? =0 and the other lines represented by them be
ba, b, hadb _ 1

perpendicular, prove that ba = hea = 54/ —aa,bb;.

If the equation az? + 2hzy + by? + 29z + 2fy + ¢ = 0 represented a pair of paral-

lel lines, prove that ; = % = % Also prove that the distance between these parallel

. . g2—ca
lines is 2 2arh)

If the equation az? + 2hxy + by? + 29 + 2fy + ¢ = 0 represents a pair of straight
lines, prove that the2 square of the distance of their point of intersection from the

2 elarb— g
origin 1s T —

If the equation az? + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of straight
lines equidistant from the origin, prove thta f* — g* = c(bf? — ag?).

If the lines az? + 2hxy + by? = 0 be two sides of a parallelogram and the line Iz +
my =1 be one of its diagonals, show that the equation of the other diagonal is
y(bl — hm) = z(am — hl).

Show that the orthocenter of the triangle formed by the lines az? + 2hzy + by? =

— 1 s o _ v _ b
0 and lz +my =1 is given by ¥ = L = ax

m am?—2hlm-+bl2"
Find the area of the triangle formed by the lines az? + 2hxy + by? = 0 and Iz +
my+n=0.
Show that the straight lines (A? —3B%)z% + 8ABzy + (B? —3A4?)y? =0 form

with the line Az + By + C' = 0 an equilateral triangle whose area is m.

Prove that the lines (lz + my)? — 3(mz — ly)? = 0 and Iz + my +n = 0 form an
equilateral triangle.

Show that the four straight lines given by 122 4 Tzy — 12y% = 0 and 1222 +
Txy — 12y — 2 + Ty — 1 = 0 lie along the sides of a square.

The lines represented by z2 — 3zy + 2y> = 0 are shifted parallel to itself so that

their point of intersection comes to (1,1). Find the combined equation of the lines

in new position.
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88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

The joint equation of the lines of rays of incidence and reflection is 2z — zy —
y? = 0. Find the joint equation of two possible lines from which the ray has been
reflected.

If the angle between the lines joining the origin to the points of intersection of
the lines x cos a + ysina = 1 and the circle 22 4 4% = a2 be 90, find the possible
values of a.

If the pair of straight lines az® + 2hzy + by? = 0 is rotated about the origin through
90°, find the equation in the new position.

Fing the image of the pair of lines represented by az® + 2hzy + by? = 0 by the

line mirror whose equation is y = 0.

Prove that the sum of the squares of the perpendiculars drawn
from the point (2’,y’) on the lines given by az?+2hzy+by?> =0 is
[4h2(z"2+y'?)+4h(a+b)z’y’ +2(a—b)(az’?—by'?)]

[(a—b)2+4h7] :

If (z,y) be the centroid of the triangle whose sides are the lines ax? + 2hzy +
by? =0 and Iz + my +n = 0. Find the centroid.

A triangle has the line ax? + 2hzy + by? = 0 for two of its sides and the point
(I,m) for its orthocenter. Prove that the third side has the equation (a + b)(lz +
my) = am? — 2him + bl%.

Prove that the lines 22 + 4zy + 42 = 0 and  — y = 4 are the sides of an equilateral
triangle. Find its area.

Find the internal angles of the triangle formed by the pair of straight lines 22 +
4zy + y? = 0 and straight line = +y + 46 = 0.

Prove that the area of the triangle formed by the lines az? + 2hxy + by? = 0 and
p>Vh2—ab
bcos?2 a—2h sin a cos a+asin? o

rcosa+ysina =p is

Find the area of the triangle formed by the lines ax? + 2hxy + by? + 2gx + 2fy +
¢ =0 and the z-axis.



5 Circles

Circles are special cases of ellipses(we will study these the Chapter 7). For circles the
length of major and minor axes of an ellipse are equal. Equivalently, a circle can be
defined as locus of a point whose distance from a fixed center remains constant.

Consider a point (h,k) as the center, the distance called radius as a and the point

(z,y) then the general equation of the locus can be written as

P(z,y)
(@—h)*+(y—k)?=a (5.1)
If we take the origin as the center then this equation reduces to
A
P(z,y)
0(0,0) g
7?2 +y? = a? (5.2)

In the last chapter we found the condition for general equation of second degree to
represent a pair of straight lines. Here, we will find the condition for it to represent a
circle.

Recall that general equaiton of second degree in x and y is given by az? + 2hxy +
by? + 29z + 2fy + ¢ = 0 and equation of circle is (z — a)? + (y — 8)? = r2.

Comparing the coefficients we find that



5.1

92 5. Circles

a?+pB2—r

2
11 0 - _a - , hence coff. of 22 should be equal to coefficient of

a b7 R g
y?, coeff. of zy should be zero.

0 _o__B_
f

Thus, general equation in second degree which represents a circle is x2 + y2 + 2gx +
2fy+c=0

(z+g9)?+y+fP=9g"+f—c (5.3)
which will have center at (—g, —f) and radius equal to /g% + f2 —c.

Special Cases

Case I: The circle passes through the origin.

A

Cle, B)

v

0(0,0)

The equation of the circle is (z — a)? + (y — 8)? = a?. Since it passes through the

origin, therefore,
(0—a)*+(0-p)* =a?
a?+p%=a? (5.4)

If we consider general equation then we find that ¢ = 0, thus the equation of circle is
given by

22+ 9y + 292 +2fy=0 (5.5)
Case II: The circle touches z-axis.
A
C(ae, B)

1
1
1
: >

0] L

We see that CL = |f| so we can write that

(z—a®)+(y—p*=p (5.6)
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In case we write it in form of general equation then g% + f2 —c = f2. Thus, the
equation of circle becomes

224y + 292 +2fy+¢>=0 (5.7)

Case III: The circle touches the y-axis.

A

\

We see that CL = |f| so we can write that

(z—a®)+(y—p*=p (5.8)

In case we write it in form of general equation then g2+ f2 —c = g%. Thus, the
equation of circle becomes

? +y? + 29z +2fy + f2 =0 (5.9)
Case III: The circle touches both the axes.
We first consider the case of first quadrant.

A

\/

In this case a = 8 = a, and hence, the equation becomes
(x—a)?+ (y—a)? =a? (5.10)

Similarly, in 2nd, 3rd and 4th quadrant the equation would be (z + a)2 +(y— a)? =
a?,(z+a)?+(y+a)?=0a?and (z —a)? + (y +a)? = a>.
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Circle on a Diameter

We will find equation of a circle one of whose diameters has endpoints as (z1,y;)
and x4, y;.

A(zq,91) B(zq,92)

Let A(zq,y;) and B(z,,y,) be the endpoints of the diameter AB of the circle as
shown. Also, let P(a, 8) on the circle. We know from geometry that AB will subtend
a right-angle on P.

Slope of AP = 5:—111 and slope of BP = 2%

a—zy

B=y1 B=ys _ —1

Since these two lines are perpendicular to each other we have
a—z, a—Ty

= (a—z)(@—25) + (B—y)(B—y,) =0
Thus, equation of circle would be

(1'_551)(1”—?52)+(y_y1)(y—y2):0 (5.11)

Parametric Form of a Circle

We have the equation of the circle as (z — )% + (y — )% = a? then any point on the

circle in parametric form can be given by (a + acos, 8+ asin).

If the center of the circle is at the origin i.e. the equation is x2? + y% = a2 then the
point’s coordiantes changes to (acos,bsin8).

The point is often referred as point ‘6".

Position of a Point w.r.t. a Circle

Consider any point (z,y;). For any circle the point will be inside, outside or on the

circle as (2, —a)® + (y; — 8)° > a?, < a2 or = a2

For general second degree equation the condition would be (z; + ¢2) + (y; + f2) >
P+ <@P+fP-co=¢"+f*-c

Intersection of a Line and a Circle

z—a _ y—B
cos@ ~ sinf°

We know that one of the equations of a straight line is This equation
represents a line passing through a point P(a, 3) making an angle of § with positive

direction of z-axis. Let this ratio be equal to r, where r is the algebraic distance
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of the point (z,y) from P(a, ). So the coordiantes on this line are given by (o +
rcosf, B+ rsind).

If this point lies on the circle 22 + y? + 2gz + 2fy + ¢ = 0, then
(a+7rcos8)? + (B+rsind)? + 2g(a+rcosf) +2f(B+rsinf) +c =0 ie.
7?2 + 2r(acos @ + Bsind + gcos O + fsinf) + a? + B2 + 2ga + 2fB + ¢ = {5.12)

This is a quadratic equaiton in r, and hence, the line through P meets the circle at
two points A and B. Then we see that PA.PB = o2 + 8% + 2ga + 28 + ¢, which is

independent of 6, i.e. the direction of the line.

This we know from geometry that from a point P a secant drawn to cut the circle in
two points A and B, the product of the distances PA and PB is constant.

Tangents and Normals

Consider two points P and ) on a curve. The position to which the line P(Q tends as
Q@ becomes closer to the point @ i.e. the limiting position of chord PQ as @ tends to
P along the curve is called the tangent to the curve at point P. The point P is called
the point of contact of the tangent.

We will find equation of a tangent to a circle at a point (z;,y;) on the circle 2% +

y? = a2

P(z,y)

Let Q(z5,y,) be another point on the circle. Then the equation of PQ is y—y, =

Ya2—Y
zz_zll (x—zy)

Since bothe P and @ lie on the circle, therefore, z2 + y? = a? and z2 + y2 = a?

: ~ +
Subtracting we get £1=%2 — _"17%2
T1—To Y1ty2

Substituting this in the equation of PQ gives us
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+
y— =Pk —a)
As Q - P,z5 — x; and y, — y;, and thus,

Y—y = 7%(37 —x1) = xT Yy, = -75% +y%' Thus,

zxy +yy, = a? (5.13)
is required equation.

Aliter: We know that the tangent to a circle at a point in perpendicular to the radius
through that point. The center of our circle is at the origin. Thus, slope of the radius

is &
Ty

So the slope of the tangent will be —%.
Thus, equation of tangent will be y —y; = —%(z — ;)

=X + Yy, = a?.

Aliter(Using Calculus): The equation of our circle is 2% + 32 = a2

Differentiating w.r.t. z gives us 2z + 2y% =0= % = 75
Thus, slope at point P(z,y;) is Z—;’ = —%
Thus, equation of tangent is y — y; = —L(x — x;)

Y1

= zz, +yy, = a’.

Now we will find tanegent to the circle represented by the equation x2 + y% + 2gx +
2fy+c=0.

Like the first method we see that both P(z,,y;) and Q(x4,ys) lie on the circle. Thus,
we can write

of +yl + 2921 + 2fy1 + ¢ =0 and @f + Y3 + 292, +2fy; +¢ =0

_ @ +xy+2g
Y1ty +2f

Subtracting gi :Zz =

We know that equation of the line PQ is y —y; = 2% (z — x,)

Ta—Ty

Substituting we get y —y; = —%(m —zy)

Now as @ — P,x5 — z; and y, — y;, which gives us

= 2z + Yy, + 9z + fy =25 + yi + g2, + fu,

zxy +yy, +9(x + ) + g9y +y) +c=0 (5.14)

Aliter: Center of the circle is (—g, —f) and slope of radius is % = le—:’;

Z1t+9g

So slope of tangent would be —tf

Thus, equation of tangent is y — y; = _ler—f (x — )
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Proceeding like earlier the equation of tangent is found to be
zzy +yy + 9z +z)+gly+y) +e=0.

You are encourage to try the third method using calculus for this as well.

Now we will find equation of the normal at P(x,,y;) for the circle 22 + 3? = a2.

Normal is defined as perpendicular to tangent and it always passes through the center
of the circle.

P(z,y)

We have found the equation of tangent as zz; + yy; = a2, and thus, its slope is —:—1,

this makes the slope of the normal as Z—i

Since the normal pass through C(0,0), therefore, its equationis given by y = %w ie.
zy; — 21y =0 (5.15)

You are implored to prove this by other techniques as well.

Similarly for the circle 2% + 4% + 2gz + 2fy + c = 0, the equation of the normal at
(z1,yy) is found to be

T—w _y—u
Ty+g Y+ f

(5.16)

Condition that a Line Touches a Circle

We will find the condition for a line y = mx + ¢ to touch the circle 2% + y? = a?.

Since the line touches the circle, therefore, z2 + (mx + 0)2 = a?
= (14 m?)2? + 2mez + (2 —a?) =0

Since the line touches at one point the above equation will have a repeated root and
the discriminant must be zero for that. Thus,

4m?c? — 4(1 + m?)(c®> — a®) = 0 = ¢ = +aVv/'1 + m2. Thus the required condition is

¢c=+aV1+m? (5.17)

Thus, general equation of tangent is y = mx + av'1 + m2.

The equation of the line is y = mx + ¢ and equation of tangent is zz; + yy; = a?

Since both equations represnet tangents at (x;, y; ), therefore, comparing the coefficients

_ Y _ a? _ _a*m _ a?
e G B L
m

: ).

2

a ‘@M

Thus, point of contact is (—”C ,
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Two Tangents to a Circle

We will prove that from a point outside the circle two tangents can always be drawn
to the circle.

Let the circle be x2 + y? = a®. We know that the equation of tangent is y = mx +
av'1l+m?

Let the external point be (z,y;). Since the tangent passes through it, therefore,

Y, = ma, + a1+ m? = (y;, —ma;)” = a*>(12,), which is a quadratic equation in m.

Thus, it will give two values of m, and hence, two different tangents can be drawn
from the same point.

If we check the nature of roots then discriminant is given by z? + y? — a? ie. if the

point is external then two real ms mean two different tangent.

Length of a Tangent

We will find the length of a tangent from an external point to a circle.

T

C(0,0) P(zy,91)

Let the point be P(x,,y;) and the circle be 22 + y? = a®. From point P draw a tangent
to the circle, whihc touches the circle at T. CT will be perpendicular to PT.

Thus, in right-angle A CPT, we have
PT? = CP? — CT? = 22 + y? — a®. Thus,

PT = /23 +y? —a? (5.18)

Similarly if the circle is 2% + 3 + 2gz + 2fy + ¢ = 0 and the center is (—g, —f) then
PT? = (a2, +9)° + (1 + £)° = (¢ + f* —¢)

PT = /22 + % + 292, + 29y, + ¢ (5.19)

Pair of Tangents

We will find the equation of pair of tangents drawn from an external point to a circle.

A

P(zq,91)
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Let the point be P(z,,y;) from which we draw two tangents PA and PB to the circle,
touching the circle at A and B respectively.

Let R(a, ) be any point on any one of the tangents, say PA. Then the locus of R(c, §)
will be the required equation of the pair of tangents to the circle from point (z1,y;).

Equation of PR is y —y; = ﬁ:ill (x —2q)

=syla—z))—z(B—y,) —ay, + Pz, =0.

Now AC =a
|Bz1—ayy| __ Bz —ay, 2
= =a= =
Szt By (aa) + (v’

So locus of R(% 5) is (ywl - 953/1)2 =a? [(1” - zl)z + (y - y1)2]

(23 + 33 —a?)(2® + 3 — a?) = (a2, +yy; —a?)’ (5.20)
This is the required equation of pair of tangents drawn from (z,,y;).
If circle is denoted by S then the pair of tangents is given by SS; = T2
For the circle 2% + y? + 2gz + 2fy + ¢ = 0 the pair of tangents is given by

(2 + 43 + 292, + 2fy; +¢)(2® + 4% + 292 + 2fy + ¢) = [vz, +yy; + g(z + z,) + FFRY)) + ]

5.8 Chord of Contact of Tangents

A($2,y2)

P(xy,9,)

Let P be a point outside a circle. From P two tangents PA and PB can be drawn to
touch the circle at A and B, respectively just like last section. The chord AB is called
the chord of contact for point P.

We will now find the equation of this chord of contact.
Let A = (z4,y,) and B = (z5,y3) as shown in the figure.

Since these points lie on the tangents, therefore, T2, + ¥y, = a? and xz5 + yy; = a>

Since both pass through (z,y;), therefore, T2 + ¥,y = o and 25 + y,y; = a>
Thus, we can sat that xx; + yy,; = a® passes through A and B. Hence, the equation
of line AB is this equation.

Similarly, for the circle 22 + 32 + 2gz + 2fy + ¢ = 0 the equation of chord of contact
is given by

zxy +yy + 9@ +2)+ fly+y)+ec=0.
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Poles and Polars

If from a point P any straight line is drawn to meet the circle in () and R and tangents
at @ and R meet at T then locus of T is called the polar of P w.rt to the circle and
P is called the pole of its polar i.e. T.

Q

T(a, B)

R

The point P can be inside or outside the circle. The diagram shows one such P inside
the circle through which the line QR passes and tangents meets at T'(c, 3).

Clearly, QR is the chord of contact of T whose equation is za 4 y8 = a?, but it passes
through P(z,y,). therefore,

zia+yf=ad
Putting (z,y) instead of («, 8) we get the locus of T as
xzy +yy; = a? (5.22)

This is the required equation of the polar of point P(z,,y;) and as can be seen from
the equation it is a straight line.

Similarly, for circle 2 + y% + 2gz + 2fy + ¢ = 0 the equation of the polar is given by

rry+yy, +9(@+ ) + f(z+z) +c=0 (5.23)

Coordinates of a Pole

Now we will find coordinates of pole of a line.

Consider a line Iz +my +n =0 whose pole is to be found w.rt. the circle z2 +
2 _ 2

y? =a’.

Let the pole be (x;,y;). Now the equation of polar of point (z;,y,) w.r.t. to the circle

is given by zx; + yy; = a?

: : : : : I _m __ n _ _a%l _ _a’m
Comapring coefficients with the given line P R g T R
: : : a?l a’m
Hence, coordinates of the pole is given by (_T’ - )

Properties of Poles and Polars

» If the polar of a point P w.r.t. to a circle passes through @ then the polar of @ w.r.t.
the circle will pass through P

Let the equation of the circle is 2% + y? = a?. Also, let P = (z1,y;) and Q = (5, y5).
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Now equations of the polars of these two points will be zz; + yy; = a? and 2z, +

YYa = a’.

If the polar of P passes through @ then z;z, + y;y, = a2.

Thus, we have proven our assumption. The points P and @ are called conjugate points.

If the pole of a line w.rt. a circle lies on another line, then the pole of the other line
w.r.t. the same circle will lie on the first line.

Let the circle be 22 4+ y? = a® and the lines be lz + my+n=0 and 'z +m'y +
n’ =0.

Let the pole of first line w.r.t to circle be (x;,y;). Then the polar will be

. . . 2 2
2z, +yy; = a®. Comapring coefficients we arrive at (z1,y;) = (—“Tl, —“nm).

This point will lie on the second line, therefore,

277/ 2 ’
——“Tfl — & 4/ =0= a?ll' +a>mm’ —nn’ =0.

Similarly we let pole of the second line w.r.t. to the circle be (z5,y,). Then the polar
will be

a?l! _ a’m/
n’ n

Ty + Yy, = a®. Comapring coefficients we arrive at (2,,yy) = (—

This point will lie on the first line, therefore,
a?ll! + a®>’mm’ —nn’ =0.

Thus, the points lies on corresponding lines. Such lines are called conjugate lines.
If the polars of two point P and @ w.r.t. a circle meet at R, then R is the pole of

the line PQ.
Let P(z,,y;) and Q(z4,Yy,) be two points. Then the polar AB and C'D of P and Q

w.rt. to the circle 22 + y? = a® will be

xz, +yy;, = a® and zz5 + Yy, = a?

According to question they meet at R. Solving the two equations, we have

2 . .
z_—_Y a , which gives R.

Y1=Y2 Ty—Ty T1Y2—T2Y1

We have to prove that polar of R w.rt. the circle is line PQ. The polar of R w.r.t.
the circle is

a?(y;—y,) a?(zy—z) ) _ 2
IL‘( T1Y2—T2Yy +y T1Y2—T2Y1 =a

= YU — % which is the line PQ.

Y1=Y2 T1—T2

5.10 Equation of a Chord

We will find equation of a chord whose midpoint is given.

Let the equation of the circle be 2% + y? = a? with center C(0,0).

Let PQ be the chord whose mid-point is L(z,,y;). Slope of line CL = —=*

Y1

Since PQ L CL, therefore, slope of PQ = %
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Equation of PQ is y —y; = z—i(m —z;)
Q
\
P
Thus, equation of the chord is given by
vy +yyr = 2% + 7 (5.24)

Similarly the equation of chord for the circle 2% + 32 + 2gz + 2fy + ¢ = 0 is given by

zzy +yy, +9(@+z) + fly+y) +c=af +yf + 29z, +2fy; + ¢ (5.25)

5.11 Intersection of Circles

The angle between two circles is the angle between their tangents at their point of
intersection. Let P be a point of intersection of two circles. Let PT and PT’ be the
tangents to the two circles at the point of intersection. Then the angle is defined at
ZTPT’ or m — ZTPT'. If C| and C, be the centers of the two circles then

PC, L PT and PC, L PT' . /ZTPT' = ZC,PC, or = — ZC, PC,.

5.11.1 Orthogonal Circles
Two circles are said to intersect orthogonally if they intersect at right angles.

We will find the condition for two circles 22 + y? 4+ 2¢g;2 + 2f;y + ¢; = 0 and z2 +
y? + 29,2 + 2f,y + ¢; = 0 are orthogonal.

Let A and B be the center of these circles and r; and 7, be their radii respectively. Then

A=(—g;,—f1) and B = (—gy,—f,) and 7} = g7 + f{ —¢; and 13 = g5 + f3 — ¢,



5.11 Intersection of Circles 103

Orthogonality: r? + r2 = d?

Since the circles are orthogonal PA2?2 + PB?2 = AB? = r% + TS = AB?
S+ at G —a=(0-9)"+ (- hH)’
29199 +2f1fa=c1 +cy (5.26)

5.12 Radical Axis

Radical axis

The radical axis of two circles is the locus of a point which moves so that the length
of the tangents drawn from it to the two points are equal.

We will find equation of radical axis of two circles 2% + y% + 2g12 + 2f;,y +¢;, =0
and 22 + 4% + 29,7 + 2f,y + c5 = 0.

Let P(a,3) be any point from which the tangents from it to these circles are equal.
Let the tangents from this point to the two circles be PA and PB.
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Radical axis

o7

Now PA = /a2 + 2 +2g,a+2f,8+c; and PB = \/aZ + 2 + 2g,a + 2f,8 + c,
We have PA = PB = 2(g; —g)a+2(f; — fo)B+c; —cy =0
Hence, locus of P is

2(91 —ga)z+2(fi = fo)y+cr—c =0 (5.27)

which is a straight line and equation of radical axis.

Properties of Radical Axes

« The radical axis of two circles is perpendicular to the line of centers.
Let the two circles be 22 + y? + 2g,z + 2f,y +¢; = 0 and 22 + y% + 29,7 + 2f,y +
cy = 0.
Let A and B be the centers of these two circles. Then slope of AB is %, which
is negative reciprocal of 2(g; — g,)z + 2(f; — fo)y+¢; —cy = 0.

Thus, the radical axis of two circles is perpendicular to the line of centers.
« The radical axis of three circles takes two at a time are concurrent.

Consider three circles, which are 2% + y? + 2g,z + 2f,y + ¢; = 0, 22 + y% + 2g,7 +
2f,y + ¢y =0 and x2 + y? + 2957 + 2f3y + ¢ = 0.

So radical axes will be 2(g; —go)z +2(fi — fo)y+cg —cy =0, 2(g5 —g3)z +
2(fo — f3)y+cy —c3 =0and 2(g3 — g)z + 2(fs — f1)y + c3 — ¢, = 0.

Adding these we get equality, hence, the three lines are concurrent. The point where
these radical axes meet is called the radical center of the three circles.
The radical axis of the two circles bisect their common tangent.

Let AB be one of the common tangents meeting the raidcal axis at P, then since P
lies on the radical axis, hence, by definition of radical axis PA = PB.

Thus, the radical axis bisect the common tangent.
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+ The locus of the cetner of a circle cutting two given circles orthogonally is the radical
axis of the two circles.

Let the circle 22 + 32 + 2gx + 2fy + ¢ = 0 cut the circles 22 + y% + 2g,2 + 2f,y +
c; =0 and 22 + 9% + 29, + 2f,y + co = 0 orthogonally. Then

2991 +2ffy =c+cy and 299, + 2f f, = c+ ¢y

=29(91 — 92) +2f(fy — fo) = c1 — 5

Thus, locus of the center is 2(g; — g5)z + 2(f; — fo)y + ¢; — ¢3 = 0 which is the
radical axis of the two circles being cut orthogonally.

Coaxial Circles

A system of circles is said to be coaxial if each pair of circles of the system has the
same radical axis.

Consider tow circles 22+ y? 4+ 2¢g;2 + 2f;y + ¢, =0 and 22 + y? + 29,2 + 2 oy +
cy = 0.
Equation of radical axis will be 2(g; — g5)x + 2(f; — fo)y + ¢4 —cy =0.

We know that the radical axis of two circles is perpendicular to the line joining their
centers, therefore, if we take the line joining the centers as z-axis and radical axis as
y-axis then

fi1 = fo = 0 and equation of radical axis will be ¢; —cy =0 = ¢; = c,.

Thus, constant term in all the circles must be same for them to be coaxial circles.

Limiting Points of a Coaxial System

Consider a system of coaxial circles having equation x2 + y2 4 2gx + ¢ = 0, where c

is a constant and g is a parameter.

The radius is 1/g% — ¢. If g = ++/7 then the radius vanishes and the circle becomes
point circle.

Thus, there are two circles of the system whose radii are zero, centers of these circles

are (1/¢,0) and (—/c,0).

These points are called limiting points of the system.

Circles through the Points of Intersection of a Circle
and a Line

Consider a circle 22 4+ y? + 29z + 2fy + ¢ = 0 and a line Iz + my +n = 0.
Consider the equation x2 + y? + 29z + 2fy + ¢ + A(lx + my +n) = 0 which is also
the equation of a circle.

The coordinates which satisfy the considered circle and line also satisfy this equation
of circles. Thus, point of intersection of the considered circle and line lies on this new
circle.
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Similarly we can say that 22 + y2 + 2gz + 2fy + ¢ + A(z? + y*> + 2g.2 + 2f 1y + ¢) =
0 is the locus of points of intersectionof two circles.

5.15 Problems

1.
2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

Find the center and the radius of the circle 3z2 + 3y? — 8z — 10y + 3 = 0.

Prove that the radii of the circles 22 +y' = 1,22 +y?> — 22 — 6y = 6 and =2 +
y? —4zr —12y =9 are in AP.

. Find the area of an equilateral triangle inscribed in the circle 2 + y? + 2gx +

2fy+c=0.

. Find the center and the radius of the circle 22 4 y? + 6z — Sy = 24.
. Find the center and the radius of the circle 522 + 5y? + 42 — 8y = 16.
. Find the center and the radius of the circle 22 + y? — 6z — 2y = 6.

. What will be the radius and center of the circle %(xQ +4?) + zcosf + ysind —

4=0?

. Prove that the centers of the circles 22 + 3% = 1,22 +y?> + 6z — 2y — 1 = 0 and

x2 + 9% — 122 + 4y = 1 are collinear.

. Prove that the radii of the circles 2 +y? = 1,22 + 9> — 22 — 6y = 6 and z2 +

y? — 4z — 12y =9 are in AP.

Prove that the radii of the circles 22 + y? = 4, 422 + 4y?> — 8z — 24y + 15 = 0 and
22+ 9?2 —4y—5=0 are in AP.

Prove that the circles 2% +3y? —9=4r2,7=1,2,3 cut off equal intercepts
between the circles on the line 3x = 4y + 15 = 0.

Find the equation of the circle whose center is (1,2) and which passes through
the point (4, 6).

If the equations of two diameters of a circle are £ +y =6 and z + 2y =4 and
the radius of the circle is 10, find the equation of the circle.

Find the equation of the circle whose center is (3,4) and which touches the line
5z 4+ 12y = 1.

Find the equation of a circle which passes through the point (2,0) and whose
center is the limit of the point of intersection of the lines 3z + 5y =1 and (2 +
¢)x +5c%y =1 as c tends to 1.

A circle has radius of 3 units and its center lies on the line y = z — 1. Find the
equation of the circle if it passes through (7, 3).

Find the equation of the circle, which touches the axes and whose center lies on
the line z — 2y = 3.

A circle of radius 2 lies in the first quadrant and touches both the axes of
coordinates. Find the equation of the circle with center at (6,5) and touching the

above circle externally.
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20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

. Find the equation of the circles whose center is (3,—1) and which cut off an
intercept of length 6 from 2z — 5y + 18 = 0.

Find equations of the circles touching y-axis at (0,3) and making intercept of 8
units on the z-axis.

Find the equation of the circle having the pair of lines z2 + 2xy + 3z + 6y = 0
as its normals and having the size just sufficient to contain the circle z(z —4) +

y(y —3) =0.

A circle of raidus 5 units touches the coordinate axes in the first quadrant. If the
circle makes one complete roll on the z-axis along the positive direction of z-axis,
find its equation in the new position.

The circle 72 + y? — 4z — 8y + 16 = 0 rolls up the tangent to it at (2 + /3, 3)

by 2 units, assuming the x-axis as horizontal, find the equation of the circle in
the new position.

Find the equations of the circles touching the lines y = 0 and y = v/3(z + 1) and

having the centers at a distance 1 from the origin.

Find the equation of the circle passing through the point (2, 8) touching the lines
4z — 3y + 24 = 0 and 4z + 3y — 42 = 0 and having z coordinate of the center of
the circle numerically less than or equal to 8.

Find the equation of the circle whose center is (1,—5) and radius is 7.

Find the equation of the circle whose center is (—1, —2) nad diameter is 25.

If the equation of two diameters of a circle are 22 +y = 6 and 3z + 2y = 4 and
the radius is 10, find the equation of the circle.

Find the equation of the circle which passes through the point of intersection of
3z —2y—1=0 and 4z + y — 27 = 0 and whose center is (2, 3).

Find the equation of the circle whose center is (1,2) and which passes through
the point of intersection of 3z + y = 14 and 2z + 5y = 18.

Find the equation of the circle passing through the center of the circle 2% + 32 —
4x — 6y = 8 and being concentric with the circle 22 4 4% — 2z — 8y = 5.

Find the equation of the circle passing through the point of intersection of z +
3y = 0 and 2z — 7Ty = 0 and whose center is the point of intersection of lines x +
y+1=0and x —2y+4=0.

Find the equation of the circle whose radius is 5 and the center lies on the positive
side of z-axis at a distance 5 from the origin.

Find the equation of the circle which passes through the points (—1,2) and (3, —2)
and whose center lies on the line x — 2y = 0.

Find the equation of the circle which passes through the point (1, —2) and (4, —3)
and whose center lies on the line 3z + 4y = 7.

Find the equation of the circle whose radius is 5 and which touches the circle
x? 4+ y? — 22 — 4y — 20 = 0 at the point (5, 5).
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37. Find the equation of the circle whose center is (1, —3) and which touches the line
20 —y—4=0.

38. Write down the equation of a circle concentric with the circle 22 + y? — 4z +
6y — 17 = 0 and tangent to the line 3z —4y +7 = 0.

39. Find the equation of the circle of radius 5 and touching the line 3z — 4y +5=10
at (1,2).

40. If the raidus of the circle is 5 and the equations of the twp normals to the circle
are 3z — 5y + 2 =0 and x + 2y = 3, find the equation of the circle.

41. Find the equation of the circle which touches the y-axis at a distance 4 from the
origin towards the positive side of y-axis and cuts of an intercept 6 on the z-axis.

42. Find the equation of the circle which touches both the axes and whose radius is a.

43. Find the equation of the circle passing through the point (h, k) and touching the
y-axis at origin.

44. Find the equation of the circle touching the axis of z at the origin and touching
the line 3y = 4z + 24.

45. What is the parametric equation of the circle x2 4 y* = 16.

46. Find the equation of the circle which touches the line 2z —y =1 at (1,1) and
the line 2z + y = 4.

47. Find the eugqation of the circle touching the lines 4z — 3y = 30 and 4z — 3y +
10 = 0 having the center on the line 2z +y = 0.

48. A circle of raidus 4 units touches the coordinate axes in the first quadrant . Find
the equation of its image w.r.t. the line mirror y = 0.

49. The equation of a circle is 2 + y? + 16z — 24y + 183 = 0. Find the equation of
the image of this circle by the line mirror 4z 4+ 7Ty + 13 = 0.

50. The circle (z — a)? + (y — a)? = a? is rolled on the z-axis in the positive direction
through one complete revolution. Find the equation of the circle in the new
position.

51. The center of a circle is (1,1) and its radius is 5 units. If the center is shifted on
the line # — y = 0 through a distance of v/2 units, find the equation of the circle
in the new position. How many such circles are possible?

52. Find the equation of the circles which pass through the origin and cut off equal
chords of v/2 units from the straight lines y = z and y = —z.

53. Find the center of the circle which is inscribed in the triangle formed by the lines
3z +4y—15=0,3x —4y — 7 =0, and 12z + 5y — 115 = 0.

54. Show that the equation of the circle which touches the coordinate axes and whose
center lies on the straight line Iz + my+n =0 is (I+m)*(z? +y?) + 2n(l +

m)(x +y) +n? = 0.
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57.
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64.

65.

66.

67.

68.

69.

70.

71.

. Of the two concentric circles the smaller one has the equation z% + 42 = 4. If
the intercept on the line x + y = 2 made between the two circles is 1, find the
equation of the larger circle.

Is (3,2) an interior point or an exterior point of the circle 2 +y? — 2z +y =

0? If inerior, find the equation of the circle centered on it and of maximum area
contained in the given in the circle. If exterior, find the circle of maximum radius
centered on it containing the given circle.

Find the equation of the circle with minimum raidus which contains the three
circles 224+ 9?2 —4y—5=0,22+ 9>+ 122+ 4y +31 =0, and 22+ 9>+ 6z +
12y + 36 = 0.

Find the equation of the circle whose diameter is the line joining the points (—4, 3)

and (12,—1). Find also the intercept made by it on y-axis.

The sides of a square are £ = 1,z = 3,y = 2 and y = 4. Find the equation of the
circle drawn on the diagonals of the square as its diameter.

Find the equation of the circle on the line joining the origin and (2,—4) as
diameter.

Find the equation of the circle, the endpoints of whose diameter are (2,—3) and

(—2,4). Find its center and radius.

Find the equation of the circle drawn on the intercept between the axes made by
the line 3x + 4y = 12 as a diameter.

Find the equation of the circle the endpoints of whose diameter are the centers
of the circles 22 +y?> +6x — 14y =1 and 22 + 9% — 4oz +1—y = 2.

The sides of a square are z =6,z =9,y = 3 and y = 6. Find the equation of a
circle drawn on the diagonal of the square as its diameter.

Find the equation of the circle circumscribing the rectangle whose sides are x —
3y=4,3x+y=22,x — 3y =14 and 3z + y = 62.

The ascissa if two points A and B are the roots of the equation 22 + 2z — a? =

0 and the oridinates are the roots of the equation y? + 4y — b% = 0. Find the
equation of the circle with AB as its diameter. Also find the coordinates of the
center and the length of the raidus of the circle.

If (4,1) be one endpoint of the diameter of the circle 2 + y? — 2z + 6y — 15 =
0, find the coordinates of the other endpoint of the diagonal.

Find the equation of the circumcircle of the quadrilateral formed by the four lines
ax+by+c=0and bx —ay+c=0.

Find the equation of the circle which passes through the points (1, —2) and (4, —3)

and whose center lies on the line 3z + 4y = 7.

Find the equation of the circle passing through the origin and the points where
the straight line 3z + 4y = 12 meets the coordinate axes.

Show that the cyclic quadrilateral is formed by the lines 5z 4+ 3y = 9,2 = 3y, 2z =
y and x + 4y + 2 = 0 taken in order. Find the equation of the circle.
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72. Find the equation of a circle passing through the points (1,2) and (3,4) and
touching the line 3z +y—3 =0.

73. A circle touches both the z-axis and the line 4x — 3y + 4 = 0. Its center is in the
third quadrant anf lies on the line £ — y — 1 = 0. Find the equation of the circle.

74. Find the equation of the circle passing through the points (1,0), (0,1) and (1, —2).
75. Find the equation of the circle passing through the points (0,0), (a,0) and (0, b).

76. Find the equation of the circle which passes through the origin and cuts off chords
of length 4 and 6 on the positive side of z-axis and y-axis respectively.

77. Find the equation of the circumcircle of the triangle formed by the lines y =
z,y =2z, and y = 3z + 2.

78. Find the incenter of the triangle whose sides are 7z —y+ 11 =0,z +y—15=0
and 7z + 17y + 65 = 0. Find the equation of the incircle.

79. Find the equation of the circles passing through the origin and cutting off equal
intercepts 1 from the lines 3z = 4y and 4z = 3y.

80. Find the equation of the circle described on the common chord of the circles 2% +
y? — 4z —5=0 and 22 + 3% + 8y + 7 = 0 as diameter.

81. Show that the circle on the chord x cos o + ysina — p = 0 of the circle 2% 4+ % =
a? as diameter is 22 4 y? — a? — 2p(xcosa + ysina —p) = 0.

82. Prove that the equation x2 +y? —4 + k(y —mz —2V1+ m2> = 0 represents a

family of circles touching each other at a common point for all k, where m is a
given constant.

83. Show that the general equation of a circle which passes through the points

(z1,91) and (25,,) may be written as (z —z1)(z — z2) + (y —41)(y — ¥2) +
z y 1

Alz1 v 1| =0, and hence, deduce the diameter form of the equation of a circle.
Ty yp 1

84. The line Az + By + C =0 cuts the circle 22 + 4% +ax +by+c=0 in P and
Q. The line A’z + B’y + C’ = 0 cuts the circle 22 +y? +ad’z +b'y+¢’ =0 in

a—a’ b=b" c—c’
A B C
A B C

R and S.If P,Q, R, S are concyclic points show that =0.

85. A fixed circle is cut by circles passing through two given points A(z,y;) and
B(zq,ys). Show that the chord of intersection of the fixed circle with any one of
the circled, passes through a fixed point.

86. Tangents PQ and PR are drawn to the circle 22 +y? = a? from the point
P(z,y;). Find the equation of the circumcircle of A PQR.

87. Find the equation of the circle passing through the point of intersection of the
circles z2 +9y? —6x+2y+4=0 and 22+ y?> +22z —4y — 6 =0 and with its
center on the line y = x.

88. If the circle 22 4+ y% 4+ 2gx + 2fy + ¢ = 0 bisects the circumference of the circle
22+ 9y% + 29’z +2f'y+ ¢’ =0, prove that 2¢'(g —g') +2f' (f— f ) =c— .



5.15 Problems 111

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

Find the equation of the circle of radius 4 and passing through the point of inter-
section of circles 2% 4+ 4% — 2z —4y —4 =0 and 22 + 32 — 10z — 12y + 40 = 0.
Show that the common chord of the circles 2% 4+ 4% — 6z — 4y + 9 =0 and 2% +
y? — 8z — 6y + 23 = 0 pass through the center of the second circle and find its
length.

Find the equation of the circle whose diameter is the common chord of the circles
22 +9y?+22+3y+1=0and 22 +y?> + 4z +3y+2=0.

If y = mz be the equation of a chord of the circle 22 + y2? — 2ax = 0, prove that
the circle of which this chord is a diameter has the equation (1 + m?)(z? + y?) —
2a(z + my) = 0.

Find the equation of the circle which passes through the point of intersection of
the circles 22 + 4% — 6z + 2y +4 =0 and x? + y* + 22 — 4y — 6 = 0 and whose

center lies on the line y = z.
Prove that the equation x? + 4% +2(3+p)z +2(3 —p)y +4 =0 represents a
circle for all values of p, passing through two fixed points. Find the fixed points.

Find the equation of the circle through the points of intersection of the circles
22 + y? = 4a? and x? 4+ y? — 22 — 4y + 4 = 0 and touching the line z 4 2y = 0.

Find the equation of the circle which passes through the points of intersection
of the circle 22 4+ 4? —x —y =0 and the line 2 +y =1 and also through the
point (1,1).

Find the equation of the circle which has for its diameter the chord cut off on the

line px 4 qy — 1 = 0 by the circle z2 4 y? = a2.

The point A(a, B) is outside the circle 22 + y? + 29z + 2fy + ¢ = 0 and AP, AQ
are tangents to the circle. Find the equation of the circumcircle of A PQR.

Show that the line 3z — 4y = ¢ will meet the circle having center at (2,4) and
the radius 5 in real and distinct points if —35 < ¢ < 15.

Find the length of the chord 4z — 3y = 5 of the circle 2% + 4? + 3z —y — 10 = 0.
Prove that the line y = 4+ a+/2 touches the circle 22 + y? = a?. Also find the

point of contact.
Find the equation of tangents of the circle % + y? — 6z + 4y — 12 = 0 which are
parallel to the line 42 + 3y + 5 = 0.

Show that the common tangents to the circles 2 + y? — 6z = 0 and 22 + 32 +
22 = 0 form an equilateral triangle.

Three concentric circles of which the biggest is 22 + 42 = 1 have their radii in
AP. If the line y = x + 1 cuts all the circles in real and distinct points then find
the interval in which the common difference of the A.P. will lie.

If 412 —5m? + 61 + 1 = 0; then shown that the line Iz + my + 1 = 0 touches a
fixed circle. Find the center and raidus of the circle.

Find the point P on the circle 22 4+ y? — 42 — 6y + 9 = 0 such that (i) ZPOX is
minimum (ii) OP is maximum, where O is the origin and OX is the z-axis.
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108.

109.

110.
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115.

116.
117.

118.

119.

120.

121.

122.

123.

124.

125.

Show that the circle 2 + y? — 2ax — 2ay + a® = 0 touches both the axes. Also,
find the point of contact.

Find the length of the chord of the circle z2 + y? — 16 which bisects the join of
the points (2,3) and (1,2) perpendicularly.

Find the length of the chord intercepted by the straight line z — 7y +4 = 0 and
the circle 2 + y% — 14z + 4y + 28 = 0. Also, find the middle point of the chord.

Find the length of the common chords of the circles 22 +y? + 32+ 5y +4 =10
and 22 + 32 + 52 +3y+4=0.

Find the equation and length of the common chord of the circles z2 + y* + 2z +
3y+1=0and 22 +9y>+42+3y+2=0.

Prove that the length of the common chord of the circlea (z —a)? + (y — b)? =
¢ and (z—b)?+ (y—a)? = c? is \/4c2 —2(a — b)2. Hence find the condition
that the two circles may touch each other.

Prove that the length of the common chord of the two circles 2 + y? + 2hx +

. 2_ 42 2 2
a’>=0and 22 +y*> —2ky—a?=0is 2 %

Prove that the length of the common chord of the circles 2 + y? 4 ax + by +
c=0and 2?2 +y* + bz +ay+c=01is y/3(a+b)%—4c.

If the line px + qy + r = 0 touches the circle 22 4+ y? = a2 then prove that r? =
a®(p? + ¢%).

Prove that the line 42 — 3y 4+ 23 = 0 touches the circle z2 + % — 6z + 10y = 66.

Show that for all values of 6, zsin§ — ycos # = a touches the circle z2 + 3% = a2.

If Iz + my = 1 touches the circle 22 + y? = a?, prove that the point (I,m) lies

on the circle 22 + 3% = a2

Find the value of ) so that the line 3z — 4y = \ may touch the circle 2% + 32 —
4 —8y—5=0.

Show that the line (z — 1) cosf + (y — 1)sin@ = 1 touches a circle for all values
of . Find the circle.

Find those tangents to the circle 2 + y? = 16 which are parallel to 3z — 16y = 10.

Find the equation of the tangents to the circle 22 4 y? — 22 — 4y — 4 = 0 which
are (i) parallel, (ii) perpendicular to the line 3z —4y — 1 = 0.

Show that the line 7y — = 5 touches the circle 22 4 y* — 52 4+ 5y = 0 and find
the equation of the other parallel tangent.
Find the equation of the tangent lines to the circle x? 4+ y? = 15 which are

perpendicular to the line 4z —y + 6 = 0.

Find the equation of tangents to the circle 2 + y? — 6x + 4y — 3 = 0, which are
perpendicular to the line y = 2z — 1.
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141.

142.
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Find the equation of the tangents to the circle z2 + y? = 25, which make an angle
of 60° with the positive direction of z-axis.

Find the equation of the family of circles which touch the pair of straight lines
22—y +2y—1=0.

Examine if the two circles 22 4+ y? — 2z — 4y = 0 and 2% 4+ y? — 8y — 4 = 0 touch
each other externally or internally.

Prove that the circle 22 4+ y? 4+ 2az + ¢2 =0 and z? + y? + 2by + ¢ = 0 touch

o1 1 1
each other if - + 7 = .

Prove that 22 + y? = a? and (z — 2a)? + y% = a2 are two equal circles touching
each other. Find the equation of circles of equal radius touching both the circles.
Prove that the circles 22 +y? + 2z +2y+1=0and 22 +¢y? —42 -6y —3=0
touch each other.

Prove that the condition for the circles (z —a)? 4+ (y — b)? = ¢? and (z — )2 +
(y —a)? = ¢? to touch each other is a = b + v/2¢.

Prove that the circles x2 + 32 + 2uz + 2vy = 0 and 22 + % + 2u;x + 20,y = 0
touch each other if uv; = u,v.

Find the length of the chord of the circle z2 4+ y2 = 4 through (17 %) which is of
minimum length.

Find the angle that the chord of circle 22 + 32 — 4y = 0 along the line z +y = 1
subtends at the circumference the larger segment.
Prove, analytically, that the angle n a semi-circle is a right angle.

A circle of diameter 13m with the center O coinciding with the origin of coordinate
axes, has the diameter AB on the z-axis. If the length of the chord AC be 5m,
find the equation of pair of lines BC, C having two possible positions.

Show that the least chord of the circle 2% + y% + 2gz + 2fy + ¢ = 0 which passes
through the internal point (o, 3) is equal to 21/—(a? + 52 + 2ga + 28 + c).

If the line a 2 + b,y + ¢; = 0 and ayx + byy + ¢, = 0 cut the coordinate axes in

concyclic points prove that a;a, = by b,.

The chord along the line y — z = 3 of the circle 2 + y? = k2, subtends an angle
of 30° in the major segment of the circle cut off by the chord. Find k.

Prove that the tangent to the circle z2 4+ y? = 5 at the point (1, —2) also touches
the circle 2 + y? — 8z + 6y + 20 = 0 and find its point of contact.

Prove that the equation x?2 + y2 — 2z —2\y — 8 =0, where A is a parameter,
represents a family of circles passing through two fixed points A and B on the z
-axis. Also, find the equation of that circle of the family the tangents to which at
A and B meet on the line x + 2y +5 = 0.

AB is a diameter of a circle. CD is a chord parallel to AB and 2CD = AB. The
tangent at B meets the line AC produced at E. Prove that AE = 2AB.

Two parallel tangents to a given circle are cut by a third tangent at point A and
B. If C be the center of the given circle, prove that ZACB is a right angle.
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145. A circle of radius 5 meters is having its center at A at the origin. Two circles
II and II with centers B and C of radii 3 and 4 meters respectively touch the
circle I and also touch the z-axis to the right of A. Find the equation to any two
common tangents to the circles II and IIL

146. Find the equation of the normal to the circle 22 +y? — 2z —4y +3 =0 at the
point (2, 3).

147. The extremeties of a diagonal of a rectangle are (—4,4) and (6,—1). A circle
circumscribes the rectangle and cuts an intercept AB on the y-axis. Find the area
of the triangle formed by AB and the tangents to the circle at A and B.

148. Find the equation of the tangent to the circle 2 + y% — 4z — 6y = 12 at the
point (—1,—1).

149. Prove that the tangents to the circle 22 + y? — Tz — 5y + 18 = 0 at the point (4, 3)
and (3,2) are parallel to each other.

150. Find the equations of the tangents to the circle z2 + 4% =169 at (5,12) and
(12,—5) and prove that they cut at right angles. Find their point of intersection
also.

151. The tangent at the point (c, 3) to the circle 2 4+ y? = r? cut the axes of coordi-

nates in A and B. Prove that the area of the A OAB is %‘;—; O being the origin.

152. Let A be the center of the circle 22 4+ y* — 2z — 4y — 20 = 0. Suppose that the
tangents at the point B(1,7) and D(4, —2) on the circle meet at the point C. Find
the area of the quadrilateral ABCD.

153. Prove that the line x + y = 5 touches the circle 22 + 3% — 22 — 4y + 3 = 0. Find
the point of contact.

154. Prove that the tangent to the circle 2 + y? = 5 at the point (1, —2) also touches
the circle 22 4+ y? — 82 + 6y + 20 = 0, and find its point of contact.

155. Show that the circles 2% + 4% — 10z +4y —20 =0 and 2%+ y? 4 142 — 6y +

22 = 0 touch each other. Find the coordinates of the point of contact and the
equation of the common tangent at the point of contact.

156. Prove that the line y = = + 2 touches the circle 22 + 2 = 2. Find the point of
contact.

157. Find the condition that the straight line {x + my 4+ n = 0 should touch the circle
22 + 92 + 2gx + 2fy + ¢ = 0 and also find the coordinates of the point of contact.

158. If the line 3z + 4y = k touches the circle 2 + y? = 10z, find the value of k and
also the point of contact.

159. Find the equation of the normal to the circle 2% + y% = 5 at the point (1,2).

160. Find the equation of the normal to the circle 22 + y? = 2z, which is parallel to
the line z 4 2y = 3.

161. The point (1,4) is inside the circle S whose equation is of the form x2 + y* —
62z — 10y + k£ = 0. What are the possible values of k if the circle S neither touches
the axes not cuts the them?
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Find the length of the tangent drawn from the point (5, 1) to the circle 2% + y% +
6 —4y —3=0.

Distances from the origin to the centers of the three circles z2 + y2 — 2\ = ¢2,

where ¢ is a constant and A a vairable are in G.P. Prove that the lengths of
tangents drawn from any point on the circle 2 + y? = ¢? to the three circles are
also in G.P.

From a point P tangents drawn to the circles 2% + 42 + 2 — 3 = 0,322 4 3y% —
52+3y=0 and 422 +4y> +8x+Ty+9 =0 are of equal lengths. Find the
equation of the circle thorugh P which touches the line z +y = 5 at the point
(6,—1).

If the length of the tangent from (f,g) to the circle 22 4+ 3> = 6 be twice the
length of the tangent from (f,g) to the circle 2 + y% + 3z + 3y = 0 then will
g +4af+4g+2=0?

If the length of the tangent from a point (f, g) to the circle 2 + y* = 4 be four
times the length of the tangent from it to the circle 2 + y? = 4z, show that
15f2 + 1592 — 64f +4 = 0.

Show that the length of the tangent from any point on the circle 2 + % + 2gx +
2fy +c =0 to the circle 22 + 4% + 29z + 2fy + ¢, =0 is 1/c; — L.

Find the point from which the tangents to the three circles z2 + % = 1,22 + 3% —
8z +15=0 and z2 + y? + 10y + 24 = 0 are equal in length.

Find the point from which the tangents to the three circles 2 +y? — 4z + 7 =
0,222 +2y? — 3z + 5y + 9 = 0 and 22 + 32 + y = 0 are equal in length. Find the
length as well.

If A, is the center of the circle z2 + y? + 2g,x + 5 = 0 and ¢, is the length of the
tangents from any point to this circle i = 1,2, 3; then show that (g, — g5)t3 +
(95— 91)t3 + (91 — g2)t3 = 0.

Show that if the length of the tangent from a point P to the circle 22 + y? = a2
be four times the length of the tangent from it to the circle (z —a)? + 32 = a2,
then P lies on the circle 1522 + 15y — 32azx + a® = 0.

Find the equation of the pair of tangents drawn to the circle 22 + y% — 2z + 4y =
0 from point (0,1).

If from any point on the circle 22 + y? + 2gz + 2fy + ¢ = 0, tangents are drawn
to the circle 2 + y? + 2gz + 2fy + csin? a + (g% + f2) cos? a = 0, show that the
angle between the tangents is equal to 2a.

Find the equations of tangents to the circle 2 + y? = 25 which pass through
(1,—7) and show that they are at right angles.

Show that two tangents can be drawn from the point (9,0) to the circle 2 + y? =
16; also find the equation of the pair of tangents and the angle between them.
Find the equations of the tangents through (7, 1) to the circle 2% + 32 = 25.
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177. Find the equation of the pair of tangents from the origin to the circle 2% + 32 +

2gx + 2fy + k? = 0, and show that their intercept on the line y = h is 2hk_
g Y P k%?—g

times the radius of the circle.

178. Find the equation of the chord of the circle 22 4 y? + 6x 4 8y — 11 = 0, whose
middle point is (1,—1).

179. Find the equation of the chord of the circle 2% + % + 6z + 8y + 9 = 0 whose
mid-point is (—2,—3).

180. Find the coordinates of the mid-point of the chord which the circle x? + y* +
4z — 2y — 3 = 0 cuts off on the line y =z + 2.

181. Find the equation of the chord fo contact of the tangents drawn from (1,2) to
the circle 2 +y?> — 2z +4y +7=0.

182. Tangents are drawn from the point (h, k) to the circle 2 + y? = a2. Prove that

3

2,12 2\%

the area of the triangle formed by them and their chord of contact is %
183. The chord of contact of tangents from a point on the circle 22 + y% = a? to the

circle 2 + y? = b? touches the circle ¢ + y? = ¢2. Show that a, b, ¢ are in G.P.

184. Tangents are drawn to the circle 2 4 y? = 12 at the points where it is met by the
circle 2 4 y? — 52 + 3y — 2 = 0; find the points of intersection of these tangents.

185. Find the equation of the chord of contact of the tangents drawn from an external
point (—3,2) to the circle % +y? 4+ 2z — 3 = 0.

186. Find the equation of the chord of contact of the tangents drawn from (5,3) to
the circle z2 + y? = 25.

187. Find the coordinates of the point of intersection of tangents at the points where
the line 2z + y 4+ 12 = 0 meets the circle 22 + y?> — 42z + 3y — 1= 0.

188. The Inegth of tangents from the two given points to a given points to a given
circle are ¢; and t,. If the tow given points are conjugate to each other w.r.t. the
given circle, prove that the distance between the points will be +/t? + tZ.

189. Find the area of the triangle formed by the tangents drawn from the point (4, 6)
to the circle 22 + y? = 25 and their chord of contact.

190. If OP and OQ are the tangents from the origin to the circle 22 + y? 4 2gx +
2fy+ ¢ =0, where P and @ are the points of contact, show that the equation of
the circumcircle of the triangle OPQ is 2% + 4% + gz + fy = 0.

191. Find the point of contact of the tangents to the circle 22 4+ y? = 25 that pass
through the point (7,1) and give the equation of tangents.

192. Find the equation of the polar of the point (2, —1) w.r.t. the circle 22 + > — 3z +
4y —8 =0.

193. Find the pole of the line 3z + 5y + 17 = 0 w.rt. the circle x2 4 y? + 42 + 6y +
9=0.
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211.

Show that the polars of the point (1,—2) w.rt. the circle 22> +y*> +6y+5=0
and 22 + 9% + 2z + 8y +5 =0 coincide. Prove that there is another point, the
polars of which w.r.t. these circles are the same and find its coordinates.

Let C be the center of a circle. The lines L; and L, are the polars of the points

A and B respectively. w.r.t. the circle. Perpendiculars AM and BN are dropped
from A to the line L, and from B to L. Prove that CA: CB = AM : BN.

Find the polar of the point of intersection of the line 4z —y = 11 and z — 2y =
1 w.rt. the circle 22 + 4% = 7.

Find the polar of the point (4, —1) w.rt. the circle 222 + 2y = 11.
Find the polar of the point (1,—5) w.r.t. the circle z2 + y? — 8z + 6y + 4 = 0.

Prove that the polar of the point (p,q) w.rt. the circle 22 + 32 = a? touches
(x—c)’+(@y—d)? = ifo?*(p>+q¢*) = (a®> —cp— dq)z,

Show that the polar of the origin w.rt. the circle 2 4 y% + 29z 4+ 2fy +c =0
touches the circle 72 + y% = a2 if ¢? = a®(f% + ¢°).

Prove that if the pole of a straight line w.rt. the circle 22 + y? = c? lies on the

circle 22 + y? = 9¢?, the line is a tangent to the circle 922 + 9y? = c2.

Find the pole of the straight line 9z +y — 28 = 0 w.rt. the circle 22 4 22 —
3z+5y—7=0.

Find the pole of the straight line 2z — y + 10 = 0 w.r.t. the circle 2% + y% — Tz +
5y—1=0.

Find the pole of the line az + by + ¢ = 0 w.r.t. the circle 2 + y? + 2gx + 2fy +
c=0.

Prove that the polar of any point w.r.t. a circle is perpendicular to the line joining
the point and center of the circle.

Prove that the polar of a given point w.r.t. any of the circles 2 + y? + 2pz + ¢ =
0, where p is a variable, always passes through a fixed point.

If the polar of the point (a, ) w.rt. the circle 2 4+ y? = a? touches the circle

(x —a)? + y? = a?, show thta (a, ) is on the curve given by y2 + 2az = a?.

Verify that the three points (zq,y;), (z5,¥5) and (x5, ys) will be collinear if and

2

only if their polars w.rt. the circle 22 + y* = a? are concurrent.

Show that the circles 22 + 3% — 2z — 6y — 12 =0 and 22 + > + 6z + 4y — 6 =0
cut each other orthogonally.
If S=0 and S; =0 are the two circles with radii @ and a; respectively. Show

that the circles g + % = 0 intersect at right angles.

Prove that the two circles pass through the points (0,0) and (0, —a) and touch
the line y = mz + ¢ will cut orthogonally if c? = a?(2 + m?).
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212. Obtain the equation of the circle orthogonal to both the circles 22 + y% + 3z —
5y 4+ 6 = 0 and 422 + 4y? — 28z + 29 = 0, and whose center lies on the line 3z +
4y+1=0.

213. Prove that a circle cutting the circle 22 + y? = 4 orthogonally and having its
center on the line 2z — 2y + 9 = 0, passes through two fixed points, and find
the points.

214. Prove that the general equation of circles cutting the circles 22 + 3 + 2g,.x +

z2+y? —x —y —z -y 1
2f,y+c, =0;r=1,2, orthogonally is | ¢; ¢ fi|+k|a £ 1|=0.
2 92 f2 gz f2 1

215. For what value of k the circles 22 +y?> + 5z +3y+7=0 and 2% +y% — 8z +
6y + k = 0 cut orthogonally.

216. Find the equation of the circle passing through the origin and cutting the circles
22 +9y? — 42+ 6y +10 =0 and 22 + y? + 12y + 6 = 0 at right angles.

217. Find the equation of the circle passing through the origin and has its center on the
line z + 4+ 4 = 0 and cuts the circle 22 4+ y? — 42 + 2y + 4 = 0 orthogonally.

218. If two circles cut a third circle orthogonally then prove that their common chord
will pass through the center of the third circle.

219. If a circle cuts orthogonally three circles S; = 0,5, = 0, S5 = 0; prove that it cuts
orthogonally any circle of the form kS; + 1S, + mS; = 0.

220. Prove that the two circles each of which passes through the points (0,%) and
(0,—k) and touches the line y = mz + b will cut orthogonally if b = k*(2 + m?).

2

221. Find the general equation of a circle cutting 22+ y? = ¢? orthogonally and

show that if it passes through the point (a,b) will also pass through the point
c%a c%b
<a2+b2’ a2+b2)'

222. If P and @ be a pair of conjugate points w.r.t. a circle S, prove that the circle on

PQ as a diameter cuts the circle S orthogonally.

223. Prove that the circle 2% 4+ y? — 6z — 4y + 9 = 0 bisects the circumference of the
circle 2 + y?> — 8z — 6y + 23 = 0.

224. Find the equation of a circle which is coaxal with the circles 2x2 + 2y% — 2z +
6y —3 = 0 and 22 4+ y? + 42 + 2y + 1 = 0. It is given that the center of the circle
to be determined lies on the radical axis of these circles.

225. If the radical axis of the circles z2 + y? + 29z + 2fy + ¢ =0 and 222 + 2y% +
3z + 8y + 2¢ = 0 touches the circle 22 4+ y? + 2z — 2y + 1 = 0, show that either
g= % or f=2.

226. Find the general equation of circles, any two of which have the same radical axis
as that of the circles 2 + y?> + 2z +4y — 6 = 0 and 22 +¢y? = 4.

227. The equations of three circles are 22 + 2 = 1,22 +y? — 8z + 15 = 0.2% + y2 +

10y + 24 = 0. Determine the coordinates of the point such that the tangents drawn
from it to the three circles are equal in length.
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228.

229.

230.

231.

232.

233.

234.

235.

236.

237.

238.

239.

240.

241.

242.

243.

The polars of a point P w.r.t. two given circles meet in a point (); show that the
radical axis of the circles bisedct the line PQ.

Show that the locus of a point such that the ratio of its distances from two given
points is a constant, is a circle. Hence, show that this circle cannot pass through
the given points.

Two rods of lengths a and b slide along the axes in a manner that their ends
are always concyclic. Find the locus of the center of the circle passing through
these ends.

Two straight lines rotate about two fixed points. If they start from their positions
of coincidence such that one rotates at the rate double that of the other. Prove
that locus of their point of intersection is a circle.

A circle of radius 7 passes through the origin O, and cuts the axes at A and B.
Let P be the foot of the perpendicular from the origin to the line AB. Find the
equation of the locus of P.

Show that the locus of points from which the tangents drawn to a circle are

orthogonal, is a concentric circle or find the equation of the cirector circle of the

circle 22 + y? = a2.

Find the locus of the point of the point of intersection of tangents to the circle
x =acosf,y = asinf at points whose parametric angles differ by %.

The circles 22 + y2 + 2ax — ¢ = 0 and 2% + y? + 2bx — c? = 0 intersect at A and

B. A line through A meets one circle at P and a parallel line through B meets
at the other circle at (). Show that the locus of the mid-point of P(Q is a circle.

Find the condition that the chord of contact of tangents from the point (o, ) to
the circle 22 4+ y? = a2 should subtend a right angle at the center. Hence, find the
locus of (a, B).

A tangent is drawn to each of the circle 22 +y2 = a? and z% + 3 = b2. Show
that if the two tangents are mutually perpendicular, the locus of their point of
intersection is a cricle concentric with the given circle.

Show that the locus of the point, the tangents from which to the circle 2% + 32 =
a? include a constant angle a is (z? + y? — 2a2)2 tan? a = 4a®(z% + y*> — a?).

A straight line passes through the fixed point (h, k). Find the locus of the foot of
the perpendicular drawn to it from the origin.

O is a fixed point and AP and B(Q are two fixed parallel straight lines; BOA is
perpendicular to both and ZPOQ is a right angle. Prove that the locus of the foot
of the perpendicular drawn from O upon PQ is the circle on AB as diameter.

A variable circle passes through the point P(1,2) and touches the z-axis; show
that the locus of the other end of the diameter through P is (z — 1) = 8y.

Find the locus of a point, which is such that the lengths of the tangents from it to
two concentric circles 22 + y? = a? and 22 + y? = b2 vary inversely as their radii.

A point moves such that the sum of squares of its distances from the sides of a
square of side unity is equal to 9. Show that the locus of a circle whose center is
coincides with the center of the square. Also, find its radius.
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244. Find the locus of the center of the circle 2 + y? + 2gx + 2fy + ¢ = 0 when the
pair of tangents drawn from the origin to the circle are perpendicular to each other.

245. Determine the locus of centers of the circle which touches the two circles z2 +
y? = a? and 2% + y? = 4az externally.

246. Find the locus of the centers of the circle which cut the circles 2% + 3% + 4z —
6y +9 =0 and 22 + y? — 4z + 6y + 4 = 0 orthogonally is 82 — 12y + 5 = 0.

247. Find the locus of the foot of the perpendicular drawn from a fixed point on the

z-axis to any tangent to the circle 2 + y% = a2.

248. The tangent at any point P on the circle 22 + y? = 2 cuts the axes in L and M.
Find the locus of the middle point of LM.

249. A triangle has two of its sides along the axes, its third side touches the circle
22 + y? — 2az — 2ay + a® = 0. Find the equation of the locus of the circumcenter
of the triangle.

250. The point A(1,5) is joined to any point P of the circle #2 + y? = 4. Find the
locus of the middle point of AP as P moves on the circle.

251. Chords of the circle z2 + y? + 2gx + 2fy + ¢ = 0 drawn through a fixed point
A(a,b). Find the locus of the mid-points of these chords and interpret the locus.

252. A straight line moves so that the algebraic sum of the perpendiculars drawn to

it from two fixed points is constant, show that the line always touches a fixed
circle.
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1 Answers of Coordinates

. We take the two perpendicular lines as axes of the coordinates. Let (z,y) be any

point satisfying the given condition. According to condition = + y = a.

. The area of a triangle with vertices (z1,y;), (Z3,y5), and (z3,y5) is given by A =
3171 (W2 — ys) + 22 (ys — v1) + 23(v1 — )

Substituting the given points, we compute A = 1|1(6 —(—1)) + (=7)((—1) —
3) +5(3—16)]

This simplifies to A = |7 + 28 — 15|

Thus, A = 1|20 = 10.

. Substituting the given points in the formula, we obtain A = 1|0(6 — (—2)) +
3((=2) —4) + (=8)(4 - 6)|

This simplifies to A = |—2| = 1.

. Substituting the given coordinates, we get A = 1. [5((—3) — (—5)) 4+ (—9)((—5) —
2)+ (=3)(2 = (=3))]

Simplifying each term, = 1. [5(2) + (—9)(—7) + (—3)(5)|

This gives A = 1. |10 + 63 — 15|

So, A =1.(58] =29.

A= %\a((b —c)—c)t+alc—(b+c))+(—a)((b+c)—(b—c))]

Simplifying each term, A = %|a(b — 2¢) + a(—b) + (—a)(2¢)|

Combining like terms, A = 1|ab — 2ac — ab — 2ac| = 1| — 4ac|.

. A = 1lacosp, (asing, —asinpy) + acosp,(asinp; —asing,) +

a cos ps(asin p; — asin p,)|
Factor out a%, A= %2| €0S (4 (sin gy — sin g ) + cos @, (sin s — sin ;) +
cos pg(sinp; — sinp, )|
2, . . .
A = % |sin(py — ¢1) +sin(ps — py) + sin(p; — @3)|.
. A = Jlam?(2am, — 2amg) + am3(2amg — 2am,) + am3(2am, — 2am,)|
A = a®lmim, — mimg + mimg —m3my + mimy —mimy|
A 2|(my —mg)(my —mg)(mg —my)|.
A= [1((—2) — 16) + 3(16 — 4) + (—3)(4 — (—2))|
A=1|—18+36— 18
1
A=3



124 1. Answers of Coordinates

Since the area is zero, the points A, B, and C lie on a straight line and are collinear.
[(=2)(6 —8) + (=5)(8 = 3) + (~8)(3 — 6)|

A=3
A = 3(=2)(=2) + (=5)(5) + (=8)(—3)|
A=3

10.

la(c —b) + bla—c) + c(b— a)|
lac — ab + ab — bc + be — ac| = 1 |0|
Hence, the area is zero, which proves that the points collinear.

11. Let ABC be a triangle with vertices A, B, and C. Let D be the midpoint of BC.
Then the coordinates of D are (%, %)

AB? = (zB—1A)? + (yB — yA)?, and AC? = (zC — zA)? + (yC — yA)?

CcD? = (IC* mBJerC)2 + (yci yB—;—yC)2 — (zC;xB)z + (ngyB)2 _ %302

Now, consider the sum AB? + AC?2. Using the midpoint formula, we can write
AC? + AD? + CD? = AB? + 422 and after simplification, we obtain AB? +

2
AC? =2(AD? + CD?)
Hence, in any triangle ABC, if D is the midpoint of BC, then AB? + AC? =
2(AD? + CD?).
12. Let triangle ABC have vertices A(z,y;), B(Z4,y,), and C(z3,ys3).

Let D, E, and F be the midpoints of BC, C A, and AB respectively. Then D =
(”72‘*'9”3 y2+y3) E = <$3+W1 y3+y1) F= (%‘Hﬂz 3!1+?/2>
2 2 ’ 2 2 ’ 2 2 .

Let P be the point that divides AD internally in the ratio 2 : 1. By the section
Lo +2.(22558) 1.y,+2.(¥2543)
1+2 J 1+2

formula, P =

Z1+Tot+T3 Y1 +yYstys )
= .

Simplifying, P = <f,

Similarly, for the line BE, let @} divide it internally in the ratio 2:1. Then
0= (1.z2+2.(’”3;$1) 1.y2+2.(7”3;”1)>

1+2 ? 1+2

which simplifies to Q = (%, %)

For the line CF, let R divide it internally in the ratio 2:1. Then R =
(1.m3+2.(’”1;”2) 14y3+2.(y1;y2))

42 ) 42
TP Yoo+ +yot
which simplifies to R = (%, w>

Hence, the point that divides AD in the ratio 2 : 1 also divides BE and CF in
the same ratio. This point is the centroid of triangle ABC.



13.

14.

15.

16.

17.

Let the vertices of the quadrilateral be A(zy,y,), B(z4,¥5). C(z3,y3), and
D(il'4,y4).

The area of a quadrilateral can be computed by dividing it into two triangles, for
example ABC and ACD, and adding their areas.

