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Preface

This is a book on trigonometry, which, covers basics of trigonometry till high school level. It covers
the most essential topics to take up a bachelor's course where knowledge of trigonometry is required.
I will try to cover as much as I can and will keep adding new material over a long period.

Trigonomtery is probably one of the most fundamental subjects in Mathematics as further study of
subjects like coordinate geometry, 3D and 2D geometry, engineerring and rest all depend on it. It is
very important to understand trigonometry for the readers if they want to advance further in
mathematics.

How to Read This Book?

Every chapter will have theory. Read that first. Make sure you understand that. Of course, you have
to meet the prerequisites for the book. Then, go on and try to solve the problems. In this book,
there are no pure problems. Almost all have answers except those which are of similar kind and
repetitive in nature for the sake of practice. If you can solve the problem then all good else look at
the answer and try to understand that. Then, few days later take on the problem again. If you fail
to understand the answer you can always email me with your work and I will try to answer to
the best of my ability. However, if you have a local expert seek his/her advice first.

Note that mathematics is not only about solving problems. If you understand the theory well, then
you will be able to solve problems easily. However, problems do help enforce with the enforcement of
theory in your mind.

I am a big fan of old MIR publisher's problem books, so I emphasize less on theory and more on
problems. I hope that you find this style much more fun as a lot of theory is boring. Mathematics is
about problem solving as that is the only way to enforce theory and find innovtive techniques
for problem solving.

Some of the problems in certain chapters rely on other chapters which you should look ahead or you
can skip those problems and come back to it later. Since this books is meant for self study answers
of most of the problems have been given which you can make use of. However, do not use for just
copying but rather to develop understanding.

Who Should Read This Book?

Since this book is written for self study anyone with interest in trigonometry can read it. That
does not mean that school or college students cannot read it. You need to be selective as to what
you need for your particular requirements. This is mostly high school course with a little bit of lower
classes' course thrown in with a bit of detail here and there.
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Prerequisite

You should have knowledge till grade 8th course. Attempt has been made to keep it simple and give
as much as background to the topic which is reasonable and required. However, not everything will
be covered below grade 10.

Goals for Readers

The goal of for reading this book is becoming proficient in solving simple and basic problems
of trigonometry. Another goal would be to be able to study other subjects which require this
knowledge like trigonometry or calculus or physics or chemistry or other subjects. If you can solve
95% problems after 2 years of reading this book then you have achieved this goal.

All of us possess a certain level of intelligence. At average any person can read this book. But what
is most important is you have to have interest in the subject. Your interest gets multiplied with your
intelligence and thus you will be more capable than you think you can be. One more point is focus
and effort. It is not something new which I am telling but I am saying it again just to emphasize the
point. Trust me if you are reading this book for just scoring a nice grade in your course then I have
failed in my purpose of explaining my ideas.

Also, if you find this book useful feel free to share it with others without hesitation as it is free as in
freedom. There are no conditions to share it.

Confession

I feel like an absolute thief while writing this book for nothing given in this book is mine. All of it
belongs to others who did the original work and I have just copied shamelessly. I have nothing
new to put in the book. This book is just the result of the pain I feel when I see young children
wasting their life for they are poor. And therefore, this book is licensed under GNU FDL. Even if I
manage to create few new problems it is still based on knowledge of other pioneers of the subject
but perhaps that is how we are supposed to progress bit-by-bit.

Acknowledgements
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Theory and Problems



Chapter 1

Measurement of Angles

The word trigonometry comes from means measurement of triangles. The word originally comes
from Greek language. measurement. The objective of studying plane trigonometry is to develop a
method of solving plane triangles. However, as time changes everything it has changed the scope of
trigonometry to include polygons and circles as well. A lot of concepts in this book will come from
your geometry classes in lower classes. It is a good idea to review the concepts which you have
studied till now without which you are going to struggle while studying trigonometry in this book.

1.1 Angles in Geometry

If we consider a line extending to infinity in both directions, and a point OO which divides this line
in two parts one on each side of the point then each part is called a ray or half-line. Thus O divides
the line into two rays OA and OA’.