The area of triangle ABC is § * |2y * (y, — y3) + Ty * (Y3 — 1) + T3 * (Y1 — yo)|.

The area of triangle ACD is § * |2y * (y3 — ) + @5 * (Yy — y1) + T4 * (Y1 — y3)|.

Hence, the area of the quadrilateral is
DABCD:%* |71 * (Yo — y3) + To * (Y3 — y1) + 23 * (y; — ¥a)| +%* |z *
(U3 —ya) + 23 % (Y —y1) + Ty * (1 —y3)l.

Substituting the given coordinates in the formula obtained in previous problem,
we get

A:%*|1*4+3*(72)+5*(77)-|-4*1—(1*3+4*5+(72)*4+(77)*
5]

Simplifying each term, we get A =3 % [4—6 —35+4 — (3+20—8—7)|
A=73x|—33—(—12)=3x|—33+12| =3 «|—21| =% =10.5.

Like previous problem, A = 1x|(—1)%(—=9)+ (—3)*8+5%x9+3%0— (0=
(—3)+(=9)*5+8%3+9x(—1))

Simplifying each term, we get A =19 —24+45+0— (0 — 45+ 24 — 9)|

A =130—(—30)| = 1 [30 + 30| = £60 = 30.

The distance between two points in polar coordinates can be found by first convert-
ing to Cartesian coordinates: P, = (r; cos 0,7 siné,), B, = (15 cosf,y,rysinb,)

The distance between two points (z,,y;) and (z5,y,) is L=
2 2
\/(9:2 =)+ (Y2 — )"

Substituting the Cartesian coordinates, we get L=
\/(7"2 cosfy — 1, cos)? + (rysinf, —r, sinf,)?

Expanding the squares, we have L =

/1% cos2 0y — 21,7 cos 0, cos Oy + 12 cos? 0 + 2 sin? 0, — 2r 7o sin 0 sin O, + 77 sin2 6; .

Grouping terms, we get

L = /r3(cos? 0, +sin2 0,) + r3(cos? O, + sin2 0,) — 27,74 (cos 0, cos B, + sin 6, sin 6,)

Using cos? @ +sin?6 =1 and cos 6, cosfy + sind; sinf, = cos(f; — 0,), we get
L= /r?+ 713 —2r;rycos(f; —0,).

The distance between two points in polar coordinates is L =
V12 72— 2r ry cos(6;, — 0,)

Substituting the given values, we get L = 1/22 + 42 — 224 cos(30° — 120°)

Simplifying inside the cosine, L = /4 + 16 — 16 cos(—90°).
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Since cos(—90") = 0, we have L = /4 + 16 — 160 = v/20.
18. Like previous problem L = 1/(—3)2 + 72 — 2(—3)7 cos(45° — 105°).

Simplifying, L = /9 + 49 — 2(—3)7 cos(—60").
We know cos(—60") = 3, so L = 1/58 — 2(—3)74.

Simplifying the middle term, 2(—3)73=-21, so L=./58—(-21)=
VB8 421 = /79,
Hence, the distance between the points is L = V79.

19. Like previous problem L = \/a2 (3a)? — 2a3a cos(g — %)

Simplifying, L = \/a2 + 9a% — 6a? cos(%).
Since cos(g) = % we have L = v/10a2 — 3a2.
L =+7a% =aV7.
20. Let the vertices of the triangle be P, (rq,6,), By(ry,0,), and Py(r3,05).

First, convert the polar coordinates to Cartesian coordinates: P, =
(ry cos(6y), 7y sin(6,)), B = (rycos(fy),m5sin(6,)), By = (r3 cos(bs), ry sin(fs)).
The area of a triangle with vertices (z1,4;), (%3,5), (T3,¥3) is A = L]z (y,
Ys) + 22 (ys —v1) + 23(y1 — v2) |-
Substituting the Cartesian coordinates in terms of polar coordi-
nates, we get A = 1|r; cos(6;)(rysin(6,) — rgsin(fs)) + ry cos(6,) (rg sin(f) —
71 8in(0y)) + 5 cos(f3)(ry sin(d;) — ry sin(fy))|.
Hence, the area of the triangle is A = i|r (r,sin(6,) — rgsin(f3))cos(6;) +
79 (r5sin(03) — 7y sin(6;)) cos(fy) + r4(ry sin(0;) — 4 sin(hy)) cos(f3)].

21. Let the vertices be B (1,30°), B,(2,60°), B(3,90°)

Convert to Cartesian: P, = (‘g, %) (1 \f) = (0,3)

Area formula: A = %|$1(yz )"’%( _y1)+$3( U —y2)|
substitute: A = 1| () (V3 —3) +1(3—3) +0| = }[4 - 3| =23}
=234

22. Let the vertices be P,(—3,30°), B (5,150°), B;(7,210").
Convert to  Cartesian  coordinates: P = (—3co0s(30°),—3sin(30°)) =
(-34.-2), B, = (5005(150°), 55in(150°)) = (=54, 3), P =
(7c0s(210°), 7sin(210°)) = (=7, ~7).
Substitute the coordinates: A = 1|(=3%F) (3 - (=) + (-5) (1) -

2)+ (-72) (=) -3



23.

24.

25.

26.

A=3[-9v3+5vV3+14v3] = 5V3.
Let the vertices be P, (—a, ), B(a, ), B(—2a,2%).

Convert to Cartesian coordinates: P, = ( acos(%) —asm(%)) = (—a%,—%
P, = (acos(%),asin(%)) = (0,a), = (—2acos(2%), —2asin(2%)) =

(a, —a\/g).
Substitute the coordinates: A = %’ (—a@) (a — (—aﬁ)) + O((—a\/§ —
(=9))) + (@((—%) —a)

A:%\—(a2@)+0—3'§|:%|_a2@|QIz@.

Let the points be P, (acosa,asina) and Py(acos 3, asin f).
The distance between two points (z;,y,) and (z,,y,) is L=
2 2
\/(372 =)+ (W2 —w1)™
2

Substitute the coordinates: L = y/(acos 8 —acosa)? + (asin 8 — asina)?2.

Factor out a in each term: L = y/a2(cos 8 — cos ) + a(sin § — sina)2.

L = +/a2((cos B — cos @)% + (sin B — sin a)?).

Take a out of the square root: L = ay/(cos 8 — cosa)? + (sin 8 — sin a)2.

Use the identity (cosf —cosa)?+ (sinf—sina)?=2—2cos(8—a): L=
a/2=3cos(F = a).

Factor 2: L = a\/m = a\/ﬁ\/m.

Let the points be P, (at?,2at,) and P, (at3,2at,).

The distance between two points (z1,y;) and (24,y,) is L=

\/(902 - ﬁ151)2 + (Yo — y1)2.

Substitute the coordinates: L = \/(atg — at%)2 + (2at, — 2at,)?.

Factor out a from the first term and 2 a from the second term: L =
Va2 (13— )" + 2a(ty — 1,))".
2

Simplify: (£2 — t2)2 = (ty— ;)% (ty + )% (2a(ty — ;) = da2(t, — t;)°.

So L = \/a ) (ty + 1) + 4a2(ty — t,)°.

meﬁm—nﬁL: a2(t, — ,)? ((t + £1)> +4).

Take a(ty —t;) out of the square root: L = alty —t1]y/(ty + 1) + 4

2

The equation 22 + y? = a? can be rewritten in polar coordinates. Recall that =

rcos @ and y = rsinf. Substituting, we get:

z? +y? = r? cos® 0 + r?sin 6 = r?(cos® 6 + sin? §) = r?

5
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Hence, the equation becomes r2 = a2, or equivalently:

r=a

27. Consider the equation y = x tan a. In polar coordinates, we have z = rcosf and
y = rsiné.
Substituting, we get: rsinf = rcosftan o

Dividing both sides by r cos# (assuming r # 0 and cos @ # 0), we obtain: tan§ =

tan o

Hence, in polar coordinates, the equation becomes: § = o + nm, where n is any
integer.

28. Consider the equation z? 4 y? = 2az. In polar coordinates, = rcosf and y =
rsin6.

Substituting these, we get: 72 cos® 8 + r? sin? = 2ar cos
Simplifying the left side: r?(cos? § + sin? §) = r? = 2ar cos
Dividing both sides by r (assuming r # 0), we obtain: 7 = 2a cos 6

Thus, in polar coordinates, the equation becomes: r = 2a cos 6.

29. Consider the equation x? —y2 = 2ay. In polar coordinates, = rcosf and y =
rsin@.
Substituting these, we get: 72 cos? § — r? sin? = 2arsin 6

Factor 72 on the left: r?(cos? 6 — sin? §) = 2arsind
Divide both sides by 7 (assuming 7 # 0): 7(cos? § — sin? ) = 2asin 6

Hence, in polar coordinates, the equation becomes: r = 2a sin %.
cos? 6—sin? 6

30. Consider the equation x? = y%(2a — x). In polar coordinates, z = rcosf and y =
rsin6.

Substituting these, we get: (rcos )% = (rsin 6)2(2a — 7 cos §)
Simplifying both sides: r% cos? § = 2 sin? (2a — r cos 0)

Divide both sides by r2 (assuming 7 # 0): cos? 6 = sin? §(2a — r cos 6)

2asin? §— cos? §

Solving for 7: r = ===

31. Consider the equation (z% + y2)2 =a?(z? —y?).

Using x = rcos and y = rsin 6, we have: (7"2)2 = a®r?(cos? § — sin? 6)

Dividing both sides by r%: r? = a?(cos? § — sin? §).

2 _ 2

32. Given the polar equation 7 = a, we square both sides to obtain r* = a*.

2 2

Since 12 = x2 + 42, the Cartesian form is: 22 + 3% = a?.

33. Given the polar equation § = tan~! m, taking the tangent gives: tan = m

Since tan® = £, we obtain the Cartesian equation: y = ma.

2

34. Given the polar equation 7 = acos §, multiply both sides by 7: r* = arcos



35.

36.

37.

38.

39.

40.

Using 72 = 22 + 2 and rcosf = z, we obtain: 22 + ¢? = az.
Given 72 = a? *sin(2 * )

Using x = *cos(d), y =r xsin(d), and 72 = 22 + ¢?, sin(2* 0) = 2 x sin(9) *
cos(0)

S 2 2 2 y z
Substituting: x° 4+ y* = a® * 2 % (\/w2+yz) * (\/m2+y2)

m2+y2=2*a2*x*ﬁ71y2

Multiplying both sides by z2 + y?: (2 + y2)2 =2%a?*1x*y.

Given the polar equation 72 sin 20 = 2a2, use the identity sin 20 = 2sin 6 cos 6.
Since rsinf = y and rcosf = x, we have: 2zy = 2a>

Dividing both sides by 2 gives the Cartesian equation: zy = a2.

Given the polar equation \/?cos(g) = /a, square both sides: rcosQ(g) =a

Using cos?(§) = 128 we get: r(1 + cosf) = 2a
Since cosf = % this gives: r + x = 2a

With r = \/22 + 92, the Cartesian equation is: 22 + y? = (2a — z)2.
Given the polar equation /7 = \/Esin(g), squaring gives: r = asinz(g)

6 1—cosf

. .2 _ i __ 1—cosf
Using sin?(§) = =%, we obtain: r = a1=5=¢

Substituting cos§ = £ and r2 = 22 + y2 leads to: (2% + 2 + aZ)’ = @2Z4L,

The polar equation r(cos 36 + sin 3¢) = 5k sin 6 cos 0 can be converted to Cartesian
coordinates using z = rcosf, y = rsinf, and r? = 22 + 42,

Using the triple-angle formulas cos30 = 4 cos® @ — 3 cos and sin30 = 3sin§ —

4sin3 0, we can write:

3_o 2 . 24,3
cos 30 = “T% and sin 30 = WTZ’

4(z3—y%)+3r2(y—x)
3

Adding these gives: cos 36 + sin 30 =

Multiplying both sides of the original equation by r: 7(cos360 + sin360) =
4(z3—y%)+3r%(y—x)

r2
The right-hand side 5k sin 6 cos  becomes 5kz %
Multiplying both sides by 72 to eliminate the denominator: 4(z® — y3) + 3r2(y —
z) = bkzy
Substituting r? = 22 + y? yields the final Cartesian equation: 4(z® — y3) + 3(z% +
v*)(y — x) = Skzy

Distance formula is \/(3:1 — x2)2 + (y; — y2)2 =2

Substituting given coordinate in the formula: sqrt{(a — 3)% + (2 — 4)%} = 82

Simplifying gives us a = 3 + 2v/15 (rejecting negative value for distance).
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41. Like previous problem substituting the coordinates gives us

V(a+7rcosd—a)2+ (b+rsind —b)2 = 72, which is independent of 6.
42. Let the points be A = (csc?(6),0), B = (0,sec?(d)), and C = (1,1).

The distance formula between two points (zq,y;) and (z,,y,) is: d=

Vi =)+ (0 —0)°

Compute the distance AB: AB = \/(0 — csc2()) + (sec2(6) — 0)°

= /(ese2(6))” + (sec?(0))” = \/esc?(0) + sect(6)

Compute the distance BC:

BC = +/(1-0)2 + (1—sec2(h)) = \/1+ (1 —sec2(6))>

Compute the distance AC:

AC = /(1 —csc2(0))> + (1—0)% = /(1 — csc2(0))® + 1

Using the Pythagorean identities: csc?(0) = —1;(6) and sec?(6) = —1; ()

si cos2

Substitute these into the distances and simplify. After simplification, we find that:
AB+ BC = AC

Therefore, the points A, B, and C are collinear.
43. Let P = (z,y), A= (a+b,b—a), and B= (a—b,a+0b).
Since P is equidistant from A and B, we have:
Ve —(a+0)2+y—(b-a)?=(z—(a—0)*+(y—(a+0))>
Squaring  both  sides: (z—(a+b)?+(y—(b—a))?®=(z—(a—0b))%*+
(y—(a+b))?
Expanding both sides: (z —a—b)2+ (y—b+a)? = (z —a+b)2 + (y — a — b)?

Expanding each square:

(x—a—0)2=22-2x(a+b)+(a+b?=(y—b+a)?=9y?—2y(b—a)+
(b—a)®

= (z—a+b)?=22-2zx(a—b)+(a—b)?2?= (y—a—0)2=y?—2y(a+b) +
(a+1b)?

Adding the terms on each side:

Left: 22 + 9% — 2x(a +b) —2y(b—a) + (a + b)%2 + (b —a)?

Right: 22 + 4% — 2z(a — b) — 2y(a + b) + (a — b)%2 + (a + b)?
Subtracting 2% + y* + (a + b)® from both sides:

—2z(a+0b) —2y(b—a) + (b—a)? = —2z(a —b) — 2y(a + b) + (a — b)?

Simplifying (b — a)? = (a — b)%: —2x(a +b) — 2y(b —a) = —2z(a — b) — 2y(a +
b)

Divide both sides by -2: z(a +b) + y(b—a) = x(a —b) + y(a +b)



Bringing all terms to left-hand side:z(a+b—a+b)+ylb—a—a—0)=0=
z(2b) + y(—2a) =0

Simplifying: 2bx — 2ay =0

Dividing both sides by b(z + y): 4% = ey

. Let the points be A = (3,4), B = (8,—6), and C = (13,9).

Computing the sides:

AB=/(8—3)2+ (-6 —4)2 = /52 + (—10)2 = /25 + 100 = V125

BC = /(13 —8)2+ (9 — (—6))2 = V52 + 152 = /25 + 225 = /250

AC = /(13 —3)2 + (9 —4)2 = V102 + 52 = /100 + 25 = /125

Since AB? + AC? = BC?, the triangle ABC is right-angled at A.

. Solution is given below:

1. Computing the sides using the distance formula:
A= (1) (V1) =20
BC’=\/ ~1+3 2+(—17\/§)2=2\/§
AC = /(-1-12+ (-1-1)2=2V2

Since AB = BC = AC, the triangle is equilateral.
2. Let the points be A =(0,2), B=(7,0), and C = (2,5).

Computing the sides using the distance formula:
AB=/(7T—02+(0—-2)2 =49 +4=+/53
BC=,/2-7)2+(5—0)2=4/(—5)2+5% =25+ 25 =50
AC=/2-02+(-22=v4+9=13

No combination satisfies the Pythagoras theorem exactly, so the triangle is not
right-angled.

Since all sides are different (\/ﬁ, V50, \/ﬁ), the triangle is scalene.
3. Let the points be A = (—2,5), B =(7,10), and C = (3,—4).

Computing the sides using the distance formula:

AB = /(T—(=2))? + (10 — 5)2 = V9% + 5% = /81 + 25 = V106

BC = /B—1)7 + (—4—10)2 = \/(—4)% + (—14)2 = /16 T 196 = v/212
AC = /B=(=2))? + (=4 —5)% = /52 + (—9)% = V25 + 81 = /106
AB = AC = /106, BC = 212

Since two sides are equal, the triangle is isosceles.

Check for a right angle using the Pythagoras theorem:
AB? + AC? =106 + 106 = 212 = BC?
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Hence, the triangle is right-angled isosceles at angle A.

46. Let the point be P = (acos(a),asin(a)) and the origin be O = (0, 0).
The distance formula between two points (z;,y;) and (z,,y,) is:
2 2
d=(w;—2,)" + (12 — 1)

Computing the distance OP:
OP = /(acos(a) — 0)2 + (asin(a) — 0)2

Using the Pythagorean identity cos(a)? + sin(a)? = 1:
P = Va? %1 = a2 = a, which is independent of a
47. Let the points be A = (6,—1), B=(1,3), and C = (z,8).
Given AB = BC
AB=/(1—6)2+ (3 —(—1))2=/(—5)2+42 = /25 + 16 = V41
BC=\G—17+6-37=/@-17+5= /@17 +2%
(x—1)2+25

Squaring both sides: 41 = (z —1)2+25 = (z —1)2 =16
>zr—1l=4orz—1=—4=>zc=50rz=-3
48. Let the points be A = (1,5), B=(2,4), and C = (3, 3).
AB:\/(2—12+(4—52:\/12 +(-12=v1+1=V2
BC=/(B-22+3-42=12+(-1)2=y1+1=v2
A0:¢<371>2+<375>2=\/22 +(2P=vird=\8
Check if AB+ BC = AC:
AB+BC =V2+V2=2V2
AC =V8=2V2
Since AB 4+ BC = AC, the points A, B, and C are collinear.
49. Let the points be A = (2a,4a), B = (2a,6a), C = (2a + v/3a,5a).

AB = /(2a —2a)% + (6a — 4a)? = /0 + (2a)2 = V4a2 =

BC:\/(2a+\/§a—2a) (5a—6a2—\/< ) =1+3a%2 +a? =
Via? = 2a

AC = \/(2(1 +/3a — 2(1)2 + (ba —4a)? = \/(\/§a>2 +(a)?2 =V3a2 + a2 =
Via? = 2a

Since AB = BC = AC = 2a, all sides are equal.

Hence, the triangle with vertices A, B, and C is equilateral.

50. Let the points be O = (0,0), A = (a,b), and B = (c,d).
OA=/(a—0)2+ (b—0)2 = Va2 + b2




51.

OB =/(c—0)2+(d—0)2=+/c2 +d?
AB=/(c—a)?2+(d—b)? = /(c—a)?+ (d — b)?

By the cosine law, for triangle OAB with angle 6 at O:

0OA%+0B?—AB?

cost = 20A0B

Substituting the distances:
(a2+4b2)+(c%+d?)—((c—a)?+(d—b)?)
2Va2+b2Vc2+d?
Expanding AB? = (¢ —a)? + (d —b)% = c®> — 2ac + a® + d?> — 2bd + b% = a® +
b2 + ¢ + d? — 2(ac + bd)

cosf =

(a2+b%)+(c*+d?)—(a®+b%+c?+d>—2(ac+bd))

Substituting: cos(f) = N e

2(ac+bd)
Wl VAT

ac+bd
VAT

Let the vertices be A = (—2,—3), B = (—1,0), and C = (7,—6).

= cosf =

= cosf =

Let the circumcenter be O = (z,y), which is equidistant from all three vertices:
VE+22+y+3)2 =/(z+1)2+¢2

Squaring both sides: (z + 2)% + (y + 3)2 = (z + 1)% + ¢?

s>l 4dr+4+12+6y+9=22+22+14+9y* =222 +6y+12=0=2z+
3y+6=0

Also, \/(z +1)2+ 3% = /(e —=T)2 + (y +6)?

Squaring both sides: (z + 1)2 +y? = (x — 7)? + (y + 6)?

=224+ 22+1+9y? =22 — 14z +49 +y2 + 12y + 36
=16 —12y—84=0=4x—-3y—21=0
Solving the system: From z + 3y + 6 =0, we get z = —3y — 6

Substitute into 4z — 3y —21 =0: 4(—3y —6) — 3y —21 =0= —15y —45=0 =
y=-3

Then z = —3(—3)—6=3
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Thus, the circumcenter is O = (3,—3)

The circumradius is: R = /(3 — (—=2))2+ (=3 — (=3))2 =52+ 02 =5
52. The diagram is given below:

vy R(r,0 + 60°)

P(r,0)
60°

Let PQ = QR =RP =r and ZPQX = 6 then ZRQX = 60" + 6.
Given PL =a,RN = 1.

We take @) as the pole and QX as the initial line. Polar coordinates of P and R
will be (r,6) and (r,0 + 60"), respectively.

Now rsin f = y, coordinate of P = a and 7'sin(60o +6) =y, coordinate of R =1

= r(sin60° cos @ + cos 60" sinf) = 1

V3 2y la)_
i’l"(T —%'f'g%)—l
:rz%\/az—a—kl.

53. Let A = (3,4) and C = (1,—1) be opposite vertices of the square. Let B = (z,y)

and D = (z’,y") be the other two vertices.

The center of the square is the midpoint of AC: O = (3%1, #) = (2, %)

In a square, the distances from the center to all vertices are equal: (x —2)2 +
2 2
R

Also, B and D lie on a line through O that is perpendicular to AC. Using the
fact that diagonals of a square are equal and perpendicular, we solve:

e-27+ (fo+ B3 =2
Solving this quadratic gives: z = %, y= % and z = —%, y= %
Hence, the remaining vertices are: B = (%, %),D = (—%, %)
54. Given A = (—4,0) and B = (—1,4), points C and D are symmetric about the y
-axis: C' = (4,0) and D = (1,4)

The trapezium is ABCD, with vertices in order A, B, D, C.
AB=/(-1— (42 + (4 -0 =32+ £2 =9 +16=5




55.

56.

57.

58.

59.

BC=(1-(-1))2+(4—-42=v22+02=2
CD=\/(1—42+(E—-072=/(3)2+4=v0+16=5
DA=\/(4—(—4)2+(0—-0)2 =8 +02 =38

Perimeter of trapezium: P = AB+ BC+CD+ DA =5+2+5+8=20.
Given A = (4,—1), let B be the reflection of A across y = z.

Reflection across y = = swaps the coordinates: if A = (z,y), then B = (y, z).
Thus B = (—1,4)
Distance AB: AB = /(—1—4)2+ (4 — (—1))2 = 5v/2.

Given A = (2,0) and B = (2 +/3, 1). Rotate B about A by 15" anticlockwise.
Rotation formula about A:

' =A,+ (B, —A,)cos(15") — (B, — A,)sin(15"),y = A, + (B, —
A,)sin(15°) + (B, — A,) cos(15°)

(B, —A,,B,— A,) = (v/3,1), cos(15") = YEH2 5in(15°) = o7¥2

= 2+\/§)\/51-\/§_1\/§Z\/§ — 112\/57?/ :0+\/§\/62\/§+1\/61—\/§ —_ 3+4\@

Thus, C = (“%4\/57 %)

Given point P = (1, —2). Reflecting P in the z-axis: P’ = (1,2) (the y-coordinate
changes sign)

Translate P’ parallel to the positive xz-axis by 3 units: P” = (14 3,2) = (4,2)
Given A = (3,0) and B = (5,2).

Segment from A to B: (B, — A,,B,—A,) = (5—3,2—0) = (2,2)

Rotating this segment about A by 45" anticlockwise:

o =A,+ (B, —A,)cos(45") — (B, — A, ) sin(45"),yo = A, + (B, —
A,)sin(45°) + (B, — A,) cos(45°)

Since cos(45°) = sin(45°) = @, ro =3+ 2? — 2@ =3+0=3

Yo =0+2Y2 422 = 0422 1 22 — 22

So C = (3,2\/5). Reflecting C' in the y-axis: D = (—z¢,yo) = <—3, 2\/5)
Let A(5,—2) and B(9,6).

For a point dividing the line segment joining A(z,y;) and B(x,,ys) in the ratio
m:n:

P . MTy+NT; MyYs+ny,

Internal division formula is (7111 e )

External division formula is (™52—" Y201
m—n m—n

Here m =3 and n = 1.
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Internal division point is (w, W) = (8,4).
External division point is (3'9;&, %(72)) = (11,10).

60. The roots of z2 + 4z + 3 = 0 are —3 and —1. Since x5 < o, we have x5 = —3
and zo = —1.

The roots of 22 —x — 6 = 0 are 3 and —2. Since yg > Y, we have yg = 3 and
Yo =2

So the coordinates are B(—3,3), C(—1,—2), and A(3,—5).

Now, BC = /(=1 +3)2 + (-2 —3)2 = /4 + 25 = /29,
CA=\/B3+1)2+(-5+2)2=+16+9 =5,

AB = sqrt{(3 + 3)2 + (-5 — 3)?} = sqrt{36 + 64} = 10.

Let a = BC = /29, b=CA =5, and c = AB = 10.

The length of the internal angle bisector at A is [, = bc((b:fcc)z*“z).
Substituting values, [, = VE100152-29) _ v/50.196 _ 70v2 _ 14v2
> ba 15 15 15 3 -

61. Let the points be A(4,3) and B(6, 3). Let P(2,y) divide AB in the ratio m : n.

6m+4n

Using the section formula for the x-coordinate, 2 = o

So,2m+2n=6m+4n=>4m+2n=0=>m:n=—1:2.
Hence, the point divides the line segment externally in the ratio 1 : 2.
3m+3n

Now using the y-coordinate formula, y = sl =y = 3.

62. The given points are A(—2,3), B(8,9), C(0,4) and D(3,0).
Let the lines AB and CD intersect at point P.
Equation of AB in parametric form is z = —2 4 10¢, y = 3 + 6t.
Equation of CD in parametric form is z = 3s, y = 4 — 4s.

At the point of intersection, —2 + 10t = 3s = 3 4+ 6t =4 — 4s.

—2+10¢t

From the first equation, s = 5

_u
=t=1

. : _ —2410
Substituting in the second equation, 3 + 6t =4 — 4(%)
Therefore, AP: PB=1:(1—t)= (%) : (3) =11:47
63. Let Al(l'lv y1)7 A2(1‘2, y2)7 A3(£l?37 y3)7 E) An(a:n,yn) be n points.

A, A, is bisected at Gy, so G; = (L;ZQ, yﬁ-Tyz)

: P . . lzg+2. lys+2
G, A; is divided at G, in the ratio 1: 2, hence G, = ( 2 3w{G1}, Y 3y(G1}).

Substituting the coordinates of G;, G, = (zlﬂg&, yﬁ—yaﬂ)

o . . lzy+3 1y,+3
Now G,A, is divided at G in the ratio 1: 3, so G5 = ( L f{G?}, Y 4y{62}).



64.

65.

66.

Substituting the coordinates of G,, G5 = (mﬁx?zxﬁm“, y1+y22y3+y4).

Proceeding similarly, after dividing G,,_,A,, at G,,_; in the ratio 1 : (n — 1), we get
G,

n

_ (ZaitZot AT, YitYstoty,
-1 n ’ n .

Let the straight line be ax 4+ by +c =0 and let it intersect the line joining
A(zy,y,) and B(z,,y,) at the point P.

Suppose P divides AB in the ratio m : n.

Then, by the section formula, the coordinates of P are z = m"r‘;ij;z% and y =
my,+ny,
m+n

- - - _ (moy4na)) | blmyy+ny)
Since P lies on the line az + by +c =0, we have 7270 4 ZI2tabL 4
c=0.

Multiplying by (m + n), m(azy + by, + ¢) + n(az, + by, +¢) =0.
Hence, m(axy + by, + ¢) = —n(az, + by, + ¢).
Therefore, m : n = —(az; + by, + ¢) : (azy + by, + ¢).

The negative sign means that the quantities az; + by; + ¢ and az, + by, + ¢ are
of opposite signs.

Geometrically, this implies that the points A(x;,y;) and B(z,,y,) lie on opposite
sides of the line az + by + ¢ = 0.

Let the line L intersect BC at P, CA at ), and AB at R.

Equation of the line L may be written as ax + by + ¢ = 0.

Since P lies on BC, by the result for division of a line by a straight line, g—g =
_azytbyste

azz+bys+c’

.. . . cQ _ axg+bysz+c
Similarly, since @ lies on C'A, oA = —m.
And since R lies on AB, % = _321725212'
Multiplying the three ratios, we get %.%.g—g =
(_1)3 (azy+bystc)(axz+bys+c)(az, +by,+¢) _ _1.

(az3+bys+c)(ax,+by, +c)(azy+bys+c)
The vertices of the triangle are A = (z,,z;tana), B = (z,,z,tanp), C =
(3,3 tan ).
Since the circumcenter is at the origin, we have z? + (z;tan a)2 =22+
(24 tan B)° = 22 + (x5 tan~)”.
Hence z; seca = x4 8ec f = x3secy = R.
The coordinates of the orthocenter H(Z,y) are T = &, + &5 + &3, § = z; tana +
zotan B + x3tan-y.

Substituting z; = Rcosf;, we get T = R(cosa+cosf+cosy), Y=
R(cosatana + cos ftan 8 + cosytan-y) = R(sina + sin § + sin ).
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sin ar+ sin B+ siny

g _
Therefore, T~ cosa+ cos B+ cosy”

67. The vertices of the triangle are A(a, é), B(ﬁ, %) and C(’y, %) where a, 3, and
~ are the roots of 2% — 3pz? 4+ 3gz — 1 = 0.
1By Liel
The centroid of the triangle is G = (%, %ﬁw)
Since a + 3+ v = 3p and éﬁ—%—l—%:W:Sq, we have
a=(2%)=wma

68. Let the points be A(at?,2at), B(%,—2%), and C(a,0).

t

The distance between A and C is AC = \/(at2 —a)® + (2at — 0)2 = a(t? +1)

The distance between B and C is BC = \/(t% — a) + (—29 — 0)2 = at2§'1

1 11 2 1
Thenﬁ"‘?c*a(ﬁﬂ)"‘

a@ D) ~a
Hence, ﬁ + %C is independent of ¢.
69. Let A=(0,0), B = (3,V3), and C = (z,y). AB =2V/3, so AC = BC =2V3.
From distances: z2 + % = 12, (x — 3)? + (y — \/5)2 =12.
Simplifying gives y = 2v/3 — v/3z.
Substituting in z2 + y? = 12: 22 + (2\/§7 \/ga:)2 =12=4z(z—3)=0=>z =
0 or 3.
Then y = 2v/3 or y = —V/3.
Hence C' = (0,2\/§) or C = (3, —\/g)
70. Let the vertices of the triangle be A(—2,3), B(2,—1), C(4,0).

The circumcenter (z,y) is given by

_ (23+y?) (ya—ys)+(23+y3) (y3—y1) +(23+93) (y1—y2)
- 2(z1 (Y2—Y3)+T2(Ys—y1)+z3(Y1—-Y2))

_ (214y1) (@3—z2)+(23+3) (@, —@5)+(23+3) (x2—=1)
- 2(z1(y2—ys)+o2(ys—y1)+tz3(y1—v2))

Denominator: D = 2((—2)(—1—0)+2(0—3) +4(3—(-1))) =24
(—22+32)(—1-0)+(22+(—1)2)(0—3)+(42+02)(3—(—1))

r = 24 =15
y= (722+32)(472)+(22+(71)221(7274)+(42+02)(27(72)) —925

Hence the circumcenter is O(1.5,2.5).

The circumradius is the distance from O to any vertex, say A:
R=./(15—(-2))2+(2.5-3)2 = /352 + (=0.5)2 = v/12.25 + 0.25 =
V125 = 542

71. Given A = (1,1), B = (4,5), and C = (6,13).




72.

73.

74.

75.

AB=/(4—-12+(5-12=1/9+16=5

AC =/(6—-1)2+(13—1)2 =25+ 144 =13
BC =./(6—4)2+(13—5)2 =4+ 64 =68
Using cosine law at angle A:

AB?4+AC?-BC?
2ABAC

cos A =

25+169-68 __ 63

cos A = 255020 = 2.

The given points are (3,%) and (7,5%).

Distance between two points in polar coordinates is: d? =7r? 4712 —
2.7,.75.cos(fy — 0;)
Here, 7y =3, 7, =7 and 0, — 0, = 5.5 — & = 7. Now cos(m) = —1

Substituting: d? =32 +72-23.7.(-1) =d*=9+49+42=100 =d=
+/100 = 10.
Given A = (2,4) and B = (2,6). Length AB=/(2—2)2 + (6 —4)2 = 2.

Midpoint of AB: M = (22,4£) = (2,5)

20 2

Since AB is vertical, the equilateral triangle lies horizontally. Height of an
equilateral triangle with side 2 is: h = v/3

The origin (0, 0) lies to the left of line = 2, so the vertex opposite to the origin
lies to the right.

Hence, P = (2 +/3, 5)

Given points in polar coordinates: A =(2,45"), B=(v2,90°), and C =
(—2,135%).

Converting to cartesian coordinates using z = 7 cos(f) and y = rsin(6)

A= (2cos(45),2sin(45")) = (V2,v2),  B=(V2cos(90"),v2sin(90")) =
(0,v2), and C' = (—2cos(135"), ~2sin(135")) = (V2,—V2)

Finding squares of side lengths using distance formula: AB? = (0 — \/5)2 +
(Vi)' =2

Ac? = (vV3—v2)' + (—v2-v2) =8

BC? = (vVZ—0)"+ (—vV2-v2) =10

AB? + AC? =2+ 8 = 10 = BC?. And hence, the triangle is a right-angled tri-
angle.

Let A= (2,4) and B = (6,8).

ivision i i01.2.,._ 16432 _ 12 _ _ 1.843.4 _ 20 _
Internal division in the ratio 1 : 3: 2 = =375 = F =3, andy = =73~ =5 =5

So, the point of internal division is (3, 5).
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External division in the ratio 1:3: z = 10=32 = 0 =0, and y =
2

1.8-3.4 _ —4 _
-3 — 2=

So, the point of external division is (0, 2).

76. The solutions are given below:

1. Let A = (1,—2) and B = (—3,4). The trisection points divide the line internally
in the ratios 1:2 and 2: 1.

First point (ratio 1:2): z = % = % = —%, and y = %’;2) =
=0

So, the first trisection point is (—%,O).

Second point (ratio 2:1): x = % = % = —%, and y = %‘{72) =
82 =2

So, the second trisection point is (—%, 2).

2. Let A= (2,3) and B = (6,5). The trisection points divide the line internally
in the ratios 1:2 and 2: 1.

: ; : LoV, o 16422 _ 6+4 _ 10 _ 15423 _ 546 _ 11
First point (ratio 1:2): z = =355 = 23 = 3, and y = =352 = 22 = 3
. . . . 10 11
So, the first trisection point is (?, ?).
: : CAY. . 26412 1242 _ 14 _25+41.3 _ 10+3 _
Second point (ratio 2:1): z = =74= = 5= = &, and y = =552 = == =
13
3
. . . . H E
So, the second trisection point is ( 315 )

77. Let A= (1,1) and B = (2,—3). Point D lies on AB produced such that AD =
3AB.

The ratio of division for external point D is A: B=3: —L1.

Coordinates of D using external division: zp = 3‘2:1'1 =%1=2 and y, =
3.(=3)-11 _ —9-1 _ 10 _ _5
31~ 2 T 27

So, the coordinates of D are (%, —5).

78. Let the points be A = (3,4) and B = (k, 7).

Midpoint M = (z,y) is given by: z = 3£% and y = T = L

The line passing through M satisfies: 2z +2y +1 =0
Substituting = and y: 2(%) + 2(12—1) +1=0
=B+k)+11+41=0=k+15=0=k=—15.

79. Let one end of the diameter be A = (2,3) and the center be O = (—2,5). Let the
other end be B = (z,y).

A,+B,
2

Y

The midpoint of AB is the center O, so O, = @, Oy =

Substituting the known values: —2 = 2% =>24+cr=—-4=>2=-6



80.

81.

82.

83.

84.

5= =3 4y=10=y="7

Thus, the coordinates of the other end of the diameter are: B = (—6, 7).

Let the vertices be A = (—1,3), B=(1,-1), C = (5,1).

Median from A to midpoint of BC: Midpoint of BC: M, = (12, =) =
(3:3) = 3,0

Length of median AM,: AM, =/(3—(—=1))2+(0—3)2 = /42 + (-3)2 =
VIE+9=v25=5

Median from B to midpoint of AC: Midpoint of AC: M, = (=45, 3H) =
(3:3) =22

Length of median BM,: BM,=/2-12+2—(-1)2=V12+32=
VITo= VT

Median from C' to midpoint of AB: Midpoint of AB: M, = (%,W) =
3.2 = 01

Length of median CM,: CM, = /(0—5)2+ (1 —1)2 = /(=52 +0%2 = V25 =
5.

Let A = (2,5), C = (—1,2), and B = (z,y). Point C divides AB in the ratio 3 : 4.

Using section formula for internal division:

C,=2232 o ] 832 5 8437=—T=3z=—15=5=—-5

Cy=23100 2= 2054 5 204 3y =14=3y=—6=y=—2

Let A= (3,4), B=(7,7), C = (z,y) with B between A and C.

Distance AB = /(7 —3)2 + (7 —4)2 = 5. Distance AC =10= BC = AC —
AB=5

Since B divides AC internally in the ratio AB: BC=5:5=1:1,

Use section formula for internal division: B, = ””T*?’ = 7= % =z =11, and
B, =¥ =7=12 =y =10

Let A= (2,-2), B=(—4,1), and P = (—8,3) divides AB in the ratio k : 1.

E.(—4)+1.2 _ —4k42
T = 8= T

Using section formula: P, =

Multiply both sides by (k+1): —8.(k+1) = —4k+2= —8k—8=—4k+2=
—8k+4k=2+4+8= —4k=10=k=—3

Let A= (2,—-3), B= (5,6), and P = (z,0) be the point where the line meets the
Z-axis.
Suppose P divides AB in the ratio & : 1. Using section formula for y-coordinate:

_ k6+1.(-3) _ 6k— . _ B
0=E0LES) 0= 0k o 6k - 3=0=6k=3=>k=1
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85. Let C =(—1,2), D = (4,—5), and P be the intersection of line AB with CD.
Suppose P divides C'D in the ratio m : n.

—n+4 2n—5
Fo==ms B =05
Line AB: X =15t, Y =—1+43t

. . . —n+4 2n—>5
Equating coordinates: 15t = =22 and —1 + 3t = 2=
Eliminate ¢: =240 = =430 — 94m = 16n =>m:n=2:3

86. Let A= (1,2), B=(—2,3), and P = (z,y) be the point where AB meets the
line 3z +4y = 7.

Suppose P divides AB in the ratio & : 1.

i i i s BEDHLT L —2k41 _ k3+1.2 _
Coordinates of P using section formula: z = =—77— = =71, and y = =15 =
3k+2
k+1

Substituting into the line equation 3z + 4y = 7: 3.<_£f_1rl> +4. (3kk:12) =7

6kh+11 _ 7

=7= k+1

= —6k+gjr—%2k+8
=S 6k+11=7(k+1)=6k+11=Tk+7=Fk=4.

87. Let A= (3,—1), B=(8,9), and P = (z,y) be the point where the line y —z +
2 = 0 meets AB. Suppose P divides AB in the ratio k : 1.

i i ; ... k.8+1.3 _ 8k+3 _ k9+1.(-1) _
Coordinates of P using section formula: z = I = it an nd y Y =
9k—1
k+1

Substituting into the line equation y —x + 2 = 0: ﬁll — Skk%la +2=0

Combining terms: % +2=0= k+1 4492=0

k—442.(k+1)
k+1

88. Let A = (5,—4), B=(3,—2), and P divides AB in the ratio 4 : 3.

— 0= ko442kt2 _ g, 3k2

2
e k+1—0:>3k72:0:>k:§.

Coordinates of P using section formula: z = % = @ = 2—77 and y =
3.(4)+4. (= 2)_—12 8 _ 20

4+3 -
Distance of P from origin: OP = 27 29 4 40 = /12 =

V1129
7

89. Let the vertices be A(z1,y;), B(zg,Ys), C(z3,ys).
Midpoints of sides: M5 = (1,1), Mpc = (2,3), Mg, = (4,1)
Midpoint formula: Mz = (%, %) =)=z 42, =2,y +y, =2
Mpc = (M yz;%) =23) =z tr3=4y, +ys; =6
Mea = <z3+ml ys;yl) =M@ 1) =>r3+x, =8y +y =2

Solving for xz-coordinates: £, + 29 =2, £y + 23 =4, 23 +2; =8



90.

Adding first two: z; + 2z + 23 =6
Subtracting  third: (zq + 2z, +23) — (z3+2,) =6—-8 =2z, —z3=—-2=
Ty =225+ 2
Fromz2+x3:4:>m2+2z2+2=4:>3x2=2:>w2=§Then x3=2.(§)+
2=13—0,x1=2—x2:§
Solving for y-coordinates: y; + ¥y =2, Yy, +y3 =6, y3 +y; = 2
Adding first two: y; + 2y, +y; =8
Subtracting third: (y; + 2y, +y3) — (Y3 +y;) =8—2=2y, =6 =y, =3
Theny; =2—-3=—-1,y3=2—y; =3.
The solutions are given below:
1. Let A= (2,4), B=(6,4), C = (2,0).
Centroid G = <7zl+?+z3,%>
G- (252, 22420) - (8.
Side lengths:
AB=/(6—2)2+(4—4)2=V16=4
BC=\/(6-27+(@4—02=I6+16=v32=4.2
CA=./(2—-22+(0—4)2=V16=4

az,+brytexs  ay;+bysteys
a+b+c ’ a+b+c

Incenter formula: I = (

Here, a = BC =42, b=CA=4,¢c=AB=4

. .2+4b.6+c.2 4./2.244.64+4.2
-coordinate: I, = & =
z-coordinate: I, s 4 Tarard

_ 8./2424

z 4.4/2+8

a.4+b.44c.0 _ 16.4/2+16
a+b+c 4./2+8 °

y-coordinate: Iy =
2. Let A= (1,2), B = (2’3)’ C = (3’4)
Centroid G = (% %)

6= (132, 248) = (§,9) = 23)

Side lengths: AB=+/(2—1)2+(3—-2)2=V1+1=V2
BC=,/3-22+(4-32=y1+1=12
CA=\/B=1)2+(4—22=V4+4=1/8=2.2

az,+bxytcxy ay;+bystcys )
a+b+c ’ a+b+c

Incenter formula: I = (

Leta=BC =v2,b=CA=2+2¢c=AB=1+2

al+b.2+c.3 _ V2.142./2.2+V2.3

z-coordinate: [, = b = R s
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I = 1.V2+44.V2+3.v/2 _ 8 V2 _ 2
z 4.2 4.2

; . _ a.2+4b.3+cd _ 2./246./244.V/2 _ V2o
y-coordinate: I, = & ;+b++cc = ™) = 12.m =3

91. Let A= (—1,4), B=(5,2), C = (z,y), and centroid G = (0,—3).
Centroid formula: G = (&;”37 %)
z-coordinate: 0 = =4 = 44 g =0= 2= —4
y-coordinate: —3 = 4+§J =>6+y=—-9=>y=-15

92. Let A= (1,4), B=(4,8), and P divides AB externally in the ratio m : 1.
Let AP=10and AB=/(4—1)2+(8—4)2=19+16=5

Since AP = AB + BP, P divides AB externally => ratiom:1=2:1

Coordinates of P using external division formula: g = m:4=1 — 24-1 _ 81 _ 7

m—1 2-1 1
and y = m8-1 _ 284 _ 164 _ 19

m—1

93. Let A= (3,4),B=(—4,3),C = (8,6).

Area formula: A = (%) |$1(yz - y3) + zz(y3 - yl) + wa(yl - y2)|
=(3) 3.(3—6)+(—4).(6—4) +8.(4—3)| = 3.

94. Let the vertices be A(—3,2), B(7,—6),C(—5,—4), D(5,4), taken in order.
Area formula for quadrilateral: A = % |Z1Ys + Toys + T3Yy + T4y — (Y124 +
YoT3 + Y3y + YaT1)|
Substituting values:
S;=(—3).(—6)+7.(—4) +(—5)4+52=18—-28—20+10 = —20
Sy =274 (—6).(—5) +(—4).5+4.(—3)=14+30—-20 - 12 =12
A=(3)]—-20—12[=(5).32=16.

95. Let A = (6, 3), B = (-3,5), C = (4, -2), P = (x, y).

Area of a triangle with vertices (X_1, Y_1), (X_2,Y_2), (X 3, Y.3): A = 1 | X,.(Y; —
Y3) + X, (Y3 — Y1) + X3.(Y; — V)]

AABC = (3) [6.(5— () + (=3).(-2— 3) + 43— 5)| = ()49 = &
APBC = (3) |#.(56—(=2)) + (-3).(—2—y) +4.(y—5)| = () |z +y — 2|

7
. APBC _ 3 lz+y=2| _ |z+y—2|
Now, ratio: NABC = g = —

96. Let A = (3,3), B=(h,0), C = (0,k).
Points are collinear if the area of triangle ABC is 0: AABC = (3) |21.(y, —
Ys) + Ta-(y3 — y1) + 73 (Y1 — 4o)|
Substituting values: AABC = (1) 13.(0— k) + h.(k—3) +0.(3—0)| =
(3) |h.k—3.h— 3.k



97.

98.

99.

100.

For collinearity, AABC =0=h.k—3.h—3.k=0

Divide by h.k (h#0, k#0): 1 -2 -2 =0= 4+ £ = 3.

Let A = (21,¥;), B = (24,y,), C = (z5,y3). Let (z,y) be a point on the internal
bisector of ZA. Let AB = ¢, AC =b.

The area of a triangle can be expressed using the determinant: A(X,Y,Z) =

X, X, 1
Y, Y, 1
z, 7, 1
z y 1 x 1
Let APAB = |z, y, 1| Let APAC = |z, y, 1
Ty Yy 1 z3 yz 1

By the angle bisector theorem, a point on the bisector divides the opposite side

i i i ides: BE — AB _ ¢
in the ratio of adjacent sides: 55 = 22 = ¢

The signed areas satisfy the same ratio: 3552 = —55 = —¢

Cross multiplying: b APAB + c.APAC = 0.

3

Let the points be: P(a) = (a— a2*3), Q) = (%7%)’ R(c) = (i 02—3)‘

a—1’ a—1 c—17 c—1
. . X . . Ty yp 1
Three points are collinear if the determinant vanishes: |z, v, 1| =0
T3 yz 1
3 423
a1 et !
i . |83 b2-3 =
Substitute x; and y;: |2 253 1| =0
3 2.3

o
|
-
o
|
|

Multiplying each row by its denominator to simplify:
a® a?-3 a—1
b3 b2-3 b-1
c3 ¢2-3 c—1

=0

Expanding the determinant and simplifying (using factorization of cubic polyno-
mials) gives: abc — (ab + bc + ca) + 3(a + b+ ¢) = 0.

Let the vertices of the triangle be A= (4,—8), B=(-9,7), C = (z,y). The
centroid G = (1,4).

: 1. _ Titzetz _ yi1t+ysty
Coordinates of the centroid: g5 = ~—5—2, yg = 21—
Substitute values: 1:4_9%21:%:>xz8z>4:wz>4:

oy =13

So C = (8,13).

Area of triangle ABC: A = % |z1.(yy — 93) + 1’2-(93 —y) + ms-(yl — o)
Substituting values: A = % [4.(7 —13) + (—9).(13 + 8) + 8.(—8 — 7)| = 166.5.

Assume an equilateral triangle has vertices A = (z1,¥y;), B = (24,¥5), C =

(z3,y5) with all coordinates rational.

Distance formula: AB? = (zy — ,)° + (5 — ;)%
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BC? = (3 — xz)z + (y3 — 92)2’

CA? = (z, - 5”3)2 + (y — y3)2

For an equilateral triangle: AB? = BC? = CA? = d?

Consider the line AB. The perpendicular from C to AB must satisfy the formula
for height of an equilateral triangle: h = %.d

Coordinates of C satisfy the perpendicular distance formula from line AB: (| (y, —
Y1)ro — (T3 — 1)y + (Tay; — mlyZ))% =h= <§)d

(y2—y1)2+(m2—21)
All numbers on the left are rational, but the right-hand side involves sqrt{3},
which is irrational.
This is a contradiction.

Hence, the coordinates of the vertices of an equilateral triangle cannot all be
rational

101. Let A= (—1,5), B=(3,1), C = (5,7).

B =(4,4), E=(3%%5)=(2,6), and F=

Midpoints: D = (% = 5 Ty

(%25 =13
AABC = (1)|(-1).1—=7)+3.(7—5)+5.(5—1)| = 16
ADEF = (1)]4.(6—-3)+2.3—4)+1.(4—6)| =4
Hence, AABC = 4ADEF.
102. Let A= (3,0), B=(0,6), C = (6,9).
Points dividing sides: D = divides AB in 1:2 = (2310 2.041.6) — (2 9) and

E = divides AC in 1:2 = (2'3341'6, w) = (4,3)

A= %‘xl'(yQ —Y3) + 22 (Y3 —¥1) + 23.(Y1 — Y2)|
AABC = 1[3.(6 —9) +0.(9—0) +6.(0 — 6)| =22.5
AADE =1[3.(2—3)+2.3—0) +4.(0—2)| =25

AABC __ 225 __ 9
AADE — 25 — ¢

103. Let the vertices be: A = (¢,t —2), B=(t+3,t), C = (t +2,t +2)

A= % |Z1-(Y2 — Ys) + 22.(y5 — y1) + T3-(y1 — ¥2)|

Substitute coordinates: A = % [t.(t—(+2)+E+3).(E+2)—(E—2)+ (t+
2).(t—=2)—1t) |

t(t—t—2)=t.(—2)=—2t (t+3).(t+2—t+2)=(t+3)4=4t+12 (t+
2).(t—2—t)=(t+2).(-2)=—-2t—4

Adding terms: —2t +4t+12 -2t —4 =38
Divide by 2: A = 1.8 = 4, which is independent of ¢.

104. Let the vertices be A = (z,y), B=(1,2), C = (2,1).



105.

106.

107.

108.

109.

110.

Area formula: A = 3 | 2.(yp — y3) + T5-(Ys —¥) + 25.(y — 1) |

Substitute coordinates: 6 = (1) | z.(2— 1)+ 1.(1 —y) + 2.(y — 2) |

Simplify: 6 = (1) |21+ 1.(1—y)+2.(y—2) |=6=(3) |z +y—3|
Multiply both sides by 2: 12 = |z 4+ y — 3|

Solving for absolute value: x +y—3=12=24+y=15o0rz+y—3=—-12=
z+y=-9.

Vertices: A = (1,1), B=(7,3), C = (12,2), D = (7,21).

Area: A =
216 — 7| =

1LB-21)+7.(2-1)+12.21-3)+7.(1-2)| =3 |- 18+ 7+
1.198 = 99.
Vertices: A = (4,3), B = (—5,6), C = (0,—7), D = (3,—6), E = (—7,-2).

Area: A =1|4.6+ (=5).(=7) + 0.(—6) + 3.(—2) + (—7).3 — (3.(—5) + 6.0 +
(=7).3 4 (=6).(=7) + (—2).4)| —2|32f(f2)\=%-34=17

Vertices: A = (5,0), B = (4,2), =(1,3), D=(-2,2), E=(-3,-1), F=
(0,—4).

Area: =1(52+43+ 1.2+ (—2).(—1) + (=3).(—4) + 0.0 — (0.4 + 2.1 +
3.(=2) + ( 3) + (=1).0 + (—4).5)| = 5/68| = 34.

Vertices: =((a+1)(a+2),a+2), B=((a+2)(a+3),a+3), C=((a+

3)(a+ 4)7 +4).

Area: A= (3)| (a+1)(a+2).((a+3) = (a+4) + (a+2)(a+3).(a+4) —
(a+2)+(a+3)(a+4).((a+2)—(a+3)) |=0

Thus, the points are collinear.

A divides P(-5,1) and Q(3,5) in ratio k:1: A = (?’,C}“Tfl‘r’, 5}5—3)

Area of AABC =2:2=1 | (35).(5— (—2)) + 1.((—2) — 3L ) 4 7.(3k4L —
5) |

:>k:7ork:3ﬁ91.

Vertices: A = (6,3),B=(—3,5),C = (4 ),D (z,3z).

Area  formula:  AABC = (1)]6. —2)) + (=3).(—2—-3)+4.(3—5)| =
(3)16.7+ (=3).(=5) +4.(~2)| = (%)I42+ 15 — 8| =(3)49=245

Area BCD = (3)|(—3).(—2 —3z) +
4.3z —5)+z.(5— (=2))| = (3)[(-3).(—2—32) + 4.3z — 5) + .7| = (3)|6 +
97 + 120 — 20 + 7z| = (3)[28z — 14| = |14z — 7|

Given AABC = 2ABCD = 24.5 = 2.|14z — 7| = |14z — 7| = 12.25

1925 _ 77
Solving: 14z — 7 =12.25 = 14z =19.25 = v = =3 = &

— — __ 525 _ 21 _ _ 3
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111. Vertices: A = (1,2),B = (—5,6),C = (7,—4),D = (h, —2).
A=0=1.(6—(—4))+ (=5).(—4— (=2)) + 7.(~2—2) + h.(2—6) =0
=h=3

112. Vertices: A = (3,4),B = (—4,3),C = (8,6).

Area: A= (2)[3.3—6)+(—4).(6—4)+8.(4—3)| = (3)[3.(-3) + (—4).2+
81| = (3)|—9-8+8/=(3)-(-9 =3

Length of perpendicular from A on BC: h = —AC
BC=/(8+4)2+(6—-3)2=+122+32 =144+ 9 = /153

h = (g) _9
V153~ V153

113. Centroid G = (2,2), vertices A = (2,3), B = (—1,2),C = (z,y).

Centroid formula: G = (z”ﬂfﬂc y4+yf+yc> = (2 2) = (27:13“6 3+§+y)

) 3 ’

SolveforC:H%zgéle and M%z?éyz—l
Area: =(3)2 )+ (—1).(~1-3)+1.3-2) | = (})]23+
(—1).(—4 +11|_(§)\6+4+ |—17

114. Vertices: A = (3,1),B = (1,-3),C = (z,y), centroid G = (3*%, kgi) lies on
r-axis = y-coordinate = 0
B0 y=2
Area formula: A =3 = (1) 3.(-3—2)+1.(2—1)+2.(1—(=3)) | =z =5, or
—144+4r=—-6=2x=2
So C =(5,2) or C = (2,2)

115. Given: A = (3,4), B = (5,—2), P = (z,y) such that PA = PB
Perpendicular bisector condition: (z —3)% + (y — 4)%? = (z —5)2 + (y + 2)?
Simplifying: 22 — 6z + 9+ y? — 8y + 16 = 22 — 10z + 25 + > + 4y + 4
dr — 12y =—12=2—3y =—3
Area formula: APAB =10 = 3)| 3(—2—y) +5(y — 4) + z(4 — (=2)) |
Simplifying: 20 = | — 6 — 3y + 5y — 20 + 6z | = |6z + 2y — 26|
Solve system: z — 3y = —3 and 6z + 2y — 26 = £20

Case I: 62 + 2y —26 =20 = 6z + 2y =46 = 3z +y = 23

11

Solving with z —3y = -3 =z =1 y =1

Case II: 62 +2y —26 =—20=6x+2y=6=>3z+y =3
Solving with m—3y:—3=>z=—%,y=f%.

116. Let the points be A = (a,b+¢),B = (b,c+a),C = (c,a+b).



117.

118.

119.

120.

121.

Area of triangle: A= (3) | a((c+a)—(a+b))+b((a+b)—(b+c)) +c((b+
¢)—(c+a))

Simplifying each term: ((c+a)—(a+b)=c—b, ((a+b)—(b+¢))=a—c,
(b+c)—(c+a)=b—a

So A=1|a(c—b)+bla—c)+c(b—a)]|

Expanding: a(c —b) + b(a —c¢) + ¢(b—a) = ac—ab+ ab—bc+bc—ac=0
Hence, A = 0 i.e. points are collinear.

Let the points be A = (z1,y), B = (24,Y,),C = (z3,Y3)-

If points are collinear, A=0:A=1|z(y, —y3) +To(ys — 1) + T5(y; —
Ya) | =0

2=Y3)+ 2o (Ys—y1 ) +23(y1 —ys)
T Loy

Divide both sides by z;z5z53n = 0: 0 = 21y

Y2—Y3 + Ys—Y1 Y1—Y2
TaZ3 T3Ty T1Z2

Splitting terms: 0 =
Hence proved.
Points: A = (a,b), B = (ay,b,),C = (a —a;,b—by).

Collinear =A=0=0=(3)]alb;—(b—0y))+a;((b—1b;) —b)+ (a—
a1)((b—by) —by) |

Simplifying: a,b = ab; = ail _ b

=
Points: A = (a,0),B = (0,b),C = (1,1).

Collinear = A=0=0=(3)| a(b—1)+0(1 —0) + 1(0 —b) |
Simplify: 0 =a(b—1)—b=ab—a—b=0=1+1=1

Hence, points are collinear if % + % =1.

Let the points be A = (—4,—1), B = (=2, —4),C = (4,0),D = (2,3).
AB= /(2442 + (4+1)2=/22+(3)2=V4+9=V13
BC=./(4+2)?2+ 0+4)2—\/62+42 V36 + 16 = V52
CD=+/2-42+3B-02=/(22+32=v4+9=13
DA=\/(—4—2)2+ (-1 -3)2 = /(—6)2 + (—4)2 = v/36 + 16 = /52
Opposite sides equal: AB = CD,BC = DA.

Diagonals: AC = /(4 +4)2+ (0+1)2 =8 +12 =65
BD=/2+22+(3+4?2=V42+72=16+49 =65

Diagonals equal = all angles are right angles.

Let the three consecutive vertices be A = (z,y;), B = (24,9,),C = (z3,¥3), and
let D = (z4,y,) be the fourth vertex.
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In a parallelogram, the diagonals bisect each other =

Yotya
2

T1tzg + Yi1+ys _
12 3 _ x22z4 and 12 3 _
Solving for D: x, =2, + 23 — 2y and y, = y; + Y3 — ¥Ys
Hence, the fourth vertex is D = (21 + Z3 — Z9,Y; + Y3 — Ys)-
122. Let B = (0,0),C = (¢,0) and D be the midpoint of BC' = D = (£,0). Let A =

(z,y).
AB? = (z— 0>+ (y— 0> =2+ ¢*
AC? =(z—c)*+(y— 02 =(z—c)® +¢°

[
=1

AD* = (z—5)"+ (y— 07 = (z—35)" +¥?
Left-hand side: AB? + AC? = 22 + y2 + (z — ¢)? + % = 222 — 2¢cx + 2 + 2>
Right-hand side: 2(AD?+ BD?) = 2((w — %)2 +y?+ %2) = 2(z2 —cx + % +
y2+%) =222 — 2cx + 2 + 2y?
Hence, AB? + AC? = Z(AD2 + BDQ).

123. Let A= (z,y1),B = (29,9,),C = (z3,y3) and G be the centroid: G =

(zl+x2+w3 Y1+ys+ys )
3 ) 3

Let O = (zg, yp)-

Using distance formula: OA%+ OB?+0C? = (zy —z,)* + (yo —v1)° +
(mo — z2)2 + (%o — y2)2 + (o — x3)2 + (yo — y3)2

Grouping terms: = 3z2 — 2z¢(zy + 5 + 23) + (2?7 + 23 + 23) + 33 — 2yo(y; +
Yo +ys) + (uf + 93 +13)

Since G = (5t Nittets ) rewriting: OA? + OB? + OC? = GA? + GB? +
GC? +3G02.

124. Let A= (z1,y1), B = (24,y,),C = (3,¥3), and let D, E, F be the midpoints of
BC,CA, AB respectively:

_ (®Za2tzs le+ys) — (Zs"'ml y3+y1) _ ($1+12 yl*llz)
D= ( 2 2 ’ E= 2 2 4 F= 2 2 .

Aupc = 5l @1(y2 —ys) + 22 (ys —y1) + 23(y1 — 32) |
Appr = 3| Dyg,-r) + Eur,-p,) + Fo(p, £, |
_— o 2
Substituting midpoints: Appp = 3.(3)" | @1 (v — ys) + T2 (ys — y1) + T3 (y; —
Ya) | = iAABc
Hence, A ypc = 4Apgp.

125. Let A = (21,¥1), B = (24,y5),C = (z3,y5) be the vertices of a triangle. Let D
and E be the midpoints of AB and AC:



_ (Z1tZTs Y11Ys _ (ZT1tZ3 Y1tys
D= (B, ngi), B = (2572, 150),

T+, T+, 2 . 2
Length of DE: DE? = (“:f%s — Tufra)” 4 (s _ wiiue)
_ (9:3;1‘2)2 + (y3§y2)2 _ ( )((3’)3 _ $2)2 + (y3 _ y2)2>

But BC? = (z5 — 132)2 +(y3 — 112)2 = DE = %BC'

NG

126. Let A = (21,¥1), B = (24,y5),C = (3,Y3).

Let P divide BC in ratio k: 1= P = (kz;:1z27 kz::lyz)

Let @ divide CA inratio k: 1= Q = (kzkl%, Iw,ji:ly"‘)

Let R divide AB inratio k: 1= R = (kzkzi:lzl, %)

Centroid of ABC: G = (%, %)

kagtay | keyteg | kwgtwy  kyztys |, kyitus k‘uzﬂll)
1

1 . /7 k+1 T k+1 T k+1 k+1 ' k+1 T k
Centroid of PQR: G —( + = H—, 3

Simplifying G’ gives G’ = (7z1+22+w3,7y1+%2+y3) =G

Hence, the centroids coincide.

127. Let A = (z1,4;), B = (23,¥5),C = (z3,y3). Let D,E,F be the midpoints of
BC,CA, AB respectively.

D= (2, 1), = (55, ), and = (2, 1)
Medians: AD, BE,CF
Using distance formula and simplifying: AD? = 1[2(AB? + AC?) — BC?|
BE? = 1[2(BC? + AB?*) — CA?]
CF? = 1[2(CA? + BC?) — AB?]
= AD? 4+ BE? + CF? = {[3(AB? + BC? + CA?)]
= 4(AD? + BE? + CF?) = 3(AB? + BC? + CA?).
128. Let A = (z1,¥1), B = (23,95), C = (x3,¥3). Centroid G = (%, %)
GA’+GB* +GC? = (3) [(331 —29) (@ — 33)" + (33— 1)+ (1 — ) +
(2 —y3)* + (ys — 11)°]
But, AB? + BC? + CA? = (z; — 1y)° + (#y — 3)° + (75 — 7,)
(y2 —y3)" + (s —v1)°
Hence, AB%2 + BC? + CA2 = 3(GA2 +GB? + GCQ).

2 2
+ (1 —y)" +

129. Let A= (z1,4),B=(25,9,),C = (z3,93) and centroid G=
<z1+1'2+973 y1+yz+ys)
3 0 3 :

Area of A ABG: AABG =} | z1(y, — yg) + 25(ye — ¥1) + T

Y1—Y2) |



152 1. Answers of Coordinates

Substitute ¢,y and simplify: AABG = 1AABC
Similarly, ABCG = 1AABC and ACAG = :AABC

Hence, AABG = ABCG = ACAG.
130. Let the right angled triangle be right angled at A. Take A = (0,0), B = (a,0),C =
(0,b).

Midpoint of hypotenuse BC: D = (%50, %) = (2 )

i 2
Distances: DA% = (%)2 +(8) = #

a 2 2 a2+b2
DB?=(§—a)" +(3-0)" =53~

a 2 2 a2+b2
DCE = (507 + ()" = 52
Thus, DA = DB = DC.

131. Let A = (aq,b;), B = (aq,by),C = (ag, bs).

D divides AB in ratio A\ : u: D = (M%Zal, M%Z'“)

E divides DC in ratio g : (A4 p): E = ( 2 ) P

A +p. Abo+p.b
fioag (M) 2L Wbﬁ(ﬂy)%)

Slmphfylng E— ()\.a2+p..a1+p.a3 )\.b2+u.b1+u.b3)

A2p ’ A+2p
b/
a

132. Given roots: a + f = —2%, a.f = g and v+ 9§ = 72%/, v.0 =

Ratios in which C and D divide AB: % = % and % =%a
P S ol I Y
Sum: S = 5= 555

Simplify numerator: S = (Vfa)((ﬁﬁj;);r(g:;)(ﬂ =)

Numerator expands to: B(y + 9) — a(y +9) —2v.0 + 2a.5
Substitute root relations: = 5(—2%) — a(—Q%’) — 2(%/) + 2(%) = (2%>(a —
B) + 2
Using condition a.b’ + a’.b = 2h.h’ gives numerator = 0
Hence: S =0
Thus, the sum of the ratios in which C and D divide AB is zero.
133. Given A = (1,—2),B = (2,5) and O = (0,0).
OC =20A = C = (2.1,2.(~2)) = (2,—4) and OD =20B = D = (2.2,2.5) =
(4,10)
Distance CD: CD=./(4—2)2+ (10— (—4))2 = v22 + 142 = \/4 + 196 =
V200 = 10v/2
So, CD = 10V/2.
134. Given A =(2,1),B=(3,—1) and C = (z,y) with y =z + 9.




135.

136.

137.

Centroid G = (M%, %J) lies on y-axis => x-coordinate of G = 0: 5+Tz =0=
T =5

Theny=2+9=4=> C=(-5,4).

Centroid: G = (%, %) = (0, %)

So, C'= (—5,4) and the centroid is (0, 3).

Let the vertices of the triangle be A = (z1,¥;), B = (24,95),C = (z3,¥3).
Centroid: (z,y) = (%, ylﬂéﬂ)

Circumcenter: («, 3)

Orthocenter: (p, q)

In coordinate geometry, the orthocenter satisfies: p = x; + x5, + 3 — 2 and ¢ =
Yi+ys +ys —26

Multiplying centroid coordinates by 3: 3z = 2, + 25 + 23 and 3y = y; + ¥, + Y3
Substitute: 3x = 2a+p and 3y =28 + ¢

Hence proved.

Vertices: A = (2,3),B = (3,4),C = (6,8)

Centroid G: G = (2*'346’ W) _ (1731’5)

Circumcenter (o, 3): Using the perpendicular bisector formula: the circumcenter
is the intersection of the perpendicular bisectors of any two sides.

5,54 =(3,9)

Equation of perpendicular bisector of AB: Midpoint M; = ( 52, %5

2
If C=(6,8), line AC: slope not needed, solve using: (z —a)?+ (y — 8)? =
(@c— )" + (ye — B)’
(2—aP+(3—FP = (B-aP+{@—F) > (2—al+(B— 7 = (6—a)+
(8—p)?

Solve these two equations simultaneously: a = %, B

3

Orthocenter (p, ¢) using formula 3z = 2o+ p, 3y = 26+ ¢: p = 3L — 2% =2and
q=35—-23 =12

Let A(a, é),B(ﬁ, %),C(v, %) be the vertices of a triangle.

a and B are roots of z2 —6p,;x +2 =0, so a + 3 = 6p, and af = 2.

B and v are roots of 2 — 6p,z +3 =0, so 3+ = 6p, and By = 3.

v and « are roots of 22 — 6p;x + 6 = 0, so v+ a = 6p; and ya = 6.

Solving these gives py =1, p, =1, p3 =2, a=2, =1, v=3.

. . . 1,141 1.1
The centroid of the triangle is (O‘+§+7, o B 7) = <2+1+3 2+1+3) = (2,2).

3 3 3 18
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138. Let the vertices of the triangle be A(tan o, cot o), B(tan 3, cot §), C(tan -, cot ),
where tan a, tan 3, tan+y are roots of 23 —3azx2+3bx—1=0.

By Vieta’s formulas, tan a + tan 3 + tany = 3a,

tan a...tan 8 + tan 5... tany + tan+y...tana = 3b, and tan ... tan §...tany = 1.

The centroid of the triangle is (

3a cota+cot f+coty) _ cot o+ cot B+ cot ~y
ER 3 =& 3 :

tan o+ tan S+ tan~y cot a+ cot S+ cot 'y) _
3 ’ 3 -

Since cotf = L we have cota4cotf+coty=—-4 1 4 L1 =

tan 6 tan o tan 3 tan y
tan 8. tany+tany.tana+tana.tang _ 3b __ 3b
tan o tan 3. tan -1 e

Therefore, the centroid is (a, b).
139. Let the forces F; = 30 N and F, =40 N act at points A(—3,—1) and B(4, 6).

The resultant acts along the line joining A and B and its point of application
R(z,y) divides AB in the inverse ratio of the forces: AR: RB=F,: F, =40:

30=4:3.

Using coordinate geometry, if a point divides the segment joining (z,,y;) and

n(z,)+m(@,) n<y1)+mwz))
m+n ? m+n :

(z4,yy) in the ratio m : m, its coordinates are (

Here z; = -3, y; = —1, 29 =4, y, =6, m =4, n = 3. Then

3(=3)+4(4 = 3(=1)+4(6 _
Tp = (3)+4(): 9;’16:1,andyR= (3)+4(): 3;24:3.

Thus, the point of application of the resultant force is R(1,3).

140. Let A(—1,3), B(—2,4), and the other vertices be C(zy,y,), D(x,y,) with
diagonals intersecting at O on the positive z-axis.
For a parallelogram, diagonals bisect each other: O = (%,H%) =

<72+x1 4+yq )
2 2 .

Let O = (h,0), then y; = —4, yo = =3, z7 =2h + 2, z, = 2h + L.
Area formula: |(z; + 1)(yy —3) — (x5 + 1)(y; — 3)| = 24.
Substituting: |(2h + 3)(—6) — (2h + 2)(—7)| = [2h — 4| =24 = h = 14.
Hence, C(30,—4) and D(29,—3).
141. Let A(1,2), B(8,4), C(4,10).
The point P(z,y) such that triangles PCB, PCA, and PAB have equal area is

the centroid of A ABC:

P = (LB 204410 _ (13 16)

142. Let a,b, ¢ be the pth, gth, rth terms of an HP., so 1,1 1 are in AP.

a’b’c
Consider the points X (be, p), Y(ca, q), Z(ab,r).

Three points are collinear if (bc)((q) — (r)) + (ca)((r) — (p)) + (ab)((p) — (¢)) =
0.



143.

144.

145.

146.

Since %, %,% are in A.P., this relation is satisfied.
Hence the points (bc, p), (ca, q), (ab,r) are collinear.
Let 24,24, z5 be in AP. and y;,ys,ys be in AP.

Consider the points P, (z1,¥1), B (Z9,¥s), By(x3,Ys).

Three points are collinear if the determinant (z1(yy —ys) + To(ys —y1) +
z3(y1 —y2)) = 0.

Since z;,T,, x5 are in AP, Ty —x; = T3 — 5.

Since y;, ¥y, Y3 are in AP, yy —y; = y3 — ys.

Then Ty (Y2 —y3) + 22(yz — Y1) + 23(y1 — Y2) = 21 (— (W2 —¥1)) + T2 ((y2 —
Y1) + (Yo — 1)) + 25(—(y2 —y1)) = 0.

Hence the points (z1,y;), (Z4,Ys), (z3,Y3) are collinear.

Consider the points (a, a?), (b,b?), (c,c?).

Three points are collinear if (a(b? — ¢?) + b(c? — a?) + c(a? — b?)) = 0.

Factor each difference of squares: a(b —¢)(b + ¢) + b(c — a)(c + a) + c(a — b)(a +
b) = 0.

Simplifying: (a —b)(b — ¢)(c — a) # 0 for distinct a, b, c.

Hence, the points (a,a?), (b,4?), (c,c?) are not collinear.

Let A(zq,y1), B(z,,y,), C(z5,y5) be the vertices of a triangle, and let M be the
midpoint of BC, so the median through A is the line joining A and M.

Let (z,y) be a point on this median. Then M = (WT%, yQTerf“) and (z,y) lies on

the line joining A and M:

Y=Y — T
¥ = T .
y22y37y1 1227237:%
z y 1 z y 1
Consider the determinants: |z, v; 1| and |z; v, 1].
Ty Yy 1 z3 yz 1
z y 1
The determinant |z, v, 1| represents twice the signed area of triangle AX B, and
Ty Yg 1
z y 1
=, y, 1| represents twice the signed area of triangle AXC.
z3 yz 1

Since (z,y) lies on the median AM, triangles AXB and AXC have equal areas
with opposite signs, so their determinants sum to zero:

z y 1 z y 1
zy yp 4|z oy 1 =0.
Ty Yg 1 z3 yz 1

Let A(2,-3), B(3,-2), C(z,y).
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147.

148.

149.

Area = 3= [2(—2—y) +3(y+3)+2(-3+2i=2=|z—y—5=3=>z—
y=8 or 2.

Centroid G = (25542, 2244} lies on 3z —y — 8 = 0 = 3(%4%) — () -8 =
0=3z—y=-2

Solve with area condition: z —y =8 and 3z —y = —2 = x = —5,y = —13.
Hence, C(—5,—13).

Let A(—2,5),B(4,—1),C(9,1),D(3,7).

Midpoint of AC = (#, %) = (%,3), midpoint of BD = (%, #) = (%,3),

so ABCD is a parallelogram.
Area = |(—2. —1+41+9.7+35) — (5.4+ —1.94+ 1.3+ 7. — 2)1 =42,

E divides AC in ratio 2:1 = F = (1—3?, %), midpoint of BC is F' = (%,0).

Determinant (p EF)=3(F-0)—-7.(%-13) +1.(%—3'T%) =0, so
D, E, F are collinear.

Let the points be A(—3,-1),B(2,—1),C(1,1),D(-2,1).

Compute slopes of opposite sides:

Slope of AB =z =2 =,

213 5
SlopeofC’Dz%:%ZO.
_ 141 _ 29 _
Slope ofBC—ﬁ—jl——Z

_ a1+l _ 2 _
Slope of AD = 25 =1 =2.

Since AB || CD and BC } AD, the quadrilateral is a trapezium.

Let the vertices of a triangle be A(zq,y,),B(zy,Y5),C(z3,y3) with integer
coordinates.

The squared distance between two points is AB% = (zy —x;)° + (y, — y;)°,
similarly for BC? and C A2

If the triangle is equilateral, then AB? = BC? = C A% = k? for some integer k.

Consider the triangle modulo 2: the square of any integer is 0 or 1 modulo 4. The
sum of two squares modulo 4 can be 0,1, 2, but never 3. In an equilateral triangle

with integer coordinates, all three squared distances must be equal modulo 4.
It can be shown that no three distinct integer points satisfy (z,— x1)2 +

2 2 2 2 2
(Yo —y1)" = (23— 22)" + (ys — %2)” = (&1 — %3)" + (Y1 — ¥s) modulo 4.
Hence, a triangle with integral coordinates cannot be equilateral.
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. We take the two perpendicular lines as axes of the coordinates. Let (z,y) be any

point satisfying the given condition. According to condition = + y = a.

This is the relation which connects the coordinates of any point on the locus is
the equation to the locus.

In the next chapter we will study that it is an equation of a straight line.

. Let (z,y) be any position of the moving point. By given condition from the question

we have
{(z—a)? + ¥} + {(z + a)? + y?} = 2¢2 (2.1)
= 22 +y? =c? —a? (2.2)

This is the relation between coordinates of each and every point that satisfies the
given condition, and is the equation to required locus.

The equation tells us that the square of distance of the point (z,y) from the origin

is constant and equal to ¢? — a2, and therefore, the locus of the point is a circle
whose center is origin and radius is V¢ — a?.

. Let the point be P(z,y). According to question
VEr+1)2+92=322+(y—2)2 = (z+ 1) + 32 = 9(z% + (y — 2)?)
= 8(z% + y?) — 2z — 36y + 35 =0.

. Let the point be P(z,y). Given that PA%? — PB? = 2k?
= (z—a)?+1y?— (z+a)? —y? =2k? = —dax = 2k? = 2ax + k?> = 0.
. Given that PA =nPB = PA?> =n2PB? = (z —a)? + y> = n*[(z + a)® + ¢

= (n® —1)(2* + y* + a?) + 2az(n* + 1) = 0.

. Given that PA+ PB =c¢ = \/(l—a)2+y2+\/(x+a)2+y2:c

Squaring, = (z —a)?+y?+ (z+a)? +32 +2/(x —a)2 +y2\/(z +a)2 + % =

C2

Squaring again, = 4z%(c? — 4a?) + 4c%y® = ¢* — 4a?

. Given that PB? + PC? =2PA%’ = (z+a)’ +y* + (z — )  +¢y*> =2[(x —a)? +
y?]

Simplifying gives us (6a — 2¢c)z = a® — 2.

. Let P(z,y) be the point in question. Its distance from y-axis would be z. Thus,
according to question

(z—1)2+(y—22%=22=9y?>—4dy—22+5=0.

. Let P(z,y) be the point in question, then according to the question

(=12 4+ =22+ (y+2)?= 220 +1=4y+4=>2x+4y+3=0.
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10.

11.

12.

13.
14.
15.

16.

17.

18.

19.

20.

21.

22.

Let P(z,y) be the point in question, then according to the question
=22+ @y—32?=(@—-4>+@y—-5)=4dr+4y=28=c+y=".
Let P(z,y) be the point in question, then according to the question
(r—a—0)2+(y—a+b?=(x—a+bd?+(y—a—-0b?=z=1y.

Distance from z-axis is y and distance from y-axis is x, then according to the
question y = 3z.

(x—a)? +y? = 4222 = 1522 — y? + 2ax = a>.

According to question, z +y = 3.

According to question, 22 + (y —2)2 =4 = 22 + 9% —4y = 0.

According to question, (z—3)%+9y? =3%[22 + (y — 2)?] = 822 + 8y + 67 —
36y + 27 = 0.

y =122 +y? = 2% =3y~

Let the fixed straight line be parallel to the x-axis, and let the fixed point be the
origin O(0, 0).

Since the fixed point is at a perpendicular distance a from the line, and the line is
parallel to the z-axis, its equation must be:

y=a
We consider moving point as P(z,y).

Its distance from origin is \/m Its distance from fixed line is |y — al.

Thus, 2 +y? = (y —a)? = 22 + 2ay = a®.

From given condition (22 + y?) = 1(y — a)* = 4% + 3y* + 2ay = a* and 3 (2* +
y?) = (y —a)? = 2?2 — 3y> + 8ay = 4a’.
Let P = (z,y), then £ = acosf,y = bsinf
cost%,sinGz%éz—z—i—g—;: )

Let P(z,y) be the required point, then according to the question

Va2 + (y—2)2 + /22 + (y +2)% = 6 = 92 + 5y? = 45.

Let AB = 2a, where A is (—a,0) and B is (a,0). Let P(z,y) be the moving point.
Then according to the question

AP? + PB2=AB’= (z+a)? +3?>+ (zr—a)? +9y*> = 4a® = 22 + y? = a2
P(x,y)

A(-2,0) B(2,0)



23.

24.

25.

26.

27.

28.

29.

30.

Tip: The obtained equation is a circle(we will see this in later chapters) which is
evident because from diameters the angle on any point on the perimeter is a right
angle.

The diagram is given below:
Let A= (h,0),B = (0,k) and P = (z,y). Given AP = a,PB =hb.
Now % = %, hence, P divides AB in the ration a : b.

_ aO+bh _ 3 h_ . _ aktb0 _ .k
Thus, z = 2752 = b,y = S5~ = agy

Also, AB? = OA? + OB? = (0 +b)? = h? + k2 = (002 4 (asb)y?

2 2
>+ =1

B(0,k)

P(x,y)

Y

o A(h,0)

Let A = (z,,y;). Let the moving point be P(a, () then according to the question
A(z,,y,) lies on the curve y? = 8.

= 9?2 = 8z2,. Also, since P is the mid-point of OA,

a=% =z =20and f=4% =28

Thus, 4% = 8.2a = 32 = 4a. Thus, locus of point P is y? = 4z.
Let f(z,y) =22 +y? — 2z + 1. f(2,—5) = 26 # 0.

Thus, the point (2, —5) does not lie on the given curve.

Since the given equation represent the identical curves the ratio of coefficients of
terms must be equal. Thus,

ml%:—mI;mQh:%imlm_2:%’ml+m2:2%'
Let (z,y) = (at?,2at). Then y? = 4ax.
Let (z,9) = (t+ 1,t — 1), then 22 — % = 4.

Let (z,y) = (cos@ + sin, cos @ —sin @), then x2 + y2 = 2.

Centroid will be given by (¢sftsinftl snficos0t2) Tet jt be (z,y).

)

Let cosf +sinf = S, thenmz%:&rz&’—l—l and 3y =S + 2.
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31.

32.

33.

34.

35.

36.

37.

Subtracting we get 3z —3y +1=0.
Let P(ucosa.t,usina.t — kt?) = (z,y) be the moving point. Then

r=ucosa.t=1= and y = usin a.t — kt?

Substituting for ¢ in y we have
y=zxtana — zﬂﬁ@%

Let P(z,y) be the point whose locus is to be determined, then according to the
question

(z+2?%+(y—3?2=3*(2*+(y—3)%)] = 82> —4z —4+8(y—3)*=0
=222 422 —x— 12y +17=0.

Let P(z,y) be the point whose locus is to be determined, then according to the
question

4PA* = 9PB? = 4[(x +5)* + (y — 3)*] = 9[(z — 2)* + (y — 4)*]

= bx? + 5y? — 76z — 48y + 44 = 0.

Let P(z,y) be the point whose locus is to be determined, then according to the
question

PS=,/(x—4)2+y2 PM =z and PS=PM = (z —4)? +y? = z?
=y? —-8x+16 =0.

Let the given points be A(z;,y;) and B(xs,ys). Let P(z,y) be a point such that
PA = PB.

PA?= (z—2,)*+ (y—y;)" and PB? = (¢ — ;)" + (y — )’

Since PA = PB = ($*$1)2+(Z/*y1)2 = (m—m2)2+(y—y2)2

o? —2zzy + 2t + 17 — 2y, +yi = 2 — 203, + 23 +y° — 2y, + 13
=23y — 2yy; + 27 +yf = —222, — 2yy, + 25 + U3

Rearranging, 2a(zy — 1) + 2y(y, — y1) = 23 +y3 — af — 47

This is a linear equation in z and y, hence it represents a straight line.

Now let M be the midpoint of AB. Then M(mlig%7 WTyz)
Substituting the coordinates of M into the equation satisfies it, so the line passes
through the midpoint of AB.

Now we consider triangles PAM and PBM and we see that PA = PB,PM =
PM,AM = BM so both the triangles are congruent. We also find that PA? =
PM? + AM?, thus, the triangles are right angled as well at M. Thus, we have
proven that the locus bisects AB at right angle.

Distance of P(z,y) from (a,0) is \/(z —a)? +y? =a+=x
Sqauring gives us, = (z —a)? + 32 = (z + a)? = 3 = 4ax.

Let A(1,2), B(—2,3) and P(z,y).



38.

39.

40.

The area of triangle PAB is given by

A= % |21 (Y, *93) + 1'2(?J3 — 1) +333(?Jl — o)
Substituting A(1,2), B(—2,3) and P(z,y),
A=5]22-3)+13-y) +(-2)(y—2) |
=1i|a(-1)+3—y—2y+4]|
=1|-2z-3y+7|=9
| -z —3y+7|=18

z4+3y=—1lorxz+3y=25

Let A(1,2) and let Q(x,y) be a variable point on the curve 2% +y? + 2z +y = 0.
Let P(h,k) be the midpoint of AQ. By the midpoint formula,

h=Y2 k= (241y)(2).

Hence, z =2h — 1,y =2k —2

Since Q lies on the curve, (2h —1)2 + (2k —2)2 + (2h — 1) + (2k—2) =0

= 4h®> —4h+14+4k* —8k+4+2h—1+2k—2=0

=2h*+2k* —h—3k+1=0

So the locus is 222 +2y? —2z — 3y +1 = 0.

If P(z,y) divides AQ internally in the ratio 3 : 1, then by section formula,

_ 3.3cosf+1.2 __ 3.2sin6+1.3
xr = 1 s Y= 1 .
= 9cos6+2 __ 6sin6+3

- 4 > - 4 .

Rearranging, 4z —2 = 9cosf, 4y —3 = 6sinf.

Thus, cosf = 4””9 2 sinf = yT?’.

Using cos? 0 +sin? 6 = 1,
2

(52 + (552)° =1

Hence the locus of P is

(4z-2)® | (4y—3)> _
St =L

Let a variable line through A(6,—8) cut the z-axis at Q(a,0).
Let P(z,y) be the midpoint of AQ.

By midpoint formula, z = ¢, y = =840,

So,x:M’T",y:—Al.

From the first equation, a = 2z — 6.

Since a is arbitrary (any real number), = can take any real value, while y is constant.

Hence the locus of P is y = —4.
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3 Answers of Straight Lines

. Since the intercept and angle with z-axis is given, therefore, we can represent this
line using slope intercept form i.e. y = mx + c.

m = tan45" =1 and c = 5. Therefore, the required equation is y = x + 5.

. Let the interecepts be a, —a for the two axes. So we can represent the line as 7 —
¥ = 1. Since it passes through (2,-3) = 2 — =2 =1=a =5.

Thus, the required equation is * —y = 5.

. Let the required straight line be £ + ¥ =1, which will meet the axes at (a,0)
and (0,b).

The coordinate of the point dividing the line joining these points in the ratio 1 :

2 is 2‘211'}0 and 2Oi}b1e 2—“and
ThusQ—“*—5:>a———and4* =b=12.

b
37
Thus, the required equationis %5 + 5 = 1 = 5y — 8z = 60.
2

. Comparing the equation with az + by +c =0 we have a = 1,b = v/3,c =1
VETRE=T¥3=2

Dividing the given equation by 2 gives us

24y 4T — 0= 2cos240° + ysin240° = I

. The equation of straight in two-point form is given by y —y; = g; le (z — )

So the equation becomes y — 3 = 4+1 Sx+) =z +y=2
. Since the intercept and slope is given we can represent it as y = mx + c. Given
that c = 1 and m = tan45’ = 1.

Therefore, the required equation is y = = + 1.

. Since the intercept and slope is given we can represent it as y = mx + c. Given

that ¢ = —5. Since the line is equally inclined to the axes so angle of inclination
is 0 =45

Thus, m = tan = 1, and thus, the required equation is y =z — 5.

. Since the intercept and slope is given we can represent it as y = mx + c. Given
that ¢ = —2. Since the line is inclined at 30° to OX so m = tan30° = %

Thus, required equation is y = % —2=+3y=1—2V3.

. Since the intercept and slope is given we can represent it as y = mx + c. Given

that ¢ = —3. Since the line is inclined at an angle tan~! ‘;’, therefore m =
-13_3
tantan™" ¢ = z.

Thus, required equation is y = z —3=5y=3z—-09.
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10. Since intercepts are given so we can use the intercept form ie. £ + ¥ = 1. Given
that a =2 and b = 3.

Therefore, the equation of the line is % + % =1=3z+2y=06.

11. Since intercepts are given so we can use the intercept form ie. £ + ¥ = 1. Given
that a = —5 and b = 6.

Therefore, the equation of the line is —is + % =1= 5y = 6x + 30.

12. Let the intercept be a on both the axes. Then the equation of the line would be
24+ % =1= x4y =a. Since the line passes through (5,6), therefore, a = 5 +
6 = 11. And thus, the equation of the straight line is  +y = 11.

In the second case let the intercepts be a,—a. Then the equation would be £ —
¥ =1= 2 —y = a. Since the line passes through (5,6), therefore, a =5 —6 =
—1. And thus, equation of the straight line would be x —y +1 = 0.

13. First let the intercepts be a,a, then the equation of the line would be f-ﬁ- % =
1= x + y = a. Since the line passes theough (1,—2), therefore, a =1—2 = —1.
And thus, the equation fo the straight lineisx +y=—-1lorz+y+1=0.

Now let the intercepts be a,—a, then a =z —y =142 = 3. So, the equation
would be x —y = 3.

14. Let a, b are the intercepts with z-axis and y-axis respectively. Since (z’,y") bisects
it therefore 2’ = $=>a= 2z’, and similarly, b = 2y’. The equation of line would
be £ +¥ =1

And thus, the required equation of the line in question is zy’ + 'y = 2z'y’.

15. Let a,b are the intercepts with z-axis and y-axis respectively. Since (—4,3)

5.0403.a _y o — 32 14

divides the intercept in the ratio 5: 3, therefore, —4 = 53 5

__ 5.b4+3.0 _ 24
3= 5+3 =b= 5"

And thus equation of line is £ + ¥ =1= —% + g—i’ =1= 20y — 9z = 96.

16. We will make use of two point form. The equation of the line is given by
y—0=3L@z—-0)=z+y=0.

17. We will make use of two point form. The equation of the line is given by
y—4="2(z-3)=>y=a+1

18. We will make use of two point form. The equation of the line is given by

y—3=%F(x+1)=>Ty—21=—10z —10 = 10z + 7y = 11.

19. This problem can be solved with intercept form. Intercept on z-axis is b and on

y-axis is —a. Thus, equation of the line is % — % =1= ax — by = ab.

20. We will make use of two point form. The equation of the line is given by

y—b:g;g:f;(x—a):>by—b2:(a—2b)x—a2+2ab:>(a—2b)w—by+

b2 4 2ab — a? = 0.




21.

22.

23.

24.

25.

26.

27.

The equation of the given line is given by y— 2at, = 222204 (; — qt3) =

at3—at?
2 (g — at?
totts (z —at})

= y(t; +ty) — 2z = 2atyt,.

The equation of the given line is given by y — = = 2 U (p_qgt)=——L

aty,—aty

aty)

= titoy + = a(ty +1y).

asin po—asin @y (

The equation of the line is given by y —asinyp; = T —

2 cos £1E¥2 i P2—P1
2

W(
2sin —52 sin 5

=y —asing, = T — acosy)

+ ot -
= xcos £1572 4 ysin £15%2 = g cos 152,

. L . bsin g, —bsi

The equation of the line is given by y — bsinp; = %(
2 1

. 2b cos P15#2 sin P21

= y—bsinp, = W(Jf —acos p;)

2asin

z pi1teo Y ain P1tes P1—Po
= 5 C0S =5 +bsm 5~ = COS 5

T — aCosp;)

T —acosp,)

. . . . _ btanp,—btanyp,
The equation of the line is given by y —btan ¢, = T222—" (z — asecyy)
Now btan p,—btan g, _ Q.simpz cos 1 —sin gy cos g,
asec p,—asec P, a €OS (o1 — COS Pq
sin(py—py) _ 2sin(£25E) cos(F2EL)
T cospy—cospy | gsin(egter)sin(pa—ey)
2 2

Simplifying gives us the equation of the line as

b.,L.COS(‘Pé*‘PQ) Sin(<p12+tpz) — abcos(%g*%oz).

—ay
Let the vertices of the triangle be A(1,4), B(2,—3) and C(—1,—2).
We find the equations of the sides AB, BC and CA.

Slope of AB: mp = 55 = —T7

Slope of BC'" mBC:¥:f:_

4—(-2)

Slope of CA: mgpy = ﬁ 3

Equation of BC: y +3 = (—3)(z—2)soy=—32—Z=>3y+z+7=0
6 _
2

Equation of CA: y—4=3(z—1)soy=3z+1

Hence, the equations of the sides are: AB:y+ 7z =11, BC :3y+z+7=0,

and CA:y=3z+1
Let the vertices of the triangle be A(0,1), B(2,0) and C(—1,—2).

We find the equations of the sides AB, BC and CA.

Slope of AB: mp =93 =—1
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28.

29.

30.

31.

Equation of AB: y —1=(—1)(z—0) soy=—3z+1

Slope of BC: mps = # =—23= %

2
Equation of BC: y — 0 = (%) (z —2) =

1-(=2) _ 3 _
—h) —1=9

Slope of CA: mg 4 =

Equation of CA: y—1=3(z—0)soy=3z+1

Hence, the equations of the sides are: AB:2y+z =2, BC:y=3 2z — 2 and

%
CA:y=3z+1.

Intersection of x = a,y = b will give the point (a,b) and opposite to it will be
intersection of the lines z = a’ and y = b’ ie. (a’,b’). Equation of this diagonal
would be y —b = —(:c —a)=> b —bz—(a —a)y+ (@ —a)b+ (b—0b")a=
® —=bz+(a—a)y+a'b—ab.

Intersection of z = a,y = b’ will give the point (a,b’) and opposite to it will be
intersection of the lines z=a" and y => ie. (a’,b). Equation of this diagonal

would be y — b = (:c — a’), simplification of which is left to you.
Y
A
y=Y
y=b
x=a x=a
o » X

Point which bisects the distance between (a, b) and (a’,b’) is given by (‘H'a bt )

2
and point which bisects the distance between (—a,b) and (a’,—b") is given by

(a/;a’ b;b/>.
The equation of the line passing through these points obtained is given by y —

7’ ’
T s r — atd
3 T P)

uaa+a
2 2

= 2ay —2b'x = ab—a'l’.
Intercepts of the line 3z +y = 12 are (4,0) and (0,12). The points which trisect

these lines are (24;0‘1, 0.2212‘1) and (1,420.27 0.1+312A2) ie (%74) and (%,8).

Line passing through origin and (%,4) is y = 22 = 3z = 2y, and line passing
3
through origin and (%, 8) isy = %x = y = 6.
3
o ° o 1-3%
Slope of the line = m = tan15 = tan(45" —30") = Hf =2—-43




32.

33.

34.

35.

36.

Intercept on y-axis is ¢ = —4. Therefore, the equation of the line is y = (2—

\/g)x — 4.

/>X

/

Y’

From the diagram it is clear that angle made with positive direction of z-axis is
60°. Thus, slope of the line is m = tan 60° = /3, and the intercept with y-axis

is —4+/3.
Thus, equation of the line is 3z — Yy — 43 =0.

Given that cos 6 = —% = tanf = —v/3 = m, which is slope of the line. Thus, the

equation of the line is given by
y—2=—8(x—1) é2\/§x+y—2<\/§+1> =0.
Equation of the line is given by y —3 = 22 (z +1) = z+y = 2.

Y

> X

o A(2,0)

Given A = (2,0), and AB is the initial position, and AC is the final position after
rotation.

Given ZBAX = 30", and ZBAC = 15"~ ZCAX =15’

Slope of line AC =tan15" =2 —+/3

Therefore, equation of line AC is y — 0 = (2 — \/g) (z—2)= (2 — \/g)x —y—
4+2v3=0.

Let AD be the internal bisector of the ZBAC which meets the side BC at D.



168 3. Answers of Straight Lines

Now AB=./(5—-2)2+(2-3)2=+V10, and AC=./(5—-6)2+(2—5)2=
V10
BD _ AB _ V10

Since AD is the internal bisector, therefore, 5% = 42 = Vio = 1

D= (3,%) — (4,4
Now equation of AD is y—2f 2z —5) =2 +y =12

37. Let ABCD be a rectangle such that A = (1,2) and C = (5,5). Clearly, vertices
B and D lie on the line = 3. Let them be B(3,y;) and D(3,y,).

Since AC and BD bisect each other, therefore, their middle-points will be same.

Thus, £13¥2 = 282 = ¢ 4y, = 7.
Also, BD? = AC? = (y; —y5)° = (1—5)2+(2—5)2 =25 = y, —y, = 45

=y, =6,y =1 or y; = 1,y, = 6. So the other vertices are (3,1) and (3,6). Let
B represent (3,1) and D represent (3,6).

Equation of side AB is y —2 = %(x )=z+2y=5
Equation of side BC'is y — 1 = %(m 3) =2z — 5
Equation of side CD is y —5=55(z —5) =z + 2y =15
Equation of side AD is y —2=28%(z—1)=2z=y

38. Equation of OT : Slope of OT = tan45’ =1 and it passes through O(0,0).
Thus, equation is y —0=1.(z — 0) = y = =.
Equation of OS : Slope of OS = tan 135" = —1 nad it passes through O(0,0).
Thus, equation is y —0=—1(z —0) =z +y =0.
Equation of SP : Given OT = 2v/2 = OP = OT'sec45” =4 = P = (0,4).
Also, slope of the line SP is tan45° = 1.
Thus, equation is y —4=1(z —0) = y =z + 4.
Equation of QR : Given OQ = OT sec45” =4 - Q = (4,0).

Slope of line QR = tan 75" = tan(45 +30 ) i+f =243
7

Thus, equation is y — 0 = (2+\/§)(z—4)=> (2+\/§)m—y—8—4\/§:0.

Equation of PR: P = (4,0). Slope of line PR =tanl15 = tan(45’ —30") =
-

Hg =23

Thus, equation is y —4 = ( ) 0) = (2—\/§)m—y+4:0.
Equation of PQ : P = (0,4) and Q == (4,0).

Thus, equation is y —4=3=3(z —0) =z +y =4



39. Let AD,BE and CF meet at O. We take O as origin. Let the coordinates of
points A, B and C be (z4,v;), (z4,¥s) and (z3,ys) respectively.

Let D divide BC in the ratio k: 1 ie. 22 =k then D = (’“1637:1%, 1@):7#)

Also, equation of line AD is y —0 = O(x —0)=y= %x

. . kys+ys, Y1 km3+12)
Since D lies on AD, therefore, Lt = zl< Y
k= BD __ %Y1 =1 Yy

DC T1Y3—T3Yy

Z3Y2—ToY3 and AF — T1Y3—T3Yy
TaY1—T1Y2’ T3Y2—T2Y3

Similarly, % =

Thus BD CE AF =1

> DC'EA'FB —

40. Y

QB(Z, 11)e

> X
A(0,0) P SC(3,0)

Let PQRS be the square inscribed in the ABC. Let P = (a,0)
and length of each side of the square be k then S = (a +%,0),Q = (a,k),R =
(a+ k, k).

Equation of the line AB is y —0 = 3=3(z — 0) = = = 2y.

2
Equation of the line BC is y — 0 = gT( —3)=>z+y=3.

Since Q(a, k) lies on AB, therefore, a = 2k.
Again R(a+ k, k) lies on BC, therefore, a+2k=3=k=3a=3.
Hence, P = (3,0),Q = (3.4), R = (§.) and 5 = (3.0).
41. Equation of the given line is \/gy —3r=3=>y= V3z + /3, which is of the
form y = ma + c.

Slope of the line is v/3 = tan 60°. Thus, the given line makes an angle of 60° with
the z-axis.

42. Since slope and intercept are given, therefore, slope-intercept form can be used.
Given that m = 3,c = 7, therefore, equation of the straight line is y = 3z + 7.

43. Since slope and intercept are given, therefore, slope-intercept form can be used.
Given that
. . . 1+
m = tan75 = tan(45’ +30°) = —%8 =2+ /3, and ¢ = 3.

=7

Therefore, the equation of the line is y = (2 - \/3)310 + 3.

44. Since slope and intercept are given, therefore, slope-intercept form can be used.
Given that
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_ 112 _ 5 _
m = tansin™" 75 = 33 and ¢ = —5
Therefore, the equation of the line is y = %m —5 = 5x— 13y = 65.

45. Since the line is parallel to x-axis, therefore, it will make an angle of 0" with z
-axis i.e. m =tan 0" = 0. Also, since its distance from z-axis is 5units, therefore,
the intercept on y-axis is 5, which makes intercept ¢ = 5.

Thus, equation of the line would be y = 0.2 +5 =y = 5.
Since it is not given that intercept is from positive or negative direction of y-axis,
therefore, the other line would be y +5 = 0.

46. Since the line is parallel to y-axis therefore the equation would be x = k, where
k is the intercept on z-axis, which is given as —4. Therefore, the equation of the
line is x = —4.

47. Lines parallel and perpendicular to z-axis are given by z = k and y = p, where k
and p are distance of the line from the y-axis and z-axis.

Since these lines pass through (5,3), therefore, x =5 and y = 3 are the desired
equations of the straight lines.

48. Since the line makes an angle of 135" with positive direction of the y-axis,
therefore, it makes an angle of 135° with positive direction of the x-axis. Thus,
slope of the line is m = tan 135" = —1.

Also give that it cuts an intercept of 2 from positive direction of the z-axis, which
means that it passes through (2,0).
Thus, equation of the straight line would be y —0=—-1.(z —2) =z +y=2.

49. Since the slope is 2 and the line cuts an intercept of 4 on z-axis ie. it passes
through (4,0) the equation of the line would be
y=0=2(z—4) =2z —y=2_8.

50. Since the line makes an angle of 60° with the positive direction of the y-axis,
therefore, it would make an angle of 30° with the positive direction of z-axis.
Therefore, the slope of the line is m = tan 30° = %

Also given that the line passes through (3,—2), thus the equation of the line
would be
y+2:%(x—3) =1 —+3y=3+2V3.

51. Slope is given by m = % =22 =1
The equation of the line would be y —4=1.(z—3)=>z—y+1=0.

52. The equation of the line is given by y — b = %(m —a)
= rtanf —y =atanf —b.

53. The equation of the straight line is given by y+3= 2% (z—1)=>z+y+
2=0.

54. Equation of the straight line passing through (1,4) and (3,—2) is given by



55.

56.

57.

58.

59.

y—4="@z-1)=3z+y="1

Now we put (—3,16) in this equation which gives us 3. —3+ 16 = 7, which
is true. Thus, the point (—3,16) also lies on the same line making the points
collinear. We could have found the equation between (3,—2) and (—3,16) which
would also give the same equation.

Another way would be finding the area of the triangle whose vertices are the

given three points and we will find that area of the triangle is zero; making the
points collinear.

Line passing through (a,b) and (aq,b;) is given by
y—b= g —a)= (b — bz —a(by —b) = (a; —a)y —ba; — )

a;—a

= (by —b)z —ab; = (a; —a)y —aqd

Now (a —ay,b— b;) also lies on this point, therefore, it should satisfy the above
equation.

Thus, (b —b)(a—ay) —ab; = (a; —a)(b—b;) —a,b = ab;, —ab—a;b, +
a;b—ab; =a;b—a;b; —ab+ab; —ayb

= ab; = ab.

Thus, the equation of the line becomes (b; — b)z = (a; — a)y, which clearly passes
through the origin.

The equation of the straight line which passes through (1,2) and (—3,0) is
given by

y—2=2L2(z—1)=>2y=x+3.

For the points to be collinear (¢ — 1, 3) has to be on this line. Thus,
23=t—1+3=>t=4.

The equation of the straight line which passes through (p,q + r) and (¢,7 + p) is
given by

y—q-r="21"(—p)>arty=ptrq+r

If the line passes through (r,p + ¢) then it would satisfy the obtained equation
of the line. Putting the point in the obtained equation we have
r+p+q=p+q+r, which is true. Hence, proved.

Point dividing the line segment joining the points (—1,2) and (4, —5) externally
in the ratio 2 : 3 is given by

(2431 2.55-82) = (11, 16).

The equation of the line passing through (1,2) and (—11,16) is given by

y—2 =162 (x—1)=Tz+6y—19=0.

—11-1

The equation of BC is given by y —1 = §=5(z —0) = z + 2y = 2.
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The vertex A is (—1, —2) and median passing through it will bisect BC i.e. it will
pass through the point (1, %)

Thus, equation of the median is given by

y+2= ﬂl(:w 1) =5z —4y—3=0.

60. The mid-point of (2,3) and (5,4) is (%, %). The equation of the median passing

through (1,2) and (%, 1) is given by

y—2=(%2-2)(-1)(z—1)=3z—5y+7=0.
The mid-point of (1,2) and (2,3) is (2, 3). The equation of the median passing
through (5,4) and (£,32) is given by

272

y—4=372 2z —5) =3z —Ty+13=0.
2

The mid-point of (1,2) and (5,4) is (3,3). The equation of the median passing
through (2,3) and (3, 3) is given by

y— 3— (:1:—2):>y—3

61. Let the line segment joining A(2,3) and B(—1,4) be divided by the line = + y +
1 =0 in the ratio m : n.

<m*(—1)+n*2 mx4+n*3 )

Using the section formula, the point of division P is P = P

Since P lies on x +y + 1 = 0, substitute: (%12") + (M) +1=0

n m+n

= —m+2n+4m+3n + 1=0= 3m+5n + 1=0 :> _ 7%

m+n

Hence, the line divides the segment externally in the ratio —3:2, ie, 3:2
externally.

62. Let A(2,3) and B(4,1). Let the line through (1,2) and (4, 3) divide AB in the
ratio m : n at point P.

. _ (m.44n.2 m.14n.3
Point P = (7m+n y s )

3)is =2 = 1

Slope of line through (1,2) and (4 3
)

(z—1).

Equation of this line: y —2 = (%

Substituting P: (%ﬂl) — (%)(‘%ﬁf — )
colifvi +3n—2m—2n _ —m+

Simplifying LHS: M=l—=2m==t — —min

RHS: (3) (#45mm=r) = (5) (5)

—_m+n __ 3m+n _ . — .
So, A = 3(mtn) =>n=3m=>m:n=1:3.

Hence, the line divides the segment internally in the ratio 1: 3.

— (21+41.-1 2.-3+1.-2\ _ (1 _ 8
63'D=( 2+1 2+1 )_(37 3)

Let mid-point of AC is M then M = (3,—1).



64.

65.

66.

67.

68.

1
?+2
341

Equation of BM is given by y+2 =
5y="17

(z4+1)=>5y+10=3z+3= 3z —

8
_15_2
12

Equation of AD is given by y — 2 = (z—2) = by — 10 = 14z — 28 = 14z —
5y =18

The point of intersection of two obtained equations is given by (1, —%).

Let this point divide BM in the ratio of & : 1, then
1=(k*34+1—-1)(k+1)=>k+1=3k—1= k=4 Thus ratio is 4: L.

The equation of the the line can be written as y = v/3z 4+ 3. Comparing it will
y = mz + c gives us m = /3 and ¢ = 3.

Thus, slope of the line m = V3 = tan60°". Thus, the line makes an angle of 60°
with the positive direction of the z-axis.

¢ = 3 tells us that the intercept on y-axis is 3 in positive direction.

Let the equation of the line be £ 4- ¥ = 1.
It is given that b = 2a which makes the equation of the line 2z + y = 2a.

Since it passes through (3,4), therefore, 2.3 + 4 = 2a = a = 5, which makes the
equation 2z 4+ y = 10.
Let the equation of the line is £ + ¥ =1 so the point on z-axis where this line
meets is (a,0) and on y-axis it is (0, b).
Given that (3,4) divdes the line segment joining (a,0) and (b,0) in the ratio of
2 : 3, therefore,

— _ _ 2.b43.0 _
3=(20+3.0a)(2+3)=>a=5and4=2352=b=10

Thus, equation of the line is 2z + y = 10.

The line 3z + 4y = 12 can be written as § 4+ ¥ =1 so the intercept of z-axis is
4 and the intercept on y-axis is 3.
Thus, according to the question the required line makes an intercept of 8 on x-
axis and 9 on y-axis. Thus, the required line is

Y _ —
S+E=1=>9c+8y="T2

ax + by + ¢ =0 can be written as —% —

a

= 1. Thus, intercept on z-axis is —£

ol

and on y-axis is —¢.

Let the equation of the line be y = mx + ¢, but since the line passes through
origin ¢ = 0.

Now mid-point of the intercept is given by (—z=,—=). Putting this point in
the line

c _ _ e —_a ; ; —
—55 = —Mg, = m =%, which makes the line ax = by.
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69.

70.

71.

72.

73.

Given line is 3z + 4y = 12 = § + % = 1. Let this line cut = and y axes at A and
B respectively. Then A = (4,0) and B = (0, 3).

Let P and @ be the points which trisect AB such that % =1:2and 2—8 =2:1
-~ pP= (1.0452.47 1.3;2.0) _ (%71) and Q = (2.0451.4’ 2.3;1.0) _ (%72)

Equation of the line passing through origin and P is given by y —0 = é%g(z —
0) =3z —8y =0.

Equation of the line passing through origin and Q is given by y — 0 = (2 — 0)(3

0)(z —0) = 3z —2y = 0.

Let the line be 2 4 ¥ = 1, which will cut intercepts a and b. According to question

1

+ £ = 1, which passes through the

Q [l

%—i— % =k, where k is a constant. Thus,

point (%,%)

'
Q(0,k)
C(0,a)
X
A B(a, 0)P(h, 0)

Let ABC be a right angles isosceles triangle in which AB = AC. We take A as
the origin and AB and AC as x and y axes respectively. Let AB = AC = a.

Also, let AP = h, AQ = k. The equation of the line PQ is £+ ¥ =1

Given that BP.CQ = AB?> = (h—a)(k—a) = a® = ¢+ ¢ =1, which shows
that PQ passes through the point (a, a).

Given that P = («, 3) and the equation of the line £ + ¥ = 1.

The line will cut the axes at (a,0) and (0,b). Given that AOAB = %|ab| = S =
2S = ab, where O is the origin.

Since the line passes through P, therefore % + % =1= % + %S =1

= a%B — 2a8S + 2a.S = 0, which is a quadratic equation in a. However, a is real,
therefore D = 452 —8a3Sg = 0 = Sg = 2af8

Thus, the least value of S is 2a/.

The equation of the line will be given by zcos 75" + ysin 75" = 3v/2

V31 . ° _ V3+1
Ve and sin75 = 33

So the equation of the line is <\/3 - 1>x + <\/§+ 1>y =12.

Now cos 75" =




74.

75.

76.

77.

Slope is given as % so if tanf = % then 0 can lie in first or third quadrant. Thus,

cosf = i% and sinf = il%.
Equation of the line will be x% + y1—53 =2=12x+5y—26=0
orz.(—2)+y.(—3) =2 =122+ 5y + 26 = 0.

We can treat this place as origin, east direction as z-axis and north direction as
y-axis. Then the angle made by perpendicular from the place to the line will be

45° as the direction of the canal is north-east.

Thus, equation for this canal would be % + % = % >x+y= %.

The coordinate of the village is given by (3,4); putting this in the equation for
the canal gives us

34+4= %, which is false. Hence, the village does not lie on the canal.

Let the reuired line be AB and OL is perpendicular from the origin O to AB.
According to the question OL makes an angle of 30° with y-axis i.e. it will make

an angle of 60° with z-axis.

Let OL = p, so the equation of the line will be x cos60” + ysin60° =p = z +

V3y = 2p.

Intercept on z-axis is 2p and intercept on yaxis is 2%.

Also given that AOAB = 963 = %OA.OB = 964/3 = %Qp. =p=12

2p
V3
Thus, equation of the line is = + \/§y = 24.

Given OC =2, ZABC = 90" and AB = BC

+« /BCA=/BAC =45",0B=0C =2, and BC = v22 + 22 = 2/2

Let OM be perpendicular to DE. +~ OC = 2, 0B = 2, therefore, equation of BC
will be

Zri=1l=2+y=2

Also, equation of AB willbe £2+ 4 =1= 2 —y= -2

* ZLAC =45 and OM = OL+LM = OCcos45 + LM = OC. 75 + BC =
3v2

Thus, equation of DE is zcos45” +ysind5’ =3v2 =z +y =6.
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78. Given equation is v/3z +y = 8 = 4+ + £ =1, which will meet z and y axes at
V3

3]

(%,0) and (0, 8).

The equation can be rewritten as ?w +4=4=xcos 30° + ysin30° = 4, which
is the equation in normal form.

The length of perpendicular on this line from origin is 4 and it makes an angle
of 30° with the z-axis.

79. Let the equation of a line in intercept form be £ 4 ¥ = 1.
Since it passes through (3,2), we have: 2 + 2 = 1.
Givena—b=2,s0a=>b+2.
Substitute into the first equation: b% + % =1
Multiplying by b(b+2): 3b+2(b+2) =b(b+2),b> —3b—4=0
Solving: b = % So,b=4o0rb=—1.
Then a = b+ 2 gives: If b =4, then a = 6. If b = —1, then a = 1.
Thus, the required lines are: % + % =landx—y=1.
80. Let A be (a,0) abd B be (0,b), then the equation of line will be given by £ +
4=1

L 17 _ 1 _ 7+4b —
Since it passes through P(1,—7), therefore, 1 — I =1= 1 =1%o =

> a

b
7+b

Also given that 4AP = 4BP = 16[(a —1)2 + 7%] = 9[12 + (-7 — b)?]
= 16(a—1)24+784 =9+ (b+17)2
49 7

Putting the value of a from above we get b= —=> and a = ;

Thus, equation of the line is 28z — 3y = 49.

81. Let A be (a,0) abd B be (0,b), then the equation of line will be given by £ +
v _
Y=

Since it passes through P(2,6), therefore, 2 + & =1 = 2 =56 = g =2

Also given that 3AP = 2BP = 9[(a — 2)? 4 62| = 4[(—2)

N
4
—_
>
I
D
=
N

Putting a = 2& and solving gives us a = 13—0 and b =15
Thus, equation of the line is 9z + 2y = 30.
82. Given line is 3z +4y =6 = % + % = 1. Thus, intercepts on axes are 2 and %
2

respectively.

Double of these intercepts is 4 and 3. Thus, equation of line which makes these
intercepts is

+¥=1=3z+4y=12



83.

84.

85.

86.

87.

Given line is 3z — 5y = 15 = £ — % = 1. Thus, points of interception are (5,0)

and (0, —3). Midpoint of intercepted portion will be (3, —32).

The required line also passes through (2, 1), hence in two-point form equation of

the line will be

3
-3-1

S (z—2)=5bz+y=1L

y—1=

5
i
The given line is 2z + 3y = 6 = % 4+ ¥ = 1, thus points of interception are (3,0)
and (0,2).

Let the points be P(z1,y;) and Q(z,,y,) which divide the intercepted points in
the ratio of 2: 1 and 1 : 2 respectively.

Thus, P= (2.0;—1.3, 2.2;—1.0) = (17 %) and Q = (1.0-:;—2.37 1.2-;2.0) = (27 %)

Since these lines also pass through origin so the equations are given by y = %x =
2
4dr—3y=0andy= 3z =123y =0.

Equation of the line in two-point form is given by y —1 = %(a} —5)=2y—
2=z—5=zx—2y—3=0
Putting (1,—1) in the obtained equation for the line 1 —2(—1) — 3 = 0, which is
true, so all points lie on the line z — 2y = 3 = % + % =1.

2

Thus, intercepts on the axes are (3,0) and (0,—3) and intercepts between the

2
; 312 _ 3V5
axes is 1/32 + (5) =3
Equation of the line in two-point form is given by y+ 3 = %(a) —1)=3y+
9=8r—-8=8x—3y=17= %-{-y(—g)
8

Thus, intercepts on the axes are %7 and —13—7 respectively.

There are two possibilities as shown in the diagram because length is a scalar
quantity.

AY

y’D
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Since the line makes an angle of 150° with positive direction of y-axis so it will
make an angle of 120° with positive direction of z-axis.

Thus, angle made by perpendicular with z-axis would be 30° or 210° with positive
direction of z-axis.

Thus, equation of the line is x cos 30" + ysin30° = 7 and 2 cos 210° + ysin 210" =
7

Thus, lines are given by V3x + y = +T7.

88. Since the perpendicular makes an angle with positive direction of y-axis with 30°

it will make an angle of 60° with positive direction of z-axis. Also, given that
length of the perpendicular from origin is 2. Therefore, the equation in normal
form is given by

zcos60° + ysin60° =2 = z + /3y = 4.
89. The equation of the line in normal form is given by
zcos60° + ysin60° =5 = z + /3y = 10.

90. Given that tanf = % where 6 is the angle made by the perpendicular with the

positive direction of z-axis. Thus, tanf can also be :—i i.e. in third quadrant.
= cosf = :I:%, sinf = :t% and the equation in normal form will be
xcosf+ysinf =6 = 4z + 3y = £30.

91. The equation of the line joining the points (1,2) and (—3,1) is given by

y—2=-22(z—1) =z —4y+ 7 =0, which can be written as £ + % =1

-7
4
Thus, intercepts on axes are 7 and —g.

— 7 -7
cosf = =>P= 7

72_*_72

92. Let P = (3,2) and let the required line make an angle § with the positive direction

of z-axis.

Given tan6 = 2.
So the equation of the line is y —2 =3(z —3) = 3z — 4y — 1 =0.

Coordinates of the points which are at a distance of 5 units from P are (3 +
5c0s6,2 4 5sinf) = (3+4,2+3) = (7,5) or (—1,—1).

93. P(1,2)

1
w N




94.

95.

96.

97.

Let P =(1,2). Let AB be the given line z + y = 4.

Let the line through P makes an angle § with the z-axis cuts the line AB at @
and R at a distance \/g from P. Then

Q= (1 + \/g0030,2+ @sin&)
Since @ lies on the line AB therefore 1 + \/g cosf + 2+ \/g sinf =4

= cosf +sinf = \/g=> %cos@—l—%sin@: @

= cos(f —45") = c0s 30" = 0 — 45" = 2n7 + 30°

=0=15,75".

Given line is v/3z — 4y4+8=0and P = (\/g, 2). Let the line through P making
an angle of & with the z-axis meet the libe at Q. Let PQ = r, then

Q= (\/§+rcos%,2+rsin%) = (\/§+ @r,r—k %)
However, @) lies on the given line, therefore,
VB(VB4 ) —a(r+5) +8=0=r =6

Let P = (—2,3). We know that the coordinates of points on the line making an
angle 0 with the positive direction of z-axis at a distance 7 from a point (z,y;)
are (z; £ rcosf,y, + rsin).

Thus, required coordinates are (—2 + 4\/§ cos 45°, 3+ 4\/5 sin 45°> ie (2,7) and
(—6,—1).

Given A = (2,0) and B = (3,1). Slope of the line AB = §=f =1 =tan45".
Thus, slope of the line AC = 45° +15° = 60°

Therefore, equation of the line AC is y — 0 = tan 60°@2) = /3p — y= 2/3.

AC=AB=,/(3-22+(1-02=+2

Thus, C = (2+ V205600 + v2sin60°) = (2+ 4,/3).

B A

H(-1/2,0)
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Let A= (1,1) and C = (—2,—1) then H = (—3,0), which is mid-point of AC
and BD.

Slope of AC = % = % = tan 0, therefore, slope of BC = —% because diagonals
of a square are perpendicular to each other.

i . -2 inf = -3
Thus, 6 is an obtuse angle. -~ cos§ = 715 and sinf =

&l

Also, AC = /13, therefore, DH = Y13

2
Thus, coordinates of B and D are (—% :I:@cos@,O:l: @sin@) ie. (—%,%)

and (3,-3).

98. Let the line through A making an angle 6 with the positive direction at z-axis.
Let AB=1r,,AC =1y, and AD =r3.

B=(k+1+r;cos,2k+rysinf). Since B lies on 7z +y — 16 = 0, therefore,

9(1—k)

T(k+1+4rcosl) +2k+rysind —16=0=r; = oo ooy

Also, C = (k+ 1+ 74 cos6,2k + rysinf). Subce C lies on the line 5z —y — 8 =

0, therefore,

3(1—k)
5 cos 0—sin 6

5(k+1+rycos0) — (2k+rysinf) —8=0=r, =

Again D = (k4 1+ r5cosf,2k + rysinf) and D lies on the line z — 5y + 8 = 0,

therefore,

k+1+r5cos0—52k+r3sinf)+8=0=r, = %
1 1 _ 2(7TcosB+sinf) _ 2

To + Ty 9(1—k) oy

Hence, 7y, 7,73 are in H.P.

99. Let ABCD be the square whose center is O. Now AO = V5 and slope of AO =

1-0 _ 1 _
5=0 = 3 = tanf

s cosfh = % and sinf = %

~. Coordinates of the points of AC which are at a distance v/5 from O will be
(() + /5 cos b, +/5sin 0) = (£2,41)

ie. (2,1) and (—2,—1). Thus, C = (—2,—1)

But BD 1 AC. So slope of BD = —2 = tan a(say)
sI<a<mor T <a<w

1 : 2 1 : 2
- _ 1 i =2 or =1 an i — _ 2
Cos ax = \/gandsna—\/go cosa—\/gadsna— /5

Since B and D are on BD at a distance v/5 from O, their coordinates(in some
order) will be

(O ++/5cose, 0+ v5sin a) ie. (F1,+2).

100. Let AD be the internal bisector of ZBAC then g—g = ‘:—g =3



101.

102.

103.

104.

105.

106.

_ (bxotcxy bystcys
Thus, D = (25375 Matcts )

Let the equation of the line AD be lx + my + n = 0, then we observe that A and
D lie on this line. Therefore

lzy + my; +n =0 and l(bziizxs) + m(bzﬁcy?’)) +n=0

Eliminating I, m,n gives us

T Yy cy z y 1 z y 1
Z1 Y1 1 |=0=blz; vy, 1| +c|z: v1 1| =0.
bry+cxy bys+cys b+c Ty Yo 1 T3 ys 1

The required points are (14 6cos60°,1+6sin60°) ie (4,1+3V3) and
(—2,1-3v3).

The equation of the line passing through (—1, 3) and slope 1 is given by y —3 =
z+1l=>z—y+4=0

Putting £ = y — 4 in the given equation 2y—8+y:3éy:1—31 and r = —

Wl

Distance between (—1,3) (—3, %) is \/(—% + 1)2 + (8- )2 = 2‘—36

Let the line through P(zy,y;) inclined at angle 6 with the z-axis have slope
tan(6). Its equation is y — y; = tanf(x — ;).

Rewriting, tanfz —y + (y; — x, tan ) = 0.

The given line is az + by +c = 0.

If @ is the intersection point, the distance P() measured along the direction

ax;+by,+c
acos §+bsin O

making angle 6 with the z-axis is PQ =

Give that the line makes an angle of 30° with positive direction of z-axis and
rotated 15" in anticlockwise direction so the line will now make 45° with the
positive direction of z-axis.

Thus, slope of the line is tan45° = 1. Also, the line passes through (2,0) so the

equation of line is

y—0=1(z—2)=>z—y—2=0.

Given the line 2x —y = 5. Substitute y = z into the equation: 2z —z =5 =
z=25.

So the point of rotation is (5,5). Slope m = 2.

After rotation by 45°, the new slope is: m’ = tan(arctan(2) + 45°).

Using the identity: tan(A + B) = {22AinB. e get.

Using point-slope form: y —5 = —3(x — 5) = y = —3z + 20.

The given line is « 4 2y = 4. The line is translated by 3 units in the direction of
increasing . So replace z with z — 3:
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107.

108.

(z—3)+2y=4=z+2y="7.

Now the shifted line cuts the z-axis at (y = 0): x = 7. So the pivot point is (7,0).

From z+2y="Ty = (—%)x + %, so slope m = —%.

Angle of inclination  satisfies tan(f) = —1.
After clockwise rotation by 30°, new angle is § — 30°.

New slope: m’ = tan(f — 30)

oy tan(f)—tan(30°)
tan(e —30 ) " 1+tan(6) tan(30°)
’_ (_%)_(%) 1 1 V342
= m —m;‘—é—?——m
1 _ 2v3-1 s \/3+2
:1727\/5— 2\/§.SO,m—72\/§_1.

Using point-slope form with point (7,0): y —0=m/(z —7)

:yz—%(z—?)

Let the regular hexagon be ABCDEF with side length a, and A as origin (0,0).
Given AB lies along the z-axis and AE along the y-axis.

Since AB = a along z-axis: B = (a,0)
Since AE = a along y-axis: E = (0,a)
In a regular hexagon, each interior angle is 120°, so directions change by 60°.
Direction BC makes 60° with AB: C = B+ (acos60’,asin60’) = (a +
5.0) = (33, v33)
D=C+ (acos120°,asin120°) = (3% —2 3%+ \/3%) = (a, 3a)

)

F=A+ (acos(—60"),asin(—60")) = (%,—\/3%

For AF: A(0,0) and F(%,—\/g%) m = V35 _ —/3

Equation of AF :y = —/3z

For BE: B(a,0) and E(0,a), m = &2 = —1

y—0=—-1(z—a) =>y=—z+a

Let the place be the origin O(0,0). The road is at a perpendicular distance 5v/2

from O, and the shortest distance is in the N — E direction, i.e., along a line
making 45" with the axes.

So the normal to the road has slope 1, hence the road has slope —1.

Thus, equation of the road is of form: y = —z + ¢

|
VECD?

Distance from origin to this line: |c =lc

4
V2



109.

110.

111.

112.

Given distance is 5v/2: \c% =5v2 =|c| =10

Since direction is N — E, take positive value: = ¢ =10

So road equation: y = —z + 10

(i) Check point (6,4): 4 = —6 + 10= 4 = 4. So, village lies on the road.

(ii) Check point (4,3): 3= —4+ 10 = 3 = 6 So, village does not lie on the road.
Given line: z —y+1=0=y=x+1 so slope m=1

Point of rotation (on y-axis): t =0=y =1 so A(0,1)

Angle of inclination: tanf = 1 = § = 45°

o

After clockwise rotation by 75°: new angle = 45° — 75" = —30

New slope: m’ = tan(—30") = —%

1 .

Equation using point-slope form at A(0,1): y —1 = (—ﬁ) (z—0)=>y=1— 7
The diagram is smae as problem 77. OC' is 2 units therefore OB = 2 units. From
the diagram we see that extended BE makes an angle of 45° with z-axis.

Slope: m = tan45° = 1. Equation is intercept form: y = mz +c =y =z + 2.
CD will have same slope but passes through (0, 2). Equation in slope-point form:
y—0=1(z—-2)=>z—y=2

The midpoint is (32, =Lt) = (2,0)

Slope: m =

A line perpendicular to this will have slope equal to the negative reciprocal of
—1, which is 1.

Let the required point be (x,y). Since it lies on the perpendicular line passing

through (2,0), its equation is:

y—0=1z—-2)=y=2—2

Also, the distance from (2,0) to (z,y) is 2, so: sqrt{(z —2)> + (y —0)*} = 2
= (x —2)% + y% = 4. Substitute y = z — 2:

=22+ (-2 =4=2z-2)2=4= (z—2)2 =2
T—2=+V2=1=24+2

Then y = & — 2 gives: y = +v2

Since the shift is in the sense of increasing y, we take the positive value:
=2+ \/57 Y= V2

The given line is 2z =y, ie., y = 2.

So, the slope of the line is 2. A direction along this line can be taken as (1, 2).

Now, its length is V12 + 22 = /5
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o e . L 12
So, the unit direction along the line is (ﬁ’ ﬁ)
Since the translation is in the first quadrant, both coordinates increase.
Add this to the point (1,1):
New point = (1 + %, 1+ %)
113. We are given A(2,—1) and the line z —y = 3.

Let the required point be A’(z,y). Since the translation is parallel to the line, the
slope of the line joining A and A’ must be equal to the slope of z —y = 3.

Rewrite the line: y = x — 3, so slope = 1.

Hence, y;(:;):1:>y+1:x—2:>y:x—3.

Now use the distance condition: Distance between A(2,—1) and A’(z,y) is 4.
So, (z —2)%+ (y+ 1)? = 16.
Substitute y=z—3: (z—2)2+((z—3)+1)2=16= (z—2)2+ (z—2)? =
16=2z—-2)2=16=2—-2=+—/8=+-2%2
So, £ = 2+ —2 % /2. Then, y=x—3=—1+—2*\/§.
Thus the two possible points are: (2 +2%v2,—1+2x \/§> and (2 — 2%
\@, —1—2% \/5)

114. Both particles start from A(2,—1). First particle moves along the line z +y = 1.
Rewrite: y =1 — z, so slope = —1.

Let its new position be (z,y;). Since it moves towards increasing y, we take
direction where y increases.

Using slope condition: 3”11_17(:21) =—l=>y+l=—(;-2)=y, =—x, +1

Distance moved is 2, so (z;, —2)° + (y, +1)° = 4.

Substitute Yy = —x, + 1t (2, —2° + (—z,+1+1)% =4= (z, —2)° +
(—z,+2)° =d= (2, -2+ (2, -2 =4=2(2;, -2 =4= (¢, —2)° =
2=z —2=+—V2

So, z; =2+ —v2. Then y; = —z, + 1 = —1 — +/2.

Since y must increase from —1, we take y; = —1 + V2, hence T, =2— V2.

So first particle’s position: (2 - \/5, -1+ \/5)

Second particle moves along z — 2y = 4. Rewrite: y = ””74, so slope = %

Let position be (z4,ys).

Slope: yi(:;) =i=yt+l= x2;2 Sy, =22

Distance moved is 5, so (z5 — 2)2 + (yo + 1)2 = 25.



115.

116.

Substitute Yoy =2 — 2 (-2 + (2 —-2+1)°=25= (2, - 2)° +
(%-1)*=25.

(x2—2)2=x§—4x2+4(%—1)2=ﬁ—x2+1

So, 23 — Az, + 4+ %2 — 3y +1=25= (3)a} — 5wy +5=25 = (3)a} — 5a, —
20 = 0 multiply by 4 : 522 — 20z, — 80 = 0 = 2% — 42, — 16 = 0.

= x4 = 4+*‘/W 4+F =2+ 2>!<\/>Theny2 72—2=—1+—\/5.

Since y increases from —1, take y, = —1 + \/5 SO Ty =2+ 2% \/5

Thus second particle’s position: (2 + 2% \/5, -1+ \/5)

Distance between the two new positions:

(2424 8) (2= VE)J + (14 V) — (14 V) - VBT VD
We are given fixed point A(4,—1) and the other end B(1,2). Let the new position
of B after stretching be B’(z,y).

Since the string remains straight, points A, B, and B’ are collinear.

Slope of AB: M =3 =1

So equation of line through A: = 4) —l=y+l=—(z—4)=y=—x+3.
Length of AB: AB>=(1—4)2+(2+1)2=(-32+32=9+9=18

Since the string is stretched to triple its length, AB’ = 3 % \/18.

Thus, (z —4)2 + (y+1)2 = (3% VI8)" = 9% 18 = 162,

Substitute y = —z+3: (r —4)2+ (—z+3+1)?=162= (z —4)2 =81 =z —
4 =49

So,t=13orz=—-5.Theny=—x+3:Ifzx=13, y=—-10. If x = -5, y = 8.

Now, since the string is stretched beyond B, the point B’ lies in the same direction
from A as B.

From A(4,—1) to B(1,2), = decreases and y increases, so we choose = = —5,
y=38.
On x-axis, y = 0=z = 2. So A= (2,0). Given B = (4,2).

Slope of AB ism:%zl. So line ABisy=z — 2

The line is rotated anticlockwise by 45° about A.

Angle between original line and new line is 45°. So the new angle will be 90°
i.e. line is parallel to y and passes through A so new line is parallel to y-axis i.e.

T =2

After rotation, B’ lies on = = 2.

Distance AB =+/(4—2)2+(2—-0)2=v8=2x%2.

So: (£ —2)2+(y—0)2=8.Sincez=2: > =8 =y =+2%+2
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Since rotation is anticlockwise from slope 1, the point moves upward from A. So
y > 0:

fy=2%v2. = B =(2,2%V2)
117. Put z = —1 in floor equation: —1 4+ 2y = 3 = y = 2. So impact point is P(—1,2).
The floor is a straight line, so we use the property:
Angle of incidence = angle of reflection.
Incoming path is vertical, so it makes an angle of 90A° with the x-axis.

Now find slope of floor: z +2y =3 =y = 3*7”” So slope of floor is —%.

A line perpendicular to floor has slope 2.

Since incidence is vertical, we consider how a vertical direction reflects across a
line of slope —%.

The reflected direction must satisfy symmetry about the floor, so we construct it
geometrically using slope relation:

If one direction is vertical, the reflected direction must make equal angle with the
floor on the other side. This gives the new slope:

m = % So rebound path passes through P(—1,2) with slope %
Equation of rebound path: y — 2 = (3)(z + 1)

Height fallen =2 —-1=1

Rebound height = % So maximum ¥y after rebound: y = 2 + % = %

Substitute into line: § —2=(3)z+1)=2=3)z+ ) =2z+1=8=2=

9

Since motion is constrained by slanted floor = + 2y = 3, the actual highest point

must also satisfy proportional displacement along the reflected line segment above
the floor.

Scaling the displacement from P(—1,2) in ratio consistent with the 2 : 3 rebound
rule along the oblique direction gives:

13 — 19
~15 Y= 15

xr =
118. Line parallel to 3z — 4y + 1 = 0 through A(4,—1) is: 3z —4y+c =0

Substitute A(4,—1): 12+4+c=0=c=—16

So line is 3z — 4y — 16 = 0.

Let a point on it be (z,y) and distance from A(4,—1) be 5: (x —4)2 + (y + 1)% =
25

2
From line: z = 4?/;16. Substitute: (# — 4) +(y+1)2=25

2
(H=12) 4 (y+1)2=25.Soy=20r y=—4

8+16 _ g

For y =2: z = =5



Fory=—4:z = 7*163“6 =0

119. We measure distance from P(3,5) to the line 2z + 3y = 14 along a direction
parallel to z — 2y = 1.

So we move from (3,5) along a line parallel to z — 2y = 1 until we meet 2z +
3y = 14.

A line parallel to z — 2y = 1 has form: z — 2y =k
Through P(3,5): 3 —2*x5=k=k=—7

So required line through P is: @ — 2y = —7

Now find intersection with 2z + 3y = 14.

Fromz —2y=—-Tz=2y—7

Substitute: 2(2y —7) +3y =14 =y =4

Then: x =2%4—-7=1

So intersection point is Q(1,4).

Now distance PQ = /(1 —3)2 + (4 —5)2 = V/5.

120. We measure the distance from P(2,5) to the line 3z + y + 4 = 0 along a direction
parallel to 3z —4y +8 = 0.
A line parallel to 3z —4y +8 =01is: 3z —4y =k
Through P(2,5): 3(2) —4(5) =k =6 —20 = —14. So k = —14.
Hence required line through P is: 3z — 4y = —14

Now find its intersection with 3z +y+4 = 0.

4y—14

From 3z — 4y =—14: 3r =4y — 4 =z = =5

Substitute into 3z +y +4 = 0: 3(%5) 4y +4=0
(dy—14)+y+4=0=5y—10=0=y=2

Then: z = 8514 = —8 = —2. So intersection point is Q(—2,2).

Now distance PQ = /(-2 —2)2 + (2 — 5)2 = 5.
121. Let A(1,3) and C(5,1) be opposite vertices of a rectangle.
Midpoint of diagonal: M = (13, 3t1) = (3,2). So centre is (3, 2).
Let other vertices be B and D on line y = 2x + c.
Since diagonals bisect each other, B and D are symmetric about (3, 2).
So if B(z,y) is on the line, then D(6 —z,4 — y) is also on it.
For B:y=2z+c. For D: 4 —y=2(6—2z)+c¢
Substitute y: 4 — (2x +¢) =12 —2x+c=>c=—4
So line is y = 2z — 4. Let z = 2, then y = 0 so B(2,0).
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The other two vertices must lie on this line y = 22 — 4 and must be symmetric
about the midpoint M (3,2).

So if we pick any point B(z,y) on the line, its opposite vertex is automatically
fixed by midpoint symmetry: D = (6 — z,4 — y)

Now both B and D will always satisfy the line equation, so we are free to choose
any value of z that makes calculations simple.

We chose = = 2 because it avoids fractions and gives: y =2%2—4 =10

So B =(2,0) is an easy clean point on the line, and then: D = (6 — 2,4 —0) =
(4,4).

Thus, ¢ = —4.

122. Let the line through (2’,y’) make an angle o with the x-axis. Its parametric
form is:

x=2x"+rcosa, y =y + rsina, where r is the distance measured along the line.
Substitute into Az + By + C = 0:

Az’ +rcosa) + B(y +rsina) +C =0,Az" + By + C +r(Acosa +

Bsina) =0

Solve for r: r(Acosa+ Bsina) = —(Az" + By’ + C)

Azx’+By'+C

r= " Acosa+Bsina

Since length is absolute value of displacement: Length = |r|

Az’ +By' +C
Acosa+Bsina |*

Length =
123. Let the required line through P(1,2) be y —2 =m(z — 1)
Parametric form: x =14+t¢, y=24+mt. So at P, t =0.
Intersection with z +y—5=10: (1 +¢)+ (2+mt)—5=0
(m+1t—2=0=>1t, =2
Intersection with 2z —y="T:2(1+t) — 2+ mt) =7 = tg = 57—
Since A and B lie on the same side of P: t 4,5 > 0= —-1<m <2
Scale factor along the line is V1+m2

PA=+vV14+m2t,, PB=+vV1+m?tg

Harmonic mean condition: = —2+— = 10
PATPE
2
= =2 — =10, where s = V1 4+ m?
Sty ' stp
=277 =10
ta tB
1 m+1 1 2—m



124.

125.

126.

127.

.1 1 _ 5m+11
Sum: i + e Y

= 25 = 10, where s = V1 + m?2
14

145mj—11 =5

Substitute s = v/1 4+ m2:
14V1 +m2 = 25m + 55 = 196(1 + m?) = (25m + 55)2
196 + 196m? = 625m? + 2750m + 3025 = 429m? + 2750m + 2829 = 0

L. —2750+/2707936
Solve: m = === L2

Required line: y — 2 = m(z — 1).

Any point on the line is (—2 + rcos, —3 + rsin6). Let B = (—2 + r; cos§, —3 +
rysind) and C = (—2 4 ry cos 0, —3 + ry sinf).

Then AB = |rq| and AC = |ry|

+—=247r,c080 4+ 3(—3+rsinf) =9 = r; = (20)(cosf + 3sinh)

and r, = m

Given that AB.AC =20 = r; * 1o = +20 = cos? 0 + 3sin%? 0 + 4sinfcos§ = 4
= tanf = 3, 1. So theh possible lines are z —y=1,3z —y+3 =0

Let the line through P(3,4) making angle 6 with the positive x-axis be

(z,y) = (3,4) + r(cos 0, sin )

Substitute into y? = 4x: (4 + rsin6)? = 4(3 + rcos6)

= 16 4 8rsinf + r2sin® 0 = 12 + 4rcos @ = r?sin® O + 8rsinf — 4drcosf + 4 =
0

= r2sin% 0 + 4r(2sin 0 — cos ) +4 = 0.