Figure 1.1

The point O is called vertex or origin for these days. An angle is a figure formed by two rays or half
lies meeting at a common vertex. These half lines are called sides of the angle.

An angle is denoted by the symbol £ followed by three capital letters of which the middle one
represents the vertex and remaining two points point to two sides. Otherwise the angle is simply
written as one letter representing the vertex of the angle.

B

o A

Figure 1.2 An angle
The angle in above image is written as ZAOB or ZBOA or ZO.

Each angle can be measured and there are different units for the measurement. In Geometry, an
angle always lie between 0° and 360° and negative angles are meaningless. Measure of an angle is the
smallest amount of rotation from the direction of one ray of the angle to the direction of the other.

1.2 Angles in Trigonometry

Angles are more generalized in Trigonometry. They can have positive or negative values. As was the
case in gerometry, similarly angles are measured in Trigonometry. The starting and ending positions
of revolving rays are called initial side and terminal side respectively. The revolving half line is
called the generating line or the radius vector. For example, if OA and OB are the initial and final
position of the radius vector then angle formed will be ZAOB.
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1.3 Angles Exceeding 360°

In Geometry, angles are limited to 0° to 360°. However, when multiple revolutions are involved angles
are more than 360°. For example, the revolving line starts from the initial position and makes n
complete revolutions in anticlockwise direction and also further angle « in the same direction.
We then have a certain angle 3, given by 8, = x x 360° 4+ «, where 0° < o < 360° and n is zero or
positive integer. Thus, there are infinite possible angles.

400°

Figure 1.3 An angle

Angles formed by anticlockwise rotation of the radius vector are taken as positive and angles formed
by clockwise rotation of the radius vector are taken as negative.

1.4 Quadrants

Yy’
Figure 1.4 Quadrants

Let XOX’ and YOY” be two mutually perpendicular lines in a plane and OX be the initial half line.
The lines divide the whole reason in quadrants. XOY, YOX’, X’OY"' and Y'OX are respectively
called 1st, 2nd, 3rd and 4th quadrants. According to terminal side lying in 1st, 2nd, 3rd and 4th
quadrants the angles are said to be in 1st, 2nd, 3rd and 4th quadrants respectively. A quandrant
angle is an angle formed if terminal side coincides with one of the axes.
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For any angle £ which is not a quadrant angle and when number of revolutions is zero and radius
vector rotates in anticlockwise directions:

o 0°< a<90°if « lies in first quadrant

o 90° < a < 180° if « lies in second quadrant

o 180° < a0 < 270° if v lies in third quadrant

o 270° < a < 360° if « lies in fourth quadrant

o when terminal side lies on OY, angle formed = 90°

o when terminal side lies on OX’, angle formed = 180°
o when terminal side lies on OY”, angle formed = 270°

o when terminal side lies on OX, angle formed = 360°

1.5 Units of Measurement

In Geometry, angles are usually measured in terms of right angles, however, that is an inconvenient
system for smaller angles. So we introduce different systems of measurements. There are three
system of units for this:

1. Sexagecimal or British system: In British system, a right angle is divided into 90 equal parts
called degrees. Each degree is then divided into 60 equal parts called minutes and each minute
is further is divided into 60 parts called seconds.

A degree, a minute and a second are denoted by 1°,1", and 1 respectively.

2. Centesimal or French System: In French system, a right angle is divided into 100 equal parts
called grades. Each grade is then divided into 100 equal parts called minutes and each minute
is further is divided into 100 parts called seconds.

A degree, a grade and a second are denoted by 19, 1", and 1 respectively.

3. Radian or Circular Measure: An arc equal to radius of a circle when subtends an anngle on the
center then that angle is 1 radian and is denoted by 1€. The angle made by half of perimeter
is 7 radians. Also, from Geometry we know that angle subtended is the ratio between length of
cord and radius. This ratio is in radians. Since both length or chord and radius have same
unit radian is a constant.