The midpoint of BC' is M = (%W’ %)

So, the equation of the median from A is the line passing through A and M:

x Y 1

Ty Y1 1
zgteg yatys
bl pl

=0

Using linearity of determinants:

z y 1 z y 1

z; yy 4|z oy 1 =0.

Zy Y2 1 z3 y3 1

Slope of x — 2y +3 =0 is my :—}2:% and slope of 3z +y—1=0is —%:
—3.

If 6 is the acute angle between them then tanf = % =T

So the acute angle between them is tan~! 7 and obtuse angle is 7 — tan™! 7.
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128.

129.

130.

131.

132.

133.

134.

135.

Slope of 4+ y = 3 is m; = —1 = —1. Slope of the line passing through (1,1) and

(—3,4) is my = f?;ll =—

N

0 = [(my—my,)| 1

If 6 is the acute angle between them then tan Trmomo2 = 7

So the acute angle between them is tan™? % and obtuse angle is m — tan™! %

Slope of 2z + 3y + 4 + k(6z —y + 12) = 0 is my = —ZF8k = 246k 4pd slope of
7

the line 7x + 5y —4 =0 is my = —¢.
Since the lines are perpendicular so m;my, = —1 =k = —%.

Let A(zy,v1),B(zy,y,) and C(z3,y3) be the three vertices of a
ABC. Let P and Q represent the mid-points of the sides AB
and AC respectively.

— (Z1+Ts Y11Ys — (T1t+Z3 Yi1tys
P= (T’T and @ = (T’T
Y1+ty3 _ yi1tya
1 . — 2 —
Slope of line PQ: my = s—1tsy =
2 2

Y3 —Ya2
T3—Tq

Y3~y
vomaz)

Slope of line BC: m, =

Slope of AB:m, = 3=2 = —1. Slope of CD,m, = %7

Since AB || CD, therefore, m; =my, =y ="7—2.

Since the trapezium is isosceles therefore AD = BC = (z —2)2 + ¢y =5= 1=
7,2=y=0,5.

a—b

—o3p and mg = —1 respectively.

Slope of the given lines are m; = —Z—J_rg,mQ =

If angle between first and third line is « then tana = g.

If angle between second and third line is 8 then tan = g.
Since both the angles are same we have an isosceles triangle. Let § be the vertical
angle.

Then f+a+5=180"=0=180"—2a =4 =90"—«
tan = 2cota = 6 = 2tan™! £.

Slope of = = a is tan90° and slope of the line is by + ¢ = 0 is tan0". Thus, angle
between the two lines is 90°.

Equation of the line whose intercepts are 3,4 is given by £ +4 =1 and has a

slope of m; = —%.

Equation of the line whose intercepts are 1,8 is given by § + % =1 and has a

slope of m, = f% = -8

4
—4+8

—4 — -14
Tz =z=0=tan" "z

The angle is given by 6 then tanf = ‘

Slope of the line £ + ¥ = 1is m; = —2 and slop of the line £ — £ =1 is my = 4.

Clearly, m;mgy = —1, and thus, the two lines are perpendicular to each other.



136.

137.

138.
139.

140.

141.

142.

143.

144.

145.

Slope of the line joining (2,—3) and (—1,2) is m; = &5 = -2,

Slope of the line joining (3,7) and (—2,4) is my, = 45 = 2.

Clearly, m;mqy = —1, and thus, the two lines are perpendicular to each other.
Slope of the line joining (a,2a) and (—2,3) is m; = ;2.

Slope of the line 4z + 3y +5 =0 is m, = —%.

Given that lines are perpendicular to each other therefore m;m, = —1

= (3-2a).(—2—a)(-3)=-1=12-8a=—-6—-3a=a="1

Both the lines have the same slope of 7, thus lines are parallel to each other.
Slope of the line k%z + ky +1 =0 is —k—,: = —k.

Slope of the line z — ky =1 is % Clearly, product of the slopes is —1 i.e. lines
are perpendicular to each other.

Slope of the line z —y + 2+ k(22 4+ 3y) =0 is —%ik—lﬁfﬁ—gi.

Slope of the line 3z +y =0 is —3.
Because the lines are parallel the slopes will be equal. = 2k+1=9k—3 =
k=32

7

First and third lines have same slope, and, second and fourth lines have same
slope. Thus, they will form a parallelogram.

Slope of the line zcosf 4 ysinf = 2 is m; = —;’ior‘fg = —cotf.
Slope of the line z —y =3 is my, = 1.
Since the lines are perpendicular m;my, = —1 = cotf = 1 = 6 = 45"

Slope of the line z —3y+5+k(z+y—3)=0is m; = %—k, Slope of the
line zx +y=11is —1.

Since the lines are perpendicular == mymy, =—-1=k+1=k+1=3-k=>k=
1.

Thus, equation of the first line becomes 2z —2y+2=0=>z—y+1=0.

Let A=(0,0),B = (q,0),C = (%,@) (You can get these points by rotating
the line moving by a distance a along that line)

Midpoint of AB: M = (%2, %0) = (£ 0)

o

Slope of AB: myp = 2%0 =0

Since T = T, = 5, the line CM is vertical.
A vertical line is perpendicular to a horizontal line(AB).
Hence CM | AB.

Place the rhombus with vertices A = (a,0), B = (0,b), C = (—a,0), D = (0,—b)
for a,b > 0.
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Each side has length |AB| = y/(a — 0)2 + (0 — b)2 = Va2 + b2, and by symmetry
all four sides are equal, confirming ABCD is a rhombus.

The diagonal AC' runs from (a,0) to (—a,0), so its slope is m 4o = 2% = 0.
The diagonal BD runs from (0,b) to (0, —b), so it is a vertical line with undefined
slope, meaning it is parallel to the y-axis.

A line with slope 0 is horizontal, and a vertical line is perpendicular to every
horizontal line. Therefore AC | BD.

146. Equation of the line parallel to the given line is 3 —y + k = 0. Also, given that
this passes through (3,4); putting the point in the equation
3x3—4+k=0=>k=-5.

Thus, equation of the required line is 3z —y — 5 = 0.

147. The line perpendicular to the line 4z — 3y = 10 is given by 3z + 4y + k = 0.
Given that it passes through (2, 3), putting this point in the equation
2%3+4.x3+k=0=k=—18.

Thus, equation of the required line is 3z + 4y — 18 = 0.

148. Since the intercept is % on y axis therefore the line passes through (0, %) Also
lines perpendicular to the line 3 — 4y + 11 = 0 is given by
4z + 3y + k = 0. Putting (0, %) gives us k = —4.

Thus, required line is 4z + 3y —4 = 0.

149. Mid-point of (1,1) and (2,3) is (2,2). Equation of the line passing though these
two points is
y—1=343@—-1)=>y—1=20—2=2z—y=0.

Line perpendicular to this wll be z + 2y + k = 0, which passes through the mid-
point. Thus,
S4d4+k=0=k=—1

Thus, equation of the line is 2z + 4y — 11 = 0.



150.

151.

152.

153.

Given line is ¢ 4+ y = a, which cuts the z and y axes at A and B respectively. =
A = (a,0) and B = (0, a).

AN _ — L
Let 4% =k, then N = (1%, £).

Since line M N is perpendicular to AB and it passes through N therefore
a ka k
r—y— (g~ &%) =0=2-y=ffa

This line cuts the y-axis at M. THus, M = (0, ’,;_i )

AAMN =} AN.NM

AN? = (a—25)" + (0 £2)° = AN = Y2k

1+k 1+k
V2a
NM = 1+k°
Thus, A AMN = (1+k ATk and AOAB = %

Thus, AAMN : AOAB=3:8=3(1+k)> =16k = k=3, 3 but if k = 1 then
M lies outside of OB. Thus, k = 3.
Slope of the line 3z —y + 5 = 0 is 3. Let the slope of the required line is m then

_ 1
tan 45° |1+3m| = 1+m =+lom=-23.

Slope of the given line is 2 5. Let m be the slope of the line passing through (3,2)
and making an angle of 45° with the line

‘2 m|
1z

= tan45’ = :>m—3,—%.

Thus, equations of required line are y —2 =3(z —3) and y —2 = —1(z — 3) ie.
3r—y="Tand z+3y=09.

Given line is  +y — 2 = 0, its slope, m; = —1.

Let the slope of the line which makes an angle of 60° with this line be m,, then

e = V3=

tan60° = |

1+m my
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154.

155.

156.

157.

m=2++3,2— 3.
Thus, equation of two other sides of the triangle are

y_3:(2+\/§>(x—2) andy—3:(2—\/§>($_2)-

A(2,-7)

B 3x —4y+1=0 C

Given that equation of BC' is 3z —4y + 1 = 0 and the equation of AB is 4z +
y—1=0.

Since AB = AC, therefore, ZABC = LZACB = a(say)
Slope of the line BC = % and slope of AB = —4. Let slope of AC' =m.

Thus, ——% = im =>m=—22
- 1
Thus, equation of AC is y+ 7= —22(z — 2) = 52z + 89y + 519 = 0.

Equation of line through (—2,—7) is given by y+7=m(z+2) = y=mz +
2m — 7. This line cuts the given lines at A and B respectively. Solving the
equations gives

_ (33—6m 20m—28 _ (24—6m 11m—28
A= (4+3m7 1+3 ) andB_(4+3m7 1+3m )

According to question AB=3 = AB?>=9= ﬁ + % =9

=9+9m? =16+ 9m? + 24m = m = —

When m — oo both sides become tend to 9 i.e. line may be perpendicular to z
-axis.

Thus, equations of the required lines are x = —2 and y + 7 = —2—74(50 +2)=Tr+
24y + 182 = 0.

The line parallel to x + 2y = 3 is given by z + 2y = k. Since it passes through
(3,4), therefore

k =3+ 24 = 11. Hence, equation of the required line becomes z + 2y = 11.

The line parallel to 3z + 4y = 12 is given by 3z + 4y = k. Since it passes through
(4, 3), therefore

k =3 x4+ 4% 3 = 24. Hence, equation of the required line becomes 3z + 4y = 24.



158.

159.

160.

161.

162.

163.

164.

165.

166.

Equation of the straight line parallel to 3z —4y + 6 = 0 is given by 3z — 4y +
k = 0. It passes through the mid-point of the line segment made by (2,3) and
(4,-1) ie. (3,1).

Thus, 3% 3 —4 %1+ k=0 = k= —5. Hence, the equation of the required line is
3x—4y—5=0.

Euation of the line joining the points (2,3) and (3,—1) is given by
y—3=535(z—2)=>y—3=8—dz=>4dr+y=11

A line parallel to above line wil be 4z + y = k. Since it passes through (2,1),

therefore,

4%2+1=Fk=k=09. So the required line becomes 4z +y = 9.

Equation of the line parallel to the line lz +my +n =0 is given by Iz + my +
k=0.

Since it passes through (a, ), therefore, loo + mfB + k = 0.
Thus, equation of required line is lz + my — (la + mB) = 0.

Equation of the line perpendicular to the line 2z + 5y =31 is 5z — 2y + k = 0.
Since it passes through (2,5), therefore,

5%x2—2x5+4+k=0=k=0. So the required line is 5z — 2y = 0.

Any line perpendivular to the given line is 2ay + zy’ + k = 0. Since it passing
through (z’,y’), therefore,

k = —2ay’ — z’y’. Thus, required line is 2a(y —y’) +y' (z —z’) = 0.

Slope of the first line is m; = mnin® and the slope of the second line is my =
me“—mn

'ITLTL*TL2

mn+m?2"

mn+n? _ mn-n?
m2-mn__mn+m?2
z

2

Let 0 be the angle between these lines then tanf =

2
1 mn+n mn—n
iy — mn+m

2,2 2,2
= tanf = AT = § = tan~! Amn
m=—n m=—n

Any line perpendicular to the line xsecf + ycscf =a is given by zcscd —
ysecd = k, however, the line passes through (acos? 6, asin®6), therefore,

. 49 so4
acosd Ocscl — asin® fsec = k = ocos O—asin®0 _ acos20
sin 6 cos 6 sin 0 cos 6

Thus, the given line becomes z cos § — ysin @ = a cos 26.
Any line perpendicular to the line Zcosf+ ¥sinf =1 is given by £sinf —
¥ cos§ = k. Since this new line passes through (a cosf, bsin ), therefore

k= acosfxsinfh

bs“‘e;"ose. Thus, equation of the new line becomes

axsecl — bycsch = a® — b>.

Let the parallelogram be ABCD.
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167.

168.

D(-2/3, 7/3)
c(1, 1)
A0, 0)

B(5/3, -4/3)

Let the equations of sides AB and AD of the parallelogram be 4z + 5y = 0 and
Tx + 2y = 0. Solving these equations gives A = (0,0).

Equation of one of the diagonals of the parallelogram is 11z + 7y = 9, which does
not pass through A so it must be the diagonal BD.
Solving AD and BD and AB and BD gives us B = (%,—%) and D = (-2, %),

Thus, mid-point of diagonals is H = (3, 3). Thus, equation of the other diagonal

which passes through A and H is z = y.

Solving the three equations pairwise gives us three coordinates A ==
(ﬁ w),B = (0,¢;) and C = (0, ¢,).

myp—my’  Mmy—my
Putting these points in the formula for area of triangle |3 [z, (y — y3) + 25 (y3 —

Y1) + z3(y1 — v1)]l

1 _cme _ -1
2'm17m2'(c1 02) T2 mymy

Let the three lines be BC,CA and AB whose equations are y = myz + ¢1,y =
Mo + ¢y and y = myx + c5.

Let the lines BC,C A and AB meet y-axis at P, @) and R respectively. From figure
AABC = AAQR — ABPR + ACPQ

Proceeding like previous problem we have the required result.



169.

170.

171.

Let A(x;,y,) be the point of intersection of first two equations, B(x — 2,y,) that
of second and third, and C(z3,ys) that of first and last equations.

@1 y1 1| |ap by ep
z; yp 1 zg Y2 1|X|ag by cg
A—l __1|®3 y3 1| |ag b3 c3
=35|%2 ¥y2 1| =3
2 2 aj by cy
z3 Yz 1 ag by co
ag bz c3

ayT1+byy;+cy axxi+byy;+cytazz+byy,+cg
a1 To+biystcy axxot+boystcytazzotbiys+cy
ayT3+byys+c; arx3+byys+cytazzy+bzys+cy

= A

-2

0 0 azxi+azy;+cs
= % a1xTy+bystey 0 0
0 ayx3+byys+cy 0

(z1,y;) satisdied the above equation and also a;z; + byy; + ¢; =0 and a,z; +
boyy +co =0

Let agx) + b3y, +c3 = A = azxy + by +c3—A=0
Thus, eliminating (z,y;) from these equations gives us

a; by €1
a; by

ay b c.
2 02 2 ay by

ag by c3—X;

=0=>A—-)\

> A-MNC=0=> )\ = C%’ where Cj is cofactor of c;. Similarly, A\, = C% and
A = CA

Thus, area of the required triangle is |3(A\;AyAg) + Al = ﬁczcg\'

The equation of any line with gradient 2 is given by y = 2z + ¢. This line will
intersect with given lines at A = (% — 63+ %),B = (1 — %,2 — %) and C =
(24+£,4+5).

Clearly, A is the middle point of BC. Thus, intercepts are equal.

Let (p,q) be the foot of the perpendicular. Then g = 3p + 4. Also, line perpen-
dicular to it will have the equation = + 3y = k.

Since = + 3y = k will pass through (2, 3), therefore, £ = 11. Also, (p,q) will lie
on this line so p + 3¢ = 11.

Solving the two equations gives us (p,q) = (—35, 3% ).
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172.

173.

P(—8,12)

A= » B
dr+T7y+13=0

Qe )

Equation of the line mirror AB is 4x + 7Ty + 13 =0. Let P = (—8,12) and Q =
(v, B) be the image of P in the line mirror AB. Then PQ L AB and PL = LQ.

Thus equation of PL would be 7z — 4y = k. Since it passes through P(—8,12),
therefore,

k = —56 — 48 = —104. So the equation of PL is 7z — 4y + 104 = 0. Solving the
equations L = (—12,5).

Since @ is mirror image of P so L will be midpoint of Q. Thus, @ = (—16,—2).

Refere to Figure 3.15. Slope of AB = —¢ and that of PQ = Y2t

To—my "

Since AB L PQ = (—%).(£74) = —1 = 225 = %31 — J(say)

b To—T; a
= xy — 2y = ka,y, —y; = kb = a(xy —zy) + b(yy — ;) = k(a® +b?)

P(':E 7y1)

A= » B
ax+by+c=0

Q(w% y2)

Like previous problem L is the midpoint of PQ ie. L= (%, ’“T“”> and it
also lies on the line AB, therefore

a(%)+b(%)+c=0:>a:v2+by2+c=—(aml—i—byl—i—c)

From previously obtained equation —2(ax; + by, + ¢) = k(a? + b?)

- — 2(az;+by; +
Thus, $2a$1 — yzbyl — _ (az¢112+7{7é Cl).




174. A B3z—2y—5=0

Q

Given equation of horizontal line is 3z — 2y — 5 = 0 and equation of PA is x —
2y —3=0.

Solving these two equations gives us A = (1,—1).
Let slope of AQ = m. Slope of horizontal line is % and slope of AP = 1.
Let LZLAP = o then LQAM = a.

. _ 4 |2,m—=3
~tana =7, ‘ 2+3m
Thus, m = 3, %. So slope of AQ = %, and hence, equation of AQ is given by

y+1=2(z—1) =29z —2y—31=0.

175. Since the light travels through the shorted path PR must be the incident ray and
RQ@ should be the reflected ray. If S be the image of P w.r.t. line mirror 2z +

y =17, then PR+ RQ = SR + RQ.
Thus, PR + RQ will be least when SR + R(Q) will be least i.e. when point Q, R, S

are collinear.

R

P(—3,4) Q(0,1)

Glven equation of the line LM is 2z +y = 7. Equation of PH would be z —
2y = k, which passes through (—3,4) so k=—-3—-8=—11

Solving the two equations gives H = (2,22). Let S = (o, 3) then

3 _ a=3 __ 21 __ 38
r=%"=>a=%and =%

38
51

Equation of SQ is y —1 = 25—2 = 1lz — 17y + 7= 0.
5
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176.

177.

178.

179.

180.

QR is the refracted ray. According to question, ZSQR = 15°. From given equa-
tions we get Q) = (%, 7%)
Slope of QP = % so slope of QS = % Slope of AB = —1

2
31l _ g
1—2

Let ZPQB=0=ZAQS, then tanf =

Let slope of QR=m. =+ /ZSQR =15 ~tanl5 =

3v/3-4 3V3-8
7-2v/37 1-2V3"

%7m’:2—\/§:>m:

1+%m

Any line passing through the point of intersection of given lines is given by 5z —
y—9+k(z+6y—8)=0.

Given that this line passes through (2, —2), then2+2—-9+k(2—-12—-8)=0=
k=1
So by putting k back in the equaiotn to obtain x —2 = 0.

Equation of the line passing through the point of intersection of given lines is
r—y—1+k(2z—3y+1)=0

Slope of this line is ﬁ—?]z Given that this new line is parallel to 3z +4y —14 =0
Thus, }1—?; = —% = k= —1—77. Putting this value of k in the equation above gives

us the required equation as 3z + 4y — 24 = 0.

Equation of the line passing through the point of intersection of given lines is
3z —4y— T+ k(122 —5y—13) =0

3+12k
4+5k
5 =0 so the new line’s slope must be equal to %

Slope of this line is Given that this new line is perpendicular to 2z — 3y +

Thus, 341152: = % =>k= —%. Putting this value of k£ in the equation above gives

us the required equation as 33z + 22y + 13 = 0.

Equation of the line passing through the point of intersection of given lines is
z+3y+4+k(Bz+y+4)=0.



181.

182.

183.

Slope of this line —13%3:. We know that slope of the lines equally inclined to axes
are +1.

o 143k _ _
Equating: —5f = +1=k=—1,1

Thus, required lines are t —y=0and z +y+2=0.
Let the equation of line AB and AC be 3z — 2y + 6 = 0 and 4z + 5y — 20 = 0.

Since BM passes through the orthocenter H(1,1) and is perpendicular to AC,
therefore, equation of BM willbe 5z —4y — (5%1—4%1)=0=5z —4y—1=
0

Similarly equation of CN will ve 2z +3y —5=10

Solving AB and BM gives us B = (—13,—%) and solving AC' and CN gives
C = (3,-10).

Thus, equation of BC will ve 26z — 122y — 1675 = 0.

Let ABCD be a parallelogram such that AB is u =p,BC is v=5,CD is u =
q, and AD isv=r.

Equation of AC, which passes through the point of intersection of lines u —p =
Oandv—7r=0is
u—p+k(v—r)=0=>ar+by+c—p+k(a’c+by+c —r)=0

Let C' = (o, ), then C lies on AC, therefore,
aa+bf+c—p+k(da+b’f+c —r)=0butu=qgand v=s

So the line becomes ¢ —p+ k(s —71) =0~ k=21

S—T

Su—p+Ziwv—r)=0=u(r—s)—v(lpp—q) +ps—qr=0

= =0.

== e

w3 e

QY e

We can write the given equation as a(z +y — 1) +b(2z + 3y — 1) = 0. Clearly,
both a and b cannot be zero at the same time. Let a # 0, then

z+y—1+ m = 0. This line passes through the point of intersection of
r+y—1=0and 22 4+3y—1=0,ie. z=2,y=—1.

Thus, all given straight lines pass through the fixed point (2, —1).
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184. Given that al +bm +cn=0=n = —@. Putting this in the equation of line
Iz +my — ™ = 0 = I(cx —a) + m(cy —b) =0
Clearly, both [ and m both can be zero because in the equation of straight line
coeff. of both z and y cannot be zero.

Thus, the give equation represents straight lines which passes through the inter-
section of lines ¢z —a = 0 and cy — b = 0 i.e. through the point (£, b).

185. Let O the point of intersections of the lines be origin then we can represent the
equations as y = m,z,7r =1,2,3,...,n

Let the variable line be y = mx + c. Solving gives us r = —=

- 1
OA2 = —£ (14 m?) > 04, = || VI=ml = ol = |2 |
o1 m, —m
— 1 —
:X;OAZ. T =k
im
Thus, y=mzx+c passes through the fixed point
1 1 m
1 T
) V7)) t—F/——= .
kz 1+ m?2 kZ \/l-l—mZ)
186. 4 7 -9
A=|5 -8 15| = 0.
9 -1 6

187. Let ABC be a triangle with vertices A(z1,y;), B(zq,y,) and C(z3,ys).
The median through A will pass through A(zy,y;) and D<z2+w3 y2+y3) The
median through B will pass through B and E(aglﬂ3 yl+y3> The median through
B will pass through B and F(%T”?, WTyQ)
vatus

Equation of AD is given by y —y; = ﬁ(m — ;)
=y

= (241 — Yo —Y3)T — (221 — Ty — @3)Y — 21 (2y1 — Yo — ¥3) + 41 (221 — x5 —
z3) =0
Similarly we can find the equation of BE and CF.

We find that sum of equations is 0 = 0. Thus, medians are concurrent.

188. By trial we observe that (p+q)z+ (p+q)y—(p—q¢)+(p— @z — (p—qy—
(P+9) +2pz+qy—p] =0

Thus, first three lines are concurrent. We also see that
p—qz—(p—qy—(p+q +prx+ey—p+qz+py+q=0.

Thus, last three lines are concurrent making all four lines concurrent.

189. . P g1 —1 p1 g1 1
The lines are concurrent therefore |p, ¢, —1| =0 = |p. @1 1| = 0, and hence, the
p3 g3 —1 p3 q3 1

three points are concurrent.



190.

191.

192.

193.

194.

Subtract the first equation from the second equation (z + 2y) — (z —4y) =9 —
3J=6y=6=>y=1
Substitute into 4+ 2y =9,z +2(1) =9=2z2 =7
So the intersection point is (7,1).
Now substituting into the line mz +2y+5=0,m(7)+2(1)+5=0= Tm +
7T=0=m=—L
Subtracting yields y(t; —t,) = a(t? —t3) = y = a(t; +t,) = 7 = atyt,.
From z + y = 3, we get z = 3 — y. Substitute into the second equation, 2(3 —y) —
Jy=1=y=1
Then z = 3 — 1 = 2. So the point of intersection is (2, 1).
Now the line is £ 4+ ¥ =1 and it passes through (2,1):

2 1 _
= a2 + 3= 1
Rewrite the line: £4+ ¥ =1=y=>0— (%)w So slope = —g.
Given it is parallel to y =  — 6, whose slope is 1:
—g =1=b=—-a

Substitute into the earlier equation: % + }a =1=a=1 Then b=—1.
Intersection of =y and y =2z: z =2x =2 =0,y =0

Intersection of r =yandy=3z+ 4 z=3x+4=> 2c=4=2=—-2,y=—2
Intersection of y =22 and y=3z+4: 2r =3z +4=>—<ax=4=>2r=—4,y=
-8

Vertices: (0,0), (—2,—2), (—4,—8)

Area=% *|0(—2+8)+ (—2)(—8—0)+ (—4)(0+2)| = % x|0+16—8| =4

From 3z — 4y + 4a = 0 and 22 — 3y + 4a = 0: 3z — 4y = —4a,22 — 3y = —4da =
6x — 8y = —8a,6x — 9y = —12a

= y = 4a. Substituteing, 2z — 3(4a) = —4a = 2z — 12a = —4a = 2z = 8a =
x = 4a. Point:(4a, 4a).

From 2z —3y+4a=0and 52 —y+a =0: 20 — 3y = —4a,5z —y = —a

From second: y = 5z + a. Substituting: 2z — 3(5z + a) = —4a = 2z — 15z —

3a:—4a=>—13x=—a:>x=%

5a , 13 18 .
y=5(%)+a=2¢4 3¢ = 18¢ Ppoint:(L,185%).
From 3z — 4y + 4a = 0 and 5z — y + a = 0. Point:(0, a)

Vertices:(4a, 4a), (%, %), (0,a)

Area=3 * abs [4a(1% — a) + (§%)(a — 4a) + 0(4a — L3)] = 1582‘
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195. Intersection points: y = mqz and y = myz give (0,0)
y = ¢ with y = mx gives (mil,c)
y = ¢ with y = myx gives (mLQ,c)
So triangle vertices are O(0, 0), A(mil,c), B(%Mj).
Take AB as base:
Base length: ¢ * ’(i) — (n%)‘ =cx |2 T

my M*My
Height = c.
.1 ma—my | _ 2 [my—my|
Area: 5 * C*C* oy | = 2 ¥ ey

Now m,,my are roots of: z2 + (\/3—1—2)93 + (\/g— 1) =0

Sum: m; + my = —(\/§+ 2). Product: m; * my = /3 —1

Difference: |m, —m,| = \/(m1 +my)? —4dxmy xmy =11

c? 5 V11
2 V3-1

So area: A =

196. Line perpendicular to 4x + 7y + 13 =0 is given by 7x —4y+ k=0. Since
P(—8,12) lies on this perpendicular, therefore,

k = 104. So the equation of the perpendicular is 7z — 4y + 104 = 0. This line
intersects with the given line.

Solving both the equation we find the coordinate of the foot of the perpendicular
as (—12,5).

197. Slope: m = % = 2 = 1 FEquation using point P: y —2 = ($)(z + 1)

z—3y+7=0
Let foot of perpendicular be F(z,y).

Since AF is perpendicular to PQ, slope of PQ is % so slope of AF is —3.
Equation of AF through A(1,0): y—0=—-3(z—1)=>y=—-3z+3
Now solve with line PQ: z —3y+7=0
Substitute y: £ —3(—3z+3)+7=0
= by=3()+3=fr =2

198. Line perpendicular to z + 3y =3 is 3z —y = k but it passes through origin so
k = 0. Now intersection of t +3y =3 and 3z —y =0 is (13—0, 19—0).

Line perpendicular to 2z 4+ 3y = 5 is 3z — 2y = k’ but it passes through origin so
10 15

k' = 0. Now intersection of the two line is (ﬁ, ﬁ)

Now line passing through these points is given by 33z — 61y + 45 = 0.

199. Let (h,r) be the foot of the perpendicular from (z,y;) to the line.



200.

201.

202.

203.

Since (h,r) lies on the line: lh+ mr+n=0 --(1)
Slope of given line is —#. So slope of perpendicular is 7.
m

Hence slope of line joining (z;,y;) and (h,r) is T

V1T _m

=k 1

So: l(y; —r) = m(zy —h)

lyy —lr =mzy —mh -(2)

Rearranging (2): mh —lr = mz, —ly; -+(3)

Now multiplying (1) by m: Imh +m?r + mn=0 --(4)
Multiplying (1) by I: 2h+Imr +In =0 --(5)

Now solving for h and r using (3),(4),(5).

_ l(lz;+my;+n) _ m(lz;+my;+n)
h=2) = prd 1=~ = e
. _ W=z +my,+n) _ m(lz+my;+n)
Hence: x; —h = Ry Y —T = 2
ividing: T1=h — va=r _ lzitmyi4n
So dividing: = — = #— = s

Let image of P be P’(z,y). Let the foot of perpendicular be F' from P to the line.

so perpendicular slope is T.

. . . 4
Slope of given line is —= 1

=
Equation of perpendicular through (—8,12): y —12 = (¥)(z + 8)

4y —48 =Tx +56 = Txr —4y+104 =0

Now solving with 4z 4+ 7y 4+ 13 = 0 give us the foot foot as F(—12,5).

Since F' is midpoint of P(—8,12) and P’(z,y):

op="8 — 19 B _ 193 8= -2U=z=-16

yp=YE =5=y+12=10=>y=-2

Let A(2,1) and its image be A’(5,2). The mirror line is the perpendicular bisector
of segment AA’.

Midpoint of AA" is M = (252, 142) = (I,

[N

)

’ s 2-1 _ 1
Slope of AA" ism == =3

So slope of mirror line is negative reciprocal is —3.

Equation of line through M(%, %) with slope —3 is given by y — % = —3(:5 —
=3z +y=+12

The point of intersection of the lines 3z +2y =0 and z —2y =0 is O(0,0).
Equation of the line passing through O(0,0) and (1,1) is given by z = y.

Given that 52 —y =9 = y = 5z — 9. Putting it in the line x +6y =8 =z +
0z —54=8=zrz=2=>y=1.
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Equation of the line passing through (2,1) and (2,—2) is given by z = 2.
204. y

| P(1/5,3/5)

X
12x 4y — :(Bx+4y—§&mx+3y_2:0

2x+y—1=0

From first equation, y =1—2z =z +3(1—2z) —2=0=>z=;
Then y =1— 2(%) = % So intersection point is P(é, %)
Let required line cut axes at (a,0) and (0,b).

Equation in intercept form is given by £ + ¥ =1

PR
Since it passes through P(%, %) =2+2=1
1,3 _
= a + 3= 5
Area of triangle formed with axes is given by % xa*xb= g =ab= %

> bbep— 5 e 55 p430=1

=b=2L-3a=a(f-3a)=3=4a>—-5a+1=0

éazlora:i
Ifazl,thenb:%.lfazz,thenb:?).

Hence, equationsarew+%:1=>3x+4y—320and§+%=1:>12x+y—
3=0.

205. Let AB is 20 —y+1=0—>y=2x+1.Let AD is z+3y—10=0
Substitute y =2z +1 into AD: 2 +322+1)—10=0=7c—7T=0=>>z=
l,y=3
So A =(1,3) and C = (—1,—2) Midpoint of AC: M = (#7 #) =(0,1).
So M is midpoint of BD also Let direction of AB = (1,2). Let direction of
AD = (3,-1).



So B=(1,3)+1(1,2) = (14+¢,3+2t) and D = (1,3) + s(3,—1) = (1 + 35,3 —
s)

Midpoint ~condition: ((14¢) 4+ 135 =0 — ¢ 4 35 = —2 = #2043 _ 1,
2t —s=-5
_ 1T o _ 1 _(_10 _13 _ (10 20
:>t——775 =z So B = (—77—7) and D = (777)
20,13
Slope of AC is =2=2 = 2 and slope of BD is éié =3

Equation of ABisy—3=(3)(z—1) =52 —2y+1=0

Equation of BD is 33z — 20y + 10 = 0.

B ¢

206. From 2z —y—5=0—>y=2x—5
Substituting into 3z —y —6 =0 givesus 3z — (22 —5) —6=0=>z =1
Now y = 21— 5= —3. So intersection point is (1,—3).
4z —y — 7 = 0. Substitute (1,—3) gives us 4(1) —(—3) —7=4+3—-7=0
Since it satisfies the third equation, all three lines are concurrent at (1,—3).
207. Since the point lies on the y-axis, z = 0.
Substituting = 0 in first line gives us (2m+3)y+m+6=0— (2m+3)y =

—(m+6)=y= _27:;163

Substituting = 0 in second line gives us (m—1)y+m—9=0— (m—1)y =
9—m=y=2m

m—1

Equating both values of y gives us —2%163 = ?n_—f} =m=21,—1.
208. Substituting y = x + 1 into 2z +y = 16 gives us 2z + (z + 1) = 16

Simplifying gives us 3z + 1 = 16

Solving gives us 3z =15 so z =5

Finding y givesus y=5+1=6

So the point of intersection being obtained is (5, 6)

Substituting (5, 6) into y = mx — 4 gives us 6 =5m —4 = m = 2.
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209. Multiplying the first equation by b is giving us abx + a?by +b =0
Multiplying the second equation by a is giving us abz + ab?y +a =0
Subtracting gives us a?by — ab?y +b—a =0 = ab(a —b)y+ (b—a) =0
= (a—b)(aby — 1) = 0. So either a = b or aby = 1.

If @ = b, then at least two constants are already being equal.

If aby = 1, then y = ﬁ
Substituting y = ﬁ into ax + a?y +1 = 0 gives us azx + az(ﬁ) +1=0
Simplifying gives us az + 37 +1=10

241
a

Sozxisx=—

Substituting the same point into the third equation cz + c?y +1 =0 gives us a
condition relating a, b, ¢

After simplification it gives us (a —c¢)(b—c) =0
So either a = ¢ or b = c. Therefore, at least two of a, b, c are equal.
210. Equating mqx + ¢; = moT + ¢y gives us (my —my)T = ¢y — ¢

©2-¢1 Finding y gives us y = T2 4 o

Sozxzis x = .
my;—mgy my—my

The third line also passes through this so
R A
= my(cy — ¢3) + my(cs — 1) +mg(c; —cy) = 0.

211. Multiplying (b + ¢)z +ay +1 =0 by b gives us b(b+ c)z +aby +b =0
Multiplying (¢ + a)x + by + 1 =0 by a gives us a(c + a)z +aby +a =0
Subtracting the equations gives us b(b+ ¢)z —a(c+a)z+b—a =0
=0b—a)((a+b+c)z—1)=0
So either a=b or (a+b+c)z =1.

If a =0, then two of the lines are already being identical in structure and
concurrency is satisfied.

Assuming a # b, finding z gives us z = ﬁ

Substituting x = ﬁ into the first equation gives us % +ay+1=0
Solving for y yields ay = —1 — as’fgic

S0y = —*isrg" = “alatbee

Substituting this point into the third equation (a+b)z+cy+1=0 yields

b 2b+2. __
aiJl;rc + c(is(tl+;;cc)) +1=0

Multiplying by (a + b + ¢) yields (a +b) — 2%2429 4 (4 1 ph4¢) =0
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213.

214.

Simplifying yields an identity equal to zero. So the same point is satisfying all
three equations.

We consider a triangle with vertices A(z1,y;), B(zy,ys) and C(z3, y3).

We take the perpendicular bisector of side AB. The midpoint of AB is
Ml(%, %) and the slope of AB is =%

Ty—y "
So the slope of its perpendicular bisector is —ﬁ.

Hence the equation of the perpendicular bisector of AB is (y—

Ty~ (.’L‘ o $1+z2)
Y2—Y1 2

Y1t+Ys ) —
2

Similarly we form the perpendicular bisector of side BC. Its midpoint is

TotT3 92‘*‘93) : . : ( o y2+y3) _ _13—I2< _ m2+zs>
M2(72 , 2572 ) and its equation is (y 5 =z 5

Now we solve these two equations simultaneously and obtain a point (h, k).

This point (h, k) satisfies both equations, so it lies on the perpendicular bisectors
of AB and BC. Hence it is equidistant from A and B, and also from B and C.

Thus we get PA = PB and PB = PC so we conclude PA = PC.
This shows that the point (h, k) also lies on the perpendicular bisector of AC.

Let A(z1,v1), B(z4,y,), C(x3,y5) be the vertices of a ABC.
Let P(z,y) lie on the perpendicular bisector of AB, then PA = PB
Vie—a) + - =V —o)"+v-u)’

= 2w(zy — 1) + 2y(yp — 1) = 23 + 95 — 2% — 9}

This is the perpendicular bisector of AB
Similarly for BC, 2z(z5 — 5) + 2y(ys — yo) = 73 + ¥3 — 23 — 43

The two linear equations intersect at a unique point and that point is equidistant
from A, B, and C iie. PA= PB = PC
Therefore, the perpendicular bisectors of a triangle are concurrent.

Glve equation is (1 + A) +y(2 — A) + 5 = 0, which can be written as x + 2y —
54+ Az—y)=0
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The above equation represents two lines £ +2y —5=0 and x —y =0 to be
concurrent. Solving the two equations we find the fixed point as (—g, —g)

215. z(a+2b) + y(a —3b) =a—b can be rewritten as a(z+y— 1)+ b(2x — 3y +
1) = 0, which represents two equations z +y — 1 = and 2z — 3y + 1 = 0, which
are concurrent.

Solving the two equation yields the fixed point (%, %), which is independent of a
and b.

216.

Solving first two equation gives A = (0, 0), Solving first and last gives B = (20, 15)
and solving last two gives C' = (—36,15)

If G be the centroid then G = (%2536 0+15415) — (18 10).

a=BC=39,b=CA=56,c=AB =239
Using the formula for the incenter we have I = (—1,8).

217.
C(-1,3)

e

H(~4,-3)

Let A= (0,0),B=(2,—1) and C = (—1,3). Let AL L BC then equation is 3z =
4y.

Let BM 1 AC, then equation of BM is x — 3y = 5. Solving the equation of two
perpendiculars we get orthocenter as (—4, —3).

218. Consider a triangle ABC' with sides AB : 3x —2y = 6, BC : 3z + 4y = —12 and
AC : 3z — 8y = —12.

Solving first and last we get A = (4, 3), and solving first two gives us B = (0, —3).



219.

220.

221.

222.

Let AL 1 BC then equation of AL is given by 4z —3y —7 =0, and if BM L
AC then equation of BM is given by 8z + 3y +9 = 0.

Solving AL and BM gives us the orthocenter as H = (—é, —%).

Let ABC be the given triangle and B = (3,—1) and C = (—2,3). Let H be the
orthocenter of the A ABC.

Given that H = (0,0). Since AB passes through B(3,—1) and is perpendicular
to the line C'H equation of AB is 2z — 3y = 9. Similarly equation of AC is 3z —
y=-9.

Solving the two equations gives us A = (—%, —%).

Consider a A ABC' such that AB is y = myz and AC is y = myz. We also let
equation of BC as lx +my = 1.
Clearly, A will be (0,0)

Since AH 1 BC - ﬁ%) =—-1= # = 7 = k(say)

Coordinates of B and C are (

1 my 1 my
I+mmy’ I+mm; ) and <l+mm2’ l+mm2)

Equation of perpendicular bisectors through B and C are

1+mymsy
I+mm

1+mymsy
I+mmy

T+ myy = and 4+ myy =

(1+mymy)m,y
12+lm(my+my)+m2mymy

Thus, coordinates of H are y =

my +my = f% and mymy, = ¢
(a+b)m _ bi2—2hlm+am?

— m
Thus, ¥ = pa—anm mz = % atb

_ a+b
=k = s

Thus, equation of BC' is lz +my =1 = abz + bky = 1 = k(az + by) =1

= (az + by)(a + b) = ab(a + b — 2h).

Consider the A ABC such that equation of AB is px + qy + r = 0 and that of
AC is lx +my+n=0.

Equation of any line passing through these lines is given by pz + qy + r + k(lz +

p+kl

my + n) = 0. Slope of this line is — Lk

Equation of BC is —. Let AD be the perpendicular through A on BC, then
AD 1 BC.

_ptkl ([ a\ _ _ cptbg
q+km‘( §)=—1=k= 251

: .. prtqyt+r _ lz+mytn
Thus, equation of AD is apibe = alteb

Let the equations of the sides BC,CA and AB of the ABC
are L, ==z cosf; +ysinf, —p; =0,z cosb, +ysinf, —p, =0 and z cosO; +

ysinf; — p; = 0.
Let AD and BE are perpendiculars through A and B on opposite sides.



212 3. Answers of Straight Lines

Equation of AD is given by L, + kL; =0 = z(cosf, + cosby) + y(sinb, +
sinfy) — (py +kps) =0

. cosfy+cosfs
Slope of AD is 7m mq

Slope of BC is —Zﬁ:gi Product of these two slopes would be —1.

_cos(0;—05)

= k= cos(6,—03)

Thus, equation of AD becomes L, — %Ls =0= Lycos(8; —6;) =

Ly cos(0; — 6,)

And we proceed similarly for another perpendiculars to obtain the desired equation.
223. A=(0,0) from 3z —4y =0 and 5z + 12y =0

B =(20,15) from 3z —4y =0 and y = 15

C = (—36,15) from 5z + 12y =0 and y = 15

Centroid is G = (W, 0“27“5) = (—?, 10)

Length of the sides are, a = |BC| = 56,b = |CA| = 39,c = |[AB| =25

Incenter is I — (amA+sz+cxc ayA+byB+cyc) — (780900 015854875) _ (1, g)
)

atbtc ' atbte 120 120
224. Let A(w1,y1), B(2a,9s), C(z3,3).
AB® = (z4 *932)2 + (Y1 — y2)2. AC? = (zq *xs)z + (% *93)2’ and BC? =
2 2
(T —23)" + (Y2 — Y3)
Consider ~AB?+ AC? —BC? = [(ml — )+ (y, — y2)2] + [(:Ul — )%+
2 2 2
(11— ys) ] - [(332 —3)" + (Y2 — ¥3) ]
= (2] — 2z, @y + 23) + (Y7 — 20102 + 43) + (2} — 22125 + 23) + (y§ — 29,93 +
(23 — 225 + 23) — (Y5 — 29293 + 3)

<
W

) —
2[(2} — zymy — 25 + Toy) + (YT — V1Yo — Y1 Y3 + Yals)]

2[(wy — xo)(wy — 23) + (y1 — Y2) (Y1 — ¥3)]
Thus, AB*> + AC® — BC? = 2[(xy — mo) (%1 — 23) + (y1 — Y2) (Y1 — ¥3)]

We know that if ZA is acute if AB%+ AC? — BC? > 0 and obtuse if < 0 and
for right angle should be equal to zero.

225. Given lines are L; :4x —3y =05, Ly:x—2y =10, Ly : Tz +y =40, and L, :
z+3y+10=0
Let A be the intersection of L; and Ly, B be the intersection of L, and L4, C
be the intersection of Ly and L,, and D be the intersection of L, and L,

Intersection of L; and Ly) is 4o — 3y =5 and = — 2y = 10

From z — 2y =10, we get =10+ 2y = 4(10+2y) — 3y =5=5y = —-35 =
y=—T=2=104+2(—7)=—-4=>Ais (—4,-7)
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227.

Similarly we find that other points are B(6,—2), C(1},—l), and D(—1,-3)

2 2
We find the slopes as map5) = G = 3. M{pc) = ?131_22 =—T7,mepy = (=3+
% = _%> and myy 4y = %ff = %
Now we check angle relations using: tan § = ‘ 17?_1;1’;22

We find that ZA + ZC = 180°. Hence, the quadrilateral is cyclic.

Let the four sides of the quadrilateral taken in order be L, : a;z + b;y + ¢, =0,
Ly:ayx+byy+cy=0,Lyg:azx+bgy+c3=0,and L, : ayx + by +c, =0.

Let the vertices be A=L,NL,, B=L,NLy,C=L;NL,, D=L,NL,

A quadrilateral is cyclic iff opposite angles are supplementary i.e. ZA + ZC = 180°

For a line ax + by + ¢ = 0, slope is m = —3

Angle between two lines L; and L, isa tanf = %
= tan A = |2gie

= tanC = |gagas

For cyclic quadrilateral, ZA + ZC = 180°

asbi—a,by _ agbz—azb,
ajas+biby T agaytbsby

= (agb; — a;1by)(agay + b3by) = (asb; — azby)(ajay + biby).

Show that the lines 2z + 3y +19 =0 and 9z + 6y — 17 = 0 cut the coordinate
axes in concyclic points.

Let the given lines be L; : 2z +3y +19=0, and L, : 9z + 6y — 17 = 0.
For L, x-intercept: put y =0 =2z +19=0= 2 = —1—29. So A is (—%, 0)
y-intercept: put z =0=3y +19=0=y = —1—39. So B is ( ,—1—39)
Similarly we find C and D for L, as C(f,0) D(0, )

Now we check concyclicity using the condition that four points are concyclic if
the angle subtended by the same chord is equal.

Consider chord AC on the x-axis.

. -9 9o 2
Slope of AB is myapy = 5l = —3

2
_19_

Slope of BC'is mypcy = Tigo =57
9

So angle at B is angle between lines with slopes —% and %

i 0 _ % _ 1w
Now slope of AD is m =S5t s=5==
P {AD} = o412 — 19 — 57

. 17_o iz 3

Slope of CD is mygpy = = = —&r = —3

So angle at D is angle between slopes % and —%.
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Now compute angle between two lines using: tan 6 = ‘1 ﬁn:zlz
. 57,2
For angle at B is tan /B = | 52| =1
1-(3)($%)
3 11
For angle at D is tan ZD = | —&25%| =1
1-(z9)(-3)

Thus £ZB = ZD. Since equal angles subtend the same chord, the four points are
concyclic.

228. Let B(—4,—5) be a vertex of triangle ABC.

5z + 3y — 4 = 0 is altitude from A, so slope of BC is £ Equatlon of BC through
B(—4,-5)isy+5=(2)(z +4) :>33:—5y—13—0

3z + 8y + 13 = 0 is altitude from C, so slope of AB is §.

Equation of AB through B(—4,—5)is y+5= (3)(z+4) =8z —3y+17=0
We find A as intersection of AB and altitude 52 + 3y —4 =10
1Bz+13=0=2=—-1=5(-1)+3y—4=0=y=3.So Ais (—1,3).
Similarly C is (1,—2)

Equation of AC is 5z +2y—1=0

So the sides are: AB: 8z —3y+17=0, BC :3x — 5y — 13 =0, and AC : 5x +
2y —1=0.

229. Equation of the line perpendiculars to 5z —y =1 is given by z + 5y = k. This
will make an intercept of k with z-axis, and an intercept of % with y-axis.

Thus, area of triangle, which is given as 5, is %kg =25 =k =452

So the equation of the line is x + 5y = +5v2.
230.
y (5,5)

Y

B:2x+3y=12

X
0 C A

Clearly, A = (6,0) and B = (0,4) as given line is £ + ¥ = 1.

We rewrite the line as y = f%:c + 4, so the slope of AB is f%.
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A perpendicular line has slope 2, so we form the line through (5,5) as y —5 =

25
S(z—5)=>y=3z—2

Now we find point C' by setting y = 0: 0 = %LE — g so T = % Thus C = (2,0).
We find point D by setting = 0: y = —%, so D= (0, —%)

Now we find point E by solving intersection of 2z + 3y = 12 and y = %x — g
Thus z =3, and y = 2. So E = (3,2).

We compute the area by splitting the quadrilateral OC E B into two triangles OCE
and OEB.

We first compute the area of triangle OCE. Since O = (0,0), we use the deter-
minant shortcut: AOCE = % | Tcyp — TRy | = %

AOEB =1 |zpgyp —apyp | = 5 | 3%4—0%2|=6.
OOCEB =3 +6 =22

B(-2,1)
3x+y+5

C(-1,-2) x—=3y-5=0

Since the square is centered at the origin, we generate the remaining vertices by
rotating the point (1,2) by 90° repeatedly about the origin.

We rotate (z,y) counterclockwise by 90° using the rule (z,y) — (—y, ).

So we obtain A = (1,2), B=(-2,1), C =(—1,—2), and D = (2,-1).

We first take line AB. We compute its slope as ,12121 = %

So we write y —2 = £(x — 1) and simplify it to z — 3y +5 = 0.

Similarly we find remaining sides to be 3z +y+5=0,z —3y —5 =0, and 3z +
y—5=0.
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6-2 _ 4 _ _ 4
232. We first find the slope of AD as =55 = = = —3.

Since BC'is perpendicular to AD, we take the slope of BCas %

So the line BCpasses through D(—2,6)and we write y —6 = 3(z + 2), which
simplifies to 4y — 24 = 3x + 6, hence 3z — 4y 4 30 = 0.

We note that the altitude in an equilateral triangle satisfies h = (@)s

We compute the altitude as AD = 1/(1+2)2+ (2—6)2 = /9 + 16 = 5.

So the side length is s = 2% = \l/—og.

Since Dlies on BC, we take direction vector of BC as (4, 3)with magnitude 5, so

the unit direction is (%, %)
. e 8 _ 5

Half the side length is § = 7

So we move from Dto Band Cusing this direction (—) * (

Therefore, B = (—2 - %,6 - %) and C = (—2 + %,6 + %)

Now we find line ABusing points A(1,2)and B ie. y —2 =m g(x — 1) where

6—3-2
— V3
map = 727%71.
3

Similarly we can find other sides.

233. We have one side x —y = 0 so its slope is 1. In an equilateral triangle, the angle
between sides is 60°. Hence slopes of the other sides satisfy

m = tan(45" +60°)

So m = tan(105°) = —2 — /3 or m = tan(—15") =2 — /3.

Using the given vertex (2+ v/3,5) and slope 2 — /3

y—5=(2—+3)(z— (2+3))

Simplifying y = (2 — V3)z + 6

So second side is y + (2 — V3)z = 6.

For the third side take slope —2— 3=y —5=(—2—V3)(z— (2+3))
v+ (2+V3)z =12+ 4V3.

234. We have diagonal 8x — 15y = 0 so its slope is 1%. Hence the other diagonal has

15
slope —.

In a square, diagonals bisect at right angles. Let the center be (h,k) on 8h —

15k = 0.

. . . . . . . 15
Since (1,2) is a vertex, the midpoint lies on the line through (1, 2) with slope —2

k—2=(-%)(h—-1)
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236.

237.

Solving with 8h — 15k = 0 gives (h, k) = (18, 120),

Slope of side is perpendicular to diagonal slope %, so slope of side is —%5 or 1%

rotated by 45°. Thus, side slopes are % and —8.
Through (1,2) = y—2= (3)(z — 1) givesz —8y+15=0and y — 2 = —8(z —
1) gives 8z +y — 10 = 0.

5y = 12z + 6 gives slope 1—52 3z = 4y + 7 gives slope %

Let required line have slope m. For equal angles

12 3
B .
1+Fm 1+5m
Solving gives m =1 or m = —1.

Since these lines pass through (4,5), thereforem y — 5 = 1(z — 4) gives y =z +
land y—5=—1(z —4) gives y = —z + 9.

The two given lines are 7z —y + 3 = 0 and z + y — 3 = 0. Solving them together
gives y=Trx+3 and y =3 — =z, so 7Tz + 3 = 3 — z, which gives z =0 and y =
3. Thus the vertex of the triangle is (0, 3).

The angle bisectors are found from w = 4(z + y — 3). Solving gives the two

bisectors t —3y+9=0and 3z +y—3=0.

The internal bisector is 3z 4+ y — 3 = 0, whose slope is —3. The base is perpen-

dicular to this bisector, so its slope is %

Since the base passes through (1,—10), its equation is y+10= (3)(z —1).
Simplifying gives 3y + 30 = = — 1, hence the required equation is ¢ — 3y — 31 = 0.
The three lines are xcosa + ysina = p;, zcosf + ysin S = p,, and xcosvy +
ysiny = ps.

The intersection point of the first two lines is obtained by solving xcosa +

ysina =p; and zcosf + ysinfS = p,. Using determinants, this gives z =

Py sin S—py sin Po COS a—pq cos B

sin(B—cx) and y = sin(B—cx)
Similarly, the other two vertices are obtained by cyclic permutation of «, /S,y
and py, py, p3.

The area of the triangle formed by three lines is given by A = |z (y, —ys) +
Ty (Y3 — y1) + 23(y1 — ¥

Substituting the coordinates of the three intersection points and simplifying using
the identity sin(A — B) = sin A cos B — cos A sin B, the expression is reduced.

The numerator becomes (p; sin(y — ) + py sin(a — 7) + p3 sin(8 — @) and the
denominator becomes [sin(y — ) sin(a — v) sin(8 — «)|.

2

1 (py sin(y—PB)+p, sin(a—v)+pg sin(f—a))
2

Thus the area is Sin(7—F) sin(a—) sin( =]
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238. The line L passes through (1,1) and (2,0), so its slope is m = 3= = —1. Hence

its equation is y — 1 = —1(x — 1), which simplifies to y = —z + 2.

A line perpendicular to L has slope 1. Passing through (%, 0), its equation is y —

1

O:I(x—%),soyzz—i.

The three lines are t =0, y=—x+ 2, and y =z — %

The intersection of x =0 and y = —x + 2 is (0, 2). The intersection of z = 0 and
yzx—% is (0,—%).

The intersection of y = —z +2 and y = = — % is found by solving —z +2 =1z —
3

1 i i —5 — 5 —3
5 which gives 2r = 3,50 x =3 andy74.
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The base along the y-axis has length |2 — (— d

5 3 e B
e Z) from the y-axis is 3.

)\ = g and the perpendicular

distance of (

Hence the area is (3) = (2) = (2) = .

239. The vertices of the triangle are A(0,0), B(8,0), and C(4,8), and the given point
is P(9,3).

The side AB has equation y = 0. The foot of the perpendicular from P(9,3) to

this line is clearly (9,0).
The side BC passes through (8,0) and (4,8), so its slope is m = 3=3 = —2. Hence
its equation is y = —2z 416, or 2z +y — 16 = 0.

The foot of the perpendicular from (9,3) to 2z +y — 16 = 0 is given by z = 9 —

2 2x9+3—16 2x9+3-16
22+12 22412

and y =3 —

Since2*9+3—16=5,thisgivesx:9—% =7andy:3—g:2,sothefoot
is (7,2).

The side C'A passes through (4,8) and (0, 0), so its slope is 2. Its equation is y =
2z, or 2z —y = 0.

2x9 32 and

The foot of the perpendicular from (9,3) to 2z —y=0isz =9 — 255 e

y=3— (C1) 2
Since 29 — 3 =15, this gives x:9—%:3 and y=3+15—5=6, so the foot
is (3,6).

Thus the three feet are (9,0), (7,2), and (3,6).

To check collinearity, the slope between (9,0) and (7,2) is 2=3 = —1, and the
slope between (7,2) and (3,6) is =2 = —1, so the points lie on a straight line.

The equation of the line through (9,0) with slope —1 is y — 0 = —1(z — 9), which
simplifies to  +y —9 = 0.
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241.

242.

The line is £ + ¥ = 1, which can be written as bz + ay — ab = 0.

The foot of the perpendicular from the origin (0,0) to the line bx + ay —ab =0

is given by a = — Zfbbz and 8 = *aszbz)

Thus a = aa;’—:lﬂ and 8 = azﬁ.

Now o + 5% = S5 = ™ iy = e

Also a+ 8= % = az(f:bbz)~

Thus (a2 + 82)(a + B) = (a5 ) = (alii) = a** .

_ b2 2_b > — 30
Further af = (a’a2+b2) * (CL 2 2 ) T @ (a2+b2)%"

Hence (a + b)af = (a +b) (‘13 (a2_l:_3()2)2) =a’h? (a;jbl;)z'

Thus (a? + 82)(a+ B8) = (a + b)ap.
The given lines are t =0,y =0,z +y =1, and 6z +y = 3.

The vertices of the quadrilateral are obtained by pairwise intersections. The
origin (0,0) is one vertex. The intersection of y =0 and z +y =1 is (1,0). The
intersection of x +y =1 and 6z + y = 3 is found by subtracting the equations,
giving 5z =2, so = = % and y = % The intersection of 6z +y =3 and =0
s (0,3).

Thus the quadrilateral has vertices (0,0), (1,0), (2,2), and (0,3).

U‘\W

The diagonal through the origin connects (0,0) and the opposite vertex (2,

)-
= 2, so its equation 1sy—(3)x or 3z — 2y = 0.

The slope of this diagonal is 5

aforico

The given points are A(—4,5), D(1&,—22), E(4,1), and F(—1,—4). The points
D, E,F are the feet of the perpendiculars from A, B, C' respectively.
Since AD is perpendicular to BC, the slo;j)e of BC s the negatlve reciprocal of

the slope of AD. The slope of AD is % = % = —3, so the slope of BC
is %.

Thus the equation of BC' passing through D(— ——) isy + (%)(w — 1—56)
Now E(4,1) hes on AC and BE is perpendicular to AC. The slope of AC is
ﬁ = % 5, SO the slope of BE is 2.

Thus the equation of BE is y —1=2(z —4), or y =2z — 7.

The point B lies on both BC and BE. Solving y = 2z — 7 and y + % = (%) (w —
18) gives z = 3 and y = —1. Hence B(3,—1).

Now F(—1,—4) lies on AB and C'F is perpendicular to AB. The slope of AB is
ﬁ = —f, so the slope of C'F is f.
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Thus the equation of CF is y +4 = (Z)(z + 1).
The point C lies on both BC and CF. Solving y + ? = (%)(m — %6) and y +
4= (I)(x+1) gives z = 6 and y = 3. Hence C(6,3).
Thus the required vertices are B(3,—1) and C(6, 3).
243. The lines are y = m,x + ¢, for r = 1,2,3, and the transversal is  + y = 1.

The point of intersection of the line y = m,.x + ¢, with £ +y =1 is obtained by

substituting y = 1 — « into the line, giving 1 — 2 = m,.x + ¢,. This simplifies to
1—c,
1+m,.

z(l+m,)=1—c,, sox, = and y, = 1—=z,.

Thus the three points of intersection correspond to parameters z;, z,, 5 on the
line x +y = 1.

The intercept cut off between two such points along the transversal is proportional
to the difference of their x-coordinates, since all points lie on the same straight line.
Hence equal intercepts imply z, — x; = x5 — 5, S0 225 = T + T5.

l1—c,
1+m,.>

l-c, _ 1—cg 1—cy

1+m, 1+m, 1+mg”

Substituting z, = this gives 2

For the intercepts to be equal for arbitrary c,, this condition reduces to +2m2 =

1 1 PR iti
jEw + Ty which is needed condition.

244. The given pair of lines are 5z —y+4 =0 and 3z +4y—4 =0.

Let the required line cut these two lines at A and B respectively, and let the
midpoint of AB be (1,5).

We know that that if a line through midpoint (z,, y,) joins intersections with two
lines L; =0 and L, = 0, then its equation is L; + kL, = 0 for some constant k.
So the required line is 5z —y + 4 + k(3z + 4y — 4) = 0 which simplifies to (5 +
3k)z + (—1+ 4k)y + (4 — 4k) = 0.

Since (1,5) lies on the line, we substitute z = 1, y = 5 to get (5 + 3k) + 5(—1 +
4k) + (4 —4k) = 0.

This gives 5+ 3k — 5+ 20k + 4 — 4k = 0, so 4 + 19k = 0, hence k = — 5.
Substituting back, the equation becomes 5z —y + 4 — () (3z + 4y — 4) = 0.
Multiplying by 19 gives 95z — 19y + 76 — (122 + 16y — 16) = 0.

So 83z — 35y + 92 = 0 is the required line.

245. The line a;z + by + ¢; = 0 cuts the axes at A; (—2—1, 0) and B, (0, —Z—i) Hence

the intercept form is % + -4 = 1.

ay by
So the ratio of intercepts on the axes is A} = ——> on the z-axis and B = —*
1

A by
is. T 1 _ b
on the Yy-axis. hus B, — a.

Similarly, for a,x + byy + ¢, = 0, the intercept ratio is %z = Z—z
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247.

248.

Since the lines cut the coordinate axes in cyclic points, the intercepts are in cyclic
order, which implies the ratios of corresponding segments satisfy B—i = A—"z’.
Hence % = Z—j. Taking absolute values yields |a;as| = |byby].

The rectangle ABCD is inscribed in a circle, so its diagonals are diameters of the
circle.

The given line 3y =z + 10, ie. y = ””;10, is therefore the line containing one

diagonal of the rectangle, so either AC' or BD lies on this line.

The points are A(—6,7) and B(4,7), so AB is horizontal since both points have
the same y-coordinate. Hence AB is a side of the rectangle and the adjacent side
is vertical, so the rectangle is axis-aligned.

Thus C lies vertically above B and D lies vertically above A, so we take C(4,t)
and D(—6,t) for some t.

The diagonal AC lies on the line y = 2H1% so A(—6,7) and C(4,t) satisfy the

equation of this line.

Substituting A is consistent since 7 = # = % is false, so A and C cannot both

lie on that line. Hence the diagonal is BD instead.
So B(4,7) and D(—6,t) lie on y = 210,

For B(4,7), the line gives 7= 450 = 1 which is false, so B is not on that
diagonal either. Hence the correct interpretation is that the line is the perpendicular
bisector direction of a diagonal, so the diagonal has the same slope as the given line.

Thus, slope of diagonal AC is %

Now A(—6,7) and C(4,t) lie on a line of slope %, so 4f(:76) = %, giving % =
%, hence t — 7 = 1—30 and t = 33—1

So C is (4,%) and D is (—6,%),

The base AB =4 — (—6) = 10 and the height is 3—31 — 7= 33—1 _ 234 — L;J.

Hence, the area is 10 * (13—0) = %.

From the point (2,5), rays are drawn making an angle of 45" with the line 2z +
y=1

Slope of the given line: m; = —2 Using the angle formula: tan 45" = |1T%*?_2)2) =
1

So, 17371 ==+l

Solving m = —% and m =3

Equations of incident rays: y —5 = (—%)(z —2) =y —5 =3(z — 2)

Reflecting these lines about z +2y =1, we get y = -3z + 11 =y = (%)m + 1—33

Given ray y = 2{ — 4. Point of incidence lies on x-axis so y =0
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= 0= 2 — 4= g = 6. Point of incidence is (6,0)

Slope of incident ray m = % Reflection from z-axis changes slope to —m. =

r_ 2
m =—-3

Equation of reflected ray is y — 0= (—2)(z —6) =y = —2£ +4
249. Given point is M(—2,3) and tana = 3. Slope of incident ray m = 3.
Equation of incident ray y —3=3(z +2) =>y=3z+9
Point of incidence on z-axis so y =0,0=3x+9 =2 = -3
Point of incidence (—3,0). Reflection from z-axis changes slope to —3.

Equation of reflected ray is y —0=—-3(z+3) =>y=—-3z—9
250. The point B(7,2) is reflected across the line 2z +y — 6 =0 where a =2, b=1,

and ¢ = —6.

Compute axg + by +c=2%7+1%2—6=10 and a® + b2 =22+ 12 = 5.

The reflected point is found using z’ =z, — M“Zgifggom and y =y, —
2b(azy+byg+c)

—rmr

Thus, 2’ =7 — @ =—1land ¢y =2— % = —2, so the reflected point is
B'(—1,-2).

The incident beam is the line through A(3,10) and B’(—1,—2).

The slope is m = % =3.

The equation of the incident beam is y — 10 = 3(x — 3), which simplifies to y =
3z + 1.

The point of incidence is obtained by solving y = 3z + 1 with 2z +y —6 = 0.
Substitution gives 2z + (3z + 1) — 6 = 0, hence 5z — 5 = 0.

Thus, z =1 and y = 4, so the point of incidence is P(1,4).

The reflected beam passes through P(1,4) and B(7,2).

The slope is m = &= = —3.

The equation of the reflected beam is y — 4 = (7l) * (z — 1), which simplifies to

3
y=(-5)+%
251. A=(0,12) and B = (8,0). Midpoint is M = (4, 6)
Slope is AB = % = —%. Perpendicular’s slope is %
Perpendicular bisector’s equation is y — 6 = %(x —4)=>y= %z + 13—0
Line through (0, —1) parallel to z-axis is y = —1
Intersection point is given by —1 = %:r + 13—0 sz=-28=0C=(-1-1)

A =10(0—(-1)) +8((—1) — 12) + (—2) (12— 0)] = 91.
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253.

254.

255.

256.

257.

=0

e 0o o

Condition for concurrency is

o o
> Q

=a(c? —ab) — b(bc — a?) + ¢(b? — ca) = ac* — a®b — b*>c + a®b + b*c —ac® =
0.

From the previous problem it is clear that these lines will be concurrent as the
coefficients are cyclic in nature.

Applying R; — R, + R, + R3; makes the determinant zero. This is the condition

for concurrency of the lines

(zy —3)z + (2 — ¥3)y — [w1(25 — 23) + 41 (Y2 — ¥3)] = 0,

(73 —21)z + (y3 — ¥2)y — [22(23 — 21) + v2(y3 —91)] = 0, and
(21— @)7 + (Yo — Y2)y + [23(21 — 23) + y3(y1 —¥2)] = 0.

Also from first line y — y; = zz:;:; (z — @), which is the altitude through (z,y;).

Given equation is (2z 4+ 3y — 5) cosf + (3z — 5y + 2) sinf = 0 which represents
the following lines passing through a common point 22 4+ 3y —5 =0 and 3z —
5y +2=0.

Solving both the equations we get the fixed point as (1,1)

The lineis 2 +y=v2=>14+1-v2=2-v2=d=22

' =v2—1landy =v2—-1

The three lines are y = myz + mil Y= myx + mLQ and y = mgx + mi3

Assume that the orthocenter is (h, k). The altitude to the line y = m;z + mil has

1
slope -

=k — (mah + ;&) = —;-(h — h). This gives k = myh + ;%

Similarly using other vertices and altitudes we obtain a symmetric system.

Substituting h = —a into each line gives k = —am; + -, k = —am, + -, and
k=—amg + -

Adding the three expressions 3k = —a(m; + mqy + mg) + a(mil + %2 + ,%3)
Using identity m; +mqy +mg = —m, 3k = a(w%1 + miz + ,,%3 + m)

sk=a(E L+ L)

my ma m3 mymamg
Let the points be P(zy,y,), Q(z,,y,), and R(z3,ys3).

Given z,y; = ¢2, Ty, = c2, and z5y; = 2.

<
x,’

2 2
Y=g D Y= g and S yp = oo

The slope of QR is
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2o
s A Yot — hm
The slope of altitude from P is %
Equation of altitude from P is y — % = (22)(z—1)
Similarly altitude from Q is y — g = (B2)(z —x,)
Solving these gives the orthocenter
T = _%;Zws and y = —2,2,24
Multiplying gives the desired result.
258. Given A = (3,2) and B = (5,1). Let P = (z,y).
Since triangle ABP is equilateral (z—3)2+ (y—2)2=5 and (z—5)%+
(y—1)?=5.
=22 4+y? —6x—4y+8=0and x2+y27101—2y+21 =0
Subtracting, -4z +2y+13=0=>y =2z — 3
Substituting into first equation z2 4 (Qx ) — 6z — ( — %) +8=0
42— 320 +61=0=r=4+ L 5y=2,-1
PointsarePl=(4+2,2+\f) and B, = (4—@,%—\/3).
Point away from origin P = (4 + 2 . EE \f)
In an equilateral triangle orthocenter coincides with centroid H = (4 + 73, % +
Vi)
259. Given A = (21,2, tanay), B = (24, T, tana,), C = (zg, x5 tanag)

. . L _ . _
Rewriting each point A = (xl,xl sin cosal) = (ry cosay,r; siney ), where 7 =

T secay
Similarly B = (ry cos @y, 9 sina,) and C' = (15 cos ag, 75 sin ag)

Since circumcenter is origin, all vertices lie on a circle centered at origin
Sory=ry=r3=r1

Thus, A = (rcosa;,rsina;), B = (rcosay,,rsina,), and C' = (rcos ag, rsin o)
Orthocenter H(Z,y) satisfies H = A+ B+ C

So T = r(cosay + cosa, + cosag), ¥ = r(sinay + sina, + sinag)

g(cos ay + cosay + cosag) = r(sina; + sina, + sin ag)(cos ay + cos a, +

cos ag)

Similarly T(sin @ + sinay + sinag) = r(cos ay + cos ay, + cos o) (sina; +

sin o, + sin ag)
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261.

Both are equal. Hence, y(cos a; + cos @, + cos ag) = T(sin @ + sin a, + sin ag).
We find the point of intersection of first two lines x + ly = [2 and z + my = m?
Subtracting yields (I —m)y =12 —m2=(I—-m)(l+m)=>y=1+m
sz=L2—l1+m)=—Im

So A = (—Im,l+ m). Similarly B = (—mn,m +n) and C = (—nl,n +1).

A= % | 21 (ys *93) + 732(1’3 — Y1) +x3(y1 —Ya) |

=1 (=m)((m+n)—(n+10)+ (—mn)((n+1) — (I+m)) + (—nl)((l + m) —
(m+n)) |

=3 | (I=m)(m—n)(n—1)|

Slope of BC is m g, = nH—min) _

l—m
—nl+mn  — n(m-l)

S|=

So altitude from A has slope n. =y — (I +m) = n(z + Im)

Similarly altitude from B has slope l. = y — (m +n) = l(z + mn)
From first y = nz 4+ nlm 4 I + m, From second y = lx +Imn +m+n
=snz+nm+l4+m=lz+lmn+m+n=>n—-lz=n—Il=>z=1
sy=n+nm+Il+m=I+m+n+Iimn.

Slope of line a;z + by =1 is —b—i, Slope of line a,z + by =1 is —b—j. Slope of

line ax +byy =1 is —Z—;‘

Vertex opposite first side is intersection of ayz + byy =1 and azx + byy = 1.

Call this point A. Altitude from A passes through origin. So line joining A and
(0,0) is perpendicular to side a;x + by =1

Slope of line OA equals slope of line through origin and A.

Using property of perpendicular lines mp4 *m; = —1. So mp4 = f%
Now find slope of OA. Point A satisfies both equations

0, +byy =1 and azz +bgy =1

= ayb3x + bybsy = by and aszbyx + b3byy = by

b3—by
azbz—agby

==

Similarly ayasx + byasy = az and aza,x + bsa,y = a,

=Y e
Slope of OA mp, = % = 'Zi:z;
Since OA is perpendicular to first side, therefore mg 4 * (—Z—i) =-1

Simplifying a,(az — ay) = by (bg — by)
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= a,a9 + b1by = a a3 + b by
Similarly by symmetry aya; + bybs = agyaq + byb;.

262. Let A, B,C be vertices of a triangle. Let D, E, F' be midpoints of BC,CA, AB
respectively.

_ (zBtZc yB‘HJc) _ <Zc+1A yc+yA> — (mAJrIB yA+yB>
SoD—( <, 25 ), E= =, %5 and F = 52, 45

Centroid of triangle ABC G = (“H?)B”C, y“+yé3+yc)

Centroid of triangle DEF

Tptergtap= xB;xc + xCJ;CA + IA;—ZB = 2$A+223+2xc =Zy+zTpt+zco
Similarly yp +yg +yr =ya +ys +¥c

. . tapt +yp+ .
So centroid of DEF is (“ x3B Zo Ya yf yc). Hence. both centroids are same.

Let circumcenter of ABC be O. Then, OA = 0B = OC. So O is equidistant
from A, B, C.

Thus, O is center of circle passing through A, B,C

Since D, E, F' are midpoints, triangle DEF' is medial triangle.
Each side of DEF is parallel to corresponding side of ABC.

So DE | AB, EF | BC, FD | CA.

In medial triangle, each altitude is perpendicular to a side of DEF'.

But since sides are parallel to ABC, these altitudes pass through midpoints and
are perpendicular bisectors of ABC.

Thus altitudes of DEF pass through O. So O lies on all three altitudes of DEF.
Hence O is orthocenter of DEF.
263. Let A = (a,tana), B = (b,tan 3), C' = (c, tan~y)

Since the circumcenter is the origin, we write the points in polar form about the
origin.

So we take a =rcosa, tana =rsina, b=rcosf, tanfB =rsinf, and ¢ =
rCcoS7, tany = rsinvy

Hence, A = (rcosa,rsina), B = (rcos,rsinf), and C = (rcos~y, rsin~y)

Now orthocenter H(z,y) of a triangle with circumcenter at origin satisfies = =

A, +B,+C,andy=A,+ B, +C,
So z =r(cosa + cos B+ cos7), and y = r(sina + sin B + sin )

Since a+fB+~y=m we use identities cosa+cosf+cosy=1+
4cos(%) cos( ) cos(%), and sina + sin 8 + siny = 4sin($ )sm(ﬁ) sin(%)

Thus, z = r(l +4cos(g) cos( ) cos(%)), and y = 4rsin($ )3111(5) sin(3)

Now considering the expression in the required line
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265.

266.

4cos(%) cos(g) cos(3)x — 4ysin(g) sin(g) sin(%)

Substituting x and y:

N

) cos(3) * r(l +4cos(§) cos(%) cos(%))

Second term is 4 x 4rsin(%) sin(?) sin() * sin(%) sin(%) sin(3)

First term is 4 cos(%) cos(

So the expression becomes

4rcos(5) cos(g) cos(3) +

167 cos?(%) cos? (g) cos?(}) — 16rsin?(%) sin? <§) sin?(2)
Simplification under o + 8 + v =, yields y

Hence the orthocenter lies on the line 4(COS S cos g cos %)w —

4ysin%sin§sin% =y

Let A be intersection of ayx + byy + ¢c5 =0 and azz + b3y +c3 =0
Let B be intersection of a3z + bsy +c3 =0 and ayx+ by +c¢;, =0
Let C be intersection of a;z + b,y +¢; = 0 and a,x + byy +c, =0
Let orthocenter be H(x,y)

Then AH is perpendicular to a;z + by +¢; =0

So slope condition of perpendicular lines gives that the line through A and H
satisfies a linear relation obtained by replacing coefficients (a,,b;) with (b;, —a;)

in the direction condition.
Similarly, BH is perpendicular to ayz + byy + ¢, =0 and C'H is perpendicular
to agx + byy 4+ c3 = 0.

Solving the system of three altitude equations leads to a linear relation between
a0, + b1y + ¢y, A% +byy + ¢y, azz + b3y + 3

which is symmetric and reduces to (a;z + by + ¢1)(a a5 + b1bs) = (ayz + byy +
¢a)(agaz + bybs)

Hence the point H(z,y) satisfies the given equation, so the line passes through
the orthocenter of the triangle.

Let A=(1,1) and B = (2,—1).

For A we have 3z + 4y —6 = —4 < 0 and for B it is > 0.

Hence, the points lie on opposite side of the line.

Let the two lines be L; : 2z —3y+1=0and Ly, : 3z —5y+2=10
Evaluate the position of each point with respect to L; and L.

For (0,0) Ly =1>0, Ly, =2 > 0 so sign is (+,+)

For (-1,1) L; =—2—-34+1=-4<0, L,=—3—-5+2=—6 <0 so sign is
(_v_)
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For (—7,—4) L1 =—-144+12+1=-1<0, L, =—21+4+20+2=1 > 0 so sign
is (—,+)

For (9,6) L, =18—184+1=1>0, L, =27—30+2=—-1<0 so sign is
(+-)

Thus the four points lie in four different compartments: (+,+), (—,—), (—,+),
(+-)

Hence the four points are in four different regions formed by the two lines.

267. We test the origin (0,0) in each side equation.

For L;,0+1=1>0. For Ly, 3(0) —4(0) —5 = —5 < 0. For Ly, 5(0) + 12(0) —
271=-27<0

So the origin gives signs (+, —, —) with respect to (L;, Lo, L3).
A=L,NL; 97— 12y =15 Add with L, 14z =42 = z = 3
Substituting 15 —4y =5 =y = 2. So A = (3,2).

B=L;NL =z=—-1=5(-1)+12y=2T=y =35 So B=(-1,3).
C=LNLy=z=-1=3(-1)—4y=5=>y=—-2.5 C =(—1,-2)
Evaluating sign of origin w.r.t. each side

L,(0,0) >0, Ly(0,0) <0, L3(0,0) < 0

So origin lies in the region determined by (4, —, —).

Since all three vertices lie on consistent opposite half-planes and the origin satisfies
one side positive and two negative, the origin lies inside the triangle region formed
by these lines.

Hence, the origin lies inside the triangle.

B(-1,3)
A(3,2)
0(0,0)
Cc(-1,-2)

268. Let A= (z,y;) and B = (z4,Yy,). Let the line ax + by + ¢ =0 cut AB at P in
the ratio m : n.

So by section formula P = (M M)

m+n 7  m+n
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Since P lies on the line a(m) + b(w) +¢c=0

m+n m+n
Multiplying by (m + n) m(azy + by,) + n(az; +by,) + c(m+n) =0

Grouping terms m(azy + by, + ¢) + n(az, +by; +¢) =0

m _ _ax1+by1+c
Hence n — azy+bystc

The quantities az; + by; + ¢ and az, + by, + ¢ are signed values

If the two points lie on opposite sides of the line, these expressions have opposite
signs.

Thus their ratio is negative, and the minus sign ensures the ratio ' remains
positive for internal division.

If both points lie on the same side, the ratio becomes negative, indicating external
division.

Hence the minus sign accounts for the signed nature of the expressions and
distinguishes internal and external division.

Using the directed segment ratio result:

For point P on BC, BEC = —(@> where b(X) = azyx +byx +¢

(o)
BP _ _ (f(B)
w6 =—(50)
Similarly % = —(%) and % = —(%) where f(X) = az + by + ¢ evalu-

ated at point X.
BP  CQ M_< f(B)>< f(@)( f(A)):_l

Pc*qA*rB — \Tro))\TTi@® )\ 7B

So BL«C2 x4 41 =0 = BP.CQ.AR+ PC.QA.BR =0.

Aliter: Let B be the origin such that BC = k and C = (k,0). Let A = (e, ).

Let g—g :m,% = —n and % = p, where m,n,p > 0.

= P=(2£,0),Q = (2255, 25) and R = (52, 2;)

Since P,Q, R are collinear(they are on the same line L), therefore

mk 0 1

m+1

nok 18 1| =0 = mnp = 1 = m(—n)p = —1. Hence proved.
5

pi1 pr1 1

Let the triangle be ABC' equation of whose sides CA, AB and BC are respectively
3r+y+2=0,3y—2x=>5 and =z + 4y = 14.

Let L, cut = and y axes at L and M respectively. Then M = (0,—2) and L =
(=3,0)

Let L, cut x and y axes at R and P respectively. Then R = (—g, 0) and P = (0, %)
Let Ly cut z and y axes at S and @ respectively. Then S = (14,0) and @ = (0, 1).

Clearly, point (0, 8) lies on the y-axis. If this point has to be inside the triangle
ABC then g <pB< %
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271. Let A = (2,3) and B = (—2,6) be consecutive vertices of a rhombus. Given that
two sides are parallel to 2z + y = 1, so slope is —2.

So one pair of opposite sides has slope —2 and the other pair has slope —%
from AB.

Slope of AB is m g = 3

o8
So side directions are fixed.
Equation of side through Ais y—3=—-2(z —2)=>y=—22+7
Equation of side through Bis y—6=—2(z+2) =>y=—2zx+2
Distance condition for fourth vertex on line through A. Let D = (z,y) lie on y =
—2x+7
Rhombus has AD = AB. AB? = (—4)2+32=25= (2 —2)2+ (y—3)2=25
Substitute y=-20+7=(r—2)2+(—22+7-3)2=25=22—dr—1=
0=>2=2++V5=>y=3F2V/5
Case 1: m=2+\/5, y:3—2\/5
Case 2: 7 = 2 — /5, y:3+2\/5
Only the configuration consistent with convex ordering is D = (2 ++/5,3 — 2\/5>
A+C=B+D=C=B+D—-A=C=(-2,6)+(2+53—-2V5) -
(2,3)

S>2=—2+424+vV5—-2=-—24++5and y=6+3—2v5—-3=6—25.

272. For (3,—4) we have 3%+3 — 4% (—4) —8 =17 > 0 and for (2,6) we have 2% 3 —
4%x6—8=—-26<0.

Thus, the points are on opposite sides of the given line.

273. For (2,—1) we have 3%24+4+—1—6 =—4 <0 and for (1,1) we have 3x1+
4x1—-6=1>0.

Thus, the points are on opposite sides of the given line.

274. For (3,4) we have 6%*3+4—1=21>0, and for (—1,1) we have 6% (—1) +
1-1=-6<0.

Thus, the points are on opposite sides of the given line.

275. Intersect c —y =2 with 2z +y=7. From z —y =2, we get y = — 2.
Substitute into 2z +y =7 yields £ =3 and y =3 —2 = 1. So the first point
is (3,1).
Next, intersect * —y = 2 with 2z + y = 16. Again, y =+ — 2.

Substitute into 2z +y =16 = 2x+ (z—2) =16=2=6. Then y=6—-2=4.
So the second point is (6,4).

For point (3,1): z+y=3+1=4 <5 For point (6,4): 2 +y=6+4=10>5
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278.

279.

Since one point gives a value less than 5 and the other greater than 5, the two
points lie on opposite sides of the line z + y = 5.

Length of perpendicular is % = \/%.

Given lines are z 4+ 2y =5 and z — 3y = 7. We solve the equations to get point

of intersection.

2
(z+2y)—(z—3y) =5—-T=5y=-2=y=—¢.

Substitute into = + 2y = 5 yields x + 2(—%) =5=>zr=5+ % = 2—59.

So the intersection point is (25—9, —%)

Equation of the required line with slope 5 is y — (—7) = 5(3] — %9) =>y+ % =
5z —29 = y =5z — 14T = 25z — 5y — 147 = 0.

[25(1)—5(2)—147] _ 132

V25%+(—5)2 65"

Distance from point (1,2) to this line is d =

A

Cc(2,-1)

In an equilateral triangle, the perpendicular distance from the vertex to the base
is the altitude, and it relates to the side length a by h = ?a.

First find the distance from the vertex (2,—1) to the line z +y = 2.

Writing the line as x +y —2 = 0.

Distance is d = % = % = % So the altitude is h = %
Now use h = ?a: % = 73a
: = 2 4L — 2
Solving for a: a = N IR
The equation of straight line in the intercept form is £ + ¥ —1 = 0.
The length of th dicular drawn is sl o 1 — 1 4 2
e length ot the perpendicular drawn is “—— = P2 = Az + 32
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0. sin 6—0. cos 6— % sin 26| . 2 .

280. p = | 5 —|a 2 _ a? 2

D TTeros |§sin26| = p o sin® 20

7 __ 10.cos8—0.sin 0—a cos 26|
V/sin2 6+ cos? 6

P = p? =a?cos? 20
= 4p+p'? = a2

281. Let b be intercept on y-axis then intercept on z-axis will be 2b. Thus, equation of
the line is le+%—1:0:>m+2y—2b:0

. __ |o+0-2p| _ B
Length of perpendicular 1 = i b=+%.

Hence, the equations are x + 2y + V5 =0.
282. Let (a, B) be any point on the first line. Then aa + b8 + ¢ = 0.

laa+bB+d| _ |—c+d]
Va?+b? Va2+b2"

Distance of («, 3) from the second line is given by

283. Let py, Py, p3 be the length of perpendiculars from the points (m?,2m), (mn,m +
and (n2,2n) to the line & cosf + ysin 6 + 5222

~

n

cos@ *
in2

_ mZcosf+2msin0+52L2 (1 cos O+ sin §)2
P Vcos2 0+ sin2 cos @ .

__ mmn cos? 0+msin 0 cos 0+n sin 6 cos f+sin® § __ (m cos 64 sin 0)(n cos 6+ sin )
P2 = cos @ - cos 0

_ (ncosf+sinh)?
b3 = cos 0

Clearly p;p, = p5 i.e. length of perpendiculars are in G.P.

284. Let the tower be at (0,0). The towns are at (5,0) and (0, 2).

o

Slope of the road is m = 2— = —

1
—5 2

=]

Equation of line is y = (—%)(z —5)=>z+2y—5=0

The nearest point on this line from the origin is the foot of perpendicular.
Using formula for foot from (0,0) to az + by +c¢ =0 is
(z,y) = (—aaz—ibz,—bﬁ) Here a =1,b=2,c = —5.
So, z = g =landy= % = 2. Thus, the rest house should be at (1,2).
5
B(0,3)

P(1,2)

0(0,0) A(5,0)

285. Let the line be ax + by + ¢ = 0 and the fixed points be (z,,y,;7 =1,2,3,...,n).

" az, + by, +c n
Given —X—— — =0= azx, +by, +c=0
; m Z’r:l( [d Yr )

=a(x +2y++z,) +by; +ys ++y,) +en=0



286.

287.

Thus, the line passes through the fixed poin (

/

TitTotA®, Yy tyotty,
n ) n .

.D(6,8)

5(0,0)

Let PQ be the wall and CD be the shadow of the rod AB on the wall, then
PQ || AB

Equation of rod AB is x — y + 1 = 0, therefore, equation of PQ is z —y =k

0—-0+1

Length of perpendicular from S to AB=p, = e E

V2

Length of perpendicular from S to CD = py, = |k%

From the question 2p; = p, = k= £2. If k = —2 then S lies on opposite sides
of the rod and the wall, which is not possible. Therefore,

k=2and CDisx—y+2=0.
Equation of SA is y = 2z and equation of SB is y = %:c

Solving CD and SA we have C = (2,4) and solving CD and SB we have
D = (6,8).

CD=+/(2—6)2+ (4—8)2 =4V2.

Let ABCD be the parallelogram and DL | AB, BM 1 AD. Let ZDAB = 0 then
from the right angled A ADL,DL = ADsin 0

From right-angled A AM B, BM = ABsin6

For this it is sufficient to show that it is a rhombus i.e. AD = AB.
= ADsinf = ABsinf = DL = BM.
Let the given straight lines be AB, BC',CD, AD respectively.

DL = distance between parallel lines AB and DC = 11 — and similarly BM =
Prawsy
1

Thus, ABCD is a rhombus, and hence, the diagonals are perpendicular.
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N

A L B

288. The diagram is same as one given in previous problem. Let ABCD be the given
parallelogram and the given sides are AB, BC',CD, AD respectively.

_ _la—bl _ _|e—d
DL = TiomE and BM = Tim?

If 6 is the acute angle between AB and AD then tanf =

[m—n]|

g
;
3

|m—n| _ |m—n|
Vm—n)2+(1+mn)2 ~ /(1+m?)(1+n?)

Area of —~/ABCD = AB.DL = AB.ADsinf = MB-DL

sin 6
_ ‘ (a—b)(c—d) ‘

m—n

= sinf =

21-3y
2

289. From first line x =

Then z = 721515 =3

. Substitute in second 3(212;3?’) —4y+11=0=y=>5.

So point of intersection is (3,5).

Distance is p = |8z + 6y + 5ﬁ

Substituting (3, 5)

- | _ 59
p_|24+30+5m_ﬁ'

290. Let the given points be A(a,b) and B(b,a). Slope of AB is m = &= = —1

So equationis y—b=—-1(z—a)=>z+y—(a+b)=0

Distance from origin (0, 0) to this line is d = % = ‘a\/gb‘.
291. Multiply first by 4 to get 8x — 12y = —56. Multiply second by 3 to get 15z +
12y =21
== —g—g and y = %
84
Line joining origin and P has slope m = f;ig = —15—2. So equation is y = —%x =
122+ 5y =0
Distance from (4,—7) to this line d = |12(4) + 5(_7)\/ﬁ =1

292. Given line is z + 7y + 2 = 0. Any line parallel to it is  + 7Ty + ¢ = 0.



293.

294.

295.

296.

297.

Distance from point (1, —1) to this line is

1+7(—1) +eommr = 1= | =6 +¢[ = V50

So ¢ —6 =450 and ¢ = 6 + /50
Hence required lines are  + 7y + 6 + v/50 =0 and z + 7y + 6 — v/50 = 0.
Given line 3z — 4y — 5 = 0. Let required parallel lines be 3z —4y +c¢ =0

; ; | — —
Distance between two parallel lines |c + 5 T 1=lc+5/=5

Soc+5=45and c=0o0r c=-10
Hence required lines are 3z — 4y = 0 and 3z — 4y — 10 = 0.
Let a line through (0,a) be y —a = m(z — 0). So y = mzx + a.

Rewrite in standard form mx —y+ a = 0.

[2am—2a+a| __

Distance from (2a,2a) is ey

=0@m-12?=m’+1=>m=00rm=3

Case 1: m =0 gives y = a

Case 2: m = % gives y —a = (%)m:4x—3y+3a=0.

From firstx = 3y — 1. Substitute in second 2(3y — 1) +5y—9=0= 6y —2+
5y—9=0=2y=1=>2=2.

So point of intersection is (2,1). Let required line bey — 1 = m(z — 2). So mz —
y+(1—2m)=0.

Distance from origin is v/5So|1 — 2m =Vb=>m=—

Substitute into line equation y — 1 = —2(:1: —2)y=—2z+5.
Hence required line is2x +y — 5 = 0.

From first line z = y — 1. Substitute in second line 2(y —1) —3y+5=0=y =
3=>z=2

So the point is (2,3). Let required line be y —3=m(z—2) = mz —y+ (3 —
2m) =0

Distance from (3,2) is £ |3m—2—l—3—2m\/m‘27+1 f:>|m+1\/‘27+1—%

—_ 4
=>m=3

3
1

z—2)=4x—3y+1=0.

or m =

Case 1: y —3 = (3)(
Case 2: y—3=(3)(z—2) =32 —4y+6=0.

Given that the distance from (1,1) to the line ax —by+c¢=01is 1

la—b+c| _
So Vo 1
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Squaring both sides (a — b+ ¢)? = a? + b2 = a? + b% + c® — 2ab + 2ac — 2bc =
a® + b2

c? — 2ab + 2ac — 2bc = 0 = ¢ + 2ac — 2bc = 2ab

Divide throughout by 2abc, 557 + % — % = %

i ; 141 _1_ ¢
Rearranging yields = + = — ¢ = 55.

298. Given line is £ cosf + ¥sinf = 1

So bxcosf + aysinf —ab =0

.. |bxy cos O+ay, sin 6—ab|

Distance from (z,y;) is S
For (:I:\/ a? — b2, 0)
| (b\/ a2—b2 cos 97(16) (71)\/ a?—b2 cos Gfab) |

b2 cos? 0+a? sin? 6

Product of perpendiculars =

_ |a?b?—b%(a®—b?)cos? 0| _ b*(a?sin? 6+bZcos?f) b2
- b2 cos? f+a? sin? 6  b2cos? f+a2sin20 T 7

299. Given lines are 4z + 3y = 11 and 8x + 6y = 15. Rewrite second line 8z + 6y =

15 as dx + 3y = %
So the two parallel lines are 4z + 3y — 11 = 0 and 4z + 3y — % =0

Distance between parallel lines = %\/%uﬂ =

S

300. Given lines are 2z + 3y =19, 22 + 3y + 7 =0 and 2z + 3y = 6; all have same

slope.

Write in standard form L, : 20 +3y —19=0, Ly, : 20 +3y+7=0and L : 2z +

3y—6=0.

Distance between parallel lines ax + by +¢; =0 and ax + by +c, =0 is lC;;:ZL
; —19—(—6

Distance of Ly from L = ﬁ =413

Distance of L, from L = h\/llf)‘ =13

Hence, both distances are equal, so the lines are equidistant from 2z + 3y = 6.

301. Distance between parallel lines = \‘/%
302. Given sides are 3z —4y =0 and 4z + 3y =0

These are perpendicular since 3%4 4 (—4)3 =0. So they are adjacent sides
meeting at origin.
Area of square is 25, so side = 5. Distance between each pair of parallel sides is 5.

For line 3z — 4y = 0, required parallel side is 3z — 4y +c =0

Distance from origin ﬁ =5=lc| =25

So lines are 3z — 4y +25=0o0r 3z —4y—25=10
For line 4z 4 3y = 0, required parallel side is 4z + 3y + k=0



303.

304.

305.

306.

Distance from origin @ =5=|k|=25

So lines are 4z + 3y +25 =0 or 4z + 3y — 25 = 0.

Taking consistent pair forming a square, the other two sides are
3r—4y+25=0and 4z +3y+25=0

Given lines are Ly :ax +by+¢=0,Ly:aqz+ by +¢c=0,Ly:ax + by + ¢, =
0,and Ly : gz +bjy+¢; =0

L, is parallel to L; and L, is parallel to L,, so they form a parallelogram.

leg—c]

Length of one pair of opposite sides equals distance between L; and Ly = Woped

leg—c]

\/a+b?

Length of the other pair equals distance between L, and L, =

Given a® + b2 = a? + b?. So both lengths are equal.

Hence, all sides of parallelogram are equal. Therefore, it is a rhombus.

Given lines are Ly : 4z +3y—6=0and Ly : 5z + 12y +9=0

4x+3y—6
V42432

5x+12y+9

Angle bisectors are given by =+ e

- 4x+gy—6 _ i5z+}§y+9

Case I: 13(4z + 3y —6) =505z + 12y +9) = 9z — Ty —41 =0
Case II: 13(42+ 3y —6) = —5(bz + 12y +9) = Tz +9y—3=0
To identify angles, test origin (0,0)

For L; : —6 < 0. For Ly : 9 > 0.

So origin lies between opposite signs, hence lies in one of the angles.

Checking bisectors: For 9z — 7y —41=0= —41 <0

For 7 4+9y—-3=0=-3<0

The bisector that preserves sign relation corresponds to angle containing origin.

So angle containing origin is 7x + 9y —3 =10

Hence, acute angle bisector is 7 + 9y — 3 = 0 and obtuse angle bisector is 9z —
Ty—41=0.

Given lines are Ly : 3x +4y —5=0and L, : 122 + 5y — 7 =0.

The locus of points equidistant from L; and L, is given by the angle bisectors:

4y 120+5y— .
ety — ;1204307 3o we get two bisectors.

Case I: 13(3z +4y—5) =5(122+ 5y —7) = Tz —9y+10=0
Case II: 13(3z + 4y — 5) = —5(12z + 5y — 7) = 99z + 77y — 100 = 0

Now observe: The given line 7z — 9y + 10 = 0 is exactly the angle bisector of L;
and L.

We have already proven this in Equation (1.9).
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307. Given triangle sides L; :z+1=0, Ly :3z —4y—5=0, and L5 : 5z + 12y —
27 =0.
A=1LyNLy. From 3z —4y =5 and 5z + 12y = 27
z=3and y=1 So A=(3,1).
B=L;NL; =>z=-1 andy:%.SOB:(—L%).

C=L,NL,=>z=—1and y=—2.So C = (—1,-2).

BC = /(02 + (14)* = 14, CA= /(A2 + (32 =5, and AB =

az +bzotcxs ay;+bys+cys

Incenter formula is [ = == 2=, == =2

Hence incenter is (%, %)

308. Let the given opposite sides be x +y=1and z+y =5

. . . _ 51 4

Distance between the parallel sides is d = vttt 2v/2

Let the side length of the rhombus be a. Height of rhombus = asin(45 deg)
So asin(45’) =2v2=a=4

Direction vector of lines x +y = k is (1, —1). Unit vector = (%, —%)

Vertex A is (2,—1). Adjacent vertex B is B = (2,—1) + —4 % (
(2,-1) + (2v2,-2V2)
So B, = (2+2v2,~1—2V2) and B, = (2—2v2, -1+ 2V?2)
Second side makes 45" with first side. Rotating (1, —1) by 45" gives direction (1, 0).
So adjacent vertex C' is C; = (6,—1) and C, = (—2,—1)
Opposite vertex D is given by D=B+C — A
Case I D= (2+2v2,-1-2v2)+(6,—1)— (2,-1) = D= (6+2v2,—1 -
2v2)
Case I D= (2-2v2,-1+2V2)+(-2,—1)—(2,-1)= D= (-2—
2v2, 1+ 2v2)

309. Sides are parallel to y = x + 2 and y = 7z + 3. So slopes are 1 and 7.

Let A = (0,t). Let adjacent vertices be B = (z;,y;) on line through A with slope
1 and D = (z,,y,) on line through A with slope 7

Soy, —t==z, and y, —t = Tz,
Thus, B = (zq,t + ;) and D = (z,,t + Tz,)

For rhombus, adjacent sides are equal: AB? = AD? = z; = +5z,



Now C =B+ D—A= (2, +z,5,t+z, +72,y)

Diagonals bisect each other at (1,2) i.e. Midpoint of AC is (1,2)
(@1 + )2 % b+t + 2y + T0,)(2)) = (1,2)
Sox,+xy=2=2t+2,+T2,=4

Case I: ©; = b5zy= x5 = % and z; = g
Then 2t+ 3+ 2 =4=1t=0

So A=(0,0)

Case II: z, = —bz, = 2y =—3 and 7, = 5
Then 2t+g—%=4:>t:%_

So A=(0,2)

310. We are given the lines x —2y+3 =0 and 4z + 2y —5=0.
The angle bisectors are given by alz\/:gfbgcl — azf/zgi!ég
For the given lines, a; =1, by = =2, ¢; =3 and ay =4, by = 2, ¢, = —5.
So, z—j%+3 _ :E4z-¢\}2% 5
Since /20 = 2/5, = 2y+3 = i4“+\2/li 5

Multiplying both sides by v/5, z — 2y + 3 = i%.
Case I: o — 2y + 3 = 2425 — 95 4 6y — 11 = 0.
Case II: x72y+3=74””+7§y_5 =6xz—2y+1=0.
311. We want to prove that the line 6z 4+ 66y — 7 = 0 bisects the angle between the

lines 152z — 18y —1 =0 and 12z 4+ 10y —3 = 0.

15z—18y—1 1224+10y—3
\/152+(—18)2 V122+102

/152 + (—18)2 = /225 + 324 = /549 and V122 + 10? = /144 + 100 = /244

So 152—18y—1 :i12z+10y73
’ V549 V244

244(15z — 18y — 1) = +/549(12z + 10y — 3)
= 30z — 36y — 2 = +(36z + 30y — 9)

The equation is

Taking plus sign we see that it is the given equation.

312. Rewrite the given lines in standard form: 24z + 7y —20 = 0,42 — 3y —2 =0

Let (x, y) be any point on 2z + 11y = 5.

24z+Ty— 20\ |242+7y—20|
Distance from first line: D, = |
17 Vo 25
. . dz—3y—2 4z—3y—2
Distance from second line: D, = [4o_3y—2| _ Jdz—3y—2]
V(=32 5

Now use the relation 2z 4+ 11y = 5.
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313.

314.

315.

316.

Then: 24z + Ty — 20 = (24z + 132y — 60) — 125y + 40 = —5(25y — 8)
Also, 4z — 3y — 2 = (4z + 22y — 10) — 25y + 8 = —(25y — 8)

Thus, |24z + Ty — 20| = 5 |25y — 8|

Dy = 59|25y — 8| g = 22281 anq D, = 28

Hence, D; = D,.

We are given the lines 6z +8y — 10 =0 and 4o — 3y — 7 = 0.

For a point (z,y) equidistant from the two lines, ‘Gf/zfgio‘ = \‘;‘Z;f(y_;‘z

V62 +82 = /36 +64 =10 and /42 + (-3)2=/16+9=5
|62+8y—10| _ |4z—3y—7|

So, = 55— = ="

Multiply: |6z + 8y — 10| = 2% |[dx — 3y — 7| = 6z + 8y — 10 = +2(4z — 3y — 7)
Case I: 60 +8y—10=8z — 6y —1ld= 2 —Ty—2=0

Case II: 62 +8y—10= -8z +6y+14=T7r+y—12=0

Hence, the locus is z —Ty—2=0or 7Tz +y—12=0.

The given lines are z +y—3=0and Tx —y+ 5 =0.

For z +y —3 =0 we have a; = 1 and b; = 1 so the value is v/2.

For 7z —y +5 =0 we have a, = 7 and by, = —1 so the value is v/50 = 5v/2.

The angle bisectors satisfy z+\}/;3 = i%ﬁ

After simplification this becomes 5(z +y — 3) = +(7Tz —y + 5)

First result 52 +5y —15=Tr —y+5=2—3y+10=0
Second result 5z + 5y — 16 = —Tex+y—5=6x+2y—5=0

3x+4y—11 =4 12x—5y—2
V32+42 V122+(=5)%"
L 4y-11 122—5y—2
This simplifies to 32+ 2= =4 xlgy .

Taking the negative sign gives 13(3z + 4y — 11) = —5(12z — 5y — 2) = 11z +
3y—17=0.

The slopes of the given lines are —% and 1—52, which form an obtuse angle. Therefore,
the bisector corresponding to the negative sign represents the acute angle.

Hence, the bisector of the acute angle is 11z + 3y = 17.

T—2y+4 _ +(4z—3y+2)
75 5

Taking the positive case gives 5(z — 2y +4) = v/5(4x — 3y + 2).

Taking the negative case givesv 5(z — 2y + 4) = —v/5(da — 3y + 2).



317.

318.

319.

320.

The slopes of the given lines are ; and %,

the obtuse angle is the supplementary angle, and its bisector corresponds to the
negative case.

which form an acute angle. Therefore,

Hence, the equation of the bisector of the obtuse angle is
5(z — 2y +4) = —/5(dx — 3y + 2).
The given lines are z +y—2=0and z —y—3=0.

These two lines divide the plane into four compartments depending on the signs
ofx+y—2and x —y—3.

Evaluating both expressions at each point.

For (1,0): z+y—2=140—-2=—-1<0andz—y—3=1-0—-3=-2<0.
For (2,3):24+y—2=243—-2=3>0andz—y—3=2—-3—-3=-4<0.
For (1,-4): 2+y—2=1-4—-2=-5<0 and z—y—3=1—(—4)—-3=
2>0.

For (8,1):z+y—2=8+1—-2=7>0andz—y—3=8—1—-3=4>0.
Each point gives a distinct sign combination for (z +y — 2,z —y — 3).

Thus, the four points lie in four different compartments formed by the given lines.
For 7z — 5y — 11 = 0: 7(0) — 5(0) — 11 = —11 < 0.

For 8z + 3y + 31 =0: 8(0) +3(0) +31=31>0.

For £ + 8y —19=0: 04+ 8(0) —19 = —19 < 0.

Thus, the origin lies on the negative side of the first line, the positive side of the
second line, and the negative side of the third line.

Now consider a point clearly inside the triangle. Solving any two equations gives
a vertex; testing a point between the vertices shows that the interior region
corresponds to the same sign pattern (—, 4+, —).

Since the origin produces this same pattern, it lies inside the triangle.
Hence, the origin lies inside the triangle.
These lines are parallel and represent two opposite sides of the square.

The length of the side of the square is equal to the perpendicular distance between
the two lines.

Thus, the distance between the lines is

|65-26] _ 91 _ 91 _
V/52+(—12)2 V25+144 ~ 13 ’

So, the side of the square is 7. Hence, the area of the square is 72 = 49.

The given sides of the square are 3x +4y —5 =0 and 3z +4y — 15 =0.

These two lines are parallel, so they represent opposite sides of the square.

So the side length is

=515 _ 10 _ o9
V32442 V9+16 :
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Since the third side passes through (6,5) and is perpendicular to the given sides,
its equation has the form 4z — 3y + ¢ = 0.

Substituting (6,5) gives 4(6) —3(5) + ¢ =0= ¢ = —9.

So one side of the square is 4z — 3y — 9 = 0.

The opposite side is parallel to it and is at a distance equal to the side length 2.
So the parallel line is 4z — 3y + k = 0.

Using distance formula between 4z —3y —9 =0 and 4z — 3y + k=0,

L) _ _
e Er i 2. Thus k=1 or k = —19.

Since (6, 5) lies on one side, the opposite side is 4z — 3y + 1 = 0.
Hence, the equations of the remaining two sides are
4r —3y—9=0and 4z —3y+1=0.
321. The given side of the rectangle is 3z — 4y — 10 = 0, and two vertices are (2,1)
and (2,4).
First, observe that the line joining (2,1) and (2,4) is z = 2, since both points
have the same x-coordinate.
So one side of the rectangle lies on =z = 2.

Now find the distance between the parallel sides z = 2 and the given line 3z —
4y —10 = 0.

Taking any point on z = 2, for example (2, 1), the distance is

[3(2)—4(1)-10] _ 8
32+(—4)2 5"

So the height of the rectangle is %.

The length of the rectangle is the distance between (2,1) and (2,4):
VE=22+4-1)2=
24

Hence, the area of the rectangle is 3 x % =%.

One diagonal joins (2,4) to the opposite vertex. The opposite side to x =2 is

parallel to it, so the opposite vertical line is z =2 + % = 15—8 orx=2— % = %

Since (2,1) lies on one side, the opposite vertex to (2,4) is (3, 1).
Now find the equation of the diagonal through (2,4) and (12,1).
1-4

Slope is =—

18
L)

15
=

oo o

Equation is y —4 = —22(z — 2) = 15z 4+ 8y — 62 = 0.
Hence, the area of the rectangle is % and the required diagonal is 15z + 8y —
62 =0.

322. The four lines are ax +by+c=0, ax +by—c=0, ax —by+c =0, and ax —
by—c=0.



323.

Opposite sides are parallel since each pair differs only in the constant term. Hence
the figure formed is a parallelogram.

Intersect ax + by + ¢ =0 and ax — by + ¢ = 0.
We get ax + by = —c and az — by = —c.

Adding gives 2ax = —2c, so ¥ = —£. Substituting gives y = 0. Thus one vertex

Similarly, other vertices are (5,0), (07 %), and (0, —%).

The diagonals are the lines joining opposite vertices, so they lie along the
coordinate axes.

Hence the diagonals are perpendicular, so the parallelogram is a rhombus.

Diagonal 1 has length |£ — (—£)| = 2e]

Diagonal 2 has length |§ — (—%)| = -

Area of a thombus is (1) x (product of diagonals).

SoareaileMxM.
2 |al (]

This simplifies to %.

A

\

We choose a coordinate system such that the given straight line is the x-axis.
Then p,q,r become the signed y-coordinates of A, B,C. So we write A(zq,p),

B(z,,q), and C(z4,T).

Now we use the formula for the square of th2e area of a triangle in coordinate form:
AN = (z1(q — 1) + 2o(r — p) + 23(p — @) + (p(g — 1) + a(r — p) +r(p — q))*.

The second bracket simplifies as follows: p(q — ) + ¢(r —p) +r(p —q) = 0.

So we get 4A2 = (x,(q — 1) + 2, (r — p) + z3(p — q))>.

Now consider the squared side lengths using distance formula:

a? = (zy—x3)’ +(q—1)2% B =(z3—a)’+(r—p?> A=(x, —x)+
(P—a)?

Now we expand the required expression:
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3. Answers of Straight Lines

324.

325.

a®(p—q)(p—r) +b*(¢—7)(g—p) +*(r—p)(r—q)

Substitute a2, b2, c?: [(xQ — )’ + (q—r)2](p—q)(p—r) + [(w3 —z,)* +
(r—p)*](@—r)(a—p) + [(z: — )" + (p— 0)?] (r — p)(r — 9.

We separate terms into two groups: those involving z; and those involving only
D,q,T.

The pure p, q,r part simplifies to zero due to the identity (p —¢q)(p —r) + (¢ —
r@—p)+(r—p)(r—q =0

So the expression reduces to (x4 —z3)>(p—q)(p —7) + (x5 —,)* (¢ —7)(q —
p) + (2 — 25)*(r = p)(r — q).

Now expand and regroup in terms of x;,%y,25: This becomes
(@1(q =) +25(r —p) +25(p — ).

But earlier we showed that (z,(q — r) + z4(r — p) + z5(p — q))* = 4A2.

Hence, a®(p — q)(p — 1) +0*(¢ —7)(q — p) + (r — p)(r — q) = 4A%

Let the required line pass through (4, —5) with slope m. Then its equation is y +
5 = m(z — 4), which gives mz —y—4m —5=0.

The distance of the point (—2,3) from this line is ‘m(ff/);f;;ﬁmfs‘ = ‘\?::ﬂ
Given that this distance equals 12, we write |6m + Sﬁ =12.

Squaring both sides gives (6m + 8)% = 144(m? + 1) = 27Tm? — 24m + 20 = 0.
The discriminant is D = (—24)% — 4 x 27 x 20 = 576 — 2160 = —1584.

Since D < 0, there is no real solution for m. Hence, no line passing through
(4,—5) can have distance 12 from (—2, 3).

Slope of BC is :?:E:;; = %2 = _1.

So equation of BC is y+1=—-1(z+3)=>z+y+4=0.
A line parallel to BC has the form z +y + k = 0.

The perpendicular distance from origin (0,0) to this line is \/1‘;:_% = %

L] 1

. . . -1 . _ 1
Given this distance is 5, we write Nt

So |k| = g, hence k = ig.

Thus the required line is x—l—y—l—g:Oorm—l—y—g:O.

Now check which line intersects segments OB and OC.

Line OB: slope is :é:g = % so equation is y = (%)m
0

. . . 737
Line OC: slope is ={=5

= 3, so equation is y = 3z.

On OB, substitute y = 5: z + 5 + § = 0 gives a negative intersection point for

z, so it lies on segment OB.
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327.

328.

On OC, substitute y = 3z: z + 3z + @ = 0 gives another valid intersection point
on segment OC.

Thus the required line is = +y + g =0.
The center of the square is C'(1,—1) and one side is z — 2y + 12 = 0.

. o [1=2(=D)+12] 15
Distance from C to this line is e Vs 3v/5.

So the side length of the square is 2 X 3v/5 = 6+/5.
The opposite side is parallel to the given line, so it is z — 2y + k = 0.
Distance between parallel sides equals 61/5, so ‘k%m = 6+/5, giving |k — 12| = 30.
Thus k=42 or k = —18, so opposite sides are x —2y +42 =0 and z — 2y —
18 =0.
Now the other two sides are perpendicular to these, so have form 2z + y + ¢ = 0.
Distance from center gives % =3V5, s0 |1+ ¢| = 15.
Thus ¢ = 14 or ¢ = —16. Hence the remaining sides are 2z + y + 14 = 0 and 2z +
y—16=0.
The given sides are 3v —2y+12=0 and z — 3y + 11 =0, and the diagonals
intersect at (2,2), which is the center of the parallelogram.
Opposite sides are parallel to the given ones.

|2

For 3z — 2y + k = 0, using distance from (2,2): [3(2) —2(2) + k\/% = %];‘
This equals the distance to 3z — 2y + 12 =0, so (|2 + k|) = 14, giving k = 12 or
k = —16.

Hence other side is 3z — 2y — 16 = 0.

_ . |2=6+k _ |k—4|
Forz —3y+k=0: TIo = vio®

This equals the distance to z —3y+11 =0, so |k—4| =7, giving k=11 or
k= -3

Hence other side is x — 3y — 3 = 0.

Intersect 3z — 2y + 12 =0 and z — 3y — 3 = 0 gives (—6, —3). Diagonal through
(2,2) and (—6,—3) is bz — 8y — 6 = 0.

Intersect 3z — 2y — 16 = 0 and z — 3y + 11 = 0 gives (10,7). Diagonal through
(2,2) and (10,7) is 5z — 8y + 6 = 0.

Hence other sides are 3z — 2y — 16 =0, x — 3y — 3 = 0, and diagonals are 5z —
8y—6=0,5x—8y+6=0.

The given parallel lines are 3z +4y+2=0, 3z +4y+5=0, and 3z + 4y —
5=0.

Since all have the same 3z + 4y part, their relative positions depend only on
constants 2,5, and —5.
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Clearly —5 < 2 < 5, so the line 3z 4+ 4y + 2 =0 lies between 3z +4y+5=10
and 3z +4y—5=0.

Now find the ratio in which it divides the distance between the other two lines.
So total distance between 3z 4+ 4y 4+ 5 = 0 and 3z + 4y — 5 = 0 is proportional to
|5 — (—5)| = 10.

Distance from 3z 4+ 4y + 2 =0 to 3z + 4y + 5 = 0 is proportional to |5 — 2| = 3.
Distance from 3z + 4y + 2 = 0 to 3z + 4y — 5 = 0 is proportional to |2 — (—5)| =
7.

Hence the required ratio is 3 : 7.

Therefore, the line 3x + 4y + 2 = 0 lies between the other two and divides their
distance in the ratio 3 : 7.

329. The given lines are z +2y+3=0,2+2y—7=0,and 2c —y—4=0.
The first two lines are parallel, so they form one pair of opposite sides of a square.

Their distance is the side length: |3 — (—7)ﬁ = % = 2/5.

Now the other pair of sides is parallel to 2z —y — 4 = 0, so write 2z —y + k = 0.

Distance between parallel sides is 2+/5: \/% = 24/5, so % = 24/5, hence
|k + 4] = 10.

Thus k=6 or k = —14.
Therefore, the fourth sides are 2z —y+6 =0 or 2z —y — 14 = 0.
330. The sides of the triangle are 3z + 4y —6 =0, 12z — 5y —3 =0, and 4z — 3y +
12 =0.
Between 3z +4y—6=0 and 12z —5y—3=0: 3”;3”_6 = 12253 giving

i3
13(3z + 4y — 6) = 5(12z — 5y — 3), which simplifies to 9z — 77y + 63 = 0.

Between 122 —5y —3 =0 and 4z —3y+ 12 =0: 12z;§y73 = 4””735?”'12, giving
5(12z — 5y — 3) = 13(4a — 3y + 12), which simplifies to 8z + 19y — 171 = 0.

Between 4z — 3y + 12 = 0 and 3z + 4y — 6 = 0: 41735“12 = 3m+§y76, giving 4z —
3y + 12 = 3z + 4y — 6, which simplifies to z — Ty + 18 = 0.

Hence the internal bisectors of the triangle are 9z — 77y 4+ 63 = 0, 8z + 19y —
171 =0, and x — 7Ty + 18 = 0.

331. From 3z + 4y = 12 and 5z + 12y = 20, we get A = (4,0).

From 3z + 4y = 12 and —7x + 24y = 22, we get B = (2, %)

From 5z + 12y = 20 and —7z + 24y = 22, we get C = (%, %)

Now the side lengths are computed:

_ 5 _ 50 __ 325
AB=3 BC=% CA=35

The incenter is given by I = % where a = BC, b=CA, c = AB.
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333.

334.

Soa=2 bz%,(::%anda—&—b—kc:@

51° 51 °
axd+bx24cxi8 . . .
& = —5——=. This simplifies to = ?—?
51
ax0+bxS4cxl25 . . .
Yy = ——53—2. This simplifies to y = %.
51

Let a point (z,y) reflect to (X,Y) in the line z +y+1=0.

For reflection in az + by + ¢ = 0, the formula gives

X=z— 27"(“;2?3;0) and Y =y — 271’(‘1;;:’;/;0).

Herea=1,b=1,¢c=1, so a2+ b2 = 2.

Thus X =z— (z+y+1)=—y—land Y =y—(z+y+1)=—2z-—1
So the transformation is x = —-Y — 1, y = —X — L.

Now the given line is px + qy +r = 0.

Substitute: p(—Y — 1)+ ¢(—X —1)+r=0=>¢X +pY +(p+¢g—7)=0
Hence the reflection of the line is gz + py+ (p+qg—1) = 0.

The roads are x —2y —4 =0 and 2z —y—4 = 0.

Their intersection point is found from x —2y =4 and 2z —y =4, giving P =
(4,0).

The direction of the angle bisector is obtained from normals (1,—2) and (2,—1),
giving (3, —3), hence direction (1,—1).

So the bisector through P is x +y —4 =0.
V2

After moving 2 km, the displacement is (\/57 —\/5) so the point reached is Q) =
(4+v2,-Vv2).

The river bank is perpendicular to the path, so its direction is (1,1).

A direction vector is (1, —1) with magnitude v/2, so unit vector is (%@, —i).

Through @, its equation is z —y —4 — 2v2=0.

Thus, the river bank is # —y —4 —2v/2 =0 and the point of contact is (4—0—
V),

The sides of the rhombus are parallel to y =2z +3 and y = 7x + 2, so their
slopes are 2 and 7.

Hence adjacent sides have slopes 2 and 7, and the diagonals are along the angle
bisectors of these directions.

The diagonals intersect at (1,2), which is the midpoint of both diagonals.

So if a vertex is A = (0,y) (since it lies on the y-axis), its opposite vertex C
satisfies midpoint condition:

0
Sre =1 and ¥ =2 So zo =2 and yo =4 —y.
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Thus C' = (2,4 — y). Now slopes of sides must match 2 and 7.

Take adjacent vertex B from A such that AB has slope 2 or 7.
Case I: slope of AB =2

Y¥p—Y _
zp—0 2

Since rhombus is symmetric about diagonals, solving consistently gives: y = 1
Case II: slope of AB = 7 Similarly gives: y =3
So possible vertices on y-axis are: (0,1) and (0, 3).

335. Let two mutually perpendicular lines be OX and OY. AB be the variable line
segment of constant length [ whose ends A and B move on the lines OX and
OY respectively.

Let OA =a and OB = b then A = (a,0) and B = (0, b).
Let P divide the line segment in the ratio of 1: 2. Let P = («, ), then
a=2and =15 Also, > =0A>+O0B? = a> +b? =2
9a? 4 3632 = 4I2. Thus, locus of P is 922 + 36y% = 4I2.
336. Let the line cut the axes at A = (pseca,0) and B = (0,pcsca). Let P(h, k) be

the middle point then h = §seca, k = S csca.

Thus, cosa = £ and sina =

P
2k

1

2 in2q =22 1P 1
cos“a+sin“a= g+ g = et

RIS

Hence, lcosu of the point P is m% + ;—2 =

337. The point of intersection of the given lines is given by (aa—fb, a“—&).

Equation of line passing through this point is given by y — aa—fb = m(z — a—b).

a+b
= A= (“,Z((;Iblfyo) and B = (0’ %)

Let P(a, 8) be the mid-point of AB. We have to find its locus i.e. eliminate m.

o=

ab(1—m) _ ab(l—-m)
~Fm(arp) a0d B= 2(atb)

%z—%ém:—gé2a5(a+b)=ab(a+,6):>2my(a+b)=ab(ac+y).

338. Equation of any line perpendicular to the given equation passing through the

origin is given by ¥ — ¥ =

Let foot of the perpendicular from the origin to the given line is intersection of
the two lines. Let it be P(«, ), then

2ei=tamdz -

Squaring and adding aQ(% + b%) + Bz(b% + L) =1= ?12 + b% = c%

a2
Here c is a constant and a, b are parameters = (a? + 52)0% =1
Hence, the locus of P(a, ) is 2% +y% = c%.

339. Equation of a straight line passing through (h, k) is y — k = m(z — h).
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341.

Equation of the straight line perpendicular to the above line passing through origin

isy= —%:c.

Let P(a, 8) be the foot of the perpendicular from the origin to first line. Clearly,
P(a, B) will be point of intersection of the two lines. Since P lies on both the

lines, therefore,

B—k=m(a—z) and ﬂz—ia:m:—%:y—kz—g(w—h):>:£2—|—
y? = hx + ky.
C
A
A
I
I
I
I
:
I
I [
0 L B

Let OA = ¢, then A = (0,c), where ¢ is a constant. Let C' = (a, ), then OL =
a=O0B— BL = ccotf — BC cos(6 + 60")

=ccotf — BC(COSHCOSGO° —sinf#sin60°) = ccot§ — %0050—1— %\/gsinﬁ

=ccotf — %ccsc@cos@—f— %ccsc@sine\/g

=ccotf — 5 cotf + \/ZEC = %(cot@—i— \/§)

and B=CL=CBsin(0+60") = AB(% sinf + cosG@) = #[sin@—f—
\/?:cose]

:§+@cot0

Thus, we get 8 = V3a —c

Thus, locus of C' is y = 3z — ¢, which is a straight line.
Let P(z,y). = % =22 +12

= (y—2z +1)2 =5(z% +y?)

= y? +42% + 1 — 4oy + 2y — 4z = 522 + 5y?

=zl +4y? +day+42—2y—1=0

For y = 2z: 25x2—1:0:>a:=j:%
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342. Equation of any line through origin can be written as y = mz.

Solving it with the two equations we have A= (mi”, 73—112) and B =
( 2 2m )
2m—1’ 2m—1/"
Let the coordinate of the mid-point be («, ). Then a = (2"3;1% and 8 =
m(3m+1)
Bm—1)(m+2)
_ 1 _B
S FTm o M=,
_ _(38+a)
Thus, o = ﬁ
Thus, locus is 222 — 3zy — 2y? + x + 3y = 0.
343. A
Q
R
. P
90° — 6 -~
B [0 A

Take A(h,0) and B(—h,0).

Let O(zq,y,) be a fixed point.

Let PQ be a line through P(a,b) and Q(c,d) such that OP 1 OQ.
So: (@ —zy)(c—21) + (b —y)(d—y,) =0

Equation of line PQ is: (y — b) = m(z — a) where m = 4=2

c—a’

Foot of perpendicular from O(z,,y,) to PQ is: R(z,y) satisfying: (z —z;) +
m(y —y;) =0

Also R lies on PQ, so: (y—b) = m(z —a)

Eliminating m gives: (z —z)(c —a) + (y —y;)(d —b) =0

Using OP L OQ condition and simplifying yields: (z — h)(z + h) +y*> = 0
Hence: z2 + 4% = h?

This is a circle with center (0,0) and radius h.

Therefore the locus of R is the circle with diameter AB.
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345.

346.

2 /NI
Q(—a,0) O M P0) °

Let PQ be taken as z-axis and its middle point is O, the origin and OY as y-axis.

Let PQ = 2a then P = (a,0) and Q = (—a,0). Let R = (h, k). Also let ZRPQ =
0 and ZRQP =

Given that § — ¢ = 2. Let RM be perpendicular to z-axis.

Here 0 and ¢ are variables and a and « are constants.

tan(f — a) = tan2c. tan6 = —%- and tan phi = k/(a + h)

a
Putting these values in tan(f — «) yields
h? —k? 4+ 2hkcot2a —a? =0
Hence, locus of R is 22 — 32 + 2zy cot 2a — a? = 0.

Equation of the line which passes through the point of intersection of the given
lines is given by

z+2y—1+k(2z —y—1) =0, where k is a parameter.

This line cuts z and y axes at A = (2’2%11, O) and B = (O, %) respectively.

Let P(a, 8) be the mid-point of AB, then a = (2(’2“;i1), z(gtlk))

2 =(2-k)2k+1)=> k=224

Putting k back in o we get 1005 = 36 + a = 10zy = = + 3y.

Let the variable line through O make an angle 6 with the positive direction of x
-axis. Any point on this line will be (7 cos6 + rsin 8).

Let the fixed lines be y = myz + ¢; and y = myz + c5.

min _ m +
T3 1 T2

Let OR =1,,0S8 =ry and OP = r3, then according to question

Since A and B lies on the fixed lines, therefore, 7, sin @ = m(r; cos ) + ¢; and

T4 Sin 6 = my(ry cosf) + ¢,

Let P = (o, f8), then & = rgcosf, 8 = rysiné

sin — cos 6 sin — cos 6
Thus, 22 = m LY +m M2

T3 cy 2 co

= mtn= (8 —mya) + (8 —mya)

The locus of Pis m+n = <m+l)y— (m—l—m)x

€1 C2 €1 C2



252 3. Answers of Straight Lines

(&
=Yy —mT+c %-é(i‘&*mzx*%) =0

Clearly locus of P is a straight line passing through the point of intersection of
the two fixed lines.

347. We take O as the originl Let the n lines be represented by y = m,x + c,, where
r=123,..n.
Let OA make an angle 6 with the z-axis and cut the given n lines at n diferent
points.
Let OR, =r;,ORy =71,,...,OR, =1,,OR =1 = R(a, ) = (rcos,rsinf)

C,

_ _ n
Yy=m,T+c, =>r,= sin —m,, cos 0

n _ _1 1 4 4 _1
= orR—OR, ToORr, T T Or,

n sin 0—m cos 6 sin 6—m,,, cos 6
= 1 + o+ n
T cy c,

C1
Hence, locus of R is a straight line.

348. Y
y=9z
slof)e =-1/9

Let the base of the triangle ABC be BC which passes through a fixed point
P(f,g). Let B = (zy,y;) and C = (25, ¥s)

Since P, B, C are collinear, therefore,

f g1
zy Yy 1 =0= f(y; —ya) — 9(x1 — 23) + (T1y5 — T3y;) =0
Ty Yoy 1

Let A = (a, 8). We have to find the locus of the point A.
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350.

351.

352.

Given lines are y? —8zy — 922 =0 =y —9z =0 and = +y = 0.

Let these lines be perpendicular bisectors of AB and AC. Since AB is perpen-
dicular to line y — 9z = 0, therefore,

Sl x9=—1=m 49 =a+98

Since mid-point (%, %) of AB lies on y — 9z = 0, therefore,

B+x)—9(B+y) =0=97; —y; = -9

— 4 4
Thus, x, = 9,84 O _ 40B+9%«

T Y1 = a1

Proceeding similarly for AC' we get 2y = —f and y, = —«

508—40a 408450
a1 a1

=Ty — Ty = and z,y; — oy, = *4*11[&(9/3 -

40c) — 5(408 + 90)]

and y; —y, =

Putting these in first equation we get locus of A as
42+ y?) + (49 + 5f)z + (4f — 5g)y = 0.

Let the coordinates of the vertex be (h, k), and let the lengths of the bases be

respectively [,1;,l,, ..., and their equations be respectively
rcosa+ysina=p,zcos B+ ysinf = pq, ... etc.

The length of the perpendiculars from (h, k) on the bases will be
|hcosa + ksin B — pl|,|hcos B+ ksin 8 — p,|, ... etc.

From the given condition sum of areas is constant. Thus,

x Z lcosa+y Z Isina — Z Ip = k, which is a straight line.

Let A(cost,sint), B(sint, —cost), C(1,2).

cost+sint+1
3 3

Centroid G(z,y) is given by = =

sint—cos t+2
3 .

Y=
So, 3z — 1 =cost +ssint, 3y —2 = sint — cos't.
Now, (cost + sint)? + (sint — cost)? = 2(sin? t + cos? ) = 2.
Hence, (3z —1)2+ (3y —2)? = 2.

Given position: £ =ucosa*t and y = usina *t — %th

T

From x = ucosa xt, t = —=—
u Ccos &

. . . 2
Substitute into y: y = usin a * (ﬁ) — %g(ﬁ)

ga?

= y=ctana — St co®a

2
Hence, the locus is: y = xtana —

gz
2u?cos? a”
Let the line through (1,1) meet the axes at A(a,0) and B(0,b).
Equation of line in intercept form is £ + ¥ =1

Since it passes through (1, 1), therefore, 2 + ; =1
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Let midpoint of AB be M(z,y). Then,z =%, y=2% =>a=22,b=2y

Substitute into ; +§ =1 to get 5o + 5. =1

Tty __

=gy =1=z+ty=2zy

Hence, the locus is 2zy = x + y.

353. Let the line through (o, ) meet the axes at A(a,0) and B(0,b).
Equation in intercept form: £ 4+ ¥ = 1.
Since it passes through (o, 8): ¢ % =1

Let midpoint be M (z,y) with z = %, y = 2. So a = 2z, b= 2y.

Substitute to get 5= + 27; =1

Hence, < + ﬂ = 2. Multiplying by zy gives ay + Sz = 2zy.
354. Let the line cut the axes at A(a,0) and B(0,b).

Then its intercept form is £ 4+ ¥ =1

Given condition is a +b =k
Midpoint of AB is M(z,y), so z = % y= % =a=2x,b=2y

Substitute into a + b = k gives 2z 4+ 2y = k

Hence, the locus is z +y = %

355. Let the line meet the axes at A(z;,0) and B(0,y;).

Since AP = b and PB = a, the total length is constant, therefore AB =a+b
Point P(z,y) divides AB internally in the ratio, thus, AP : PB=b:a

. . . _ bxO+axx, _  x, bxy,+ax0 _ 5 y,;
Using section formula: z = — 5~ = a4 y= —o5— = b4

So, z; = (a+b)% and y; = (a +b)¥

Since A and B are intercepts of the same line, therefore, %1

+3=1

N . (a+b) (a+b)y _
Substituting values yields % + % =1

Dividing by (a+b) gives & + & = 1.

356. Let the variable line cut the axes at A(a,0) and B(0,b).

Since the line passes through (5, 5) therefore £ + ¥ =1

Substituting (5, 5) ylelds =+ % =1=6(a+b) =5ab

Point P(z,y) divides AB internally in ratio 2:1: == AP: PB=2:1

Using section formula: ¢ = 29+l — gand y =

2xb+1x0 __ 2 b
2+1 -

2+1

So, a = 3z, b= 3%

Substitute into 6(a + b) = 5ab gives us 6(3z + 3%) = 5(3x)(3%)
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358.

359.

360.

361.

Hence, 5zy = 2(2z + y).

Let the moving line cut the axes at A(a,0) and B(0,b).

Equation of the line is £ + ¥ =1

Perpendicular distance from origin is given as p is ‘abﬁ =p

Squaring yields a?b% = p?(a? + b?)

Centroid of triangle OAB is G(z,y): x = §, y = %:> a=3r,b=3y
Substitute into distance condition to get (9z2)(9y?) = p®(9z2 + 9y?)

81x2y% = 9p?(z? + y?). Hence the locus of centroid is 9z%y* = p?(z? + y?).

Let P(z,y) be the moving point. Given AP 1 BP.

Slope of AP = y:zi and slope of BP =

Y—Ys
x —I

x

YY1 * Y=Y2 _ —1

Since lines are perpendicular, therefore,
T—xT,  T—Ty

= W—y)W—y)=—(—z)(@—x) = (—z)(—2) + (Y — )y —
Y2) =0

Hence the locus is (z — z1)(z — z5) + (y —y1)(y — y) = 0.

Let P(z,y) be the moving point.

Square of distance from (3,—2) is (z — 3)% + (y + 2)2

. . _ _ g . [5z—12y—13| _ |5z—12y—13|
Distance from line 5z — 12y = 13 is T T 13
Given condition is (z — 3)2 + (y +2)% = W

Multiply both sides by 13 gives 13[(z — 3)? + (y + 2)?| = |5z — 12y — 13|
Squaring both sides yields 169[(z — 3)% + (y + 2)2]2 = (5z — 12y — 13)2.

Let P(z,y) be the moving point. Fixed points are F (ae,0) and E,(—ae, 0).

Given \/(z —ae)? +y? +/(z + ae)> + 12 = 2a

This is the definition of an ellipse with foci F;, F; and constant sum 2a.

Squaring and simplifying gives ﬁ—; + #ﬁez) =

1.

Let the line y = = + ¢ intersect 2z 4+ 3y =5 at A(z;,y;) and 2z +3y =8 at
B(zy, o)

For A: y =x + c. Substituting in 22+ 3y =5 gives 2z +3(z+¢) =5= 5z +
3c=5

_ 5=3c _ _ 5+42¢
éacl——5 ,yl—xl—l—c——s

For B: 2z + 3(z +¢) =8 = 5z 4 3¢ = 8 = &z, = 53¢, ¢, = 842¢

3 3 .o — T1tZy _ 13—6¢ _ Yitys _ 13+4c
Midpoint M (z,y): x = 2572 = =53¢ and y = A52 = =55
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Eliminating ¢ From = = M = 6c =13 — 10z

13+4

Substitute into y yielfs y = = 4z + 6y = 13.

362. Let the point A be (a,0) on the z-axis and the point B be (b,6b) on the line
y = 6.
The length of AB is 2I, so using the distance formula we get (b — a)? + (6b)% =
412,
The midpoint of AB is M(z,y), so z = ‘%’b and y = 0+6b

From this we obtain b= ¥ and a = 2z — ¥.

Substituting these values into the length condition gives (% — (2.%‘ — %))2 +
36(2)% = 42,
This simplifies to (24 — 22:)2 + 4y? = 412
Dividing by 4 gives (¥ — :c)2 +y? =12
363. Let the variable line through P(—1,2) meet the x-axis at A(a,0) and the y-axis
at B(0,b).
The equation of the line in intercept form is 2 4 ¥ = 1.
Since it passes through P(—1,2) we get —% + % =1
This gives the relation —b + 2a = ab.
Let Q(z,y) lie on AB. Then Q divides AB in some ratio ¢ : 1.

Using section formula we get z = and y =t

L
+t 1+t°

Hence a = z(1+1¢ )andb—it)

Since P, A, Q, B are such that PA, PQ, PB are in harmonic progression we use
PQl = PAT'+PB™!
- .

1 _ Pates
PQ T 2

This gives the relation

Using coordinate distances we obtain after simplification that y = 2z.
Hence the locus of @ is the line y = 2.

ﬁ + % = P—zQ =y=2

—PA - PE= g S Y=2r+8

PA—ﬁzp—zQéy=72m+4
At Py oY= 24

Hence the locus is a rhombus bounded by these four lines excluding the vertices.

364. Let B(z,,y,) be a variable point.



The perpendicular bisector of OB passes through the midpoint of O(0,0) and

B(x,y;), which is (3,%-), and has slope perpendicular to OB.

Equation of perpendicular bisector of OB is z;z + y;y = z1+y1

The midpoint of AB, where A(4,4) and B(z,,y,), is (EITH, leH)

oy -4
Slope of AB is 3174,
i —9(y—27) =0

The point of intersection P(x,y) satisfies both equations.

so the perpendicular bisector of AB is (z; — 4) (m — leH) +

Eliminating x; and y; from the two equations gives a relation between z and y.
After simplification, we obtain (z — 2)? + (y — 2)? = 8.
365. Let O be the origin and let A(a,0) and B(0,b) be fixed points on the axes.
Let C(c,0) and D(0,d) be variable points on the axes.
The given condition is % — % = % — %
Let P(x,y) be the point of intersection of the lines AD and BC.
The equation of the line AD is y = d(1—2).
The equation of the line BC' is y =b — (g)x
At the intersection point P(z,y) we have d(1—2) =b— (2)z.

This simplifies to d — ( )z =b— (Q)x.

c

we rewrite it as 4=¢ = =2,
cd ab

Rearranging gives (b — ((g) (g))
Using the given condition % é % — %
This gives ab(d — ¢) = cd(b— a).

On solving the system and eliminating ¢ and d we obtain x = y.
Therefore the locus of the point P is z —y = 0.

366. Let @ = (a, k). Since QR is the bisector of ZOQA, therefore,

OR __ Va?+k? ~R= ava?+k? 0
RA ™ QA k Va2+k2+k’

Let P(a, ) be the foot of the perpendicular from R to OQ.

0
«

Now @, P, Q@ are collinear. -

> O
-
I
o
¢
o
[
°l§

a

AymRPLQQ@;j%ﬁf§:,1
Va2+k2+k

Putting the value of k£ we get locus as (az—xQ—y2)2(a2y2+ac2)=
a2y2(a:2+y2)2.
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367. A
B(0,b) = (k)
b
o) A0

368.

369.

As shown in the diagram (h — a)? + k? = a®> = CB?,h? + (k —b)? = a? = CA?
We have two equations and two unknowns. Solving thes gives locus of C'(h, k) as
br +ay=0.

Let the isosceles triangle have base BC on the x-axis with B(—a,0) and C(a,0),
and vertex A(0, h).

Let P(z,y) be the moving point.
The distance from P to the base BC is ¥, so the square of the distance is y2.

The equation of line AB is hx + ay —ah =0, so the distance from P to AB
is |hz+ay—ah|
Vitta?

The equation of line AC is hx —ay + ah =0, so the distance from P to AC
is |hz—ay+ah|

Viztaz
z+ay—ah| % |hz—ay+ah|
Vh2+a? Vh2+a?

The given condition is y% = Lh
This simplifies to y?(h% + a?) = (hx + ay — ah)(hz — ay + ah).
Expanding the product gives h2x? — a?y? + a%h2.

Substituting gives y2(h% + a?) = h%z? — a®y® + a®h>.
Rearranging gives h?z? + a?h? = y?(h% + 2a?).

Dividing by A2 gives 2% + a2 — 3% — (2%)1}2 =0.

Rearranging into standard form gives x2 4 3> (1 + 22—;) =a
Therefore the locus of P is a circle.

Let O be the origin. A variable line through O meets two fixed straight lines at
R and S.

. . . 2 _ 1 1
Let P lie on this line such that 55 = 55 + gg-
Since O, R, S, P are collinear, let OR =r, OS = s, and OP = p.

The given condition is 2 = 1 4+ 1,
p T s

This gives 2 = 10(l + l).

ks s



370.

Multiplying by s gives 2rs = p(r + s).

2rs

Hence p = 232,

Let the variable line through O have direction ratio (1,m) so that R = (r,mr),
S = (s,ms), and P = (p, mp).

The points R and S lie on two fixed straight lines, so r and s satisfy linear
equations depending on m.

Eliminating r and s between these two linear relations and the condition 2rs =
p(r + s) removes the parameter m.

The resulting relation between z and y is linear.
Therefore the locus of P is a straight line.
The i-th terms are z; = p+ (i — 1)a and y; = ¢+ (i — 1)b.

The mean of the first n terms of an arithmetic sequence is the average of first
and last terms.

zi+T,

Hence a = 5

Substituting gives o = pt(pt(n—l)a)
Soa=p+(n—1)%.

Similarly g = W'Ty" =q+(n— 1)%_

Eliminating n from both equations gives “=£ = %,

Hence, b(a — p) = a(B — q) i.e. the locus is bx — ay + ga — bp = 0.
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4 Answers of Pair of Straight Lines

1. The joint equation is given by (x —4y +2)(x —y—1) =0 = 22 — 5zxy + 49> +
rz+2y—2=0.

2. Let y = mx be the straight line passing through origin and making an angle «
with y + 2 = 0.

Then tana = ‘ﬁ—t}ll = m?(1 —tan? a) + 2m(1 + tan? @) + (1 —tan?a) = 0
= m; +my = —2sec2a,mmy = 1.

Thus, (y —myz)(y — myx) = 22 + 2zysec2a + y% = 0.

3. Since the pair of lines are perpendicular and form an isosceles triangle with 2z +
3y = 6 the pair will make 45° with it. Let m be the slope of pair of straight
lines. Then

o (2
tan 45 zlz‘w_,_%n

=m= é,—5. So the lines are 5y —x = 0 and 5z +

y = 0 as they pass through origin.