1.5.1 Relationship between Systems of Measurements

If measure of an angle if D degrees, G grades and C radians then upon elementary manipulation we

D_ G4 . C

1.5.2 Meaning of 7

The ratio of circumference and diameter of a circle is always constant and this constant is denoted
by gree letter .
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. o 22 .
7 is an irrational number. In general, we use the value of = but %?—g is more accurate though not

exact. If r be the radius of a circle and ¢ be the circumference then Q% = 7 leading circumference to
be ¢ = 27r.

1.6 Problems

1. Reduce 63°14’51” to centisimal measure.

2. Reduce 45°20710” to centisimal and radian measure.
3. Reduce 94923'27” to Sexagecimal measure.

4. Reduce 1.2 radians in Sexageciaml measure.

Express in terms of right angle; the angles

5. 60° 8. 130°30
6. 75°15 9. 210°30"30”
7. 63°17725” 10. 370°20748”

Express in grades, minutes and degrees

11. 30° 14. 35°47'15”
12. 81° 15. 235°12/36" s
13. 138°30 16. 475°13748”

Express in terms of right angles and also in degrees, minutes and seconds; the angles
17. 1209
18. 4593524”
19. 3994536”
20. 2559879”
21. 75990’5”
22. Reduce 55°12"36” to centisimal measure.
23. Reduce 18°33’45” to circular measure.

24. Reduce 196935"24” to sexagecimal measure.

25. How many degrees, minutes and seconds are respectively passed over in 11% minutes by the
hour and minute hand of a watch.



26.

28.

29.

30.

31.

32.

33.

34.

38.

39.

40.

41.
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The number of degrees in one acute angle of a right-angled triangle is equal to the number of
grades in the other; express both angles in degrees.

Prove that the number of Sexagecimal minutes in any angle is to the number of Centisimal
minutes in the same angle as 27 : 50.

Divide 44°8 into two parts such that the number of Sexagecimal seconds in one part may be
equal to number of Centisimal seconds in the other part.

The angles of a triangle are in the ratio of 3 : 4 : 5, find the smallest angle in degrees and
greatest angle in radians.

Find the angle between the hour hand and the minute hand in circular measure at half past
four.

If p, ¢ and r denote the grade measure, degree measure and the radian measure of the same
angle, prove that

i ﬂZQZQOT
10 9 ™
.. 207
11. p—q—T

Two angles of a triangle are 72°53’51” and 41°22"50” respectively. Find the third angle in
radians.

The angles of triangle are in A.P. and the number of radians in the greatest angle is to the
number of degrees in the least one as 7 : 60; find the angles in degrees.

The angles of a triangle are in A.P. and the number of grades in the least is to the number of
radians in the greatest is 40 : 7; find the angles in degrees.

5. Three angles are in G.P. The number of grades in the greatest angle is to the number of

circular units in the least is 800 : 7r; and the sum of angles is 126°. Find the angles in grades.

). Find the angle between the hour-hand and minute-hand in circular measure at 4 o'clock.

. Express in sexagecimal system the angle between the minute-hand and hour-hand of a clock at

quarter to twelve.

The diamter of a wheel is 28 cm; through what distance does its center move during one
rotation of wheel along the ground?

What must be the radius of a circular running path, round which an athlete must run 5 time
in order to describe 1760 meters?

The wheel of a railway carriage is 90 cm in diameter and it makes 3 revolutions per second;
how fast is the train going?

A mill sail whose length is 540 cm makes 10 revolutions per minute. What distance does
its end travel in one hour?

. Assuming that the earth describes in one year a circle, or 149, 700, 000 km. radius, whose

center is the sun, how many miles does earth travel in a year?



43.

44.

46.

47.

48.

49.

60.
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The radius of a carriage wheel is 50 cm, and in % th of a second it turns through 80° about its
center, which is fixed; how many km. does a point on the rim of the wheel travel in one hour?

Express in terms of three systems of angular measurements the magnitude of an angle of
a regular decagon.

T

5. One angle of a triangle is %z grades and another is %1‘ degrees, while the third is == radians;

express them all in degrees.