Solving the three lines pairwaise we obtain vertices as (0,0), (%, 16—3), (—1—63, ?—g)
— 936
Thus, A = 169

4. The combined equation is given by (2x —y — 3)(3z —y +4) = 622 — 5y + 3% —
z—y—12=0.

5. Lines parallel to x —2y =5 and z =3y —4 are given by x —2y =c¢ and z —
3y = k.
Given that both pass through (1, 2), thus, ¢ = —3 and k = —5. So the lines are z —
2y+3=0and z—3y+5=0.
Thus, combined equation is (z — 2y + 3)(z — 3y + 5) = 22 — 5xy + 622 + 8z —
19y + 15 =0.

6. The bisectors of angle between coordinates axes is given by £ —y =0 and z +
y = O(verify).
The combined equation will be therefore 22 — y% = 0.

7. Comparing given equation with general equation in second degree we have a =
8,b=2,c=15,2h =8,29g = 26,2f =13

Now abc + 2fgh — af? — bg? — ch? = 0. Hence, the given equation represents pair
of straight lines.

8. Comparing the given equation with the general equation of second degree we get
a=6h=kb=12,g=11,f=3 c=20
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us

— _ 682+2 __ 171 1
40K? — 682k + 2007 = 0 = = 0822 — 171 17T,
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9. Comparing the given equation with the general equation of second degree we get
a=10,2h=—11,b=—6,9=—6,f = —3,c=2
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us
0 = 0. Hence, the give equation represents pair of straight lines.
10. Comparing the given equation with the general equation of second degree we get
a=22h=—-15b=-17,g=2,f=2,c=—6
Putting these values in abc + 2fgh — af2 —bg? — ch? = 0 gives us
0 = 0. Hence, the give equation represents pair of straight lines.
11. Comparing the given equation with the general equation of second degree we get
a=m,2h=—-5b=—6,2g=14,2f =5,c =4
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us
m = 6. We see that a + b = 0, hence, the lines are perpendicular to each other.
12. Comparing the given equation with the general equation of second degree we get
a=1,2h=m,b=-2,2¢g=0,2f =3,c=—1
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us m = +1.
13. Comparing the given equation with the general equation of second degree we get
a=12,2h=-10,b=2,2g=11,2f = —5,c=m
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us m = 2.
14. Comparing the given equation with the general equation of second degree we get
a=6,2h=5b=—-4,29="7,2f =m,c=2
Putting these values in abc + 2fgh — af? — bg? — ch? = 0 gives us m = 2 or %.
15. a =4,2h = 24,b = 11 from the given equation.

Let 6 be the angle between the pair of straight lines. Then

tan = 2vhi-ab

s 3, so the acute angle between the lines is tan~ !

Wl

2a = (zcos 8 — ysin )2

16. Given equation is (z? 4 y?)sin
= (cos? B — sin? a)x? — 2sin B cos Bzy + (sin? B —sin® a)y*2 = 0
= a = cos? f —sin? a, 2h = —sin 283, b = sin’? B — sin? o
Let 6 be the angle between the lines. Then

tan@—2v *“ = +tan 2«

Thus, angle between the straight lines is 2a.

17. Comparing with the general equation, we have
a=1,2h=—5,b=4.If 0 is the angle between the pair of straight lines, then
tan = 2Yh1ab _ 3

a+b 5




18.

19.

20.

21.

22.
23.

Thus, acute angle between the lines is tan™? %

. . . ind 4
We can write the given equation as y? — mxy + (%)ﬁ =0

Let the straight lines by y —ztana = 0 and y — ztan 8 = 0, then

sin? 6+ cos? §
sin? 6 cos?

tan o + tan 8 = and tanatan 8 =

2
sin 6 cos 0°
(tan o — tan 8)? = (tan a + tan §)? — 4tan atan B

_ 4 _ A4(sin” 6+cos* ) 4 w20 49\
" sin2 @ cos? 0 sin2@cos2@ ~ sin?6cos? 6 (1 sin® § — cos 0) =4

= tana — tan § = 2.

Let § be the angle between the pair of lines given by the equaiton az? + 2hzy +
by? = 0. Let A, B be the foot of perpendiculars from P(p,q) on the two lines.

If we draw a circle with OP as diameter then both A and B will be on tihs circle
because diameter OP will make right angle at any point on the circumference.

~ ZOAB = ZOPB = a(let)

From A\ OAB, we have giOB = ABH, and from /A OPB, we have -2, = OB _ AB
sin o sin sin 90 sin o sin 6
Vh2— Vh2— . 2/p2+a2Vh2—ab
tan§ = 2Vh—ab — _2VhP—ab AR — QPsinf = VPO VR 9
a+b V/(a—b)2+4h2 (a—b)2+4h?
. . 2/p2+a2Vh2—ab
From previous question AB = 22t Vi _ab
(a—b)2+4h?

ok = 2v/p%+q2Vh2—ab
TevT (a—b)2+4h?

Hence, locus of point P(p,q) is (2% + y2)(h% — ab) = k?[(a — b)? + 4h?].
Comparing with the general equation yields @ =1,b = —1. Since a + b =0, the
lines will be perpendicular to each other.

Like previour problem a + b = 0, the lines will be perpendicular to each other.

Comparing with the general equation yields a =1,b=1,h = —p.
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24.

25.

26.

27.

If 6 is the angle between lines then tanf = 2vp-l p — = 4/p?

=60 =tan"t+/p2—1.

Comparing with the general equation yields a = 1,b = 1,h = —sec§.

If « is the angle between the lines then tana = 27”9‘3229_1 = tanf

Thus, the angle made by the pair of straight lines with one another is 6.
The given equation is ((z2 + y?)sin® a = (zcosa — ysin® a)).

2

Expanding the right-hand side gives (2% cos® a — 2zysin a cos a + y? sin? ).

2 2 2 2 2 2

So the equation becomes z°sin‘ o+ y“sin®a = x* cos

y2 sin? a.

a — 2zysin acos a +
Canceling y? sin? a from both sides gives x2 sin? o — cos? o + 22y sin a.cos a = 0.

Using identities sin? o — cos?a = —cos2a and 2sinacosa =sin2a, we get

—x2 cos 2a. + zy sin 2 = 0.

Factoring gives z(—x cos 2« + ysin 2a) = 0.

So the two lines are z = 0 and ysin 2a — x cos 2a = 0.

cos 2c
sin 2

The first line has slope undefined, and the second line has slope m = = cot 2a.

Using the angle formula between lines, the angle between them is 2a.
The given equation is 6x2 — 5zy — 6y% + 14z + 5y + 4 = 0.

Compare with the general second degree form ax? 4 2hxy + by? + 2gx + 2fy +
c=0.

We identify a = 6, 2h = —5 so h = —g, and b = —6.

To check if it represents a pair of straight lines, we use the condition abc + 2fgh —
af? —bg> —ch?=0.

Here g =17, f = g nd ¢ = 4.

Substituting gives 6% (—6) %4+ 2% (3) % T (—2) — 6% (3)> — (—6) 72 — 4%
(-3)"

This simplifies to —144 — & 150 + 294 — m =0, so the condition is satisfied.
Hence the equation represents a pair of straight lines.

Now for perpendicularity, we use the condition a +b = 0.

Here a + b =6+ (—6) = 0, so the lines are perpendicular.

We identify a = 16, 2h =24 so h =12, and b = 9.

First check if it represents a pair of straight lines using the condition abc + 2fgh —
af? —bg? —ch? = 0.

Here g = 20, f =15, and ¢ = —75.



28.

29.

30.

31.

32.

33.

Substituting gives 16 * 9 x (—75) + 2% 15 %20 * 12 — 16 % 152 — 9 % 202 — (—75) *
122,

This simplifies to —10800 + 7200 — 3600 — 3600 + 10800 = 0, so the condition is
satisfied.

Hence it represents a pair of straight lines.

Now check for parallel lines using the condition h? = ab.

Here h? = 122 = 144 and ab = 16 x 9 = 144.

Since h? = ab, the two lines are parallel.

azl,h:—g,bzll,g:%,f:l, and ¢ = —2.

Check the condition abc + 2fgh — af? — bg®> — ch? = 0.

Substituting gives 1#4% (—2) 4+ 2% 1x (1) % (=3) — 112 —4x (3)* — (—2)
(-5)"

This simplifies to —8 — g —-1-1- % =0, so the condition is satisfied.

Hence it represents a pair of straight lines.

Now the angle between the lines is given by tanf = 2 7”22;;*”.

Substitute h2=%and a*xb=4.So hQ—a*b:%—%z%

_ 23 _ 3 —tap—13
Thentan@—f—gﬁe—tan 5

a=12,h=%,b=—p,g=—9,f=%,c=6.

For perpendicular lines: a + b = 0 gives 12 —p =0 so p = 12.

Using abc + 2fgh — af? — bg? — ch? = 0 gives ¢ = 1.

222 4+ 32y — 24> = 0= (22 —y)(xz + 2y) = 0, which gives two straight lines
through origin and perpendicular to one another.

Given equation can be written as 222 — (y — 9)z — (y> + 3y — 10) = 0

Solving for z gives dc =y—9+ By+1)=z—y+2=0and 2z+y+5=0.
We can write the given equation as a quadratic equation in x as follows:
222+ (5y + 6)z + (3y> + Ty +4) =0

Solving for z yields 4z = —(5y +6) + (y+2) >z +y+1=0and 2z + 3y + 4 =
0.

Point of intersection is (1, —2) and angle between them would be tan~" .

We can write the given equation as a quadratic equation in z as follows:

822 + (8y +26)z +2y% + 13y +15=0

Solving for z yields 16z = —(8y +26) + 14 = 40+ 2y+3=0and 2z +y+5 =
0.

Thus, we have a pair of parallel straight lines.



266 4. Answers of Pair of Straight Lines

. . . 53 7
hem is 122k = T
Perpendicular distance between them is T 3

34. We can write the given equation as a quadratic equation in z as follows:
22— (by— 1Dz + 4y +2y—2) =0
Solving for z yields 2z = (by — 1) £ 3(y —1) =z —4y+2=0andz—y—1=0
Lines parallel to these lines and passing through (1,1) are given by
z—4y—(1—42)=0andz—y—(1—1)=0ie z—4y+3=0and z =y.

The combined equation is (z — 4y 4+ 3)(z —y) = 0 = 22 — 5zy + 4y> + 32 — 3y =
0

. . 2y/22-4
Thus, angle between lines is tanf = 1i4 = % = 0 = tan!™ %
35. y
/l e
)/ €(5/18, 11/36)
0.3 /

A9, 2/9) )

0.2

0.1

0(0, 0) 0.1 0.2 0.3

Given pair of lines is 222 — 52y + 2> =0= (z —2y)(2x —y) =0 =2 —2y =0
and 2z —y = 0 are the two lines represenetd by it.

Let these sides are OA and OB. Let the given diagonal be AB ie. 5z + 2y = 1.
Solving with the parallel sides we get B as (%, 1—12) and A as (%, %) Thus, mid-
point is (%, %)
Thus, equation of other diagonal would be 11z — 10y = 0 as it passes through H
and O.

1

Thus, Apup = 7—12 and area of parallelogram is 5.



36.

37.

38.

A y=9%

The given pair of lines is y?> —8zy — 922 =0=y— 9z =0and x +y = 0.

Let the vertex be (o, ) then 9y +z — (o +98) =0 and z —y + (. — 3) = 0 will
be the equation of two sides perpendicular to the bisectors.

Let two other vertices be (z1,y;) and (24, y,). Then 9y; + 2, = a+ 98 and z, —
Yp=a—f

Also, mid-points will be

+x +
S By g SR (Bry)
2 2 :

Solving we get (z;,y,) = (25102, 402490) and (z,,y,) = (~f, —a)

P is collinear with these two points, therefore,

f g 1

—B —a 1

98-40a  40B+9a |
41 41

=0

Thus, we get locus as 4(z% + y?) + (49 + 5f)x + (4f — 5g)y = 0.
The two pair of straight lines are y — mz = +av'1 + m? and y — nz = +av'1 + n?

Clearly the two pairs are parallel to each other. The distance between the lines are
|2a| for all pairs.

Thus, the given pair of straight lines form a rhombus.

Comparing given equation with the general equation of second degree we have
a=0,b=0,c=c,h=h,g=9,f=f

Since the equation represents two straight lines, theerfore,

abc +2fgh —af? —bg®> —ch?>=0=c = 2—,{9

Thus, the equation becomes 2hzy + 2gx + 2 fy + +2ng =0= (hz+ f)(hy+g) =
0
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39.

40.

41.

T = —%, y = —7, and clearly, these lines will make a rectangle with coordinate axes.

Area of the rectangle is |—£’ x|—£| = %.

Assume given line represents a pair of straight lines: (z + Ay + B)(z + Cy +
D) =0.

Expanding, z2 + (A + C)zy + ACy? + (B + D)z + (AD + BC)y + BD = 0.

Comparing coefficients: A+ C = -5, AC =4, B+ D=1, AD+ BC =2, BD =
—2.

From AC =4 and A+ C = —5, we get A=—1,C = —4.

Now solve for B, D using B+ D =1 and BD = —2, giving B=—1,D = 2.
Thus the factorization is (z —y —1)(z — 4y + 2) = 0.

Hence, the separate equations of the lines are t —y—1=0and z —4y+2 = 0.

The given homogeneous equations represent pairs of straight lines through the
origin.

First equation is 22 — 6zy + 3y? = 0. Divide by x? assuming = # 0 to get 1 —
6(2) +3(2)" =0.

Let m = £, Then 3m?—6m+1=0.

The slopes are given by m = 6+_‘<@ = 6+_62\/6 =14+ _g.

So the slopes are m; =1+ @ and my =1 — \/Té.

Second equation is 372 + 6zy + y? = 0. Divide by 22 to get 3 + 6(%) + (%)2 =0.
Let m = £. Then m? + 6m + 3 = 0.

The slopes are m = *6+**2/36f12 = *6+;2‘/€ = -3+ 6.

So the slopes are my = —3 4+ v/6 and m, = —3 — /6.
Now check perpendicularity using the condition that the product of slopes is —1.

Compute mym; = (1+§>(73+\/6‘) = 3+v6-V6+2=—1.

So m, is perpendicular to ms.
Compute mym, = (1—?)(—3—\/@) =-3-V6+v6+2=—1.

So my is perpendicular to my.

Thus each line from the first equation is perpendicular to one line from the second
equation.

Given pairs of lines are y? + xy — 1222 = 0 and 4y% — 13zy + 322 =0
Y2 4oy — 1222 =% + 4oy —3zy — 1222 =0 = (y + 4z)(y — 3z) =0
4y? —13xy + 322 = 4y% — 122y —zy + 322 = (y — 3x)(dy —2) =0



42.

43.

44.

We see that y — 3z = 0 conincides and the other pair ie. y + 4z =0 and 4y —z =
0 are perpendicular to one another.

22 — Ty +12y? = 22 — 3zy — 4oy + 12y = (z — 3y)(z —4y) =0

1202 + Toy +y? = 1202 + 3zy + 4oy +y? = (dz +y)(B3z +y) =0

Clearly, the lines are perpendicular to each other.

From z2 — 7z 4+ 6 = 0 we get (z — 1)(x — 6) = 0, so the lines are z = 1 and = = 6.
From y? — 14y + 40 = 0 we get (y —4)(y — 10) = 0, so the lines are y = 4 and
y = 10.

These four lines form a rectangle with vertices at (1,4), (1,10), (6,4) and (6, 10).

The diagonals join opposite vertices.

. : . 10-4 _ 6
First diagonal passes through (1,4) and (6,10). Its slope is 5= = .

Using point-slope form y — 4 = (£)(2 — 1) which simplifies to 6z — 5y + 14 = 0.

. (o 4-10 6
Second diagonal passes through (1,10) and (6,4). Its slope is %= = —¢2.

Using point-slope form y — 10 = (—£)(z — 1) which simplifies to 6z + 5y — 56 =
0.

The equation 3z2 + 8zy — 3y? = 0 represents a pair of straight lines through the
origin.

Divide by #* and put m = £. Then 3 + 8m — 3m? = 0 which gives 3m? — 8m —
3=0.

8+7‘/§4W =810 So m =3 and m =

Solving, m = —%.

Thus the lines are y = 3z and y = —%.

Now consider 3z2 + 8zy — 3y? + 2z — 4y — 1 = 0. This represents another pair of
lines parallel to the first pair.
Rewrite it as 322 +8zy —3y> + 2z — 4y — 1= (y— 3z + 1)(By +z + 1).

i — _ 1
So the lines are y =3z — 1 and y = —% — 3.
Hence we have two pairs of parallel lines y =3z andy =3z — 1,y = f% and y =
x 1
373

The slopes satisfy 3 (—%) = —1, so the adjacent sides are perpendicular. Also the

perpendicular distance between each pair is equal.

Distance between y = 3z and y = 3z — 1 is 2= =

Vi+9 © V10’
1
Distance between y = —Z and y = —£ — 1 js —2— = L
Y 3 Y 373 Avi V1o

Thus the four lines form a square.

Vertices are obtained by intersection of adjacent lines
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45.

46.

47.

Intersection of y = 3z and y = —% gives (0, 0), Intersection of y =32z — 1 and y =
—3 gives (13—0, —%), Intersection of y = 3z and y = —5 — % gives (—%, —13—0), and
Intersection of y =3z —1 and y = —5 — % gives (%, —%)

One diagonal joins (0,0) and (%, —%) Slope is —2 so equation is y = —2z or 2z +
y=0.

Other diagonal joins (13—0, —%) and (—%, —%), Slope is % Using point-slope form
y+ % = (%)(x — 1—3’0) which simplifies to x — 2y — % =0.

272 — bxy — 3y? — 2z + 6y = (222 — Bzy — 3y?) + (—2z + 6y).

Factor the quadratic part 2z% — 5xy — 3y? = (22 + y)(z — 3y).

So the equation becomes (2z + y)(z — 3y) — 2(z — 3y).

Factor out (z — 3y) = (z — 3y)(2z + y — 2).

Hence the given equation reduces to (z — 3y)(2z +y —2) = 0.

Therefore it represents two straight lines £ —3y =0 and 2z +y —2 = 0.

From z — 3y = 0 we get x = 3y. Substitute into 2z +y —2=0=23y) +y—2 =
0:>7y=2soy:%.Thenx:3y=$.

Let one line represents by ax? + 2hay + by? = 0 is y — ma = 0. Thus,
am?z? + 2hama +bm?2? =0 = a +2hm +bm? =0

Then according to question on of the lines of a;z? 4 2h,zy + b;y* = 0 would be
my+z=0

= a,(—my)? + 2h(—my)y + b1y = 0= b, —2hym+a;m? =0

From two obtained equation we cross-multiply to get

1 _ m _ m?
2(hay+h.b) — bby—aa; ~ —2(ah;+bih)
- a, _ 72(ah1+b1h)
Thus, (bbl a’2(ha1+h1b) - bb,—aa,

= (bb; —aa;)® + 4(hya + by h)(ha, + bh,) = 0.

Consider the equation az? + 2hzy + by? = 0 which represents two straight lines
through the origin.

Let their slopes be m; and m,. Put y = mz so that a + 2hm + bm? = 0 or bm? +
2hm +a = 0.

Thus m; and m, are the roots of bm? + 2hm + a = 0.

So my +my = —2% and mymy = ¢.

Given that one slope is A times the other, let m; = Am,,.

Then my + my = Amy + my = (1 + A)my and mym, = Am3.

Using mym, = ¢ we get Am3 = § so m3 = %.

Now using m,; + m, = —22 we get (1+ A\)m, = —22.



48.

49.

50.

51.

(5 =2

2h — ab’

Consider the equation az? + 2hxy + by? = 0 which represents two straight lines
through the origin.
Let their slopes be m; and m,. Putting y = mz, we get a + 2hm +bm? =0 or

bm? + 2hm + a = 0.
Thus m; and m,, are the roots of this equation, so m; + m, = —2% and my;my = ¢.
Given that one slope is the square of the other, let m; = m3.

— 3 —a 3_a
Then mymy = m5 = 7 so my = ¢.

Also my +my =mi +m, = —2%.
Multiply this by my, m3 +m2 = (—2%)m2.
Using mj = %, we get § +m3 = (—2%)m2.

Multiply by b, a + bm2 = —2hm,.

Now square both sides, (a + bm%)2 = 4h’*mi.

Expand, a? + 2abm3 + b?m3 = 4h?m2.

Divide throughout by ab, % + 2m3 + (%)m% = (42—2)171%

3 _a
Now use my = %.

3 ‘D—\p
N

4 _ 3 _ a 2 _
Then mj = my * mj = my * ($) and m3 =

Substitute these into the equation and simplify. After simplification, we obtain “T*b +
8h2 _ g

ab T 7"

Each represents a pair of straight lines through the origin. Let a common line have
slope m. Then it must satisfy both equations.

Putting y = mx in each equation, we get a + 2hm + bm? =0 and o’ + 2h'm +
b'm? =0.

Thus m is a common root of the two quadratic equations bm? + 2hm + a = 0 and
bm?2+2Wm+a’ = 0.

For these two quadratics to have a common root, the condition is (ab’ — a’b)2 =
4(ah’ —a’h)(hb" — h'D).

Comparing given equation with the general equation in second degree gives us

a=3,2h=—5 and b= 4.

. . . . 2_ .2
We know that the equation of bisector of angles is given by = = Z¥
Substituting the values yields 5z% — 2xy — 5y = 0.

The line = + 2y = 7 will be equally inclined to the lines 13522 — 136zy + 33y% =
0 if it is parallel to bisector of lines of 13522 — 136xy + 33y% = 0.

Comparing given equation with the general equation in second degree gives us
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52.

53.

54.

55.

56.

57.

58.

a = 135,2h = —136 and b = 33.

. . P z2—y? _ zy
Equation of bisectors is given by ——- = 3*

Substituting the values we obtain 2x2 + 3zy — 2% = 0 = (z + 2y)(2z — y) = 0.
Clearly, the given line is parallel to  + 2y = 0.

The two pair of straight lines will be equally inclined if they have the same bisectors.

v: _ ay
A

For a’z® + 2h(a + b)zy + b*y* = 0 the bisectors are given by Z;— bz = h(zzb) =

22—y2 _ay

a—b ~ h°

Thus, bisectors are same for them, and hence, they are equally inclined.

2 zy

. 2 2 _ 3 i =
The bisectors of ax® + 2hxy + by* = 0 are given by zafz,' =

= hx? — (a — b)ry — hy? = 0, whose bisectors are given by

z227hy2 _ 7& - (a_ b)(x2 _y2) +4h1‘y =0.

Equation of the bisectors for the second equation is i(—}f) =g = qz? + 2zy —

qu = 0, which is given to be the same as first equation.

Comparing coefficients % = % = :> pqg = —1.

Given pair of lines is az® + 2hzy + by? = A(z? + y?)

The equation of bisectors is given by %

i = 7, which is independent of \.

Hence, proven.

Equation of bisectors for lines ax? + acxy + cy? = 0 is given by

Equation of bisectors for lines (3 + %):ﬁ +zy + (3 + %)yZ =0 us given by

z20y? T z2—y? T 2z
Yy _y:> 2oyt ry

e — e 7, Y which is same as previous bisectors.

The lines will be equally inclined if their bisectors are parallel. The bisectors of
222 4 62y + y? = 0 are given by

L;:’lfz =z¥=3(2* —y?) = ay.

The bisectors of 4x2 + 18zy + y? = 0 are given by

2

x4:¥2 =F =32 —y?) =ay.

Since the bisectors are same the lines are equally inclined.

Since the rotation of lines balance each other the bisectors in new position will be
same as bisectors of the original position.

Thus, equation of bisectors of angles between the lines z% — 2pzy —y? =0 is
given by

2?y® _ _ay
2 - D



59.

60.

61.

Let the pair of lines be given by the homogeneous second degree equation az? +
2hxy + by? = 0.

Since one of these lines is the bisector of the angle between the coordinate axes, it
must be either y = = or y = —z, because these are the angle bisectors of the axes.

Substitute y = 2 into the given equation az? + 2hxx + bx? = 0 which simplifies
to (a+2h +b)z? = 0.

For this to represent a line, the coefficient must be zero, so a + b+ 2h = 0.

Now substitute y = —z into the equation ax? + 2hz(—z) + bx% =0

which simplifies to (a — 2h + b)22 = 0. Thus we get a + b — 2h = 0.

In either case, the condition for one of the lines to be an angle bisector is that

either a+b+2h=0o0ra+b—2h =0.

Both can be written together as a + b = +2h.

Squaring both sides gives (a + b)? = 4h2.

First consider the pair of lines x2? 4+ zy — 2y 4+ 42 —y + 3 = 0.

Assume a line through the origin has slope m, so it is y = ma. Substituting in the

homogeneous equation gives z% + maz? — 2m2x? = 0.(we consider only homoge-
neous part)

After dividing by 22 we obtain 1 +m —2m? = 0.

Thus the slopes of the two given lines satisfy 2m? —m — 1 = 0.
Let the roots be m; and my. Then m; + mqy = % and m;mqy = —%.

The slopes of the angle bisectors satisfy (1 —m;my)m? + (mq +my)m — (1 —
mymsy) = 0.

Substituting the values gives (1 + %)mQ + %m — (1 + %) =0.

Multiplying by 2 simplifies this to 3m? +m — 3 = 0.

Hence the bisectors through the origin have slopes satisfying 3m? + m — 3 = 0.
Now the required lines pass through (1,2) and are parallel to these bisectors, so

their form is y — 2 = m(z — 1).

Eliminating m using the quadratic condition gives the combined equation
3(y—2)2%+ (y—2)(z—1)—3(z—1)2=0.

Given line is fz —gy =X = @ =1

Given equation is 2 + hzy —y? + gz + fy =0

= 2? + hay — y* + g L5 + fy T = 0

= A+ f9)z* + (M — ¢* + fP)zy — (A + fg)y® = 0

The above equation represents two lines through origin to the point of intersection
of given line and curve.

Coeff. of 22 + Coeff. of y? = 0. Hence, the lines are perpendicular to each other.
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62.

63.

64.

65.

66.

y—3r=2= % = 1. Now equation of the curve is 22 + 2zy + 3y? + 4z + 8y —
11=0

= 2 4 2wy + 3y? + 420530 4 gusn) g wde?

= Tx? —2zy —y? = 0.

This is the equation of the lines passing through origin and point of intersection

of the given line and curve.
2vh2—ab| _ —-12V2
a+b - 5 °

Angle between lines is 0 = tanfl‘ tan

2 2
y: _ [ lztmy
tE= ( n )

z
P(H-5) - Zay+ (- 2) =0

which is of the form Ax? + 2Hzy + By? = 0 i.. the lines pass through origin and

We can write

point of intersection of the given curve and the given line.
The lines obtained will coincident if H? — AB = 0. Substituting the values yields
a?12 + b®2m?2 = n2. Hence, proved.

The pair of lines which joing the origin to the point of intersection of the two
gives curves can be obtained by making the given curves homogeneous.

Multiplying first with g; and second with ¢g and subtracting yields

(agy — a19)2* + 2(hgy — hyg)zy + (bgy — b1g)y* =0

These lines will be perpendicular to each other if ag; —a,9 +bg; —b;9=0
= g(a; +b,) =gi(a+b).

The required lines pass through the origin and the points of intersection of 3z +
4y = 5 and 2z% + 3y? = 5.

Let the slope of such a line be m, so its equation is y = ma.

Substitute y = ma into the line 3z 4+ 4(mz) = 5 which gives (3 + 4m) =5 and

_5
3+4m”

hence z =
Now substitute z and y = mx into the curve 222 + 3y? = 5.
This gives 222 + 3m?z® =5 or z%(2+ 3m?) = 5.

Substitute x = 3,4_%, (34-%)2(2 +3m?) = 5.

This simplifies to m? + 24m — 1 = 0.

Thus the slopes satisfy m? + 24m — 1 = 0.

Replacing m by £ gives the combined equation of the pair of lines (%) +24(Y%) -
1=0.

Multiplying by x2? we obtain y? + 242y — 22 = 0.

Hence the required pair of straight lines is y* + 24zy — 22 = 0.

Let the required lines through the origin have slope m, so y = mz.



67.

68.

69.

_1
3—2m"

From 3z — 2y = 1, substitute y = mz, z(3—2m) =1so z =
Substitute  in  3z% + 52y —3y* + 223+ 3y =0=2%(3+5m —3m?) + z(2 +
3m) = 0.

Put z = —— and simplify 3 + 5m — 3m? + (24 3m)(3 — 2m) = 0.

This gives 9m? — 10m — 9 = 0.

If slopes are m; and my, then m;m, = —1. Hence, the lines are perpendicular.

Given y = mz + ¢ and 2% + y? = a%.

Substituting 22 + (mz + ¢)? = a® = (1 + m?)z% + 2mcz + (> —a?) =0

c?—a?

Let roots be x1,xy. Then z; + x5 = e

2mec
T 1tm2 and T1Ty =

Slopes of lines from origin are s; = m + Fcl’ Sy =m+ é

Product is s;8, = m? + mc(i + L) 4 <

T1 T3 T1T2

. . . . L i _ z1+12

Using identity: e T o T
. o _ 2—m2g?
Simplifying, s;5, = “57
For perpendicular lines: s;55 = —1
c2—m?2a? 2 2 2

So, TG =—-1=2"=a (1+m?).

Let the required lines from origin be y = k.

Point of intersection satisfies both: lz + mkxz +n=0=z(l+ mk)+n=0=z =

n
I+mk

Also from parabola: (kr)? = daz = k%22 = 4ax

Substituting z, k2 (—H’:nk)Q = 4“(_14-%)

Simplifying, k*n? = —4an(l + mk)

Rearrangeing nk? + 4amk + 4al = 0

So slopes ky, ky satisty: kiky = 4a%

Hence the required lines are given by: y = kx where k satisfies nk? 4+ 4damk +
4al =0

Condition for perpendicularity is k k, = —1

So, 4a%=—1:>4al+n20.

Expanding (z — 3)% + (y — 4)% = ¢? gives 22 + y*> — 62 — 8y + (25 — c?) = 0.

4z+3y
24 -

Homogenizing with 1 yields the joint equation of lines from the origin.
—1200zy + (25 — ¢2)(1622 + 24zy + 9y?) = 0

For perpendicular lines the condition is a + b = 0, where a and b are the coefficients
of 2% and y%:
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70.

71.

72.

73.

74.

75.

16(25 — ¢2) +9(25 — 2) = 0 = 25(25 — ) = 0 = ¢ = +5.

Homogenizing 22 + y? = 1 with y — mz = 1 gives 22 + ¢ — (y — mz)? =0,
which expands to z2 + y? — y? + 2may — m?z? = 0, ie. (1 —m?)z? + 2may = 0.
For perpendicular lines, a +b =0, so the sum of coefficients of 2% and y? must
vanish, ie. (1 —m?)+0 =0, giving m®> = 1, hence m = +1.

Rewrite the circle as 2 + y? — 2hx — 2ky + (h? + k? — ¢?) = 0 and homogenize

kx+hy.
2hk °

using 1 =

2
22+ 9% —2hx - kgzl};y —2ky - kzzzy + (R + k> —c?)- (kzzzy) =0.

The coefficient of 22 is 1 — 1+ % = (h® + k* — c?) 1% and of y? is

%. Applying the perpendicularity condition a + b = 0:

(W + 1 =) () + ()] = 0= (24 =) e = 0

Since h, k #+ 0, the second factor is nonzero, so h? + k2 =2

Let the straight lines represented be y = m,z and y = myx for az? + 2hzy +
by? =0

2
Then, m; + mqy = —Th and mym, = ¢

The lines perpendicular to these would be  +m,y =0 and x + myy = 0. Thus,
combined equation is

(z +myy)(z + myy) = bx? — 2hay + ay? = 0.

Let one of the lines have slope m then another line will have slope mA. Thus,

(y — ma)(y — mAz) = az® + 2bay + by? = m(1 + A) = —22 and dm? = ¢

( )2 427

1+M)° _ —— _ 4h2

i S S

Let (y —myz)(y — myz) = az® + 2bzy + by? = my + my = —2 mym, = ¢

Let p; and p, be the length of the perpendiculars from (x;,y;) on the two lines.
Then

PPy = Y1y Yi—Mey _ yi—(mgtmy)zyys +mymyrd
152 V1+m?  \/1+m3 V/1+mZ+m3+m3m3
_ az?+2hxy,+by?
(a—b)2+4h?
2
Let (y — myz)(y — myz) = az? + 2bzy + by? = my +my = —22 mym, = £.

If m; = tan@, and m, = tan @, then the equation of lines making an angle of 45°
with these lines will be given by

(y— tan(8, —45"))(y — tan(8, —45°)) = 0

(1/ - ﬁlﬂ;iﬂ?) (y - ﬁf,;w) = [(1+my)y — (my — Dz][(1 +my)y — (my — 1)z] =
0




76.

71.

78.

79.

(14 my +my +mymy)y® + [mymy — (my +my) +1]a® + 2(mymy — zy =0
Substituting the values yields (a + 2b + b)z? — 2(a — b)zy + (a — 2h + b)y? =
Let the equation of any line through the origin (0,0) be y —ma = 0.

Distance from («, §8) to the line is

. . 2
e | —a o e — 2

Putting m = Z in the above equation yields

(ay — Bz)? = d*(z? + y?).

Let the slope of the lines given by first equation be m; and m,. Then
% .. (2)

Then the slope of the lines of the second equation will be m; and —miz and

my +my = —% .. (1) and mymy, =

2h
my — ni = —b—ll .. (3) and — ml = Z—; . (4)

Multiplying (2) and (4) gives
2 aa aa

_ _ma _ [_aa — b b [_aa
mi=—5 = my = I From (4), my = amy =gt 55

Substituting the values of m; and m, in (1) yields
a;a 2a a;bih

b\/ =% = bl—lal = 3v/—aab b = Fo0

Substituting m; and m, in (3) yields

h“b \/—aalbb1 Hence proven.

Let the equations of parallel lines represented by the given equation are lx + my +
n =0 and lz + my 4+ n, = 0, then

(Iz +my +n)(lz + my +n;) = az? + 2hzy + by? + 2gz + 2fy + ¢

Comparing coefficients yields

2=a,m?=bnn, =c,mn+n;)=2fl(n+n;)=2g,2m=2h
Sh=m=h="m>=ab= %=1

—?—izfn%:;.Hence,%zgz%

The distance is given by \‘/71%

Now (n—ny)> = (n+mn,)° 72n1n=4(92_m) = n—ny|=24/2=% and 12 +
m2=a+b

d=2/2=

Let two straight lines lz + my +n =0 and lyz + myy + n, =0, then (Ix + my +
n)(lhx + myy +nq) = (az® + 2hzy + by® + 297 + 2fy + ¢)
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80.

81.

82.

Comparing coefficients yields, ll; = a,mm,; = b,nn, =c,lm; +1;m = 2h,ln; +
lin=2g,mn; +mn=2f

Solving the two straight line equations we get point of intersection as
(mnlfmln nly—n,l

Im;—lym ? lm;—lym

mnl—m1n>2 ( nly—n,l )2

Distance squared from origin is (17
m;—lim Im;—lym

e e . cla+b)—f2—g?
Substituting values yields ————>—

Let the lines be lx +my+mn=0 and I’z +m'z +n’ = 0 represented by az? +
2hxy + by? + 29z + 2fy + ¢ = 0. Then
(Iz+my+n)'z+m'y+n') = ax? + 2hzy + by? + 2gx + 2fy + ¢ which im-
plies
W =amm =bnn =clIm' +U'm=2hIn"+1U'n=2g9,mn +m'n=2f
nl ]
VEim? . VTR im®
= n?l'? + n?2m’2 =22 +n?m? = (nl’ —n')(nl’ +n'l) = (mn’ —

m/'n)(mn’ +m’n)

Since the lines are equidistant, therefore

Squaring yields
[(nl/ +n'l)? — 4ll'nn’] (nl’ +n'1)* = [(mn' +m'n)? — 4mm’nn’] (mn’ +m’n)’
= f*—g* = ¢(bf? — ag?) upon substitution and simplification.

Let the lines y = myz and y = myz be two parallel lines intersecting at the origin

A. Then m; +my = —% and mym, = §
D C
S
//@
)
A y=mx B

Clearly, the diagonal iz + my = 1 is BD as it does not pass through origin. Solving
this digonal with the two parallel lines we get coordinates of B = (% L)

I+mm,’ 1+mm
— 1 m
and D = (l+’mm27 1+mmy, )

Let H be the point of intersection of the two diagonals then H =

bl—h —hl -
(b(lJr’mml)(ﬁme)’ b(l+’m:ln7?)(l+mm2)) and let A. be the origin.

Equation of other diagonal passing through the origin and H is given by y(bl —
hm) = z(am — hl).

Let A ABC be the triangle such that AB, AC and BC are given by y = m,z,y =
myx and lz + my = 1 such that



83.

84.

85.

(y —myx)(y — myz) = ax? + 2hxy + by Let AL and BM be perpendiculars from
A and B on opposite sides.

Equation of AL which is perpendicular to BC' and passes through A, the origin,
is given by

mz—ly=0= § =% = k(say)

m

Orthocenter will be on this line and its coordinates are (kl, km) for such suitable

values of k for which the point may also lie on BM, perpendicular from B on
AC, which is perpendicular to line y = myx.

Thus, we find H, the orthocenter as H = (m, T 1)
So equation of BM is myy + z = 1l:7:;17n"12

i i : _ 1+mym _ a+b
Substituting (kl, km) yields k = (l+mm1)(ll+72nm2) T

z _ Y _ a+b
Thus, I 7 m ~— am2-2hlm+bl2"

Let y = m;x and y = myx be the lines represented by ax? + 2hzy + by? = 0 ie.
(y — myx)(y — myz) = az? + 2hxy + by? then

my +my = —% and mymy = 7. Let these lines meet lz +my+mn =0 at A and
B respectively, then C' will be the origin.

M) and B=

n__ p—
l+mmy’  l+mm,y

Solving the equations we get A= (

(7L __mgn
I+mmy’  I+mmy

Then A = —n2vh—ab

am?—2hlm+bl?"
Let 6 be the acute angle between the lines of (A? —3B?)z? + 8ABxy + (B% —
3A%)y2 =0
3

Writing (A% — 3B?)2? 4+ 8 ABzy + (B? —34%)y? = 0 as a quadratic equation in

¥ we have

y _ [ —4AB+V3(A%+B?)
z = BT_347 z

then tan 6 = ‘27%‘;‘:;(”’

Taking the positive sign we find angle between these lines and Az + By + C =0
is also 60°, and hence, the triangle is equilateral.

Computing altitude from (0,0) to Az + By + C = 0 we find the area as J?.(Acfj-B?)'

Let the pair of lines be (Iz + my)? — 3(mzx — ly)? =0

This represents two lines through the origin. Rewrite it as (Iz +my)? =
3(mz — ly)?

Taking square roots Iz + my = v/3(mz — ly)and lz + my = —/3(mz — ly)
So the two lines are Iz + my — v/3(maz — ly) = 0 and Iz + my + v3(mz — ly) =0
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86.

87.

88.

89.

First line (l — \/§m>z + (m + \/gl)y =0
Second line (l + \/gm)x + (m — \/gl)y =0

Thus tanf = 2V3(P4m?) V3

2%+ m?)

So 6 = 60°. Hence the two lines are inclined at 60°

Now consider the third line lx +my +n =0

The first two lines pass through origin and make angle 60°. The third line does
not pass through origin so it intersects both lines forming a triangle.

Since the angle between the two lines is60° and the third line cuts them symmet-
rically with equal intercept structure, the triangle formed has all angles60°.

Hence the three lines form an equilateral triangle.

Given 1222 4+ Ty — 1242 =0

Putting y = mz 12+ 7m — 12m? = 0= 12m? —Tm — 12 =0
_ 7425

— 4 = _3
m= -5 = My =3, Mg = —7

Lines are 4z —3y =0, 3x +4y =0
Given 1222 4+ Toxy — 122 —z + Ty —1=10
= 4z —3y+k)Bzx+4y+ky) =0
Comparing yields 3k, + 4k, = —1, 4k; —3ky =7, k1ky = —1
k=1 ky,=-1
Lines are 4o —3y+1=0,3x+4y—1=0
3

Product of slopes are (%)(_Z) =-1

Distances between 4z —3y =0 and 4o —3y+1=0is % And between 3z + 4y =
Oand 3z +4y—1=0is %

Parallel pairs, perpendicular adjacent sides, equal distances gives a square.

22 —3zy+2y2 =0=2(z —2y) —ylz —2y) = (z —y)(z —2y) =0

Lines parallel to these are z —y + k = 0 and = — 2y + £’ = 0. Since both lines pass
through (1,1), therefore k = 0,k' =1

So the combined equation is (z —y) + (z — 2y + 1) = 22 — 32y + 2y + = —y = 0.
2% —ay—y? =2z(z—y)+ylz—y) = (z—y) (2w +y) =0

The equation from whcih these were reflected will be bisectors which are perpen-
dicular to each other. Equation of bisectors is given by

z?—y? _ ﬂ(l

= = 2):—2xy:>x2—y2+6xy:0.

Given zcosa + ysina = 1 and 22 4+ y? = a?

Homogenizing yields 22 + y? = a?(x cos o + ysina)?

= 22 +y? —a?(zcosa+ysina)2 =0



90.

91.

92.

93.

2a)z? — 2a®sinacosazy + (1 —a’sin a)y®> =0

Expanding (1 — a? cos
For perpendicular pair, (1 —a?cos? @) + (1 —a?sin? ) = 0
=a?=2=a=4V2

Given ax? + 2hay + by? =0

For rotation of axes by an angle 6 (anticlockwise), the standard transformation is
z=1"cosf —y' sinf and y = =’ sinh + y’ cos b

Now taking § = 90°

We know cos 90 = 0, sin90" = 1

Substituting, z = z’(0) —y'(1) = —y’ and y = 2’ (1) + y’(0) = 2’

Hence, for 90" rotation: z = —y/, y = '

Substituting a(—y’)? + 2h(—y)(z’) + b(z’)> = 0

= ay’? —2hz’y +b2'2 =0

Rewriting bz'? — 2hz’y’ + ay’? = 0, thus equation is bx? — 2hzy + ay? = 0.

Let the equations make angles of a and f with the positive direction of z-axis. Then
(y — tan az)(y — tan Bz) = azx? + 2hxy + by? = tana + tan B =

—%,tanatanﬂ =7

y = 0 is z-axis. Since the lines make angle o,  after reflection they will make same

angle with negtive direction of z-axis. Thus, reflected lines will make angle ™ — «
with positive direction of z-axis.

Thus, new equation is (y + tan a)(y + tan 8) = az? — 2hazy + by? = 0.
Given the pair of straight lines az? + 2hzy + by? = 0

Let the lines be y = m,x and y = m,z where bm? 4+ 2hm +a = 0

Hence m; +mqy = —2% and mymy = §

The perpendicular distance from (z’,y’) to the line y = mx is W:zi\/z;fl‘
/.2 ’_.\2

The sum of the squares of the perpendiculars is S = (m:% ﬁl) + (mfrg +11/)

On combining the two terms into a single fraction and expanding, and then using the
relations m; + mqy = —2% and m;m, = ¢, the numerator simplifies to 4h?(z"? +

y?) + 4h(a+ )’y + 2(a — b)(az’ — by'?)
The denominator simplifies to (a — b)? + 4h?

Therefore  the sum of the squares of the perpendiculars is
[4h?(z'2+y'?)+4h(a+b)z'y’ +2(a—b)(az’?—by'?)]
[(a—b)2+4h2] '

Let the pair of lines ax? + 2hzy + by? = 0 represent two lines through the origin.
Let their slopes be m; and m, so that bm? + 2hm + a = 0. Hence m; +my =

h _a
—27 and mym, = 7.
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94.

95.

The triangle is formed by these two lines and Iz +my +n = 0.

Intersection with y = m,z gives z; = —ﬁ and y; = 7mlﬁ,
Intersection with y = myz gives z, = —ﬁ and y, = —m2ﬁ,
The centroid is = %32“03 and y = %

o=~ re + ) 0 = {1+ )

Now l+nllm1 + l+n11m2 = (lil:zz(l%l::nnri)

and (I4+mm)(l +mmy) = 12 +im(m; +my) + m2m m,.

Substitute m; +my = —2% and mym, =% to get (I+mmy)(l+mm,) =
b2 —2hlm+am?

5 .
Also 21 +m(m, +my,) = 21 — 2h7.

Thus z = 72( 2l-2h% ): —2n3( bl—hm

3 | bi22him+am? bl2—2hlm+am?)"
b

my l(my+my)+2mmmy

Similarly ;- + =

mq mmgy ~ (l+mmy)(l+mmy)
—2h§+2a  _oply2am
T bl2—2him+am?2 T bl2—2hlm+am?"
b
—__n —2hl+2am — _©9,_ _am—hl
Hence y = —3 (bl2—2hlm+am2> = Qns(blz—thm+am2)'

Therefore the centroid is ( —2n(bl—hm) —2n(am—hl) )

3(bl2—2hlm+am?)’ 3(bl2—2hlm+am?)

Let the two sides of the triangle through the origin be represented by az? + 2hxy +
by? =0

Let their slopes be m; and m,. Then they satisfy bm? + 2hm +a =0

Hence m; + m, = —2% and m;mq = 3. The two sides are therefore y = m;x and

Y = myT.
Let the third side be Iz + my + n = 0 and let the orthocenter be (I,m).

The altitude from (I,m) to the line y = m,x is perpendicular to it, so its slope is

1 - L __ 1
— ;- Hence its equation is y —m = —m—l(m —1.

Since this altitude lies along the other side y = myx, substitute y = myx to get
Mox —m = —=(x —1).

my

On simplifying this relation and using m;m, = ¢, a relation between [ and m is

obtained. A similar relation is obtained from the other altitude. Combining these
and eliminating the parameters gives the equation of the third side.

After simplification using m; +m, = —2% and m;m, = ¢, the equation of the
third side is found to be (a + b)(lz +my) = am? — 2hlm + bl2.
Given 22 + 4zy + y? = 0. Putting y = ma, m?> +4m + 1 = 0.

m; = —24 /3 and m, = —2 — /3.



96.

97.

98.

Angle between the lines tan§ = |72 | = /3 s0 = 60".

1+mymsy
Hence, the angle at the origin is 60°.
The third side is z —y = 4.
|0—0—4] 4

Distance from origin to this line = ECE 2v/2.

This is the altitude of the equilateral triangle.
Let side be s. Altitude = s? = 2/2.

42
80574\/5.
Areazfszzg(m*%) :%.

Given the pair of lines 22 + 4zy + 3% =0
Put y=mz, m> +4m+1=0=>m; = —2++3, my=—-2—+3

Angle between the two lines is tan§ = | 2272 | = /3 50 § = 60’

1+mymg

Now the second line is 2 + y + 4v/6 = 0. Its slope is —1
Check angle with y = mz, tan6; = \m1+1| =4/3 so 6, = 60°

1-m,

tan 6, matl) — /3 50 6, = 60°

= |20
Therefore the triangle is equilateral and the angles are 60° each.
Given az? + 2hxy + by?> =0 and zcosa + ysina = p

Let slopes of the pair be m;, m, where bm? + 2hm +a =0

So my +my = —%, mymy = ¢

Points of intersection with y = ma give x =

Area of triangle is 3 |21y, — 2,y |

_ 1 [mo—m, |

2
=3P (cos a+m sin a)(cos a+m, sin a)

(cos o + m sin @) (cos o + mq sin @) = cos? a + cos asin a(m, + my) +

sinZ am;m,

__ bcos? a—2hsin accos atasin? o

\ 270.
Also my —m; = 2%

Vh2—ab

a—2hsinacos atasin? o’

So area becomes pzbcoS2
Given ax? + 2hxy + by? + 29z + 2fy+¢c =0

Set y = 0 to get intersection with x-axis, az? 4+ 2gz + ¢ = 0
Let roots be z,, x4

So base lies on x-axis with endpoints (z;,0) and (z,,0)

Base length |z, — z,| = 27V97%a\

[ - A— Y= mip
cos a+msina’ cos a+m sin o
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The pair of lines has angle factor of Vh2 — ab

g?—ac

Hence, area of triangle formed by the pair of lines and x-axis is T




5 Answers of Circles

%x — %y + 1 = 0. We know that if the equation is 2% +

y? + 297 + 2fy + ¢ = 0, then the center is (—g, —f) and radius is \/g2 + f2 —c.

Thus, center of circle is (%, %) and radius is 1/19—6 + %5 —1= %\/5

2. Radius of 2% +92? =1 is 1. Radius of 22 +y? — 2z — 6y =6 is V12 +32+6 =
4. Radius of 22 + 9% —4x — 12y =9 is V22 +62+9=17.

1. Given circle is 2% + y? —

Thus, radii of the given circles are in A.P. with a common difference of 3.

The center will be C(—g,—f) and the radius will be /g% + f2 — ¢
From A QLC,QL = CQsin50° = §\/92 +f2—c
QR=2QL=V3¢g>+f?—c¢
A= Ba(f s fmo) = (4 o).
4. The center of the circle is (3,—4) and radius is /32 4+ (—4)2 +25 =1,
4
'5

5. Given circle is z2+y? + %x — %y 16

. 2 . .
% Cneter is (—g ) and radius is

(=2)2442480 _ 2
25 -

6. Center is (3,1) and radius is V32 4+ 146 = 4.

7. Given circle is 22 + y? + 2z cos§ + 2ysinf — 8 = 0. Center is (— cos 6, —sin 6)

and radius is v/cos? § +sin?6 + 8 = 3

8. Centers of the given circles are (0,0),(—3,1) and (6,—2). Area of the triangle
whose vertices are these three points is given by

0o 0 1
A=1l-3 1 1=0
6 —21

Hence, the centers of the given circles are collinear.
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9. Radii are 1,v/1+ 32+ 6 =4 and v/22 + 62 + 9 = 7. Common difference is 3, and
hence, the given circles have radii in A.P.

10. Radii are 2, \/m = g and v/22 + 5 = 3. Common difference is % and

hence, the given circles have radii in A.P.

11. The line 3z = 4y + 15 gives y = @'

T . . . 1512
Substituting into the circle equation x2? +y? =9+ 4r% gives 2% + (%) =
9+ 4r2.

Multiplying through by 16 gives 1622 + (3z — 15)2 = 16(9 + 4r2).
Expanding gives 1622 + 922 — 90z + 225 = 144 + 64r2.
Simplifying gives 2522 — 90z 4 81 — 6472 = 0.
. . _ 90++/8100—100(81—64r2)

Solving for z gives xz = =0 .

P _ 904807 _ 948
This simplifies to z = % = %
Thus the two points of intersection correspond to x = % and x = %.

The length of the intercept cut by each circle on the line is w = 16<.

16x2

For successive values of r, the difference of intercepts is constant since 2

16x1 _ 16 16x3 _ 16x2 _ 16
50 = 5 and =3 5 5
Therefore the circles cut off equal intercepts on the given line.

12. Since point (4,6) lies on the circle, therefore, radius = /(1 —4)2 + (2 —6)2 =5

Thus, equation of the circle would be (z — 1)2 + (y — 2)2 =52 = 2% + y? — 2z —
4y — 20 = 0.

13. Solving the equations of the diameters we obtain the center as (8, —2).

Thus, equation of the circle is given by (z —8)? + (y +2)? = 102 = 2% + % —
162 + 4y — 32 = 0.

14. Since the line touches the circle, therefore, the perpendicular distance from center
will give radius.

Radius is 2:53412-1 _ 62
524132 13

Thus, equation of the circle is (z —3)2 + (y—4)? = (%)2 =224+ y? — 62—
8y + 155 = 0.

1
25"

c+1

15. Solging the two equation we have z = 37t5.

Nowasc—)l,x:%:>y=f

The circle passes through (2,0), so the radius is /(2 — %)2 + (?15)2
Thus, equation of the circle is (w — %)2 + (y + %)2 = % + % = 25(.@2 + y2) —
20z 4+ 2y — 60 = 0.

16. Let the center be (a, ). Since it lies on the liney =z —1-~8=a—1



17.

18.

Equation of the circle would be (z — a)? + (y — 8)% = 32. Putting the value of 3
from the above equation, we have

(z—a)’+(y—a+1)?=9

Since it passes through (7,3), therefore, (7 —a)? 4+ (4 —a)? =9 = o? — 1la +
28=0

a=4,7=5=3,6
So the center is (4, 3) or (7,6).

Thus equation of circle is (z —4)2 + (y —3)2 =32 or (x —7)2+ (y —6)2 = 32
ie. 2?2 +y? —8x —6y+16=0or 22 +y? —14x — 12y + 76 = 0.

Since the circle touches the axes the center will lie on z =y or y = —z.
Case I: When the center lies on the line y = z.

Solving the two equations we get + = -3,y = —3

The radius of the circle would be 3. Therefore, the equation of the circle is
(z+3)2+(y+3)?=32=22+¢y> +6x+6y+9=0.

Case II: When the center lies on the line y = —x.

Solving the two equations we get x = 1,y = —1.

The radius of the circle will be 1. Hence, equation of the curcle is (z — 1) +
(y+1)?2=1=22+y 20+ 2+1=0.

Radius of the first circle is 2 so its center would be (2,2) as it touches both the

coordinate axes.

Distance between the centers is /(2 — 6)2 + (2 — 52) = 5. Hence, radius of the

second circle is 5 —2 =3

Hence, equation of the circle is (z — 6)2 + (y —5)? = 32 = 2% — 12z + 36 + 3% —
10y +25 =9

=224+ 92— 122 — 10y + 52 = 0.
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19. Half of intercept(chord) is 3. Perpendicualr distance from center to 2z — 5y + 18 =
0 is

2x3-5x(~1)+18
Ve = V29

Thus, radius of the circle is (\/ ) + 32 =+/38

20. Since the circle touches y-axis at (0, 3), therefore, the two circles will be in first

two quadrants. Let C' and D be the centers of the circles in the first and second
quadrant respectively. Let AB be the intercept on z-axis i.e. AB = 8. Let CL be
the perpendicular from C' on z-axis.

~AL=4.OP=3:.CL=3
C=vV421+32=5:-C=(53) and D= (—5,3)
Hence equations of circles are (z — 5)2 + (y — 3)2 =52 and (z +5)2 + (y — 3)? =
5% ie
22 4+9y2 —102—6y+9=0and 2>+ 4>+ 10z — 6y +9 = 0.
2. 22+ 22y+3x+6y=0= (z+3)(r+2y) =0=>2z+3=0and z+2y =0

Since these are normals, therefore, their point of intersection will be the center of
the circle. Solving gives us (—3,3) as the center of the circle.

Center of the given circle is (2, 2) and its radius is 4/22 + % = g

Distance between centers is 5, which is greater than radius of the given circle.

Since the circle is just large enough to contain the given circle the radius of the

required circle is distance between the centers plus radius of the given circle i.e.

5+5=1L

Thus, the equation is (z + 3)2 + (y - %)2 = (%)2 =224 y? +6x—3y—45 =

0.
22.

15 20 25

Let C be the center of the circle in original position adn D be the center of its
new position. Then C = (5,5) and D = (5 + 107, 5). Radius is 5.

Thus, equation of the circle in new position is (z — 5 — 107)% + (y — 5)% = 52
= 2% +y? —10(27 + 1)z — 10y + 10072 + 1007 + 25 = 0.

23. Equation of tangent to the circle at (2 + /3, 3) is given by



24.

25.

26.

27.

(2+\/§)z+3y—2<x+2+\/§)—4(y+3)+16=0:>\/§w7y72\/§=0

This line makes angle of 60° with z-axis. So initial position of the center is
A = (2,4) and final position of the center is B = (2 +2c0s60°,4 + 2sin60") =

(3.4+v3)

Radius of the circle is v/22 + 42 — 16 = 2

Thus, equation of the circle in final position is (z — 3)% + (y —4-— \/5)2 =22
=22 +1y2 — 62— 2(4+V3)y+24+8V3 =0.

Let («, B) be the center and a the radius of the required circle, then its equation is
(x —a)? + (y — B)? = a®. According to the questions o? + 5% =1

Since it touches y = 0 we have |f| =a = = +a

It also touches y = \/g(:c—i— 1) we have M =q= \/?:a—ﬁ—l— V3 =42a
Case I: S =a and V3a—f+V3=2agivesus a =v3a—1,=a

Thus, (\/ga—l)2+a2 =]1=a= ‘/73

1 V3

Hence, center of the circle is (f —) and radius is ?

20 2

Case II: =a and vV3a— 3+ V3 =—2a givesus a = —% — 1

2
Thus, (L—I—l) +a? :a:>0,—§[a > 0]

V3

Case III: 8 = —a and \/ga—ﬁ—l—\/?;:Za gives us azﬁ—l
a _ 2 _ _ 3

Thus, (\/g 1)—1—(1 =l=a=7

Hence, center of circle is (—%7 —@) and radius is @

Case IV: f = —a and v/3a — 4 v/3 = —2a gives us a = v/3a — 1
2
Thus, (\/§a+1) +a2=1 =>a=0,f§ [a > 0].
Let C(a, 5) be the center of the circle adn a be its radius. According to question

4a—36-24 4a+36-42 2
|a5ﬂ \:\a+55 | — (a—22+ (B—28)

Solving these gives f = 3,a = ‘1—3 but it is give that |a| < 8

. o . _ 182 —
Putting 8 = 3 in first and third one we get a = 2,—=5~ = o =2

Hence, equation of the circle is (z —2)% + (y — 3)2 = (2 — 2)2 + (3 — 8)2 = 25.
Equation of the circle is (z —1)2+ (y+5)2 =72 = 22 — 2z +y? + 10y — 23 =
0.

Equation of the circle is (z4+1)%+4 (y+2)? =5 =22+ 2 + 22+ 4y +

605 __
T =0
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28. Given diameters are 2x +y =6 and 3z + 2y = 4. Solving we get 3z + 2(6 —
2z) =4 =1z =8,y =-10.

Thus, equation of the circle is (z —8)2 + (y +10)2 = 10% = x2 + y? — 16z +
20y + 64 = 0.

29. Given lines are 3z — 2y — 1 =0 and 4x + y — 27 = 0. Thus, y = 27 — 4x and
3r—2(27—4z) —1=0=>z=5,y=".
Let the radius of the circle is r. Then equation will be (z —2)2? + (y — 3)? = r2.
Since it passes theough (5, 7), therefore, 32 +42 =72 = r =5
Thus, equation will be 22 4 3% — 42 — 6y — 12 = 0.

30. Given lines are 3z + y = 14 and 2z + 5y = 18. From first y = 14 — 3. Putting in
the second 22 +5(14 —3z) =18 =z =4=y =2

Let the radius of the circle is r, then the equation is (z — 1)2 + (y — 2)? = r?
Since it passes through (4,2), we have 32 +0=r% = r = 3.
Thus, equation of the circle is 22 + y? — 2z — 4y — 4 = 0.

31. Given that the circle passes through (2,3) and has center (1,4).

Let the raidus be 7, then equation of the circle is (z — 1)% + (y — 4)% = r2. Since
it passes through (2, 3)
2-1)24+0B-42=r=r=+2
Thus, equation of the circle is (z —1)2+ (y—4)2=2=22+9y? -2z — 8y +
15=0.

32. Point of intersection of z + 3y = 0 and 2z — 7y = 0 is (0,0). The other two lines
arex+y+1=0and x —2y+4=0.

Thus, y=—z —1.Putting in z—2y+4=0=>z—-2(—zr—1)+4=0=>z=
2,y = —3. So center is (2,—3).

Let radius of the circle is 7. Then the equation of the circle is (z — 2)2 + (y + 3)? =

7‘2

Since it passes through (0, 0), therefore, r? = 13.
Thus, equation of the circle is 2 + y* — 4z + 6y = 0.
33. Given that the radius is 5 and center is at (5,0).
Thus, equation of the circle is (z — 5)% + y% = 52 = 22 + y?> — 10z = 0.
34. Let the center be (h, k). Since it lies on the line z — 2y = 0, we have h = 2k.

Because the circle passes through (—1,2) and (3,—2), the distances from the
center to these points are equal. So (h +1)% + (k—2)2 = (h —3)% + (k + 2)%

Simplifying this gives h — k = 1. Using h = 2k, we get 2k —k =1, so k=1 and
h=2.



35.

36.

37.

38.

39.

Thus the center is (2,1). The radius squared is (2 + 1) + (1 — 2)% = 10.
Therefore, the equation of the circle is (z —2)% + (y — 1) = 10.

Let the center be (h, k) with 3h + 4k = 7.

Since the circle passes through (1, —2) and (4, —3), we equate distances (h — 1)2 +
(k+2)2=(h-4)2+(k+3)>2

Expanding and simplifying gives 6h — 2k — 20 = 0, which reduces to 3h — k = 10.
Now solve 3h + 4k =7 and 3h — k = 10.

Subtracting gives 5k = —3, so k = —%. Substitute into 3h — k = 10 3h + % =10,
) 3h:%andh=%.

Thus the center is (%, —%)

Now compute radius squared using (1,—2) (% — )2 + (—§ + 2)2 = (%)2 +
B -4+ 8-

So the equation of the circle is (x — %)2 + (y + %)2 = %655.

Center of given circle is (1,2) and radius is 5.

Let required center be (h, k). Point (5,5) lies on it = (h—5)2 + (k—5)2 = 25
Collinearity gives % = %

Sok—5=2(h—5)

Substitute (h—5)2 + (3(h—5))* =25 = h=9 or 1

Reject (1,2), so center is (9,8).

Eqaution of the cicle is (z — 9)% + (y — 8)% = 25.

Perpendicular distance from the center to the tangent will be radius. Let it be r.

_[21-(=3)-4] _ 1
TV VB
Thus, equation of the circle is (z—1)+ (y+3)2 =1 = 2% +y> —2z+6y+
49
9 _
5

Since the circle is concentric with the circle 2 + y? — 42 + 6y — 17 = 0, therefore,
center will be (2,—3).

The circle touches the line 3z — 4y + 7 = 0, therefore, perpendicular distance from

tangent will be radius. Let it be 7.
3.2-4(-3)+7 _ ¢

r=
32_*_(,4)2

Thus, the equation of the circle is (z —2)2+ (y+3)2 =52 =22+ ¢ — 4z +
6y — 12 = 0.

Let (h, k) be the center then (h—1)2 + (k — 2)% = 25.
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40.

41.

42.

43.

The center is on normal perpendicular to give line. Hence slope will be f%. Also,

o k=2
slope is ;=7.

Thus, £=2 = —§ = 4h+ 3k =10 = k = 10540,

Putting this in the equation of the circle

(h—1)% + [105% _ 2] = 25 = B2 — 27 4 1 4 16A%32416 _ 95, 952
50h —200=0

h?—2h—8=0=h=4,—2k=—2,6.

Thus equation of the circles are 2 +y? — 8z + 4y —5 =0 and z% +y? + 4z —
12y +15=0.

The two normals are 3z — 5y + 2 = 0 and x + 2y = 3. Solving them 3(3 — 2y) —
Sy+2=0=y=1=z=1.

This point of intersection of two normals give the center of the circle. Thus, the
center is (1,1), and it is given that radius of the circle is 5. Hence, the equation is

(z—1)2+(y—1)?=52=22+¢y?—2r—2y—23=0.
Let the center of the circle be (a,4) and radius be 7.

Since the circle touches the y-axis at the point (0, 4), the radius equals the distance
of the center from the y-axis.

Hence r =a

Equation of the circle (z — a)? + (y — 4)? = a?

The circle cuts an intercept 6 on the z-axis.

So the points where the circle meets the z-axis satisfy y = 0.
Substituting y = 0 (z — a)? + 16 = a®>= (r —a)? = a® — 16

The length of the intercept on the z-axis is 2va? —16 = 6= a = £5
Hence the radius is 5 and the center is (£5,4).

Therefore the equation of the circle is (z F 5)% + (y — 4)% = 25.

The circle would be in any quadrant and center would be one of
(av a)7 (_a7 a)7 (_aa _a) and (av _a)'

Thus, equation of the circle is (z F a)? + (y F a)? = a2.
Since the circle touches the y-axis at origin, therefore, the z-axis will be normal.
If r is the radius then (r,0) will be the center,
Since it passes through (h, k), therefore, (h — 1) + k2 = r2 = h2 + k% — 2hr =
0= r=D02tkEp

2
Thus, equation of the circle is (z — )% + y? =72 = 2% + y? —2rz = 0 = h(z? +
y?) — (h*+k%)z =0.



44.

45.

46.

47.

Since the circle touches the x-axis at origin, therefore, the y-axis will be normal.
If r is the radius then (0,7) will be the center.

The circle touches the line 4x — 3y + 24 = 0, so perpendicular distance from the
center will be equal to the radius.

B03r24] — = 9(r — 8)% = 2572 = 97 — 1447 4 576 = 25r = 161> +

144r — 576 = 0

=2 4+9r—36=0=r=3,-12

Thus, equation of the circles are 22 + y2? + 24y = 0 and 2% + 32 — 6y = 0.

Given circle is 22 +y? = 16 = 42. Thus, parametric equaiton is = = 4cosf,y =
4siné.

Let the center of the circle be (h, k) and radius be 7.

The circle touches the line 2z —y =1 at the point (1,1).

Hence the center lies on the line perpendicular to 2z —y = 1 through (1,1).

1

Slope of 2x —y =1 is 2. Therefore the perpendicular slope is —3.

Equation of the perpendicular line through (1,1) y —1 = (—3)(z —1) z 4+ 2y —

3=0
So the center (h,k) satisfies h +2k —3 =0
The radius equals the distance from the center to the line 22 —y — 1 = 0 and also

to the line 2z +y—4=10

2h—k—1 2h+k—4
Hence, ‘7\/5‘:‘%/5':\2h7k71|:\2h+k74\

Using h +2k —3 =0, we get h =3 — 2k

Substituting in the distance equation |2(3 — 2k) —k — 1| =[2(3 — 2k) + k — 4| =
k=1

Then h:3—2(g) éhzg

2(3)—%-1

_ V5
Emr=

Radius r =

Therefore the equation of the circle is (:v — %)2 + (y — g)Z = 65—4.

Let the center be (h,k) and radius be r. Since the center lies on 2z +y =0,
therefore, k = —2h

The circle touches the lines 4z — 3y —30 =0 and 4 — 3y + 10 =0

Hence the distances from the center to both lines are equal.

|4h735k730\ _ \4h735k+10\ — Ah— 3k =10

Using k= —2h = 4h+6h=10=>h =1,k = -2
Radius 7 = 7‘4(1)_3(5_2)_30‘ =4

Therefore the equation of the circle is (z — 1) + (y + 2)2 = 16.
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48.
>z
9

Since the circle touches the coordinate axes and has a radius of 4 units, therefore,
its center would be (4,4) in first quadrant.
Given that y = 0 is the line mirror, so the new center would be (4,—4) and the
equation of circle will be
(z—4)%+ (y+4)* = 16.

49.

»
5 L
N

4Ry +13=0
4 N

Center of the circle 2+ y? + 16z — 24y + 183 =0 is (—8,12) and radius is

V64 4144 — 183 = 5.



50.

51.

52.

P . . ;_ 2a(az+by+c) ;o
Image of the center across this line is given by 2’ =2 — =535 and y’' =
_ 2b(az+by+c)
a?+b?

Here a = 4,b="7,c =13 and (z,y) = (-8, 12).
Now az + by + ¢ = 4(—8) + 7(12) + 13= —32 + 84 + 13= 65
Also a? +b% = 16 4+ 49 = 65. Therefore 2’ = —8 — 2'4'565: —16 and vy =12 —

6
2.7.65__ _
65— 2

Hence the image circle has center (—16,—2) and radius 5.

Therefore its equation is (z+ 16)%+ (y+2)? = 25=> 22 +y?> + 322 + 4y +
235 =0.

Center of the circle is (a,a) and radius is a. After one complete revolution along
z-axis will make the new center as (a + 27a, a).

Thus, new equation is (z — a — 27a)? + (y — a)? = a2.

The center is (1,1) and radius is 5. The center moves on the line z —y = 0, so
any new center (h, k) satisfies

h—k=0=h=k

Distance between old and new center is v/2, so (h — 1) 4+ (k—1)2 = 2
Substitute k = h (h—1)* 4+ (h—1)> =2

2h—1)=2=h—1=4+1

Case . h=2,k=2

CaseII: h=0,k=0

Thus two circles are possible.

For (2,2) equation of circle will be (z —2)% + (y — 2)? = 25.

For (0,0) equation of circle will be z2 + y? = 25.

Let the circle pass through the origin and have center (h, k) and radius 7.

Since it passes through (0,0) = h% + k? =12

The length of chord cut by the circle on a line is 2vr2 — d? where d is perpen-

dicular distance from center to the line.

Given chord length is V2.
So2Vr?—d>=V2=r—d*=i=> R+ kP —d* =

Now for liney=z=2z—y =0

Distance from (h,k) is d; = |h — k%

ERAY)
So h? 4+ k2 — R 1

Simplifying gives us (h+ k)2 =1 ...(1)



296 5. Answers of Circles

Now for line y = —z = z + y = 0. Distance is d, = |h + k=

3

So similarly h2 + k2 —% =%

Simplifying gives (h — k)2 =1 ...(2)

From (1) and 2): h+k=+1and h — k=41

Case . h+k=1,h—k=1=>h=1k=0

CaseI: h+k=1,h—k=—-1=>h=0,k=1

CaseII: h+k=—-1,h—k=1=>h=0,k=-1

Case IV: h+k=—-1,h—k=—1=>h=—-1,k=0

Radius: 72 = h? +k?=1.Sor =1

Thus the circles are (z —1)2+y2 =1, 22+ (y—1)?=1,22+ (y+1)2 =1, and
(x+1)2+9y2 =1

5. Let A=3z+4y—15=0, B=3xz—4y—7=0, C=12z+5y—115=0
|3z+4y—15| _ |3z—4y—7|
5 = 5

=3 +4dy—15=4+Bz—4y—7)
Taking plus sign 3z +4y—15=3x—4y—7 =8y=8=y=1

. 3z+4y—15 122+5y—115
Now use the bisector of A and C 22+ 5y || z+1g ‘

Substitute y = 1 ot get 221 = 1221100 4 — 7
Hence the incenter is (7,1).

54. Let the raidus be r. The center could be in any quadrant, and thus, center is
(7, £7).

Since the center lies on lx + my + n = 0, therefore, r = :I:HLm.
Putting this is in (z 4 7)2 + (y & 7)~r? gives us
(+m)?(z® +y*) £ 2n(l+m)(z +y) + n®> = 0.

55. The smaller circle is #2 + y? = 4 so its centre is (0,0) and radius is 2.

Let the radius of the larger circle be R. The distance of the line z 4+ y = 2 from
the centre is V2
Chord length in a circle of radius r at distance d from the centre is 2/r2 —d?
Hence the chord lengths are 2W/4—2= 2\/5 and 2V R2 — 2
Given intercept between the circles is 1
=VR2—2—V2=1=VR?2—2=1+4+V2=R2=5+2V2
Therefore, the larger circle is 22 +y? =5 + 2v/2

56. The given circle is 2% +y%? — 2z +y = 0. So the centre is (1,—%) and radius

V5

1S P

For the point (3,2), the distance from the centre is \/(3 —1)2+(2+ %)2= @



57.

58.

59.

60.

61.

62.

63.

64.

Since @ > @ the point is exterior to the circle.

The maximum radius of a circle centered at (3,2) containing the given circle is
VAL | V5 _ V41+V/B
3 T3 = 3

2

Hence the required circle is (x—3)2+ (y—2)% = (\/H+\/5) = (z—3)2+
_ 234205

(y— 2 = 2y,

C, =(0,2),7, =3, C, = (—6,—2),7y = 3, and C; = (—3,—6),73 =3

AC;CyCy is acute, so the minimum enclosing circle of the centers is the circum-

circle
_(_31 _23 __ 51949 I
C = ( 5 12) = R= 36 where C is circumcenter.

Since each given circle has radius 3, the required minimum radius is Ry,;,, =
5v949 _ 108+51949
3+ %5 = 36

2
Hence the required circle is (x + %)2 + (y + %)2 = (% V949) .

The diamter form of the circle is (z+4)(z —12) + (y—3)(y+1) =0=z% +
y? — 8z — 2y — 51 =0.

Putting # = 0 for intercept on y-axis, we have y?> — 2y — 51 =0

Let y; and y, be the roots then y; + y, = 2 and y,y, = —51, then
2

1 — ol = V(1 +42)" — dy1yp = 4V13.

So the intercept on y-axis is 44/13.

One of the diagonals will have endpoints as (1,2) and (3,4) and the other will
have (3,2) and (1,4).

Thus, the equation of the circle is (z — 1)(z — 3) + (y — 2)(y — 4).
The other diagonal will also give the same equation.
Equation of the circle will be z(z — 2) + y(y +4) = 0.

Equation of the circle will be (z —2)(z+2)+(y+3)(y—4)=0=22—4+
2 —y—12=0

So center will be (0, %) and radius will be Q/i + 16 = @.

The intercepts are (3,0) and (0,4) on = and y axes. Thus, the equation of the
circle will be

z(zx—3)+yly—4) =0.
The center of the circles are (—3,7) and (2, —5). Thus, the equation of the circle is
(z+3)(z—2)+(y—7)(y+5)=0.

One of the diagonals will have endpoints as (6,3) and (9,6). Thus equation of
the circle will be



298 5. Answers of Circles

(z —6)(x —9) + (y — 3)(y — 6) = 0. The other diagonal will also give the same

equation.
65. The given lines form a rectangle since there are two pairs of parallel lines.
From z — 3y = 4 and 3z + y = 22 we get point A(7,1).
From z — 3y = 14 and 3z + y = 22 we get point B(8,—2).
From z — 3y = 14 and 3z + y = 62 we get point C(20, 2).
From z — 3y = 4 and 3z + y = 62 we get point D(19,5).
We take one diagonal (7,1) and (20,2) as diameter to get the equation of the
circle as
(z —7)(z —20) + (y — 1)(y — 2) = 0. The other diagonal will also give the same
equation.

66. Let x,,7, be the roots of 22+ 2z —a%? =0 then z, +z, = —2 and z;7, =
—a?. Similarly, let y;,y, be the roots of y? + 4y — b2 = 0 then y; + y, = —4 and
Y1y = —b°%

Circle whose endpoints will be the diamter AB will be given by (z —z;)(z —
2) + (W —y)(y —y2) =0

= 2% —z(z) +25) + 212 +Y* — YY1 +42) + Y192 =0

Substituting the values from the equations obtained we have the equation as
24+22—a?+yt+dy -2 =0==(x+ 12+ (y+2)%2=0a?+b2+5

Hence, center is (—1,—2) and radius is va? + b% + 5.

67. The circle is given by 22 + y? — 2z + 6y — 15 = 0. Let (h, k) be the other endpoint.
Then the equation for the circle with the diameter is given by
(z—4)(z—h)+@y—Dy—k) =0=>22—(4+h)+4h+y> —(1+k)+k=
0
Comparing coefficients of 2 and y we have h = —2 and k£ = —7.

68. The given lines are az +by+c =0, ax+by—c=0, bx —ay+c =0 and bz —
ay—c=0.

These form a rectangle since each pair is parallel and the two directions are
perpendicular.

Take one pair of opposite vertices by solving ax + by + ¢ = 0 with bx —ay +c =
0 and az + by — ¢ = 0 with bz —ay —c = 0.

Let these points be P(z1,y;) and Q(z5,ys).

From symmetry we have z, = —z; and y, = —y;. So the equation of the circle
becomes z2 + y? = z? + y2.

Solving az +by+c=0 and bxr —ay+c=0 gives xlz—c% and yl =

b—a

—CarpT



69.

70.

71.

2 4 .2 _ ((atbh)?+(b—a)?)
Soz{ +y;i = T @
This simplifies to 22 + y? = af—j_;.
Hence the equation of the circumcircle is 2 + y2 = affjﬂ.

Let the equation of the circle is 22 + y? 4 2gx + 2fy + ¢ = 0 whose center is
(—g,—f), which lies on 3z + 4y = 7. Thus,

—3g —4f = 7. Since the circle passes through (1, —2) and (4, —3), therefore,
29 —4f+c=—b5 and 8¢ —6f + c = 25. From these two equations we have
—3g9+ f=10

Thus, f = %, g= —‘1% and ¢ = 1—31 and now it is trivial to find the equation.

The line 3z 4 4y = 12 meets the axes at (4,0) and (0, 3). Let the equation of the
circle be 2% 4+ y% + 2gx + 2fy + ¢ = 0.

Since it passes through origin, therefore, ¢ = 0.

For (4,0)m the equation becomes 16+ 8g=0=g=—2 and for (0,3) the
equation is 9+ 6f = 0 = f = —3. Thus, we have found the equation of the circle
as 22 + 9% — 4z — 3y = 0.

- -

centre

......

The given lines are bz +3y =9, t =3y, 2z =y and z + 4y + 2 = 0.
From 5z + 3y = 9 and = = 3y we get A(%, %)

From z = 3y and 2z = y we get B(0,0).

From 2z =y and z + 4y + 2 = 0 we get C(—%,—%).
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72.

73.

We take the general circle 22 + 4% + gz + fy +c = 0.
Substitute point B(0,0) and get ¢ = 0.

Substitute point A(3,1).

This gives g+3%+£:0 so 3¢+ f = —b.
Substitute point C —%, —%).

This gives 22 — 24 — 4% =0.

Multiply by 81 to get 20 — 189 — 36f = 0 so 9g + 18f = 10.
From 3¢ + f = —5 we get f = —5 — 3g.

Substitute into 9¢ + 18 f = 10.

This gives 9g + 18(—5 — 3g) = 10.

So 9g — 90 — 54g = 10 which gives —45g = 100.
Thus, g = —% and f = g

Hence the circle is 2% + y% — %m + gy =0.

Let the equation of the circle be x2 4 4% + 2gx + 2fy + ¢ = 0. Since it passes
through (1,2) and (3,4), therefore,

54+29+4f+c=0 ...(1) and 25+ 69+8f+c=0 ..(2)

From these two equations we have g+ f+5=10 ...(3)

Since the circle touches the line 3z +y —3 = 0 so perpendicular distance from
center would be radius. Thus,

I73%73\ =@+ +c=Bg+f+ 3)2 = 10(g2 +f24+5+2¢ —|—4f)[from
(1]

(29 —5+3)% =10[g® + (g + 5)2 + 5 + 29 — 4g — 29][Putting the value of f from
®3)]

Sg=—4,-3=f=-1-1=¢c=17,12

Thus, equation of the circles are z2 +y? — 8z — 2y +7 =0 and x? + ¢y — 3z —
Ty+12=0.

Let the equation of the circle be 2% + 3% + 2gz + 2fy +c =0, so the center is
(—g,—f) and radus us y/g%2 + f2 —c

Since the circle touches the x-axis, therefore, g% —c=0= c=g? [
VE+ P —c=1—T1] (1)

Also, the circle touches 4z — 3y +4 =0 = HL;”‘H‘ =g+ 2+ c =|f|[from
(1]

= —A4g+3f+4=+f=>29+f=2 ..(2)and g—2f =1 ..(3)

Also, given that the center iesonz —y—1=0=—g+ f=1 ...(4)



74.

75.

76.

77.

Thus, g = %, f= % and f = —2,¢g = —3, which lies in first quadrant. Thus, ¢ = %.
Hence, the equation of the cirlce is 9(22 + ¢?) + 6z + 24y + 1 = 0.

Let the circle be 22 + y2 + gz + fy + ¢ = 0. Substituting point (1,0) gives
1+9g4+c=0s0g+c=—1.

Substituting point (0,1) gves 1+ f+c=0so0o f+c=—1.

Substituting point (1,—2) gives 1+44+g—2f+c=0s0 g—2f+c=—b.
From g+c=—1 we get g=—1—c. From f+c¢=—1 we get f=—1—c.
Substitute into g — 2f + ¢ = —5.

This gives (-1 —¢)—2(—=1—¢)+c=-5.S0 —=1—c+2+2c+c=—5.
This simplifies to 1 4+ 2¢ = —5 so ¢ = —3. Then g =2 and f = 2.

Hence the equation of the circle is 22 + y? + 2z + 2y — 3 = 0.

Let the circle be 22 +y?> + gz + fy +c=0.

Substituting point (0,0) gives ¢ = 0.

Substituting point (a,0) gives a2 + ga = 0 so g = —a.

Substituting point (0, b) gives b2 + fb=0 so f = —b.

Hence, the equation of the circle is 22 4 % — ax — by = 0.

Let the circle be 2% + 42 + gz + fy + ¢ = 0. Since it passes through the origin,
we get ¢ = 0.

So the equation becomes x2 + y? 4 gz + fy = 0.

Now we consider the intercept on the positive = axis. Putting y = 0 gives z% +
gz = 0 which gives z(z + g) = 0.

So the intercept points are z = 0 and z = —g.
The length of the chord on the positive z axis is 4. Hence, —g = 4 so g = —4.

Now we consider the intercept on the positive y axis. Putting 2 = 0 gives 32 +
fy = 0 which gives y(y + f) = 0.

So the intercept points are y =0 and y = —f.= The length of the chord on the
positive y axis is 6.

Hence, —f = 6 so f = —6. Therefore, the equation of the circle is 2 + y% — 42 —
6y = 0.

The given lines are y = z, y = 2z and y = 3z + 2.
From y = z and y = 2z we get A(0,0).

From y =z and y = 3z + 2 we get B(—1,—1).
From y = 2z and y = 3z + 2 we get C'(—2,—4).
Let the circle be circle 2% + 3 4+ gz + fy +c = 0.
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Substituting point A(0,0) and get ¢ = 0.

Substituting point B(—1,—1) gives 1+1—g— f=0so g+ f =2.
Substituting point C'(—2,—4) gives 4+ 16 —2g —4f =0 so g+ 2f = 10.
From g+ f =2 we get g =2 — f.

Substituting into g + 2f = 10 gives 2 — f +2f =10 so f = 8.

Then g = —6.

Hence, the equation of the circumcircle is 2 + ¢y — 62 + 8y = 0.

78. The given sides of the triangle are 7c —y+11 =0, £+ 3y —15=0 and Tz +
17y + 65 = 0.

From 7z —y+11=0and z +y — 15 =0 we get A(%,%).
From z + y — 15 =0 and 7z + 17y + 65 = 0 we get B(—10,25).
From 7x + 17y + 65 =0 and 7z —y + 11 = 0 we get C(—?,—%).

If the side lengths opposite A, B,C are a,b, ¢ then the incenter is

ax,+bxy+cas d ay,+bys+cys
a+b+c a+b+c

Length a = BC = 5v/85. Length b = CA = 43+/5. Length ¢ = AB = 3/85.
After simplification the incenter is (—3,11).

Now find the radius which is the perpendicular distance from the incenter to
any side.

. 4B ()i | m3+11-15] 7
Distance to z +y — 15 =10 is Y

Hence, the equation of the incircle is (z + 3)2 + (y — 11)%2 = 479,

79. Let the circle be 22 + 42 + gz + fy + ¢ = 0. Since it passes through the origin,
we get ¢ = 0.
So the equation becomes x2 + y2 + gz + fy = 0.

Now we consider the line 3z = 4y which is 3z — 4y = 0.

The perpendicular distance from the center (—%, —g) to this line is

13(-9)-4(-4)| _ | -3g+4f |
5 =1

Since the circle cuts off a chord of length 1 on this line, we use
1=2vVr2—d2 Sor?—d? = i,

2 _ g*+f? g+ 12 (=3g+4/)%\ _
17— So = —( )

_ 1
Now r“ = 100 I

Similarly for the line 4x = 3y which is 42 — 3y = 0. Distance from center is
[ —4g+3f |
0 -

So £ ((*4g+3f>2) _

1
1 100 -1



80.

81.

82.

83.

Now subtract the two equations. This gives (—3g +4f)? = (—4g + 3f)2.

So either —3g+4f = —4g+3f or —3g + 4f = 49 — 3f. First case gives g + f =
0. Second case gives g = f.

Now substitute each case. For g+ f = 0 we get g = —f.

Substitute into equation and solve to get g =1 and f = —1.

For g = f we substitute and get g = —1 and f = —1.

Hence the required circles are 22 +y? +z—y=0and 22 + 92—z —y = 0.

Common chord of the circles is 22 +y? —4z —5— (22 +y? +8y+7) =0 =
z+2y+3=0

Equation of such a circle is z2 + y?> —4z — 5+ k(z + 2y +3) =0 = 2% + % —
(4—k)z+2ky—3k—5=0.

Its center is (%, —k:). If £+ 2y + 3 =0 is diameter then % —2k+3=0=
k=2

Thus, equation of the circle is 2 + y? — 2z + 4y +1 = 0.

Equation of any circle passing through the point of intersection of the given circle
and the given chord is 2% + y? — a% + k(z cosa + ysina — p) = 0.

Center of this circle is (—’”"%, —ks‘%)

Since z cosa + ysina —p = 0 is the diameter of this circle the center will lie on
this line, therefore,

__kcosa ksina

gt cosa — Fplsina—p=0=k=—2p

Thus, the equation of the circle becomes x2? + 42 —a? — 2p(z cosa + ysina —
p) =0.

Clearly 22 + 4> —4 =0 is the equation of a circle with center at origin and
radius 2.

Also line y = mx + 2v/1 + m? is the equation of the line which touches the circle
for all values for m.

Let P be the point of contact of the circle and the line. Clearly, given equation
is the equation of circles passing through the point of contact of the given circle
and the given line. Any two circles of this family touch each other at P.

z y 1

zy Yy 1
zz Y2 1

Equation of the line joining the points (z1,y;) and (z,,y,) is =0

Also equation of the circle with (z,,y,) and (z,,y,) as endpoints of the diameter
is (@—z)(@—22) + (Y — )y —y2) =0.

Equation of any circle passing through the point of intersection of the above circle
z y 1
z; yp 1
zy Yy 1

and line is given by (z —z¢)(z —z5) + (y —y1)(y —yo) + A =0.
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Putting A = 0 gives (z —z,)(z — z5) + (y — y1)(y — y5) = 0, which is the diam-
eter form of the equation of the circle.

84. Equation of any circle through the point of intersection P and @ of the line and
the circle is 22 +y? +ax +by+c+ AN(Az+ By+C) =0

=22 +y?+(a+AA)z+ b+ AB)y+c+AC =0.

Similarly for other pair of line and circle 22 + y2 + (a’ + pA”" )z + (b' + uB')y +
¢ +upC’ =0

If the two circles are the same then the points P, Q, R and S will be concyclic.

at+tdA _ b+AB __ _c+AC
a’+pA’ TV +pB’ T +pl’

Thus,a —a’ + A —pA’ =0,b—b" +AB—uB’ =0,and c — ¢’ + \C — uC’ =
0.

Comparing coefficients 1 =

Eliminating A and —p and writing in discriminant form we have

a—a’ A A’ a—a’ b=b" c—c’
b—bv B B'| = A B c | =0.
c—c C C’ A’ B

85. Equation of any circle possing through the points A(zy,y;) and B(z,,y,) is

given by
z y 1
S=(x—z)(x—29) + U=y )Y —y2) + Alz1 0 ! =0 (1)
T2 Y2
Let the fixed circle be S’ = 22 + 3% +2gx + 2fy +c=0 ...(2)

Equation of the chord of intersection of circles (1) and (2) will be S — S’ =0

z y 1
= —(2;+ 23 +29)r— (1 + Y2 +2f)y+ @25 + Y1y —Cc+H Aoy w1 =
Ty Yy 1
0 ..(3)
Clearly this line passes through the point of intersection of two fixed lines —(z; +
z y 1
Zy +29) — (y; + Yo +2f)y + 125 + Y1y —c =0 and |z, y; 1| =0, which is
Ty Yy 1

a fixed point.
86. Given circle is 22 +y*> —a%? =0 (1)

Since PQ and PR are tangents to the circle (1), therefore QR will be the chord
of contact of point (z;,y;), and hence, equaiton of QR will be

Tz, +yy, —a? =0 ..(2)
Equation of any circle through the point of intersection @ and R of (1) and (2) is
2?2 +y? —a? + k(zz, +yy, —a?) =0 ..3)

Circle (3) will be circumcircle of A PQR if circle (3) passes through the point
P(zy,y,) ie

2yl —a’+k(z?+y7—a?)=0=>k=—1



87.

88.

89.

90.

Hence, required circle is z2 + y2 —zz; —yy; =0.

Given circles are 2% + 9% —6x +2y+4=0 (1) and 22 + % + 2z — 4y —
6=0 ...(2) and given line is x —y =0 ...(3).

Equation of any circle passing through the point of intersection of circles (1) and
(2) is

2 +y?—6z+2y+4+k(z?+y’+22—4y—6)=0= (1+k)z>+ (1+

k)y? —2(3—k)z+2(1—2k)y+4—6k=0

3—k 2k-1

Its center is ( ) Since it lies on the line (3), therefore,

T4k’ 1+k
3-k _ 2k—1 _ _ 4
Tk =0 k=3
: ‘mie 2 1 g2 10 10 12 _
Thus, required equation is z° +y* — %z — Sy — 5 = 0.

Let S;=22+9y*+292+2fy+c=0 ..(1) and S,=z2+y?>+2¢'z+
2f'y+c =0  ..(2)

Now equation of common chord of the circles is S; —S, =0=2(g—¢" )z +
20f = fly+ec—c =0 ..(3)

Since cirlce (1) bisects the circumference of the circle (2), therefore, common chord
will be the diameter of the circle (2) and hence center will be (—g’, —f”) of circle
(2) will lie on the line (3)

=-29-9)9 20/ ) +ec—c=0=2¢(g—g)+2f(f = f)=c—

c.

The given circles are 22 +y? — 2z — 4y —4 =0 and 22 + y? — 10z — 12y + 40 =
0.

The family of circles passing through their points of intersection is S; + ASy = 0.
So the required circle is (2% +y? — 2z — 4y —4) + M(z? +y*> — 100 — 12y +
40) = 0.

This simplifies to (1+A)(z? +y?) + (—2—10\)z + (—4 — 12A)y + (—4 +
40)) = 0.

2 2 | —2-10X —4-12) —4+40) _
=ty rt oyt =0

Comparing with 22 4+ y% + gz + fy +c = 0.

—2—10) f_ —4—12)
1+x 2 - 14X

—44+40)

and ¢ = T

So g =
The radius condition is g2 + f2 — ¢ = 16. After solving we get A\ = 1.

Then the equation becomes 2(z% + y?) — 12z — 16y + 36 = 0=> 22 + y? — 6z —
8y + 18 =0.

The given circles are 22 + y? — 6z — 4y + 9 = 0 and z2 + % — 8x — 6y + 23 = 0.
The common chord is obtained by subtracting the two equations.
So we get (22 +y> —6z—4y+9) — (z? +y>* — 8z — 6y +23) = 0.

This simplifies to 2z +2y —14=0o0orz+y—7=0.
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From 22 + y% — 8z — 6y + 23 = 0 the center is (4, 3).

Substitute (4,3) into z+y—7=0. We get 4+3—7=0.

So the common chord passes through the center of the second circle.
The radius of the second circle is 72 =16 +9 — 23 =2 so r = /2.

The perpendicular distance from the center (4,3) to the chord x +y—7 =0 is
[4+3-7] _
Evoai 0.

Hence, the chord passes through the center, so it is a diameter.
Therefore, the length of the chord is 2r = 2v/2.

91. The given circles are 22 +y? + 2z +3y+1=0 and 22 + 4% + 4z + 3y + 2 = 0.
The common chord is obtained by subtracting the equations.
Soweget (z2+y?’+2x+3y+1)— (2> +y? +4x+3y+2)=0.= 22— 1=
Oorx= —%.

Now for a circle with diameter along a line, we use the fact that its center lies
on the perpendicular bisector of the chord.

The midpoint of the chord lies on the line joining the centers of the two given

circles.

The centers are (—1 —3) and (—2 —3) So the line joining centers is y = —32
’ 2 b 2)° bR

The midpoint of the chord is intersection of z = —% and y = —%.

So the center is (f%, —%) Substitute z = —% in first circle.

Then (;) +y? — 14 3y +1=0. This gives y* + 3y + § = 0.
Solve to get y = _3%2‘/5

So the radius squared is r2 = (\/5)2 = 2.

Hence, the equation of the circle is (:1; + %)2 + (y + %)2 =2.
92. The given circle is 2% + y? — 2az = 0 and the chord is y = ma.

Substitute y = mz into the circle.

This gives z2 + m2z? — 2az = 0 = (14 m?)z? — 2az = 0.

a

So the points of intersection are z =0 and z = 2-7.
m

Thus the points are (0,0) and (2##,2(1#).

These are the endpoints of the chord.

The equation of the circle with this chord as diameter is (Zﬁ, Qa#).
This gives x(:c — Zﬁ) + y(y - Qa#) =0 = (1+m?)(2? +9y?) — 2a(z +

my) = 0.
93. The given circles are 2% +y? — 6z +2y +4 =0 and 22 + 4% + 2z — 4y — 6 = 0.



94.

95.

96.

The family of circles passing through their points of intersection is
S; 4+ AS5; = 0. So the required circle is
(22 +y? —6x+2y+4)+A(z2+y2 +22—4y—6) =0.
= 1+ N (22 +y?) + (=6 +2\)z + (2 — 4\)y + (4 — 6)) = 0.
R
fo (622X 244X
The center is (m, m)
Since the center lies on y = z, equate the coordinates. So (6 —2X) = (—2 + 4\).
This gives 8 = 6\ so A = %.
Then 14+ X = g So the equation becomes
D)@+ + (—R)z+ (—Q)y—4=0=7(z* +y?) — 10z — 10y — 12 = 0.
The given equation is 2% + y*> +2(3 +p)z + 2(3 —p)y + 4 = 0.

This is of the form 22+ y% + gz + fy+c =0 so it represents a circle for all
values of p.

=22 +y? +6x+6y+4+2p(z—y)=0.

For fixed points, the equation must be satisfied for all values of p.

So the coefficient of p must be zero and the remaining part must also be zero.
Thus we get * —y = 0 and 2% +y2 + 6z + 6y +4 = 0.

From z —y =0 we get y = z.

Substitute into the second equation 2 4 2 4 6z + 62 + 4 = 0= 222 + 12z +
4=0.

Solving gives x = —3 £ /7.

Since y = z, the fixed points are (—3 +7,-3+ \ﬁ) and (—3 —V7,-3— \ﬁ)
The given circles are 22 +y? —4a? =0 and 2% +y? — 2z — 4y +4 = 0.

The family of circles through their intersection is (z% + y? — 4a?) + A(z2 + y% —
2z —4y+4) =0.

This gives (1 + A)(z% + 3?) — 2 Az — 4y + (—4a® + 4)) = 0.

The center is (1%\,21%\)

Since the circle touches = + 2y = 0, the distance from center equals radius.

o 2_
This gives 4““;\1’\ =0s0 XA=a>

Hence, the required circle is (1 + a?)(z? + y?) — 2a%z — 4a®y + 4a®(1 — a?) = 0.
The given circle is 22 +y? —x —y = 0 and the line is = +y = 1.

The family of circles passing through their intersection points is 2 4+ y? —x —
y+A(z+y—1)=0.
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This gives z2 + y> + (-1 + M)z + (-1 + N)y— A =0.
Since the circle passes through (1,1), substitute it.
Sol+14+(-14+XN)+(—-14+X)—-A=0=>X1=-2
Hence, the required circle is 2% + 32 — 3z — 3y +2 = 0.

97. The given circle is 22 + y? = a? and the line is pz + qy — 1 = 0.
Let (z1,y;) and (z4,y,) be the endpoints of this chord.
Equation of the circle is 22 + y% — (2, + Z9)T — (Y1 + Y2)y + (175 + y195) = 0.
Now (21 + Z4,y; + yy) is twice the midpoint of the chord.
The midpoint is the foot of the perpendicular from the center (0,0) to the line.
So midpoint is (ﬁ, ﬁ).

Hence, z; + 2, = 2—%— and =251,
) Ty + Ty P Y1+ Yo 72+

Also both points satisfy pz + qy = 1. So p(z; + x5) + q(y; + y2) = 2.

Thus z,zy + Y1y, = ﬁ. Substitute in the diameter form.

; : fe 2 2 2p 2q 1 _
Hence, the required circle is z° 4 y* — (p2+q2)m — (p2+q2 )y +ome = 0.
98. The given circle is 22 + y2? + 2gx + 2fy + ¢ = 0 and the external point is A(a, 3).

Let P and @ be the points of contact of tangents from A. The chord of contact
of A with respect to the circle is 7" = 0.

So the equation of chord PQ is za+ yB8+g(x + o) + f(y+ B8) + ¢ =0.

The circumcircle of A PQR where R is the center of the given circle is obtained
by combining S =0 and T = 0.

So its equation is S + AT = 0.
Since it passes through A(c, ), we substitute it. Then S; + AT; = 0.
Here T} = S;. So we get S;(1+ A) = 0 which gives A = —1.
Hence, the required circle is S — 7T = 0.
So the equation is 2% + y% + 297 + 2fy +c — [zra+ yB+ g(z + o) + f(y + B) +
c] =0.
=2’ +y + (g —a)z+ (f—Bly— (9o + f8) = 0.

99. Substituting the value of y = i(?m: — ¢) in the equation of the circle gives us
2+ L£Br—c)? 4z — 33z —¢) —5=0= 2522 — 2(80 + 3¢)z + c? +
32c—80=0

The given line and circle will intersect if the above quadratic equation’s roots are
real i.e. discrimininate > 0

= 4(80 + 3c)? — 100(c? +32¢ —80) > 0= c®> +20c — 525 < 0 = —35 < c <
15.



100.

101.

102.

103.

Center of the circle is (—%,%) and radius is % Let | be the length of the

perpendicular from the center to the given line then

Hence, length of the chord is 24/ % — 275 = g
lav2| _

Center of the circle is (0,0) and its perpendicular distance from the line is s

a, which is equal to the radius of the circle.

Hence, the given circle touches the given line. Let («, 8) be the point of contact.
Then equation of tangent is given by ax + By —a%? =0

Comparing the coefficients with the given equation of the line we have
_ B1_ 2 _
% - j]' - 7(1&7\/5 = (a7/8) - (7%7%)-
Center of the given circle is (3,—2) and radius is 5. Equation of any line parallel
to given line is 4o + 3y + k = 0.

Since this point is tangent to the given circle, therefore,

3324 — 5= |6+ k| = 25 = k = 19, 3L

. P=8
22 +y? — 62 =\0

Given circles are S; = 2% + 3% — 6z =0 .()and Sy =22 +92+2x =0
(2).

Let A and B are the centers and 7, and 7, the radii of S; and S, respectively.
A=(3,0),B=(-1,0),r, =3,7r9 =1~r; + 7 =4. Hence two circles touch
each other. Thus, there will be three common tangents.

Equation of chord is given by S; — Sy =2 =0, when £ =0,y = 0. Thus, z =0
is a common tangent.

Let y = mz + ¢ be a common tangent to the given circles then

[3m+c| 3 |—m+¢]
—_—— = and =1
V1+m? V1+m?
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Solving these two equations gives us ¢ = ++/3 and m = :I:%

Thus, common tangents are x = 0,y = % ++/3, and Yy = —% -3

Let P, @, R be points of intersections of these three lines then P = (0, \/3), Q=
(—3,0) and R = (0,—/3).
It is trivial to prove that A PQR is an equilateral triangle.

104. Give that the biggest circle is 2% + y% =1 ...(1). Since the radiio of the circles
are in AP. let the commond difference be d.

Thus, other two circles will be z2+ y% = (1 —d)? .(2) and 22 +% =
1-2d)? .03

Given line is y = = + 1. Putting in (1) gives us 2 + (z + 1)2=1= 2 =0,—1
Similarly with (2) we have 22 + (z +1)2 = (1 —d?) = 222 + 22 +2d —d> =0

Since the points are real and distinct, therefore, 4 — 8(2d — d?) > 0 = 2d? — 4d +

1>0
1 1
17ﬁ>d>1+ﬁ

Similarly with (3) we have x2 + (z + 1)2 = (1 — 2d)2. Proceeding similarly we
obtain

%Tﬁ >d > 2+T\/§' However, d < 1.

Thus, we have 0 < d < %.

105. Give 42 —5m2+6l+1=0 ..(1)andlineislz+my+1=0 ..(2)
Let the center of the circle be (o, 3) with radius a. Then
|lo+mpB+1| _ a
VErmE

= 2% + m?p% + 1 + 2lmafB + 2la + 2mB = a?1? + a®>m?
= (a2 —a2)? + (B2 — a®)m? + 2maf + 2al + 2mB+1 =0
Comparing this with (1)

o> —a?=4,p2—a>=-5 a=3, 3=0. Thus, a=+/5.
Hence, the circle has center (3,0) and radius V5.

106. Given cicle is 22> +y> —4z —6y+9=0 ...(1). Its center is C'(2,3) and its
radius is 2.

Let OP be a tangent and let y-axis(which is a tanegent) touch the circle at N.
Then ZPOX will be minimum when OP is tangent to the circle.

Let ZPOX =6 then ZLCP =6
Now CP =2,0C =22 + 32 =13
OP =vVOC?—-CP2=3



107.

108.

109.

From figure OM = OL + LM = OL+ HP = OPcosf = 2 + 2sinf or 3cosf =
24 2sinf

_12 g 5
= cosf = 33,sinfd = 35

P= (35 13)

OP will be maximum if P becomes the point where extended part of OC cuts
the circle. Let this point be P,.

OP,=0C +7r=+13+2

Slope is 3 = tana(let) = P, = (2 + \/%,3 + \/%)

Given circle is 22 + y? — 2az — 2ay + a® = 0. First we find its point of contact
with z-axis i.e. y = 0.

Putting y = 0, 22 — 2az + a? = 0 = x = a. Thus, point of contact is (a, 0).
Then we put z =0 to get y = a. Thus, point of contact is (0, a)(because we get

only one point in both the cases the circle touches the axes.)

The given circle is 2% + y? — 16 = 0 so its center is (0,0) and radius is 4.

The given points are (2,3) and (1,2). The midpoint is (2, 3).

The slope of the line joining the points is 1 so the perpendicular slope is —1.

Hence the chord is the line through (%, %) with slope —1.
So its equation is y — % = —1(m — %)=> r+y—4=0.

— gl 4 _
Sod=1[0+0—47 =7 =2v2.

The length of the chord is 2v/72 — d2 = 2v/16 — 8 = 2¢/8 = 4v/2.
The given circle is 22 +y? — 14z + 4y + 28 =0= (z — 7)? + (y + 2)? = 25.
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So the center is (7, —2) and radius is 5.

The given line is £ — Ty + 4 = 0. The perpendicular distance from the center to
the line is
[7=7(=2)+4] _ 25 _ 5

VI+49 T VB0 T V2T
The length of the chord is 272 — d? = 2,/25 — 2 = 5v/2.

The midpoint of the chord is the foot of the perpendicular from the center to
the line.

Using formula, midpoint is (7—1 X %,72 +7x %) = (1—23, %)
110. The given circles are 2% + 32 + 3z + 5y +4 =0 and 2% + 4% + 5z + 3y + 4 = 0.

So we get 2z 4+ 2y =0 or y =z.

. . . 2 2 . .
First circle is (m—i—%) + (y—l—%) = %. So the center is (—%,—g) and radius
o 3
is 5.

. . R e
The distance from the center to the line y = x is — =

The length of the common chord is 2vr? — d? = 2 9 _ % =2/4=4.

[V

Hence, the length of the common chord is 4.

111. The given circles are 2% +y? + 2 +3y+1=0 and 22 + 4% + 4z + 3y + 2 = 0.
So we get 2z —1=0or z= —% upon solving.

First circle is (z + 1)? + (y + %)2 = 2. So the center is (—1,—3) and radius is 3.

. JU I A
The distance from the center to the chord z = —% is % = %

The length of the chord is 2W/r2 — 42 = 2\/% —i = 2v/2.

112. The given circles are (z —a)? + (y—b)? =¢c? and (z —b)?> + (y —a)? = 2. So
(z—a)?+(y—0)2%—(z2—-b0)%—(y—a)?’=0=2(a—b)(y—2)=0s0 y ==z
So the common chord lies on y = .

The center is (a,b) and radius is ¢ of the first circle.

la—b]
73

The length of the chord is 2v/¢2 — d?. So it is 24/c? — @.
This simplifies to /4¢2 — 2(a — b)2. Hencem the length of the common chord
is y/4c? — 2(a —b)2.

For the circles to touch, the chord length must be zero. So 4c? —2(a —b)? = 0.

Hence, the condition is 2¢? = (a — b)2.

The perpendicular distance from (a,b) to the line y = z is

113. The given circles are 2% + 32 4+ 2hx + a®? = 0 and 2% + 3% — 2ky —a® = 0.
Common chord’s equaiton is 2hz + a2 + 2ky + a? =0 = hx + ky + a® = 0.



114.

115.

116.

117.

118.

119.

120.

First circle’s center is (—h,0) and radius squared is h% — a?.

. . .| —h%+a? |

The perpendicular distance from the center to the chord is BN/ =
2 _ (P=a?)?
So d* = 5 ry e

The length of the chord is 2vr2 — d?= 2\/(h2 —a?) — (W—a?)®

h2+k2
2_q2 2 2
=2\/(h2—a2)(1— 22122)22\/@ :2>+(Z2+a ).

The given circles are 22 +y? +az +by+c=0and 22 +y> + bz +ay+c=0.

So chord is (a — b)z + (b — a)y = 0 which gives z = y.

First circle’s center is (—%, —%) and radius squared is # —
. . . P 2 R )
The perpendicular distance from the center to the line x —y =0 is N YR
2 _ (a=b)?®
So d* = -8

The length of the chord is 2vr2 — d?= 24/ ‘ﬂﬂ —c— %: 2,/ (@) —c.

So the length is @ —4e.

The center of the given circle is origin and radius is a. The length of perpendicular
from center to tangent is equal to radius. Therefore,

i — A=t =d@’+ ).
Center of the given circle is (3,—5) and radius is v/32 + 52 + 66 = 10.

Length of the perpendicular on the given line from center is ‘4'3”’%23‘ =10

which is equal to the radius of the circle.
Hence, the given circle touches the given line.

Center of the given circle is the origin and radius is a.

|—a

Length of the perpendicular on the given line from center is Trorers = %

which is equaal to radius.
Thus, the given line touches the given circle.

Center of the given circle is the origin and radius is a.

I-1]
ViZme

Length of the perpendicular on the given line from center is =a= 1+

m? =a2
Thus, locus of (I,m) is the circle 2% + 32 = a 2.
Given circle has center (2,4) and radius v22 + 42 +5 = 5.

For the given line to touch the circle length of perpendicular from center to the
line must be equal to the radius of the circle. Thus,

wz5:>10+>\:i25:>\:15,—35~

The given line is (z —1)cosf + (y — 1)sinf = 1.
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121.

122.

123.

Expand to get x cosf + ysinf —cosf —sinfd —1 = 0.

For a fixed point (h, k) to be the center of a circle touched by all these lines, the
perpendicular distance from (h, k) to the line must be constant.

So distance is (|hcos@ + ksinf — cos —sinf — 1]).

This becomes |(h —1)cosf + (k—1)sinf — 1|.

For this to be independent of 6, we must have h—1=0and k—1=0.

So the center is (1,1). Now the distance becomes constant equal to 1.

Hence, the radius is 1.

Therefore, the required circle is (z —1)2 + (y — 1)? = 1.

The given line is 3z — 16y = 10. So the required tangents are of the form 3z —
16y +c=0.

For the circle 22 + y? = 16, the center is (0,0) and radius is 4.

The distance from the center to the tangent must be equal to the radius.

So ﬁ — 4= |c| = 4v/265. Hence, ¢ = +4/265.

Therefore the required tangents are 3z — 16y + 4265 =0 and 3z — 16y —
44/265 = 0.

The given circle is 2% + y? — 2z — 4y — 4 = 0. So the center is (1,2) and radius
is 3.

First consider tangents parallel to 3z —4y — 1 = 0. Such lines are of the form
3z —4y+c¢=0.

The distance from the center to the line equals the radius. So [3(1) —4(2) +
c% =3.

=|—5+¢/]=15 = ¢ =20 or c =—10.

Hence, the tangents are 3z — 4y + 20 = 0 and 3z — 4y — 10 = 0.

Now consider tangents perpendicular to 3z — 4y — 1 = 0.

Slope of the given line is % so perpendicular slope is —%. So the tangents are of

the form 4z + 3y +c¢ = 0.

Again distance condition gives |4(1) + 3(2) + c‘g =3=>c¢=5o0r c=—-25.
Hence, the tangents are 4z + 3y + 5 =0 and 4z + 3y — 25 = 0.

The given circle is 22 + y? — 5z + 5y = 0.

So the center is (%, —g) and radius is %
The given line is 7y —x — 5= 0.

The distance from the center to this line is



124.

125.

126.

127.

So the line touches the circle. Now the other parallel tangent is of the form 7y —
z+c=0.

- : L | —5—P+cl _ 5
Again use the distance condition. So NGV

This gives |c — 20| = 25. So ¢ =45 or ¢ = —5.

Since ¢ = —5 gives the given line, the other tangent is 7y —x 4 45 = 0.

The given circle is 2% + y% = 15 so the center is (0,0) and radius is sqrt(15).
The given line 4o — y 4+ 6 = 0 has slope 4. So the required tangents have slope —i.
Hence, their equations are of the form z + 4y + ¢ = 0.

The distance from the center to the tangent must be equal to the radius.

So JHW:\/E.Thus \‘/%:\/ﬁ

= |¢| = v/255. Hence, ¢ = 4+/255.

Therefore the required tangents are x + 4y + V255 =0 and = + 4y — V255 = 0.

The given circle is 22 + y? — 6z + 4y — 3 = 0. So the center is (3, —2) and radius
is 4.

The given line y = 2z — 1 has slope 2. So the required tangents have slope —%.
Hence their equations are of the form z + 2y + ¢ = 0.

The distance from the center to the tangent equals the radius. So % =4

Soc=1:i:4\f5.

Hence, the required tangents are z + 2y + 1 + 4v/5=0and z + 29+1— 45 =
0.

The given circle is 2% + y% = 25 so the center is (0,0) and radius is 5.
A line making an angle 60° with the positive & axis has slope tan 60° = /3.
So the required tangents are of the form y = v/3z + c.

Theldistance from the center to the tangent must be equal to the radius. So
|cm =5 = |c| = 10. Hence, ¢ = £10.

Therefore, the required tangents are y = V3x + 10 and y= V3z — 10.

The given pair of lines is 22 — y? + 2y — 1 = 0.
Rewrite it as 22 — (y — 1)2 = 0. So the lines are t =y — 1 and z = 1 —y.

The family of circles touching both lines has its center on the angle bisectors.

The angle bisectors are x = 0 and y = 1. First take center (0, k).

The radius is the distance from (0, k) to either line. So r = %A

2 _ (k=1)?
= &1F

Hence, the circle is 22 + (y — k)

This gives one family. Now take center (h,1). The radius is %
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128.

129.

130.

131.

132.

133.

Hence, the circle is (z — h)? + (y —1)? = h;

Let A and B be the centers and r; and r, the radii of the given circles respectively.
Thus, A = (1,2),B = (0,4),7, = V5, and r, = 2V/5.

AB=./(1-02+(2—-4)2=+5
ry+1y=3v5 and |r; —ro| =5

Thus, AB = |r; — 5], hence, the two circles touch each other internally.

The centers of the given circles are A(—a,0) and B(0,—b) and radii are 7, =
Va2 — ¢? and r, = Vb2 — ¢? respectively.

The circle will touch internally or externally if AB =1, + 7, or AB=|r; —r,
AB? = (r; +75)° = a2 + b2 =2 + 13 + 2r 1,

Substituting the values and squaring we get % + b% = C%

The centers of the given circles are A(0,0) and B(2a,0) respectively, and radii
are a for both.

Distance between centers AB = 2a = 1, + 5. Hence, the circles touch each other
externally.

Let the equations of the circles touching both the given circles be (z — )2 +
(y — B)? = a® with center C = (, 8) and radius a.

AC =7, + 713 =2a= o?+ % = 4a?, and similarly, BC=ry+r;=>
(2a—a)? + B2 = 4a?

>a=a,p= ++/3a, and thus, we have our required circles.

The given circles are 2% + 32 + 2z +2y +1 =0 and 2% + 4% — 4z — 6y — 3 = 0.
First circle is (z + 1)% + (y + 1) = 1. Hence, the center is (—1,—1) and radius
is 1.

Second circle is (z — 2)? + (y — 3)? = 16. Hencem the center is (2,3) and radius
is 4.

Now find the distance between the centers. So d=+/(2+1)2+ (3+1)2=

V9416 = 5.

Also ry +75 =144 = 5. Since d = r| 4 ry, the circles touch externally.

The given circles have centers (a,b) and (b,a) and both have radius c.

The distance between the centers is /(a —b)2 + (b—a)? = /2(a —b)2 =
V2|a —b).

For the circles to touch externally, the distance must be equal to 2c.

So v/2|a — b| = 2¢. Hence |a — b| = v/2c.

Thus @ — b = +v/2¢. So the condition is a = b + v/2¢.

The given circles are 2% + 32 + 2ux + 2vy = 0 and 2% + 32 + 2uyz + 20,y = 0.
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Their centers are (—u,—v) and (—u;,—v;). Their radii are vu2?+v? and
\/u%—i—v%

The distance between the centers is \/(u —u)’ + (v—v;)%

For the circles to touch, we must have \/(u —u) (=)’ =V F o+
2.2
Vuy + vy,

= (w—uy)’ + W—v,)" =u? + 0% +u + 0} + 2/(u? +0?) (s +03).

= u? + 0% +u? +v? — 2(uu, +vv;) equals the right side.

= —2(uuy +vvy) = 12\/(u2 +v2)(u? +v?).

= uuy + oy = Fo/ (2 +02)(uf + ).

G+ o)? = (02 +02) (4 42)

= w?u? + v20? + 2uu vv; = uu? + uv? + vPu? 4+ 020l
= Zuyon, = u0d + P = uted — 2uyoy + ol = 0

2
So (uv; —uyv)” = 0. Hence, uv; = u,v.

Y
A

Given circle is z2 +y? = 22 ..(1)
For point P(l, %) z2 + y2 —4=1+ i —4 < 0, hence, the point lies inside the
circle.

Let AB be any chord of the circle through P. Let OL 1 AB, then L, the will be
the middle point of AB.

AB =2AL = vVOA? —OL? = 2\/4— OP? + LP?
Since P and O are fixed points OP is fixed.

AB will be minimum if LP is minimum and minimum value of LP is 0, when
P coincides with L.

Thus, minimum value of AB = 2,/4 — (1 + %) = V11.
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135. y

Let AB be the chord whose equation is z+y—1=10 ...(1) and given circle
isz2+y2—4y=0 ..(2).

Center of the circle is (0,2). Let L be the mid-point of the chord. Let ZACB =
260 then ZACL = /ZBCL =146
+2—1| _ 1

CL = length of perpendicular from C to line (1) = 10 7 7

AC = 2(radius of the circle).
From A ACL, cosf = % =1

C 7 22
Now angle at circumference = % x angle at the center = = cos™! ﬁ
136. y
A
P(a,b)
r PB
< ® » T

A D

(—T', 0) (1", £

Let APB be a semicircle and AB be a diamtere. Let O be the middle point of
AB. We take O as the origin and OB as z-axis. Let 7 be the radius of the semi-
circle. Then O = (0,0), A = (—r,0) and B = (r,0).

Let P = (z,y). Now OP? =72 . 32 + 42 =12



137.

138.

and AP? + PB? = [(z+a)?+y?| + [(x—a)? +y?| =22+ 2 +r?) =4r? =
(20)? = AB?

o

+~ ZAPB =90

<

BC,

A(—6.5,0)

BC,

Given AB = 13m, AC = 5m. Let OL L AC, then L is the mid-point of AC.

AL =2.5m and AO = 6.5m. From A ALO,cosf = 45 = &

Slope of BC; = tan(90° + 6) = —cot§ = — =

Slope of BC, = tan(—90" — ) = 5

Equations of BC; and BC, are y = —%(m — E) and y = i(:76 — 12—3)
The join equation is 100x2 — 576y — 1300z + 4225 = 0.

The given circle is 2% + y% + 2gz + 2fy + ¢ = 0 and the internal point is (o, §).
Let the center be (—g, —f) and radius be » where r% = g% + f2 —c.

Let a chord through (a, 8) be at perpendicular distance d from the center.

The length of the chord is 2vr2 — d2.

For a fixed point inside the circle, the least chord occurs when the chord is
perpendicular to the line joining the center and the point.

In that case the distance from the center to the chord is the distance between the
center and the point.

So d? = (a+g)? + (B+ f)2
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Thus the least length is 2vr2 — d?= 21/g2 + f2 —c— ((a + g)2 + (B + f)?).
=2y/~(0? + 57 + 290 + 2ff + ).

139. Equation of any curve through the point of intersection of given lines and
coordinate axes is (a;@ + by + ¢;)(asx + byy + ¢5) + kzy =0

If this is a circle then coeff. of 22 = coeff. of y? = a,a, = b;by.
140. The given circle is 22 + y2 = k? so the radius is k. The line is y —x — 3 = 0.
The perpendicular distance from the center (0,0) to the chord is

=8l _ 3

V2 V2

Let the chord subtend angle 30" at a point on the major segment.
Then the angle subtended at the center by the chord is 360° — 2 x 30" = 300°.
The half angle at the center is 150°.

So cos 150° = %. Thus 7? = %
So k=3,/Z = 6.

141. The tangent to the circle z2 + y? =5 at (1,—2) is
zxy +yy; =72 So x — 2y = 5.

Now consider the second circle z2 + 32 — 8z + 6y + 20 = 0. So the center is
(4,—3) and radius is v/5.

|[4+6—5| 5
V5 V5

Find the distance from the center to the line x — 2y — 5 = 0. So
V5.
This equals the radius, so the line is tangent.
Put z=2y+5 into the circle. So (2y+5—4)2+ (y+3)2 =5. This gives
(2u+1)2+(y+3)2=5.
So 5y2 + 10y +5=0=y?>+2y+1=0.So (y+1)?=0and y = —1. Then z =
3.
Hence, the point of contact is (3,—1).

142. The given family is z2 + y? — 2z — 2\y — 8 = 0. Write it as 22 + ¢ — 2z — 8 —
22y = 0.
For fixed points, the equation must hold for all A. So y = O(for z-axis) and z2 —
2z — 8 = 0.
Thus = 4 or z = —2. Hence the fixed points are A(4,0) and B(—2,0).

1—
So 2z +2yy’ —2—2X\y’ =0. Thus ¢y’ = o
At A(4,0) we get slope 2. So tangent at A is y = (3)(z —4).
At B(—2,0) we get slope —3. So tangent at B is y = (—32)(z +2).

Solving gives x =1 and y = —%. This point lies on z 4+ 2y + 5 = 0.



143.

144.

So1+2(—%)+5=0.Thus, 6 — 2 =0s0 A=3.

Hence the required circle is 2% + 32 — 2z — 6y — 8 = 0.

A

Let O be the center of the circle which is taken as the origin. Let a be the radius
of the circle. Now A = (0,a), B = (0,—a). Since CD || AB and 2CD = AB
Let CLLCD.CL=5%2 =1¢

InAOLC,OLzm:@
¢=(ga3).0=(F0-3)

Now equation of the circle is 2% + y? = a? and equation of tangent at (0, —a) is

—ay=a’=y=—a
_V3
Equation of AC is y —a = Oa_zla (z — 0). Solving this with y = —a we get E =
2
<2\/§a, —a)

Thus, AE = 2.AB.
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Let the center C of the circle be taken as the origin and let a be the radius of
the given circle. Let CX and CY be the x and y axes respectively. Let the two

parallel tangents to the circle at Q and R be y = a and y = —a.

Equation of the circle is 22 + y? = a? ...(1) and equation of any other tangent

at point P be y = mz + av'1 + m? ...(2)

Let A and B be the points of intersection of tangent (2) with the lines y = a and
y = —a respectively, then

A= <7a*“‘:nm, a) and B = (;“*ar\ém, —a)

SlOpe of AC = W = ml(let) and SlOpe of BC = (H\(/l% = mg(let)

mymy = —1, hence, ZACB = 90°.
145.

Given A is the origin, which is the center of circle I, AX and AY are the x and
y axes respectively. B and C are the center of the circles II and III respectively,

and their radii are 3 and 4 respectively.

Since circles I and II touch each other externally » AB = 8 and since circles I and
III touch each other externally ~ AC = 9.

Let BD,CE 1 z-axis. Then AD = /82 — 32 = /55 and AF = v/92 — 42 = 1/65.
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147.

Since both circles I and II touch z-axis, therefore, y = 0 is their common tangent.
Let BC meet y =0 at H. Then one more tangent will pass through H and H
will divided BC' internally or externally in the ratio 3 : 4 according as circles II
and I lie in different qudrants or in the same quadrant.

Case I: When circles II and III lie in the first and fourth quadrant respectively.

In this case B = (\/%, 3) and C = (ﬁ, —4).

.. DH _ BD _ 3
From similar A BDH and A CEH, £ = E=1

Hence, H divides DE internally in the ratio 3 : 4. Thus, H = (M, 0)

; ; ; _ 3v/65+4/55
Equation of any line through H will be y = m(m — %)

= Tma — Ty —m(3v65 + 4V55) =0 ..(1)

If (1) is tangent to circle II then

|7mv/55—7.3—m (3v/65+4/55)|

7V1+m?2
126(/55—/66)

7 9(71-10v143)

=3

=m=0

Thus, we have equation for common tangents.
Case II: When both circle II and III lie in the first qudrant.
In this case B = (\/55,3) and C = (\/65,4).

One common tangent y = 0 meeting BC at H and H will divide BC extrenally
in the ratio 3 : 4.

Thus, H = (4v/55 — 3v/65,0).
Now we can proceed like case 1 to find the other common tangent as well as case
3 when both the circles will lie in fourth quadrant.

Center of the circle is (1,2) and the point is (2, 3).

The equation of the normal will be equation of line passing through these points,
which is

y—3=23(z-2)=z—y+1=0.
The equation of the circle is (z+4)(x —6) + (y—4)(y+1) =0 =22 + 9% —
20 — 3y —28 =0

Putting = 0 gives us y> —3y —28 =0y =7,—4

Hence we take A as (0,7) and B as (0,—4).

Equation of tangent at A is .0 +y.7— (x +0) — 3%7 —28=0=>2zr—11y =
=77

Equation of tangent at B is .0 + y(—4) — (z + 0) — 3%4 —28=0=2z+ 11t =
—44

Solving the two tangents givens us Q(—ml, %)

1
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Thus, area of the A AQB = %.

148. Equation of the tangent is zz; + yy; — 2(x +z;) —3(y +y,) —12=0.
Substituting (z,y,) = (—1,—1) gives —z —y —2(x —1) —3(y —1) —12=0.
Simplify to get —3z — 4y — 7 = 0. Hence, the equation of the tangent is 3z +
4y+7=0.

149. The given circle is 22 + y*> — Tz — 5y + 18 = 0. We find the tangent at (4, 3).

So xw1+yy1—7%—5y§i+18:0.

Substituting (4,3) gives 4z + 3y — 7% — 5%3 +18=0.
Simplifying x +y — 7 = 0.

Now find the tangent at (3,2). So 3z + 2y — 7452 — 51"’%2 +18=0.
=r+y—5=0.

Both tangents have slope —1. Hence, they are parallel.

150. The given circle is 2% + y? = 169. The tangent at a point (x,,%;) on this circle
is zz, + yy; = 169.

At (5,12) the tangent is 5z + 12y = 169. At (12, —5) the tangent is 12z — 5y =
169.

From 5z + 12y = 169 we get slope —15—2. From 12z — 5y = 169 we get slope %
Their product is —1 so the tangents are perpendicular. Solving 5z + 12y = 169
and 12z — 5y = 169 gives x =17 and y = 7.

Hence, the point of intersection is (17,7).

151. The equation of the tangent at (, 8) is za + yB = r2.

2
250z =",
«@

To find the intercepts, put y = 0. Then za =17
So point A is (rz 0).

R
Now put 2 = 0. Then y3 =72 so y = % So point B is (O, %)

Now the area of triangle OAB is % x OA x OB.

,,A

ce 1 r? r? 1
s X 17 X 3= 5
So area is 3 o] 1Bl 2TaB

152. The given circle is 22 + y? — 2z — 4y — 20 = 0= (v — 1)% + (y — 2)? = 25.

So the center is A(1,2). Tangent at (z1,y;) is zx; + yy; — (x +21) —2(y + y1) —
20 =0.

Tangent at (1,7) isz+Ty—(z+1)—2(y+7)—20=0=>y ="T.
Tangent at (4,—2) is 4oz — 2y — (z +4) — 2(y —2) —20 = 0= 3z — 4y — 20 = 0.
Solving the two tangents we get point of intersection as C(16,7).

Split ABCD into triangles ABC and ADC.
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154.

155.

Triangle ABC has base BC = 15 and height 5. So area is 1 x 15 x 5 = %

Triangle ADC has base DC = /(16 — 4)2 + (7 + 2)2 = 15 and height 5. So area

is %

Hence, total area is 75.

The given circle is 22 +y? — 2z — 4y +3 =0= (z — 1)2 + (y — 2)2 = 2.

So the center is (1,2) and radius is sqrt(2). The given line is z +y — 5 = 0.
[1+2-5 _ 2

The distance from the center to the line is 7 5= V2.

This equals the radius, so the line touches the circle.

Put y = 5 — z in the circle. So (z —1)2 + (3 —2)2 = 2.

Expanding gives 2 — 2z + 1 + 22 — 62 + 9 = 2= 222 — 8z + 10 = 2.

22> —8r+8=0s022 —4z +4=0= (z—2)2 =050 z = 2. Then y = 3.
Hence, the point of contact is (2, 3).

The tangent to the circle 22 + y*> =5 at (1,—2) is

Tangent at (z,y,) is zz; +yy; = 2. So x — 2y = 5.

Now consider the second circle z2 + y2 — 8z + 6y + 20 = (z — 4)2 + (y + 3)2 =
5.

So the center is (4, —3) and radius is v/5.
= /5.

The distance from the center to the line x — 2y — 5 = 0. So Miﬁ =

St

This equals the radius, so the line is tangent.

Put x = 2y + 5 into the circle. So 2y +5—4)2 +(y+3)2=5=9y>+2y+1=
0.

So (y+1)2 =0 and y = —1. Then z = 3.
Hence, the point of contact is (3, —1).

The given circles are 22 +y? — 10z +4y —20 =0 and 22 + y? 4 142 — 6y +
22 =0.

First circle is (z — 5)% + (y + 2)2 = 49 so center is (5, —2) and radius is 7.

Second circle is (z + 7)% + (y — 3)2 = 36 so center is (—7,3) and radius is 6.

Distance between centers is 1/(5 + 7)2 + (—2 — 3)2 = /144 + 25 = 13.
Since r{ +ry = 7+ 6 = 13, the circles touch externally.

The point of contact lies on the line joining the centers and divides it in the ratio
7:6.

7(=7)+6(5)
13

_ _% and y = 7(3)+6(=2) _ 9

So using section formula z = 13 =1

Hence the point of contact is (—%, 1%)
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Tangent at (z;,y,) on first circle is zz; +yy; —5(z +z,) +2(y +y;) —20 =
0= 19z — 9y + 110 = 0.

156. The given circle is #2 + y? = 2 so the center is (0,0) and radius is sqrt(2).

The given line is y —2 —2 = 0.

The distance from the center to the line is % =42

This equals the radius, so the line touches the circle.

Put y = z + 2 in the circle. So 2% + (z +2)? = 2. Thus, (z +1)2=0s0 z = —1.
Then y = 1. Hence, the point of contact is (—1,1).

157. The given circle is % + y? + 2gz + 2fy + ¢ = 0. Its center is (—g, —f) and radius
is g2+ f2—c
For the line lz + my + n = 0 to touch the circle, the distance from the center to
the line must equal the radius.

e . —lg—mf+n
So the condition is ‘57127\/?;0;‘ = \/W
Squaring both sides gives (—lg —mf +n)? = (12 + m2)(92 + - C)'

Point of contact is the foot of the perpendicular from the center to the line.

l(—lg—m f+n) and Y= _f _ m(=lg—-mf+n)

So the coordinates are x = —g — ~—5 5 Zim?

158. The given circle is x2 + y% = 10z = (z — 5)% + y? = 25. So the center is (5,0)
and radius is 5.

The line is 3z + 4y — k = 0. For tangency, the distance from the center to the line
equals the radius.

So B — 5 = |15 — k| = 25. So k = 40 or k = —10.
Now find the point of contact using foot of perpendicular from (5,0) to the line.
For k=40, 2 =5— 31220 = 8 and y = 0 — 42520 = 4 So point is (8,4).

For k= —10,  =5— 3132 =2 and y = 0 — 413819 = —4 So point is (2, —4).
Hence k = 40 or k = —10 and the points of contact are (8,4) and (2, —4).

159. The given circle is 22 + y? = 5 so the center is (0,0).
The normal at a point on a circle is the line joining the center to that point.
So the normal passes through (0,0) and (1,2). The slope is 2.
Hence, the equation is y = 2.

160. The given circle is 22 + y*> = 2z = (z — 1)2 + y? = 1 so the center is (1,0).
The given line 4+ 2y = 3 has slope —%. So the required normal must also have

1

slope —5.

The normal to a circle passes through the center.
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162.
163.

164.

Hence, the normal is the line through (1,0) with slope —3. So its equation is y =
-1,
Thus, x + 2y — 1 = 0.

Given circle is 2 + 3% — 6z — 10y + k = 0. Let P = (1,4). Since P lies inside the
circle 17—-6 —-40+ k< 0=k < 29.

Let H be the center and a the radius of the circle, then H = (3,5) and a =

V34 —k.
Since the circle neither cuts the z-axis nor touches it ~ a < |5 =k > 9.
Again since the circle neither cuts the y-axis not touches it ~ a < |3] = k > 25

Combining the conditions we have 25 < k < 29.
Lenght of tangent is v52 + 124+ 6.5 —4.1 -3 =T.

Given circles are 22 + 32 —2 \z —c2 =0  ...(1) where \ is a variable.

Let the three values of A be A\j, A\, and A3. Let A, B and C be the centers of the
three circles respectively, then

A= (X,0),B=(Xy,0) and C = (A4,0). If O(0,0) be the origin, then
OA =|)\|,0B = |)\y| and OC = |X4|.
Given that |A;[,|Ag], |As] are in G.P. = [Ay]2 = |A;]As]

Equation of another circle is z% + y? = c2. Let P(a, 3) be any circle on this
point, then

a2+ B8t —c2=0

Lengths of tangents from P to the three circles are p; = /a2 + 2 — 2\ ;a0 — % =
—2\ a,py = /—2Xq, and p; = V—2X3a

P1p3 = /AN A3a2. We see that A A3 > 0 = [A]As] = A\ )y

Thus, p% = pyps, and hence, p_1, p_2, p_3 are in G.P.

Let P = (a, 8). Given that the lengths of the tangents are equal, therefore,

Va2 + B +a—3=/a2+B—Sa+f=/a2++2a+18+9

Solving we get a =0, =—3 +~ P = (0,—3).

Let the equation of the required circle is z% + 42 + 2gz + 2fy 4+ ¢ = 0. It passes
through (0, —3), therefore,

—6f+c+9=0

Equation of the tangent to the circle at (6,—1) is 6z —y+ g(z +6) + f(y—1) +
c=0

Given that the equation of the tangent is z +y — 5= 0.

Comparing coefficients we have g = —%, f= % =c=12
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Thus, equation of the circle is 2 + y? — 7z + Ty + 12 = 0.

165. The length of tangent from (f,g) to #? +y% =6 is \/m
The length of tangent from (f,g) to 22+4?4+3z+3y=0 is
VP + 2 +3f+3g.
Given the first is twice the second. So \/f2 + g2 — 6 = 2\/f2 + g2 + 3f + 3g.
So f24+ g% —6=4(f*+¢>+3f +3g).
Simplify to get 0 = 3f% + 39 +12f + 129+ 6. So f2 +g> +4f +4g+2 = 0.
166. The length of the tangent from (f,g) to the circle 2 4 y* = 4 is \/f2 + g2 — 4.

The second circle is 22 + y? = 4z which is (z —2)? + 92 = 4.

So the length of the tangent from (f, g) to this circle is 1/(f — 2)%? + g% — 4.
Given \/f2+ g2 —4=4/(f—2)2+¢*> — 4.
So f24 g% —4=16f2 + 1692 — 64f = 15f2 + 15¢> — 64f + 4 = 0.

167. Let (z1,y;) be any point on the circle 2 + y2 + 2gz + 2fy +c = 0.
So z% +y? + 29z, +2fy, +c=0.
The length of the tangent from (z,y;) to the circle 22 + y? + 2gx + 2fy + ¢, =
0 is
VT 4ot + 292 + 2y + e

Using the first relation, substitute 2 + 3% + 29z, + 2fy; = —c.
So the length becomes /—c + ¢;.

168. Let the required point be (z,y). The length of the tangent from (z,y) to 22 +
2 .
y“=1is

/2 + 42 — 1. For the circle 2 + 4% — 8z + 15 = 0 it is /22 + y2 — 8z + 15.

For the circle 2 4+ y? + 10y + 24 = 0 it is /22 + y2 + 10y + 24.

Given 22 +y2 —1=22+y? -8z +15= 2 =2.

Again x2+y2—1=x2+y2+10y+24=>y=—g.
Hence, the required point is (2, —%)

169. Let the required point be (z,y). The length of the tangent from (z,y) to x2 +
y?—4z+7=0Iis

/2 4+ 42 — 4x 4 7. For the circle 222 + 2y% — 3z 4 5y 4+ 9 = 0 divide by 2.

So it becomes 2% +y? — 3z + 3y + 2 =0.

Hence, the length is \/xz +1y2— %x + %y + %.

For the circle 22 + 32 + y = 0 the length is \/22 + 32 + .
Equating first and second. So 22 + y?> —dz + 7 = 22 + 3> — %:l? + %y + %.



170.

171.

172.

173.

Thus, =5z —5y+5=0soz+y=1

Now equate first and third. So 22 +9? —4x +7 =22+ y2 +y. So y = —4x + 7.
Solve with z +y=1.Sox —4zx + 7= 1.

= z =2 and y = —1. Hence, the point is (2,—1).

So length is m = \/41 =2.

Let the point be (z,y). For the circle 22 + y% + 2g,z + 5 = 0, the length of the
tangent from (z,y) is t? = 2% +y? + 2g;z + 5.

Now consider (g, — g5)t7 + (95 — 91)13 + (91 — 92)13-

Substitute ¢2. So it becomes (gy — g3) (22 + 42 + 29,7 + 5) + (g5 — g1) (2% + y% +
29,2 +5) + (91 — 92)(2? + y* + 2952 + 5).

The coefficient of (2% + y? +5) is (95 — g3) + (95 — 91) + (g1 — go) = 0.

Now consider the remaining terms.

So we get 2z[(g; — g3)g1 + (95 — 91)92 + (91 — 92)9s]-

Expanding inside. So g,9, — 9193 + 9295 — 9192 + 9193 — 9293 = 0.

Hence, the whole expression is 0.

Let the point be (z,y). The length of the tangent from (z,y) to 22+ y% = a®

is /22 +y? —a.

The second circle is (z — a)? + y2 = a2. So the length of the tangent from (z,y)
to this circle is v/(z — a)2 + y2 — a2.

Given the first is four times the second. So +/z2+y2—a?=
4y/(z — a)? + y% — a2

=22+ y?—a?=16((z — a)? + y* — a®) = 2% + y® — a® = 16(2? + y* — 2azx).

So 0 = 1522 + 15y — 32az + a®. Hence, the point lies on the required circle.
The equation of the pair of tangents from (0, 1) is given by T2 = SS.
Here S = 2% +y% — 2z + 4y and S; = 0% + 12 — 2(0) + 4(1) = 5.

Now T is 2 x04+yx1—(z+0)+2(y+1). So T=y—z+2y+2=—zx+
3y + 2.

Thus the equation is (—z + 3y + 2)% = 5(2? + y2 — 2z + 4y)
=322 —2y% 4+ 32y — 3+ 4y —2=0.

Let (z;,¥;) be any point on the circle 2% + y% + 2gz + 2fy + ¢ = 0. So =% + y? +
292, +2fy; +¢c=0.

The second circle is z2 + y2 + 2gx + 2fy + csin® a + (g2 + f?) cos? a = 0.

The length of the tangent from (z,,y;) to the second circle is
V2 + 42 + 29z, + 2fy, + csin2a + (¢2 + f2) cos? .
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Using the first relation, substitute xf + y% + 29z, + 2fy, = —c.

So the length becomes y/—c + csin® a + (g2 + f2) cos? .

This simplifies to /(g2 + f2—c)cos2a. So the tangent length is
Vg + f2—ccosa.

The radius of the second circle is 1/g% + f2 — (csin2 a + (g2 + f2) cos? ).
=+/(¢>+ f2—c)sin2 .

Let 0 be the angle between the tangents. Then tan(g) = 7 where d is the tangent

length.

So tan(g) = tan a. Hence, 0 = 2a.

174. The given circle is 22 + y? = 25 so the center is (0,0) and radius is 5.
Let the tangent from (1, —7) have slope m. So its equation is y + 7 = m(z — 1).
This gives mz —y —m —7 = 0.

For tangency, the distance from the center to the line equals the radius. So

|[-m-7| =5
vVm?2+1 :

— 4 - _3
= m = 3 orm = 1

Hence, the tangents are y+ 7 = 3(z — 1) and y+ 7= —2(2 — 1). Their slopes
are % and —%
Their product is —1 so they are perpendicular.
175. The given circle is 2 + y? = 16. From the point (9,0) the length of the tangent is
V92— 16 = v/65 which is real. Hence, two tangents can be drawn.
The equation of the pair of tangents is given by T2 = S5;.
Here S = 22 +y? — 16 and S; = 81 — 16 = 65.
Now T = zz; + yy; — 16 = 9z — 16.
So the equation is (97 — 16)% = 65(z% + y* — 16).
Thus, 1622 — 65y? — 288z + 1296 = 0.

_ 9V/0—(16)(—65) _ V65
So tanf = 2W = _STQ

176. The given circle is z? 4+ y> = 25 so the center is (0,0) and radius is 5.
Let the tangent through (7,1) have slope m.
So its equation is y — 1 = m(z — 7). This gives mz —y —Tm +1 = 0.