The circular measure of two angles of a triangle are % and % What is the number of degrees of
the third angle?

The angles of a triangle are in A.P. The number of radians in the least angle is to the number
of degree in the mean angle is 1 : 120. Find the angles in radians.

Find the magnitude, in radians and degrees, of the interior angle of 1. a regular pentagon 2. a
regular heptagon 3. a regualr octagon 4. a regular duodecagon 5. a polygon with 17 sides

The angle in one regular polygon is to that in another is 3 : 2, also the number of sides in the
first is twice that in the second. How many sides are there in the polygons?

. The number of sides in two regular polygons are as 5 : 4, and the difference between their

angles is 9% find the number of sides in the polygons.

. Find two regular polygons such that the number of their sides may be 3 to 4 and the number

of degrees of an angle of the first to the number of grades of the second as 4 to 5.

. The angles of a qadrilateral are in A.P. and the greatest is double the least; express the least

angle in radians.

. Find in radians, degrees, and grades the angle between hour-hand and minute-hand of a clock

at 1. half-past three 2. twenty minutes to six 3. a quarter past eleven.

4. Find the times 1. between fours and five o'clock when the angle between the minute hand and

the hour-hand is 78°, 2. between seven and eight o'clock when the angle is 54°

. The interior angles of a polygon are in A.P. The smallest angle is 120° and the common

difference is 5°. Find the number of sides of the polygon.

. The angles of quadrilateral are in A.P. and the number of grades in the least angle is to the

number of radians in the greatest is 100 : 7. Find the angles in degrees.

The anlges of a polygons are in A.P. The least angle is % common difference is 10°, find the
number of sides in the polygon.

. Find the angle subtended at the center of a circle of radius 3 cm. by an arc of length 1 cm.

. In a circle of radius 5 cm., what is the length of the arc which subtends an angle of 33°15” at

the center.

Assuming the average distance of sun from the earth to be 149, 700, 000 km., and the angle
subtended by the sun at the eye of a person on the earth is 32, find the sun's diameter.



61.

62.

63.

64.

66.

67.

68.

69.

70.

71.

72.

e
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Assuming that a person of normal sight can read print at such a distance that the letter
subtends and angle of 5’ at his eye, find what is the height of the letters he can read at a
distance of 1. 12 meters 2. 1320 meters.

Find the number of degrees subtended at the center of a circle by an arc whose length is 0.357
times the radius.

Express in radians and degrees the angle subtended at the center of a circle by an arc whose
length is 15 cm., the radius of the circle being 25 cm.

The value of the divisions on the outer rim of a graduated cicle is 5" and the distance between
successive graduations is .1 cm. Find the radius of the circle.

. The diamter of a graduated circle is 72 cm., and the gradiuations on the rim are 5" apart; find

the distance of one graduation to to another.

Find the radius of a globe which is such that the distance between two places on the same
meridian whose latitude differs by 1°10” may be 0.5 cm.

Taking the radius of earth to as 6400 km., find the difference in latitude of two places, one of
which is 100 km. north of another.

Assuming the earth to be a sphere and the difference between two parallels of latitude, which
subtends an angle of 1° at the eath's center, to be 69% km., find the radius of the earth.

What is the ratio of radii of the circles at the center of which two arcs of same length subtend
angles of 60° and 75°7

If an arc, of length 10 cm., on a circle of 8 cm. diameter subtend at the center of circle an
angle of 143°14’22” find the value of 7 to 4 places of decimals.

If the circumference of a circle be divided into five parts which are in A.P., and if the greatest
part be six times the least find in radians the the magnitude of the angles the parts subtend
at the center of the circle.

The perimeter of a certain sector of a circle is equal to the length of the arc of a semicircle
having the same radius; express the angle of the sector in degrees.

. At what distance a man, whose height is 2 m., subtend an angle of 10’.
. Find the length which at a distance of 5280 m., will subtend an angle of 1” at the eye.

. Assuming the distance of the earth from the moon to be 38400 km., and the angle subtended

by the moon at the eye of a person on earth to be 31’, find the diameter of the moon.