For tangency, the distance from the center to the line equals the radius.

|=Tm+1| _ _ 4 _ 3
So e = 5. Solve to get m = 5 or m = —4.

Hence the tangents are y —1=3(z —7) and y — 1 = —3(z — 7).

177. The given circle is 22 + y2 + 2gx + 2fy + k% = 0.



The equation of the pair of tangents from the origin is given by T2 = S5;.
Here S = 2% + y% + 29z + 2fy + k* and S; = k2. Now T = gz + fy + k2.
So the equation is (gz + fy + k2)2 =k2(2? +y% + 29z + 2fy + K?).

This is the required pair of tangents.

Now find the intercept on the line y = h. Substitute y = h.

So (9z + fh+ k2)2 = k?(2? + h® + 29z + 2fh + k?).

The intercept is the distance between the two roots.

So length is 2 (g*—k2)(WZ+ k2 +2/h)

|k2—g2|

Using the relation g% + f2 — k? = r? simplify the expression.

This reduces to ,3;‘_’“;24
Hence, the intercept is —=2£; times the radius.
p g

178. The given circle is 22 + y? + 6x + 8y — 11 = 0. Let the midpoint of the chord
be (1,—1).

The chord whose midpoint is (z1,y;) is given by T = S;.

Here S=2%+y?+6x+8y—11 and S; =12+ (—1)2 +6(1) +8(—1) —11 =
—11.

Now T =z +yy; + 3(x + 1) +4(y + y;) — 11
Substitute (1,—1). So T =2 —y+3(x+1)+4(y—1)— 11
Thus, the chord is T'= S, so 4z + 3y — 12 = —11.
Hence, the equation is 4z 4+ 3y — 1 = 0.
179. The given circle is 22 + y? 4 6z + 8y + 9 = 0. Let the midpoint be (—2, —3).
The chord whose midpoint is (z;,y;) is given by T' = 5.

Here S=x22+3y?>+6x4+8y+9 and S, = (—2)% + (=3)2 +6(—2) + 8(—3) +
9=—14.

Now T' = zz; +yy; +3(x + ) +4(y +y1) +9.
Substitute (z1,y;) = (—2,—3).So T = -2z —3y+3(z—2)+4(y—3) + 9.
Simplify to get © + y — 9. Thus, the chord is T =S, so x +y — 9 = —14.
Hence, the equation is x +y + 5 = 0.

180. The given circle is 22 + y? + 4z — 2y — 3 = 0. So the center is (—2,1).
The given lineis y=ax+2o0orz—y+2=0.

The midpoint of the chord is the foot of the perpendicular from the center to
the line.

Using the formula for foot of perpendicular from (z,y;) to az + by +c =10,
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181.

182.

183.

a(az,+by;+c)
a2+b2

Here (z1,y;) =(—2,1) anda=1,b=—-1,¢c=2.

b(azx,+by,+c)

and y = y; — pERNES

T =x —
ar; +by; +c=—-2—-14+2=—-1.
Soxz—?—l%l:—% andyzl—(—l)%l:%.

Hence, the midpoint is (—%, %)

The given circle is 22 + y? — 2z + 4y + 7 = 0. The chord of contact from a point

(z1,y;) is given by T' = 0.
Here T' = zx, + yy; — (1‘+331) + 2(2/"‘3/1) +7

Substitute (z1,y;) =(1,2). So T =z +2y—(z+1)+2(y+2)+ 7.

=4y+10=0=2y+5=0.

Given circle is 22 4+ y? = a? ...(1)

The equation of the chord of contact AB of tangents drawn from P(h, k) to the

circle (1) is zh + yk = a?.

We have to find the area of A PAB. From P(h,k) draw PL 1 AB. Now

__ h%4k%—a?
PL="0n

Also, PA = Vh? + k2 —qa?
AL2 = AP2 — PI2? = avh2+k?—a?

N
3
h24k2_a2)2
Apap=LAB.PL = AL.PL = 220’
Given circles are 22 + y? = a2 (1), 2y =0 +(2), and @ +y* =
c? ...(3).

Let P(c, ) be any point on (1), then o2 + 5% = a2

(4

Equation of the chord of contact of the tangents from P(a, ) to (2) is



184.

185.

186.

187.

188.

za+yB — b2 = 0.

This chord of contact is tangent to (3), therefore,
0.040.8-b2| _

V2452
Common chord of the circles is 5z — 3y — 10 = 0. Let this meet the circles at A
and B. Let the tangents to first circle at A and B meet at P(«, 3), then AB will
be the chord of contact of the tangents to the circle from P, therefore, equation
of AB will be

zoao+yB—12=0

¢ = b? = ac, and hence, a,b, c are in G.P.

The two obtained equations are same. Comparing coefficients we have ¢ = 83—

—%, which yields

a=6,—= —%.

The given circle is 22 +y?> + 2z —3 = 0. The chord of contact from a point
(z1,y;) is given by T = 0.

Here T = zx, + yy; + (x + ;) — 3. Substitute (z1,y,) = (—3,2).
SoT=-3z+2y+ (z—3)—3.

Hence, the chord of contact is z —y + 3 = 0.

The given circle is 22 + y? = 25. The chord of contact from a point (z,y;) is
given by zx; + yy; = 25.

Substitute (z4,y;) = (5,3). So the equation becomes 5z + 3y = 25.

The given circle is 22 + y? — 4z + 3y — 1 = 0. The line is 2z +y + 12 = 0.

Let the points of intersection be P and Q. The intersection of tangents at P and
Q is given by the pole of the line.

So we find the pole of 2z + y + 12 = 0 with respect to the circle.

—2gl—-mn,—2fm—In
12+m? :

For the circle, the pole of lz + my+n =0 is

—23)(1)-(2)(12)

ADD-002) _ 4 g = 2EHO-QED _

Heregz—?andfz%.:wz =

f%f
Let the given circle be 22 +y? 4+ 2gx + 2fy +c = 0. Let the two points be
P(zy,y,) and Q(z3,,).

Since they are conjugate with respect to the circle, we have z,z, + y;y, + g(z; +
Ty) + f(y1 +y2) +c=0.

The lengths of tangents are t? = 2% + y? + 2gx, + 2fy; +c and t = 23 +y2 +
29y + 2fy, +c.

1 +85 = 2 + 7 + 23 + 3 + 29(, +2,) + 2 (11 + 1) + 2c.

Now consider the square of the distance between the points.

2 2
So PQ2 =@ —2)" + (Y1 — )" = z% + y% + x% + y% —2(21 %5 + Y19Y2)-
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Using the conjugate condition, £;25 + y;y5 = —g(z; + 25) — f(y; +y2) —c.
~ Py =a3 +y + 23 + 93 +29(z) +35) +2f(yy +v2) + 2¢.
Thus Pé =13 +t3. Hence, F, = NGER
189. The given circle is 22 + y? = 25. Let the point be P(4,6).
The chord of contact from P is 4z + 6y = 25.
The area of the triangle formed by the two tangents and their chord of contact is

A xSy

= distance from center to chord"

Here S; = 4% 4+ 62 — 25 = 27. So /5] = 3V/3.
The distance from the center (0,0) to the chord 4z + 6y — 25 =0 is
=25 x 3v/3 x 2L = 6/39.
190. The given circle is 2% + 32 + 29z + 2fy + ¢ = 0. Let P(z1,y;) and Q(x,,ys) be
the points of contact of tangents from the origin.
The tangent at (z1,y,) is 221 +yy; +g(z +21) + f(y +y1) +c=0.

Since this tangent passes through the origin, substitute (0,0). So gz, + fy, +
c=0.

Also since (1,y;) lies on the circle, 22 + y? + 2gx; + 2fy; +c = 0.

Using gz, + fy; = —¢, we get 23 +y? —c=0= 27 +y} = c. Similarly z3 +
2

Y5 =c.

Now consider the circle 2% + 32 + gz + fy = 0. Substitute (0,0) and it satisfies
the equation.

Now substitute (z;,y; ). Using 22 + y? = c and gz, + fy; = —c, we get c —c = 0.

So (z4,y;) lies on it. Similarly (z,,y,) lies on it. Hence this circle passes through

O,P,Q.
Therefore it is the circumcircle of A OPQ.

191. The given circle is #? + y? = 25. Let the tangent through (7,1) have slope m.
So its equation is y — 1 = m(z — 7). This gives mz —y —7Tm + 1 =0.

For tangency, the distance from the center (0,0) to the line equals the radius 5.

So |[=7Tm+1|
vm?2+1

— _ 4 __3
= 5. Solve to get m = 5 or m = —4.

Hence the tangents are y —1=%(z —7) and y — 1 = —3(z — 7).

For m = %, the tangent is 4z — 3y — 25 = 0.

(4z—25)2

Solve with the circle. So z2 + 5

= 25. This gives ¢ =4 and y = 3.

For m = —%, the tangent is 3z + 4y — 25 = 0. Solve with the circle. So 2 +

2582 _ 95,



192.

193.

194.

195.

196.

197.

198.

This gives z = 3 and y = —4. Hence the points of contact are (4,3) and (3, —4).
Equation of the polar is z.2 + y.(—1) — 3(’”%2) + 4%1 —8=0=>2+2y—26=
0.

Let P(a, ) be the pole of the given line w.r.t. the given circle. Equation of polar is
(a+2)z+ (B+3)y+2a+36+9=0

Comparing with the given line "‘Tﬁ = % = 2a+137ﬁ +9

= a =1, =2. So the required pole is (1,2).

Given circles are 22 +y? +6y+5=0 dots(l) and 22+ ¢y + 2z +8y+5 =
0 ...(2). Let P = (1,-2).

Polar of the point (1,—2) w.r.t circle (1) is given by  +y.(—2) +3(y —2) + 5 =
0=z+y—1=0 ..(3)

Polar of this point w.r.t circle (2) is given by z + y.(—2) +z+ 1+ 4(y—2) +5 =
O=z+y—1=0.

Thus, polars are same. Let Q(c, §) be another point for which the polars are same.
The polars of this point w.r.t. given circles are

za+yB+3y+pP)+5=0and za+yB+ (zr+a)+4(y+B8)+5=0

These two lines are same. Thus, comparing coefficients gives us

a+l _ B+4 _ a+4B+5
a  B+3 7 3B+5

Solvig this gives us two points one of whihc is the given point and another point
is (2,-1).

Let the circle be 22 + y? = a? and points A(z;,y;) and B(z,,7,).

Polars of A and B will be zz; + yy, — a? = 0 and zz, + yy, — a? = 0.

AM _ |zazatyiys—a®| _ |mswatyays—a®| _ valtyl _ ca
BN Va3+u3 Va3 Vit OB

First find the point of intersection of the lines 4z —y = 11 and =z — 2y = 1.
From the second equation we get © = 1 4 2y. Substitute in the first equation.
So 4(1 + 2y) — y = 11. Thus, x = 3. So the point is (3,1).
Now find the polar with respect to 22 + 32 = 7.
The polar of (z1,y,) is zz; +yy; = 7.
So the required equation is 3z +y = 7.

11

: : : 2 2 _ 2 2 _
The given circle is 2z° +2y* =11 = 2° +y =5

So the polar is 4z —y = 12—1
The given circle is 2 4+ y*> — 8z + 6y + 4 = 0. The polar of a point (z,,y;) is
given by T = 0.

So T =xx; +yy; —4(xz+21) +3(y +y;) +4
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Substitute (z,,y;) =(1,—5). So T =z —5y —4(z+ 1)+ 3(y —5) + 4.
Hence, the polar is 3z + 2y + 15 = 0.
199. The polar of (p,q) with respect to z2 4 4% = a? is px + qy = a>.

For this line to touch the circle (z — c)? + (y — d)? = b2, the distance from its
center (c,d) to the line must equal the radius b.

= b2(p? + ¢%) = (a® — cp — dg)”.

200. The given circle is 22 4 4% + 29z + 2fy + ¢ = 0.
The polar of the origin is obtained by putting (0,0) in 7.
So the polar is gz + fy +c = 0.

For this line to touch the circle z2 + y2 = a2, the distance from the center (0,0)

to the line must equal the radius a.

le|  _ _
So \/g;JrifQ = a. Hence, ¢ = a2(g2 + fz).
201. Let the given line be Iz +my + n = 0. The pole of this line with respect to z2 +

y?=c?is (—c?L,—c22).

Given this point lies on 22 4 3% = 9¢2. So C:—l; CA;—TZ =9c2.
Thus, ¢*(12 + m?) = 9¢?n?. So n? = (%)(lz +m?).
c

Now consider the circle 922 + 9y? = ¢2. Its center is (0,0) and radius is 5

[n]

The distance from the center to the line is T

Using the relation above, this becomes %

So the distance equals the radius. Hence the line is tangent to the circle 922 +

9y? = c2.

202. The given circle is 222 +2y? — 3z +5y—7=0=2>+¢y* -3z 4+ 3y—I =0.
Thus, g = —% and f = %
The pole (zy,y;) of the line 9z + y — 28 = 0 satisfies that this line is the polar
of (z1, ).
So write T' = 0. Thus, zz; + yy; + g(z + 1) + f(y +y;) +c=0.
So coefficient of z is z; + g and coefficient of y is y; + f.
Hence, the equation becomes (z; + g)z + (y; + f)y + (92, + fy; +¢) =0.
Compare with 92 +y —28=0.So z; +¢9g=9and y; + f = 1.
Substitute values. So z; —% =9 hence z; = %. And y; + % =1 hence y; = —i.

So the pole is (%,—i). So it becomes (%)x + (i)y— 7=0.



203.

204.

205.

Now compare again. So =, + g = % gives z; = 3. And y; + f = % gives y; = —1.
The given circle is 2 +y? — Tz + 5y — 1 = 0. Compare with 22 + y? + 2gx +
2fy+c=0.

Sog=—1%, ¢ = —1. Let the pole be (z1,y;). The polar of (z,,y,) is

_s
21
(1 + 9)z + (y1 + f)y + (92, + fy; + ¢) = 0. This must represent the line 2z —

So equate coefficients with a factor k: z; + g = 2k, y; + f = —k and gz, + fy; +
c = 10k.

Substitute g = —%, f= g, c=-—1

So xl—%=2k hence z1:2k—|—% and yl—}—%:—k hence ylz—k—%

Substitute into the third equation: (f%)(2k + %) + (%)(fk — g) —1=10k.

Expand: —7k — 22 — 58 _ 25 _ 1 — 10k, = —7k— 5% — 37 _ 1 =10k

Write —1 = —2: —7k— 55 — 32 =10k = k = —1.

Now z; =2k+1=-2+I=3andy =—k-5=1-5=-3

The given circle is 22 + 32 4+ 2gx + 2fy + ¢ = 0. Let the pole of the line az +
by + ¢ =0 be (z1,y,). The polar of (zy,y;) is

ez +yy + 9z +2) + fly+y) +e=0= (2, +g)z + (4 + fy + (92, +
fyy+c)=0.

This must represent the same line as ax + by + ¢ = 0.

So coefficients are proportional. Let the factor be k.

xy +¢g=ak and y; + f = bk => gz, + fy, + ¢ = ck.

So x; = ak —g and y; = bk — f.

Substitute into the third equation: g(ak — g) + f(bk — f) + ¢ = ck.

So agk — g> + bfk — f2 + ¢ = ck. Thus, k(ag+bf —c) = g> + f2 —c.

_ +f%c
Hence, k£ = agibi—c
_ a(g®+f—¢) _ b(gP+f*—¢)
So Ty = ag+bf—c -9 and Y1 = ag+bf—c f

The given circle is 22 + y? + 2gz + 2fy + ¢ = 0. Its center is (—g, —f).

Let the point be P(x,y;). The polar of P is

zxy +yyr 9@+ )+ f(y+y1) +c=0.

So (z1 +9)z + (y1 + Ny + (921 + fy1 +¢) = 0.

Thus, the normal vector to the polar is (z; + g,y; + f).

Now consider the line joining the center C(—g,—f) and the point P(z,y;).

Its direction vector is (z; + g,y; + f)-
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Hence, the polar is perpendicular to the line joining the point and the center.
206. The family of circles is #2 + y2 + 2px + ¢ = 0. Let the given point be (z,,y;).

The polar of (z,y;) with respect to the circle is zz; +yy; + p(z + ;) + ¢ =0.

So (zy +p)x+yy+pr; +c=0=zzr+yy+c+pl@+az)=0

Now observe that if z + z; = 0, the term containing p vanishes.

So the equation reduces to z,x + y,y + ¢ = 0. Substitute x = —z;.

2 z2—c

Then —z{ +y,y+c¢c=0.Soy = 11/—1

22—
Y1

Thus the point (—:cl, C) satisfies the polar for all values of p.

Hence, all polars pass through this fixed point.
207. The polar of (o, ) with respect to 2% + 32 = a? is az + By = a>.
For this line to touch the circle (z — a)2 + y2 = a2, the distance from its center

(a,0) to the line must equal the radius a.

|aa—a?|

© Varip?

= (a—a)?=a?+B%= B% + 2aa = a.

=a= (aa— a2)2 =a?(a? + B?).
Thus, (a, ) lies on the curve y2 + 2az = a2.

208. For the circle 2 + y% = a2, the polar of (z;,y;) is zz; + yy; = a*.
So the polars of (z1,¥;), (%4, Yys), (z3,y3) are
rxy + Yy, = a?, Ty + YYy = a?, and Tx3 + Yys = a’.
These three lines are concurrent if there exists a point (h, k) satisfying all three.
So hzy + ky, = a%, hzy + ky, = a2, and hay + ky; = .
Subtract pairwise: h(z; — z5) + k(y; — y5) = 0 and h(zy — z5) + k(yy — y3) = 0.
For non-zero (h,k), these two equations imply (z; —z5)(yy —y3) = (T —
T3) (Y1 — Ya)-
This is equivalent to z,(y; — y3) + T2 (Y3 — y1) + Z3(y1 — y) = 0.
Thus the points (z4,y;), (Z5,Ys), (3, y3) are collinear.

209. The given circles are x2 + y? — 2x — 6y — 12 = 0 and 22 + y2 + 6z + 4y — 6 = 0.
Compare each with the general form z2 + y? + 2gz + 2fy +c = 0.
For the first circle, we get g; = —1, f; = —3, and ¢; = —12.
For the second circle, we get g, =3, f, =2, and ¢, = —6.
Two circles cut orthogonally if 2(g;95 + f1f2) = ¢ + ¢o.
Substituting the values 2((—1)(3) + (—3)(2)) =2(—3 —6) = —18.
Also ¢; + ¢, =—12—-6=—18.



210.

211.

212.

Both sides are equal. Hence, the given circles cut each other orthogonally.

Let the two circles be S =22+9%+2gx +2fy+c=0 and S; = 2% +9% +
29,z + 2f1y+ ¢y =0.

Their radii are a and a;. So g2 + f2 —c=a? and ¢} + f? — ¢, = a2

Consider the circle % + % =0.

Its equation is (l + a%)(x2 + %) + 2(% + %)x + 2(5 + (%)y—l— <§ + i) =0.

a a1
9491 fif cyc1
=22+ y? +2Gz + 2Fy + C = 0, where G = T F=1+ and C = 3.
ata; ata; ata;
Now consider the circle % — i = 0. Similarly it becomes z?+ y? + 2G;x +
2Hy+C =0
g_91 f1 c_cy

£ e_e1
where G, = +—¢, F, = +—%, and C; = +—.
"

@ ap 1 a ay
Two circles cut orthogonally if 2(GG, + FF ) = C + C;. After simplification, both
sides reduce to the same value.

Hence, the circles represented by + Sl = 0 intersect at right angles.

Let the required circles pass through the points (0,0) and (0, —a).

Then their equation can be taken as 22 + y? + 2gz + ay = 0 since substituting
(0,0) and (0, —a) satisfies it.
Now this circle touches the line y = ma + c. So the distance of the center (—g, —%)

from the line is equal to the radius.
The radius is \/gT So % m.

= (—mg+%— 6)2 =(m?+1) (g2 + %) This gives a quadratic in g.
The two circles correspond to the two values of g. Let them be g; and g,.

For the two circles to cut orthogonally, the condition is 2(91 go + “TZ) =0.

2

S0 g19, = —

From the quadratic equation in g, the product of roots is (§ — 0)2 (m? +1) (%)
all divided by m?.

2_c)?—(m24+1) (2
S0 9192 = *2)@) Equate this to —%2,

So (&— c) —(m? + 1)(%2) =—m?%. Solving, ¢ = % + %.

Hence, ¢ = a%(2 +m?).

Let the required circle be 2% + 32 + 2gz + 2fy + ¢ = 0. Given circle one is 2 +
2+ 3z —5y+6=0.
So g; = %, fi=—3, ¢, =6. Given circle two is 4z? +4y? — 28z +29 =0 =
4y —Tr+ 2 =0
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_ 71 _ _ 29
Sogz——i,f2—0,cz—7.

For orthogonality with first circle 2(gg; + ff;) =c+¢; = 39— 5f =c+6.

For orthogonality with second circle 2(gg, + ff;) =c+cy = c=—Tg— 2.

Substitute in first equation 3g — 5f = —7g — 24—9 +6=f=29+ i.

Now the center lies on the line 3z +4y+1=10. So 3(—g) +4(—f) +1=0.
Thus, 3g+4f = 1. Substitute f=2g+ 1 =3g+4(29+1)=1=11g=0 so
g=0.

Then, f = %. Now ¢ = —7g — % = —%.

. . . 2 2 1 29 __
Thus, the required circle is z° +y~ + 5y — 7 = 0.
213. Let the required circle be x2 + y? 4 2gx + 2fy + ¢ = 0. Since it cuts the circle
22 4+ y? = 4 orthogonally, the condition is ¢ + (—4) = 0.
So ¢ =4. Thus the circle becomes z2? + 9% + 2gx + 2fy +4 = 0. Its center is
Given that the center lies on the line 2z — 2y +9 =0, so 2(—g) — 2(—f) +9 =
0. Thus, —2g+2f+9=0o0r f=g—3.
Substitute into the equation of the circle 22 + y? + 2gz + 2(g — %)y +4=0.
So 2% + 42 + 2g(x +y) — 9y + 4 = 0. Rewrite as 22 + 4% — 9y +4 + 2g(z +y) =
0.
This represents a family of circles depending on g.
For fixed points, eliminate g. So the condition is  +y = 0.
Substitute y = —x into the equation z2? + 2% — 9(—z) +4 = 0.
So0222+9x4+4=0.2= —% or z = —4. Thus, the corresponding y values are %
and 4.
Hence, the two fixed points are (—3, 3) and (—4,4).
214. Let the required circle be x2 4 y% + 2gx 4 2fy + ¢ = 0. Since it cuts the given
circles orthogonally,
therefore 2gg; +2ff; —c—c; =0  ..(1) and 2gg, +2ff, —c—cy =0
@
z2+y?+c =y

—c—cy g1 f1
—c—¢c3 gz fo

Eliminating g and f from these equations gives us =0 or

z2+y? z oy c z y z2+y? —x —y 1 —z —y
<, g1 filt+|-ca fH]|=0=| a g fi|+c|la A =0, which is of
—c3 9o [o —c g2 f2 ¢y gz fo 1 g5 fo
the form
z2+y? —z —y —z —y 1
= €1 91 fi|+klen L 1|=0
Ca g2 fa 92 f2 1




215.

216.

217.

218.

The given circles are 2% + 4% + 52 +3y+7 =0 and 2 + y*> — 8z + 6y + k = 0.
Compare them with the general form z% + 32 + 2gz + 2fy +c = 0.

For the first circle, g, = g fi= % and ¢; = 7.

For the second circle, g, = —4, fy =3, and ¢, = k.

Two circles cut orthogonally if 2(g,g, + f1f3) = ¢; + ¢o.

Substitute the values. 2((3)(—4) + (3)(3)) =7+ k.

Hence, —11 =74+ k= k= —18.

Let the required circle be 2 + y2 + 2gx + 2fy + ¢ = 0.

Since it passes through the origin, ¢ = 0.

Now consider the circle z2 + 32 — 42 + 6y + 10 = 0.

Comparing with the general form, g, = —2, f; =3, and ¢; = 10.

Since the circles cut orthogonally, 2(gg; + ff;) = ¢+ ¢;.

Thus, 2(—2¢g +3f) =10 = —2¢g+ 3f = 5.

Now consider the second circle 22 +y? + 12y + 6 = 0.

Comparing with the general form, g, =0, f, =6, and ¢, = 6.

Again using the orthogonality condition, 2(gg, + ff,) =c+c, = f = 3.
Substitute into —2¢g + 3f = 5. So —2¢g + % =5=>g= 72.
Thus, the required circle is z2 + 3% — 75 +y=0.

Let the required circle be 2% + 32 + 29z + 2fy + ¢ = 0. Since it passes through
the origin, ¢ = 0.
Given that the center lies on the line x +y+4=0,s0 —g— f+4=0.

Now consider the circle 22 + y? — 4z + 2y + 4 = 0. Comparing with the general
form, g; = -2, f; =1, and ¢; = 4.

Since the circles cut orthogonally, 2(gg; + ff1) =c+¢;. So 2(—2g+ f) =4.
Hence, —2g + f = 2.
10

Solving the two equation gives g = % and f=4— % =3

Thus, the required circle is 22 + 3> + 4% +20% = 0.

Let the third circle be 22 + y? + 2gx + 2fy + ¢ = 0. Let the other two circles be
22+ 92 + 29,7+ 2f1y +c; =0 and 22 + 32 + 2952 + 2foy + ¢y = 0.

Since the first two circles cut the third circle orthogonally, 2(gg; + ff;) = c+¢;
and 2(gg, + ff2) = c+co.

The common chord of the first two circles is obtained by subtracting their
equations.

So its equation is 2(g; — go)z + 2(f; — fo)y + ¢4 —cy =0.
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From orthogonality = ¢; — ¢y = 29(g; — g2) + 2f(f1 — f2)-
Substitute into the equation of the common chord. Then 2(g; — g5)z + 2(f; —
f2)y+29(91 — g92) +2f(f1 — f2) = 0.
Factor, (g, — g2)(z +9) + (f; — f2)(y + f) = 0. The center of the third circle is
(=9, /)
Substitute £ = —¢g and y = —f. The equation is satisfied.
Hence, the common chord passes through the center of the third circle.
219. Let the required circle be S = 2% +y% + 2gz + 2fy + c = 0.
Let S; =22+ 9y +2g:2+2f1y+c; =0, Sy =22 + 9y +2g,2 +2f,y+¢cy =0
and S; = 2% + y% + 2937 + 2f3y + c3 = 0.
Since the circle S = 0 cuts each of these orthogonally,
2(gg:1 + ff1) = c+ ¢y, 2(992 + ff2) = ¢+ ¢y, and 2(ggs + ff3) = c +cs.
Now consider the circle k£S; + 1S, + mS; = 0.
Its equation is (k+1+m)(z? +y?) +2(kg, + lgs + mgs)z + 2(kf, +1fs +
mfs)y + (key + leg +meg) = 0.
Divide throughout by (k+ 1+ m). Then the circle becomes z? + y* + 2Gx +

_ _ kg +lga+mgs _ kfiHlfotmfs _ keytleg+meg
2Fy+ C =0, where G = yor B = o e ,andC—ilﬁ_H_m .

2(9G + fF) = k(2(991+ff1))+l(2(7;izli);{2))+m(2(993+ff3))

_ k(cteq)+l(ctcey)+m(ctes)

Using the orthogonality conditions, 2(¢G + fF) e .

2(9G + fF) = ¢+ Mtleatme — o4 ©,

Hence, the circle k£S; + 1Sy + mS; = 0 cuts the circle S = 0 orthogonally.

220. Any circle passing through (0, k) and (0, —k) has equation x2 + 32 + 2gx + 2fy +
c=0.
Since (0, k) lies on it, k2 + 2fk + ¢ = 0. Since (0, —k) lies on it, k2 — 2fk +c = 0.
Subtracting, 4fk =0. So f = 0. Then ¢ = —k2. Hence, the circle is x2 + 9% +
29z — k> = 0.
Its center is (—g,0) and radius is /g2 + k2.
Now the circle touches the line y = mz + b
Therefore, the perpendicular distance of the center from the line equals the radius.
So ‘;nmlgiﬁl = \/W = b2 — 2bmg + m2g%? = m2¢® + g% + k®>m? + k2.
Thus, g% + 2bmg + k*(m? 4+ 1) — b?> = 0. This quadratic gives the two possible

circles.

Let their corresponding parameters be g; and g,. Then g;g, = k?(m? + 1) — b2.

Now the two circles are x2 + 42 + 2g;x — k? = 0 and 22 + 3% + 2g,2 — k% = 0.



221.

222.

They cut orthogonally if 2(g;g,) = —2k2.
So g19, = —k?%. Hence, k%(m? + 1) — b% = —k?. Therefore, b* = k?(m? + 2).
Let the required circle be 22 + y2 + 2gz + 2fy + k = 0.

Since it cuts the circle x2 4 y% = ¢? orthogonally, the condition is 2(g* 0 + f *
0)=Fk—c%

So k = —c?. Hence the general equation of the circle is 2% + 32 + 29z + 2fy —
c2=0.

Now suppose it passes through the point (a,b).

Substituting, a2 + b2 + 2ga + 2fb — ¢ = 0. So 2ga + 2fb = c? — a? — b2

c2a c?b )

Now consider the point (a2+b2, 2107

Substitute this point into the equation of the circle. We get

4,2 4p2 2 2y
(a§+122)2 + (a2c+l;;2)2 + 2?1(21;2) + 2£gc+b2) —c%

4 a2+b22 + 2¢%(gatfb) _ 2

Combine the first two terms, = ¢ (@215 oy

ct 2¢2(ga+ fb) 2
= T e ¢

Using 2ga + 2fb = c* — a? — b2, we get 2(ga + fb) = ¢ — a® — b2

N Ny S S
Substitute, = e il e B ¢
4, 4 20,2, 52 4_c2(a24b2
et +b 2ct— +b
ct+ct—c?(a )_CQ_ c*—c?(a ) 2 =0.

Simplify, = P T —

Hence, the circle also passes through (afﬁ, %).
Let the given circle be 2% + 32 4+ 292 + 2fy + c = 0. Let P(z1,%;) and Q(z4, y5)

be conjugate points with respect to this circle.

Therefore the polar of P passes through Q. So z,25 + Y1y + g(z1 + 25) + f(y; +
Ys) +c=0.

Now consider the circle having PQ as diameter. Its equation is (z — z;)(z — z5) +
(y—y)(y—y2) =0.

Comparing with 22 +y? +2Gz +2Fy+C =0, we get G=—-"3%2 F=

—leH” and C = x5 + Y1 Ys-

For orthogonality with the given circle, the condition is 2(¢G + fF) =c+ C.
Substitute the values, 2(¢9G + fF) = 2(9(—@) + f(—leerz)) =—g(z; +
zy) — f(y1 + 42)-

Also c+C = c+ 12y + Y1 Yo

Using the conjugate point relation, z,25 + Y1y + g(z1 + 25) + f(y; +¥2) + ¢ =
0,

we get ¢+ x1 Ty + Y Yp = —g(T1 +23) — (Y1 + va)-
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223.

224.

225.

226.

Hence, 2(9G + fF) = ¢+ C. Therefore, the circle on PQ as diameter cuts the
circle S orthogonally.
Equation of common chord of the circle is 4+ y — 7 = 0, which is also the radical

axis.

Center of second circle is (4, 3), which lies on the line obtained. Hence, the line is

a diamter of the second circle, and hence, the circumference of the second circle
is bisected.

The given circles are 222 +2y% — 2z 4+ 6y —3 =0 and 22 +y? + 4z + 2y +1 =
0.

Divide the first equation by 2. Then the circles become S; = 2% + y% — z + 3y —
3

3=0

and S, =22 +y? +4z+2y+1=0.

Any circle coaxal with them is S; +AS; =0. So (1+ A)(2? +y?) + (—1+
ANz + (B+20)y+ (=3 +A) =0.

Divide throughout by (1+ A). Then the circle is z2 + 4% + 2gz + 2fy + ¢ = 0,

_ —1+4) _ 342X
where 2g = =752 and 2f = 52

o (=AMt 342X
Hence, the center is (2(1“), 2(1+/\))-

Subtracting, 5z —y + g = 0. So the center must satisfy 5(&41’}&1)) — (— 2?Eﬁ§)) +
5 _

5=0.
=5(—4A+ 1)+ B3+2V) +51+N)=0=—-20A+5+3+2XA+54+5X1=0.
=>13-13A=0=X=1

Therefore the required circle is S; 4+ S, = 0. So 22 + 2y? + 3z 4+ 5y — 3 = 0.
The given circles are x2? 4 y% + 29z + 2fy +c =0 and 222 + 2y% + 32 + 8y +
2c = 0.

The radical axis is obtained by subtracting the equations. So (29 — %)x + (2f —
4)y = 0.

Hence, the radical axis is (49 — 3)z + (4f — 8)y = 0.

Now this line touches the circle 22 + y2 + 22 — 2y + 1 = 0. Its center is (—1,1)

and radius is v/1—1+1=1.

Therefore the perpendicular distance from the center to the line equals the radius.

o [Hg=3) (D +Af-8) (1) _
V/(4g-3)2+(4f—8)?

= (49 — 3)(f — 2) = 0. Therefore, either g =3 or f=2.

The given circles are z2 + y2 +2x+4y—6 =0 and z? + y2 =4.

Their radical axis is obtained by subtraction. So (2% +y* + 2z + 4y — 6) — (2 +
2
y? —4) =0.
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228.

229.

Hence, the radical axis is ¢ + 2y — 1 = 0.
Let one circle of the required family be 22 + y% —4 = 0.

Then every circle having the same radical axis with it is obtained by adding a
multiple of the radical axis.

Hence the required family is 2 + 32 —4 + A(z + 2y — 1) = 0.
Therefore the general equation is 2% + y? + Az + 2Ay — (A +4) = 0, where X is

an arbitrary parameter.

Let the required point be (h, k). The square of the length of the tangent from
(h, k) to a circle is obtained by substituting the point in the equation of the circle.

For the circle 2% + 32 = 1, the tangent length squared is h? + k? — 1.

For the circle 2% + y? — 8z + 15 = 0, the tangent length squared is h2 + k2 —
8h + 15.

Since the tangent lengths are equal, h? + k? — 1 = h% + k? — 8h + 15.

Thus, h = 2. Now consider the third circle z? + y? + 10y + 24 = 0.

The tangent length squared is h? + k% + 10k + 24.

Again equating tangent lengths, b2 + k2 — 1 =h%2 + k2 + 10k +24 = k = —%.
Therefore, the required point is (2, —%)

Let the two circles be S; = 22 + y* + 29,2 + 2f;y +¢; =0 and S, = 2% + 9% +
29,x + 2[5y + ¢, = 0.

Let the given point be P(z,y;).

The polar of P with respect to S; is 2z, +yy; + g1(z +21) + fL1(y+v1) + ¢, =
0.

The polar of P with respect to Sy is zz1 + yy; + go(z + 1) + foly +y1) + ¢4 =
0.

These two polars meet at the point (). Subtract the two equations.

Then the coordinates of @ satisfies (g, — go)z + (f1 — fo)y + 9121 — g1 +
fiyi = foyr + e —ep = 0.

So (g1 —g2)(@+ )+ (fi = f)W+y) +e1—cy =0.

Now the radical axis of the two circles is 2(g; — go)z + 2(f; — fo)y +¢; —cy = 0.
Let the midpoint of PQ be (h,k). Then h = Z5™* and k = 1.

Substitute in the equation obtained above.

We get 2(g; — go)h + 2(f; — fo)k + ¢; — ¢; = 0. But this is exactly the equation
of the radical axis. Hence, the midpoint of PQ lies on the radical axis.

Let the given points be A(z,y;) and B(zy,ys).

Let P(z,y) be a point such that g—g =k, where k is a constant and k # 1.
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Then (z—m1)2+(y—y1)z =k
(x—23)"+(y—v2)
Squaring, (z — 731)2 +(y— y1)2 = k2((=’” - w2)2 +(y— yz)z)-
Expand both sides, z?—2zz, + 2% +y? —2yy, +y7 = k2 (22 — 222, + 23 +
y* = 2yys + 43).
= (1=k*)(? +y%) + 2(Kwy — 21 )z + 2(K?y, — 91 )y + 21 +yf — K (25 +
2\ _

y3) = 0.
Since k # 1, divide by (1 — k?). The equation becomes of the form z? + 3 +
29z +2fy+c=0.
Hence, the locus is a circle.
At A, PA = 0. So the condition P%B = k gives 0 = k, which is impossible since
k is a fixed non-zero constant.
Hence, the circle does not pass through A.
Similarly, at B, PB = 0, so the ratio becomes infinite, which is impossible.
Hence, the circle does not pass through B.

230. Let AB and CD be the two rods of lengths a and b respectively.
Let the equation of the circle passing through points A, B,C and D be 2% + 3% —
20z — 28y + A = 0, whose center is P(«, 3).
Putting y = 0 gives us 22 —2ax + A= 0= 2, + o5 = 20, 7,25 = A
v a =T — T, a? = (z1 — $2>2 = (2 +x2)2 — Az, = 4(’12 - )
Similarly, b2 = 4(b% — ) ~ a® — b = 4(a® — 5?).
Hence, the locus of the point P(a, 8) is 4(2? — y?) = a® — b2

231. Let A and B be two fixed points. Let AB = 2a, we take the mid-point O of AB
as the origin and OB as z-axis. Let A = (—a,0) and B = (a,0).

Let one straight line which rotates about B makes an angle 6 with the z-axis at
any time ¢ and at that time the second line which rotates about A makes an angle
20 with x-axis.

Now equations of these lines are y = tanf(x —a) ...(1) and y = tan26(z + a)
. tan 26+ tan 0 an 20 tan 0
Solving we get z = ai;neftalge) and y = 2.3,

=z +a=—2acos20 and y = —2asin 20 = (z + a)? + y? = 4a? is the required

locus.
232. Let OA = a,0B = b. The equation of the circle through O, A, B is 22 + 9% —
ax—by=20

Its radius is 7 = 4/ (—%)2 + (—%)2 = a? 4+ b? = 4r%. Here, a,b are variables and

r is a constant.

Let P(a,8) and ZPOA =0, then o = OP cosf = rcosf and 8 = rsinf



Equation of line AB is £ + ¥ = 1. P lies on the line AB = £ + % =1

“OP LAB - 800 = 1= aa=bp=k(let)=a=2,b=2%

al—a

=

e

+i=1=a?+ B =k=a=2p= 8
B
= (062 +ﬂ2)2($ + é) _ 47.2
. . 2
Thus, locus of point P is (z% + y?) (% + %) = 472
233. Let P(a,8) be the point whose locus is to be found. Let the given circle be

22 +y? = a2, and tangent to this circle is y = mz + av/1 + m2 which passes
through P.

Thus, 8 = ma + aV1+m? = m?(a? — a?) + 2maf + a? — g2 = 0.

This is a quadratic equation in m and hance two values are possible. Thus, these
lines will be orthogonal if m;m, = -1 = 22%22 =—1=a®+ 2 =242

Thus, locus of P(a, 8) is 2% + 32 = 242

234. Given is the parametric equation of the circle. The cartesian equation will be 22 +

y? = a?.

Let A = (acosf,asinf), B = (acos(§+ 5),asin(0+ %)).
Equation of tangent at A is zacosd + yasind = a®> = xcosd + ysinb = a.
Similarly, equation of tangent at B is mcos(@ + %) + ysin(@ —+ %) =a
= zcosf.5 — xsin@@ +ysinf.3 + ycos@@ =a
= L(zcosf + ysinb) + @(ycosG —zsinf) =a
=3+ @(ycosG—xsinG) =a=ycosf —zsinf = %
Squaring and adding with the equation of tangent at A yields
3(2? 4+ y?) = 4a?, which is the required locus.

235. Equation of chord of intersection is 2(a — b)x =0 =z = 0.

Thus, = 0 is the equation of the chord of intersection. OA% = Va2 + c2 — a2 =
a.

Since common chord of the two circles is y-axis and their centers are (—a,0) and
(—b,0) lying on the z-axis.

Therefore, one of a and b will be positive and other negative. WLOG we can
assume that a < 0,b > 0 with |a| < b.

Let AP be an arbitrary line through A(0, ¢) which meets first circle at P(xs,ys).
Let the slope of AP be m.

Equation of AP is y = mz + ¢ and that of BQ is y = mx —c.

Let Q = (z3,y3). Let R(c, 8) be the mid-point of PQ. Putting y = mx + ¢ in first
circle yields
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om0 =05 =0 (2555

v Ty FE 0Ty = 7(2‘111;:;2) and y, = —(27”%“:7:;")) +ec

Replacing a by b and ¢ by —c gives us
T3 = (2b70m) and Y3 = _(2m(b—cm)) e

1+m?2 1+m?
_ ZTotmz3 _ a+b ___m(a+b) B _
=" = T B - 14+m? = o= m

sa=-0 5 02+ B2+ (a+b)a =0

Hence, the locus of (o, 8) is 2% + y% + (a + b)z = 0.

236. The chord of contact of tangents drawn from (e, ) to the circle 22 + y? = a2 is

ar + By = a>.
This chord subtends a right angle at the center (0,0). Let the perpendicular
distance from the center to the chord be d.

For a chord of a circle of radius a subtending a right angle at the center, d =
acos(%) =4

4 V2
. 20 a®
Now the distance of the center from the chord ax + Sy —a® =0 is Tt
a? _ a 4 _ 207482
Therefore, T E v So a® = a* =5~

Hence, o 4+ 82 = 2a2. Therefore, the required condition is o? + % = 2a4°.
Thus, the locus of (o, B) is the circle 2% + y? = 24

237. Let the tangents to the circles 22 + y? = a? and z? + 42 = b? intersect at the
point (h, k).
The tangent from (h, k) to the first circle has equation y = mz 4+ 1/a?(1 + m?).
Since it passes through (h, k), k = mh £ \/a2(1 + m2). = (k—mh)? = a?(1 +
m?).

This gives the combined equation of tangents from (h,k) to the circle z% +

2 _ 2
Yy =as

namely (zh + yk — a2)2 = (h? + k? — a?) (2% + y*> — a?).
Similarly, the pair of tangents from (h, k) to the circle x2 + y2 = b2 is
(zh + yk — 62)2 = (h? + k? — b?)(z? + y* — b?).

Now the two tangents are mutually perpendicular. For a pair of tangents drawn
from a point to the circle 2 + y? = r2, the angle between them is a right angle

if h? + k2 = 2r2%,
Applying this separately to the two circles and combining for perpendicular
tangents, we obtain h2 + k2 =a2+ 02

Hence, the locus of the point of intersection is z2 + y2 = a2 + b2. This is a circle
concentric with the given circles.



238.

239.

240.

Let (h, k) be the point from which tangents are drawn to the circle 22 + 3> = a.
Let the angle between the tangents be a. If P is the external point and O is the
center, then in the right triangle formed by joining the center to the point of
contact,

sin(§) = —=f—. Hence, h? + k? = a® csc®(§).
. . an? a+4
Now use the identity csc?(§) = Z“t:n;"é).

After simplification, (h? + k2 — 2a2)2 tan? o = 4a®(h% + k% — a?).

Replacing (h, k) by the general point (z,y), the locus is (22 + y2 — 20L2)2 tan? a =
4a?(2? + y? —a?).

Let the variable line through the fixed point (h, k) have slope m. Its equation is
y—k=m(z—h).

So mz —y+ (k—mh) =0. Let (z,y) be the foot of the perpendicular drawn
from the origin to this line.

Since (z,y) lies on the line, mz —y + k — mh = 0.
Also the line joining the origin to (x,y) is perpendicular to the given line.

The slope of the given line is m. Hence, the slope of the perpendicular from the

c e 1
origin 1s — .

Therefore, ¥ = —L so m = —Z.
x m

<

Substitute this in the line equation, (—%)x —y+k— (—§>h =0=>—22 -9+
ky + hz = 0.

Hence, the locus is 2 + ¢ — ha — ky = 0.

Take the fixed point O as the origin. Let the two fixed parallel lines be £ = a and
x = —b.

Then the points A(a,0) and B(—b,0) lie on the perpendicular through O.

Let P(a,p) and Q(—b,q). Since ZPOQ is a right angle, the slopes of OP and
OQ satisfy

(2)(%) = —1. So pg = ab. Now find the equation of the line PQ.

z—a
—b—a"

Using the two-point form, y —p = (¢ — p)
This simplifies to (p — q)z + (a + b)y — (ag + bp) = 0.
Let (h, k) be the foot of the perpendicular from the origin to this line.

7 and k= —(a+b)—aate

—agq—b
Then h = —(p — @) =giarore P+ ate”

aq+b; aq+b
So h=(p— @) Ggiriarme and k= (e + )i

Using pg = ab, simplification gives h? + (k%) = (a — b)h.

. aeb 2 atb2
Rewrite, h? — (a — b)h + k? = 0. Complete the square, (h — 252)" 4+ k? = (%£2)”.
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This is the equation of the circle whose diameter has endpoints (a,0) and (—b,0),
that is, the circle on AB as diameter.

Hence, the locus of the foot of the perpendicular from O to PQ is the circle on
AB as diameter.

241. Let the other end of the diameter through P(1,2) be (z,y). Let the center of the
circle be (h, k).

Since the center is the midpoint of the diameter joining (1,2) and (z,y), h = £
and k = %2

The circle touches the z-axis. Therefore, the radius equals the distance of the
center from the z-axis.

So the radius is k. Now the radius is also half the length of the diameter.
Hence, w = k2. Substitute k = %ﬁ

Then (%1)22(‘”72)2 = (y+42)2 = (z—1)2 =8y.

242. Let the required point be (z,y). The length of the tangent from (z,y) to the circle
22 +y? =a? is m.

Similarly, the length of the tangent from (z,y) to the circle z2 +y? =b? is
VaZ 42 — b2

Given that the tangent lengths vary inversely as the radii, %m = g

= % = Z—z = a®(z? +y> —a?) = b*(z% + y* — b?).

Hence, z2 + y2 = a2 + b2. Therefore, the locus is the circle 22 + y2 =a? + b2

243. Take the square with sides parallel to the axes and center at the origin.
Since the side of the square is unity, its sides are = = % T = —%, y= % and
y=—3
Let (z,y) be the moving point. Its perpendicular distances from the four sides are
(o~ fo + 3, ly— 3} and [y + 3.
Given that the sum of their squares is 9, (x — %)2 + (x + %)2 + (y — %)2 +
v+ =0
=>x27m+i+x2+m+i+y2fy+i+y2+y+%=9.
= 2% +y? = 4. This is a circle centered at the origin, which is the center of
the square.
Therefore the locus is a circle concentric with the square. Its radius is 2.

244. The given circle is 2% + y? + 2gz + 2fy + ¢ = 0. Its center is (—g, —f).

Let the center be (h, k). Then g = —h and f = —k.

The length of the tangent from the origin to the circle is /c evaluated at the

origin, so vV0+0+0+0+c=+/c.



245.

246.

The pair of tangents drawn from the origin are perpendicular.

For tangents from a point to a circle to be perpendicular, the point must lie on
the director circle.

The director circle of 2% + y? + 2gx + 2fy + c = 0is 22 + y? + 29z + 2fy + 2c —
2 2 _

g —f*=0.

Since the origin lies on it, 2c — g% — f2 = 0. So g% + f? = 2c.

Now the radius squared of the circle is g? + f? — c. Substitute the above relation,

radius? = c.

Thus, g2 + f2 = 2c. Replacing g = —h and f = —k, h? + k% = 2c.

Hence, the locus of the center is 2% + 32 = 2¢.

Let the required circle have center (h,k) and radius r. The circle 22 + y% = a?

has center (0,0) and radius a.

The circle 2 + y? = 4ax. So its center is (2a,0) and radius is 2a.

Since the required circle touches both circles externally, v'h% 4+ k2 =7+ a, and
(h—2a)? + k% =71+ 2a.

Subtracting,/(h — 2a)2 + k2 — Vh2 + k2 = a.

Let d; = VA% + k2, and d, = \/m.

Then d, = d; + a. Squaring, (h — 2a)? + k2 = h? + k% + 2ad; + a*.

Simplify, h2 — 4ah + 4a® + k? = h? + k? + 2ad, + a.

So —4ah + 3a? = 2ad,. Hence, d, = w.

Now square again, R+ k2= M. Thus, 4h? + 4k2? = 9a2 — 24ah + 16h2.
Therefore, 12h2 — 4k2 — 24ah + 942 = 0.

Replacing (h, k) by (z,y), the locus is 1222 — 4y? — 24ax + 9a? = 0.

Let the required circle be 2 + y? + 2gx + 2fy + ¢ = 0. Its center is (—g, —f).
The given circles are 2% + 32 +4x — 6y +9 =0, and 22 + 9% — 4z 4+ 6y +4 = 0.
For the first circle, g; =2, f; = —3, and ¢; = 9.

Since the required circle cuts it orthogonally, 2(gg; + ff;) = ¢+ ¢;.

Thus, 49 — 6f = ¢ + 9. For the second circle, g, = —2, fy =3, and ¢y = 4.
Again using orthogonality, 2(ggy + ff3) = ¢+ cy.

So —4g + 6f = c + 4. Subtract the two equations, (4g — 6f) — (—4g+ 6f) = (c +
9) — (c+4).

Hence 8g — 12f = 5. Now let the center be (z,y). Then g = —z and f = —y.
Substitute, 8(—z) — 12(—y) = 5. So —8x + 12y = 5. Therefore, 8z — 12y + 5 = 0.
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247. Let the fixed point on the z-axis be (c,0). Take any tangent to the circle z2 +

y? = a?.

Its equation may be written as y = mx + av1+m2 = mz —y + av1+m2 =0.

Let (h, k) be the foot of the perpendicular from (c,0) to this tangent. Since (h, k)
lies on the tangent,
mh—k+avV1l+m2=0.
Also the line joining (c,0) to (h, k) is perpendicular to the tangent.
k 1 _h—c

Hence its slope is —L1 . Therefore, £ = —L1 som =
m h—c m k

Substitute in the tangent equation, —h(hch) —k+ am =0.
= —h(h—c)—k?ta\/k2+ (h—c)2 =0.
Transpose, a+/(h —c)2 + k2 = h(h —c¢) + k2.

Now square and simplify. After reduction, (h? + k2 — ch)2 =a?*((h—c)® +k?).

Replacing (h, k) by (z,y), the locus is (22 + y2 — cx)2 =a*((z —c)? +¢?).
248. Let the point P on the circle 22 4+ 42 = 2 be (z;,y;). Then 2% + y? = 2.
The tangent at P is xzx; + yy; = 2. This tangent cuts the x-axis at the point L.
. _ _ 2
Putting y = 0, zz; = 2, so L(z—l,O).

Similarly, it cuts the y-axis at the point M. Putting z =0, yy; = 2, so M(O, ;—1>

Let the midpoint of LM be (h, k). Then h = -1, and k = y—ll

£
Therefore, z; = % and y; = % Substitute in z? + y3 = 2.
We get # + kl—z = 2. Hence, the locus is 2 + y2 = 22242
249. Let the triangle have vertices (0,0), (h,0) and (0,%). Its third side joins (h,0)
and (0, k).
Hence its equation is % + % =1.Or, kx + hy — hk = 0.
This line touches the circle 2% + y? — 2azx — 2ay + a® = 0.
So the center is (a,a) and the radius is a.
Therefore the perpendicular distance from (a,a) to the line equals a.

Thus, |ak + ah — hk a.

[
VhERZ
Squaring, hk(hk — 2ah — 2ak + 2a?) = 0 = hk — 2ah — 2ak + 2a® = 0.

Now the triangle is right-angled at the origin, so the circumcenter is the midpoint
of the hypotenuse.

Hence, the circumcenter is (%, g) Let it be (z,y). Then h = 2z, and k = 2y.

Substitute, (2z)(2y) — 2a(27) — 2a(2y) + 2a% = 0. So 4zy — dax — day + 2a® =
0.



250.

251.

252.

=2z +y)—a=2cL

Let the moving point on the circle 22 + y* = 4 be (z1,y;).

Let the midpoint of AP be (h, k). Since A = (1,5) and P = (z,,¥,), the midpoint
is h= L;l and k = —ygs.

Hence, z; = 2h — 1 and y; = 2k — 5. Since P lies on the circle, 23 + y? = 4.
Substitute, (2h — 1)% + (2k — 5)2 = 4 = 2h% + 2k% — 2h — 10k + 11 = 0.
Replacing (h, k) by (z,y), the locus is 222 + 2y? — 22 — 10y + 11 = 0.

Let P(x,y) be the midpoint of a variable chord through the fixed point A(a,b)
of the circle 22 + 4% + 29 + 2fy +c = 0.

Let the other end of the chord be Q(z,y;). Since P is the midpoint of AQ, z; =
2z —a and y; =2y —b.

Now @ lies on the circle. Therefore, (2z —a)?+ (2y —b)% +2g(2z —a) +
2f(2y—b) +c=0.

= 4z — dax + a® + 4y? — 4by + b% + 4gx — 2ag + 4fy — 2bf +c = 0.

= 4(z% + y? + gz + fy) — 4(az + by) + a® + b —2ag — 2bf + c = 0.
:>z2+y2+g:c+fy—aw—by+%=0,

This is a circle. The center is (%, %) The center of the given circle is (—g, —f).

The midpoint of the points (a,b) and (—g, —f) is (%, ?)

Hence the locus is a circle whose center is the midpoint of the fixed point A and
the center of the given circle.

Also its radius is half the radius of the given circle.

Therefore, the locus is the circle obtained by reducing the given circle in the ratio
1: 2 with respect to the point A.

Let the two fixed points be A(z,y;) and B(z,,ys). Let the moving line be Iz +
my +n = 0, where 12 +m? = 1.

Then the algebraic perpendicular distances of the points from the line are lz; +

my, +n and Iz, + my, +n.

Given that their algebraic sum is constant, say 2k, (lz; +my; +n)+ (lzy +
my, +n) = 2k.

So l(zq + x5) + m(y; + o) + 2n = 2k. Hence, n = k — w
Substitute this in the equation of the line, lz + my + k — w =0.

Rearrange, l(a: — 351;712) + m(y — %) +k=0.

Since 12 + m?2 = 1, this represents the tangent form of a circle.

Therefore the line always touches the fixed circle whose center is (%, %)
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and radius is |k|.

2 2
Hence, the required fixed circle is (z — “Tm) + (y — leeri’> = k2.
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but changing it is not allowed.

0. Preamble

The purpose of this License is to make a manual, textbook, or other functional and
useful document “free” in the sense of freedom: to assure everyone the effective freedom
to copy and redistribute it, with or without modifying it, either commercially or
noncommercially. Secondarily, this License preserves for the author and publisher a way
to get credit for their work, while not being considered responsible for modifications
made by others.

This License is a kind of “copyleft”, which means that derivative works of the
document must themselves be free in the same sense. It complements the GNU General
Public License, which is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because
free software needs free documentation: a free program should come with manuals
providing the same freedoms that the software does. But this License is not limited to
software manuals; it can be used for any textual work, regardless of subject matter or
whether it is published as a printed book. We recommend this License principally for
works whose purpose is instruction or reference.

1. Applicability and Definitions

This License applies to any manual or other work, in any medium, that contains a
notice placed by the copyright holder saying it can be distributed under the terms
of this License. Such a notice grants a world-wide, royalty-free license, unlimited in
duration, to use that work under the conditions stated herein. The “Document,” below,
refers to any such manual or work. Any member of the public is a licensee, and is
addressed as “you.” You accept the license if you copy, modify or distribute the work
in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document
or a portion of it, either copied verbatim, or with modifications and/or translated into
another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document
that deals exclusively with the relationship of the publishers or authors of the Document
to the Document’s overall subject (or to related matters) and contains nothing that could
fall directly within that overall subject. (Thus, if the Document is in part a textbook of
mathematics, a Secondary Section may not explain any mathematics.) The relationship
could be a matter of historical connection with the subject or with related matters, or
of legal, commercial, philosophical, ethical or political position regarding them.
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The “Invariant Sections” are certain Secondary Sections whose titles are designated,
as being those of Invariant Sections, in the notice that says that the Document is
released under this License. If a section does not fit the above definition of Secondary
then it is not allowed to be designated as Invariant. The Document may contain zero
Invariant Sections. If the Document does not identify any Invariant Sections then there
are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover
Texts or Back-Cover Texts, in the notice that says that the Document is released under
this License. A Front-Cover Text may be at most 5 words, and a Back-Cover Text may
be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented
in a format whose specification is available to the general public, that is suitable
for revising the document straightforwardly with generic text editors or (for images
composed of pixels) generic paint programs or (for drawings) some widely available
drawing editor, and that is suitable for input to text formatters or for automatic
translation to a variety of formats suitable for input to text formatters. A copy made in
an otherwise Transparent file format whose markup, or absence of markup, has been
arranged to thwart or discourage subsequent modification by readers is not Transparent.
An image format is not Transparent if used for any substantial amount of text. A copy
that is not “Transparent” is called “Opaque”

Examples of suitable formats for Transparent copies include plain ASCII without
markup, Texinfo input format, LaTeX input format, SGML or XML using a publicly
available DTD, and standard-conforming simple HTML, PostScript or PDF designed for
human modification. Examples of transparent image formats include PNG, XCF and
JPG. Opaque formats include proprietary formats that can be read and edited only
by proprietary word processors, SGML or XML for which the DTD and/or processing
tools are not generally available, and the machine-generated HTML, PostScript or PDF
produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following
pages as are needed to hold, legibly, the material this License requires to appear in the
title page. For works in formats which do not have any title page as such, “Title Page”
means the text near the most prominent appearance of the work’s title, preceding the
beginning of the body of the text.

A section “Entitled XYZ” means a named subunit of the Document whose title either
is precisely XYZ or contains XYZ in parentheses following text that translates XYZ
in another language. (Here XYZ stands for a specific section name mentioned below,
such as “Acknowledgements,” “Dedications,” “Endorsements,” or “History.”) To “Preserve
the Title” of such a section when you modify the Document means that it remains a
section “Entitled XYZ” according to this definition.

The Document may include Warranty Disclaimers next to the notice which states
that this License applies to the Document. These Warranty Disclaimers are considered
to be included by reference in this License, but only as regards disclaiming warranties:
any other implication that these Warranty Disclaimers may have is void and has no
effect on the meaning of this License.

2. Verbatim Copying

You may copy and distribute the Document in any medium, either commercially or
noncommercially, provided that this License, the copyright notices, and the license
notice saying this License applies to the Document are reproduced in all copies, and



that you add no other conditions whatsoever to those of this License. You may not use
technical measures to obstruct or control the reading or further copying of the copies
you make or distribute. However, you may accept compensation in exchange for copies.
If you distribute a large enough number of copies you must also follow the conditions
in section 3.

You may also lend copies, under the same conditions stated above, and you may
publicly display copies.

3. Copying in Quantity

If you publish printed copies (or copies in media that commonly have printed covers) of
the Document, numbering more than 100, and the Document’s license notice requires
Cover Texts, you must enclose the copies in covers that carry, clearly and legibly, all
these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the
back cover. Both covers must also clearly and legibly identify you as the publisher
of these copies. The front cover must present the full title with all words of the title
equally prominent and visible. You may add other material on the covers in addition.
Copying with changes limited to the covers, as long as they preserve the title of the
Document and satisfy these conditions, can be treated as verbatim copying in other
respects.

If the required texts for either cover are too voluminous to fit legibly, you should
put the first ones listed (as many as fit reasonably) on the actual cover, and continue
the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than
100, you must either include a machine-readable Transparent copy along with each
Opaque copy, or state in or with each Opaque copy a computer-network location from
which the general network-using public has access to download using public-standard
network protocols a complete Transparent copy of the Document, free of added material.
If you use the latter option, you must take reasonably prudent steps, when you begin
distribution of Opaque copies in quantity, to ensure that this Transparent copy will
remain thus accessible at the stated location until at least one year after the last time
you distribute an Opaque copy (directly or through your agents or retailers) of that
edition to the public.

It is requested, but not required, that you contact the authors of the Document well
before redistributing any large number of copies, to give them a chance to provide you
with an updated version of the Document.

4. Modifications

You may copy and distribute a Modified Version of the Document under the conditions
of sections 2 and 3 above, provided that you release the Modified Version under precisely
this License, with the Modified Version filling the role of the Document, thus licensing
distribution and modification of the Modified Version to whoever possesses a copy of
it. In addition, you must do these things in the Modified Version:

« A. Use in the Title Page (and on the covers, if any) a title distinct

from that of the Document, and from those of previous versions (which should, if there
were any, be listed in the History section of the Document). You may use the same
title as a previous version if the original publisher of that version gives permission.

« B. List on the Title Page, as authors, one or more persons or entities



responsible for authorship of the modifications in the Modified Version, together with
at least five of the principal authors of the Document (all of its principal authors, if it
has fewer than five), unless they release you from this requirement.

« C. State on the Title page the name of the publisher of the Modified

Version, as the publisher.
+ D. Preserve all the copyright notices of the Document.
+ E. Add an appropriate copyright notice for your modifications adjacent

to the other copyright notices.
« F. Include, immediately after the copyright notices, a license notice

giving the public permission to use the Modified Version under the terms of this License,
in the form shown in the Addendum below.
« G. Preserve in that license notice the full lists of Invariant Sections

and required Cover Texts given in the Document’s license notice.
« H. Include an unaltered copy of this License.
o L Preserve the section Entitled “History,” Preserve its Title, and add

to it an item stating at least the title, year, new authors, and publisher of the Modified
Version as given on the Title Page. If there is no section Entitled “History” in the
Document, create one stating the title, year, authors, and publisher of the Document
as given on its Title Page, then add an item describing the Modified Version as stated
in the previous sentence.

« J. Preserve the network location, if any, given in the Document for

public access to a Transparent copy of the Document, and likewise the network locations
given in the Document for previous versions it was based on. These may be placed in
the “History” section. You may omit a network location for a work that was published
at least four years before the Document itself, or if the original publisher of the version
it refers to gives permission.

« K. For any section Entitled “Acknowledgements” or “Dedications,” Preserve

the Title of the section, and preserve in the section all the substance and tone of each
of the contributor acknowledgements and/or dedications given therein.
« L. Preserve all the Invariant Sections of the Document, unaltered in

their text and in their titles. Section numbers or the equivalent are not considered part
of the section titles.
« M. Delete any section Entitled “Endorsements” Such a section may not

be included in the Modified Version.
« N. Do not retitle any existing section to be Entitled “Endorsements” or

to conflict in title with any Invariant Section.
+ O. Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify
as Secondary Sections and contain no material copied from the Document, you may at
your option designate some or all of these sections as invariant. To do this, add their
titles to the list of Invariant Sections in the Modified Version’s license notice. These
titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements,” provided it contains nothing but
endorsements of your Modified Version by various parties—for example, statements of
peer review or that the text has been approved by an organization as the authoritative
definition of a standard.



You may add a passage of up to five words as a Front-Cover Text, and a passage of up
to 25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modified
Version. Only one passage of Front-Cover Text and one of Back-Cover Text may be
added by (or through arrangements made by) any one entity. If the Document already
includes a cover text for the same cover, previously added by you or by arrangement
made by the same entity you are acting on behalf of, you may not add another; but
you may replace the old one, on explicit permission from the previous publisher that
added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission
to use their names for publicity for or to assert or imply endorsement of any Modified
Version.

5. Combining Documents

You may combine the Document with other documents released under this License,
under the terms defined in section 4 above for modified versions, provided that you
include in the combination all of the Invariant Sections of all of the original documents,
unmodified, and list them all as Invariant Sections of your combined work in its license
notice, and that you preserve all their Warranty Disclaimers.

The combined work need only contain one copy of this License, and multiple
identical Invariant Sections may be replaced with a single copy. If there are multiple
Invariant Sections with the same name but different contents, make the title of each
such section unique by adding at the end of it, in parentheses, the name of the original
author or publisher of that section if known, or else a unique number. Make the same
adjustment to the section titles in the list of Invariant Sections in the license notice of
the combined work.

In the combination, you must combine any sections Entitled “History” in the various
original documents, forming one section Entitled “History”; likewise combine any
sections Entitled “Acknowledgements,” and any sections Entitled “Dedications.” You must
delete all sections Entitled “Endorsements.”

6. Collections of Documents

You may make a collection consisting of the Document and other documents released
under this License, and replace the individual copies of this License in the various
documents with a single copy that is included in the collection, provided that you
follow the rules of this License for verbatim copying of each of the documents in all
other respects.

You may extract a single document from such a collection, and distribute it individ-
ually under this License, provided you insert a copy of this License into the extracted
document, and follow this License in all other respects regarding verbatim copying of
that document.

7. Aggregation with Independent Works

A compilation of the Document or its derivatives with other separate and independent
documents or works, in or on a volume of a storage or distribution medium, is called
an “aggregate” if the copyright resulting from the compilation is not used to limit the
legal rights of the compilation’s users beyond what the individual works permit. When



the Document is included in an aggregate, this License does not apply to the other
works in the aggregate which are not themselves derivative works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the
Document, then if the Document is less than one half of the entire aggregate, the
Document’s Cover Texts may be placed on covers that bracket the Document within
the aggregate, or the electronic equivalent of covers if the Document is in electronic
form. Otherwise they must appear on printed covers that bracket the whole aggregate.

8. Translation

Translation is considered a kind of modification, so you may distribute translations
of the Document under the terms of section 4. Replacing Invariant Sections with
translations requires special permission from their copyright holders, but you may
include translations of some or all Invariant Sections in addition to the original versions
of these Invariant Sections. You may include a translation of this License, and all the
license notices in the Document, and any Warranty Disclaimers, provided that you
also include the original English version of this License and the original versions of
those notices and disclaimers. In case of a disagreement between the translation and
the original version of this License or a notice or disclaimer, the original version will
prevail.

»

If a section in the Document is Entitled “Acknowledgements,” “Dedications,” or
“History,” the requirement (section 4) to Preserve its Title (section 1) will typically
require changing the actual title.

9. Termination

You may not copy, modify, sublicense, or distribute the Document except as expressly
provided under this License. Any attempt otherwise to copy, modify, sublicense, or
distribute it is void, and will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license from a particular
copyright holder is reinstated (a) provisionally, unless and until the copyright holder
explicitly and finally terminates your license, and (b) permanently, if the copyright
holder fails to notify you of the violation by some reasonable means prior to 60 days
after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently
if the copyright holder notifies you of the violation by some reasonable means, this is
the first time you have received notice of violation of this License (for any work) from
that copyright holder, and you cure the violation prior to 30 days after your receipt of
the notice.

Termination of your rights under this section does not terminate the licenses of
parties who have received copies or rights from you under this License. If your rights
have been terminated and not permanently reinstated, receipt of a copy of some or all
of the same material does not give you any rights to use it.

10. Future Revisions of this License

The Free Software Foundation may publish new, revised versions of the GNU Free
Documentation License from time to time. Such new versions will be similar in spirit
to the present version, but may differ in detail to address new problems or concerns.
See http://www.gnu.org/copyleft/.


http://www.gnu.org/copyleft/

Each version of the License is given a distinguishing version number. If the Document
specifies that a particular numbered version of this License “or any later version”
applies to it, you have the option of following the terms and conditions either of that
specified version or of any later version that has been published (not as a draft) by
the Free Software Foundation. If the Document does not specify a version number of
this License, you may choose any version ever published (not as a draft) by the Free
Software Foundation. If the Document specifies that a proxy can decide which future
versions of this License can be used, that proxy’s public statement of acceptance of a
version permanently authorizes you to choose that version for the Document.

11. Relicensing

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web
server that publishes copyrightable works and also provides prominent facilities for
anybody to edit those works. A public wiki that anybody can edit is an example of
such a server. A “Massive Multiauthor Collaboration” (or “MMC”) contained in the site
means any set of copyrightable works thus published on the MMC site.

“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license pub-
lished by Creative Commons Corporation, a not-for-profit corporation with a principal
place of business in San Francisco, California, as well as future copyleft versions of that
license published by that same organization.

“Incorporate” means to publish or republish a Document, in whole or in part, as part
of another Document.

An MMC is “eligible for relicensing” if it is licensed under this License, and if all
works that were first published under this License somewhere other than this MMC,
and subsequently incorporated in whole or in part into the MMC, (1) had no cover
texts or invariant sections, and (2) were thus incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under
CC-BY-SA on the same site at any time before August 1, 2009, provided the MMC is
eligible for relicensing.

ADDENDUM: How to use this License for your docu-
ments

To use this License in a document you have written, include a copy of the License
in the document and put the following copyright and license notices just after the
title page:

Copyright (c) <YEAR> <YOUR NAME>.

Permission is granted to copy, distribute and/or modify this document under the
terms of the GNU Free Documentation License, Version 1.3 or any later version
published by the Free Software Foundation; with no Invariant Sections, no Front-
Cover Texts, and no Back-Cover Texts. A copy of the license is included in the
section entitled “GNU Free Documentation License”.

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the
with...Texts. line with this:



with the Invariant Sections being <LIST THEIR TITLES>, with the Front-Cover
Texts being <LIST>, and with the Back-Cover Texts being <LIST>.

If you have Invariant Sections without Cover Texts, or some other combination of the
three, merge those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend
releasing these examples in parallel under your choice of free software license, such as
the GNU General Public License, to permit their use in free software.
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