). The wheel of a railway carriage is 4 ft. in diameter and makes 6 revolutions in a second; how

fast is the train going?

Assuming that moon subtends an angle of 30" at the eye of an observer, find how far from the
eye a coin of one inch diameter must be held so as just to hide the moon.
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78. A wheel make 30 revolutions per minute. Find the circular measure of the angle described by
spoke in half a second.

79. A man running along a circular track at the rate of 10 miles per hour, traverses in 36 seconds,
an arc which subtends an angle of 56° at the center. Find the diamter of the circle.
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Trigonometric Ratios

From Geometry, we know that an acute angle is an angle whose measure is between 0° and 90°.
Consider the following figure:

0 M M
Figure 2.1 Trigonometric ratios

This picture contains two similar triangles AOMP and AOM’P’. We are interested in ZMOP or
ZM’OP’0. In the AMOP and AM’OP’, OP, OP’ are called the hypotenuses i.e. sides opposite to
the right angle, PM, P’ M’ are called perpendiculars i.e. sides opposite to the angle of interest
and OM, OM’ are called bases i.e. the third angle.

Hypotenuses are usually denoted by h, perpendiculars by p and bases by b. Let OM = b, OM’ =
b',PM =p, PPM’ =p’,OP = h, OP’ = h/. Since the two triangles are similar .'.Z% = ; = % Thus
rhe ratio of any two sides is dependent purely on ZO or ZMOP or ZM’OP’.

Since there are three sides, we can choose 2 in 3Cj i.e. 3 ways and for each combination there
will be two permutations where a side can be in either numerator or denominator. From this we can
conclude that there will be six ratios(these are called trigonometric ratios), These six trigonometric
ratios or functions are given below:

% or % is called the Sine of the ZMOP.
%—A]g or % is called the Cosine of the ZMOP.
% or % is called the Tangent of the ZMOP.
OP

P " % is called the Cosecant of the ZMOP.

g—]\Pj[ or % is called the Secant of the ZMOP.

QMMﬁ or g is called the Cotangent of the ZMOP.

13
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1 — cos MOP is called the Versed Sine of ZMOP and 1 — sin MOP is called the Coversed
Sine of ZMOP. These two are rarely used in trigonometry. It should be noted that the trigono-
metric ratios are all numbers. The name of the trigonometric ratios are written for brevity
sin MOP, cos MOP, tan MOP, cot MOP, sec MOP, cosecMOP, versM P, coverse M OP.

2.1 Relationship betweeen Trigonometric Functions or Ratios

Let us represent the ZMOP with 6, we observe from previous section that

1 1 1
sinf = ——, cos) = — tan9:L csch = T
[¢ tan @

0 1 t 0
) ) ,secl = Jcoth =
sc O sec @ cosf’ cosf

1
sin

We also observe that tan6 = 5in o and cot § = <5 0
cos sin 6

From Pythagora theorem in geometry, we know that hypotcnuse2 = perpendicular? + base? or
h? = p? 4+ b?

1. Dividing both side by h?, we get
2 b2

p _
Sk

? 1

sin?0 + cos26 =1
We can rewrite this as sin?0 = 1 — cos? 6, cos20 = 1 — sin? 0, sinf = /1 — cos? 0, cos§ =
1 —sin? 6.
2. If we divide both sides by b2, then we get

n2 2
R
b2 b2

sec? 0 = tan?0 + 1

We can rewrite this as sec?d — tan% 6 = 1, tan? = sec? 6 — 1,sechd = V1+ tan? 0, tanf =
Vsec?d — 1
3. Similalry, if we divide by p?, then we get

h? b?

=1t

p p

cosec20 = 1 + cos® 0

We can rewrite this as cosec? — cot? 0 = 1, cot? 6 = cosec?d — 1, cosecd = v/ 1 + cot? 0, cot 0 =

Vcosec26 — 1
2.2 Problems

Prove the following;:



1.

[NV}

10.

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Trigonometric Ratios

l1—cosA
\/TFcosd = cosecA — cot A.

. Vsec? A + cosec? A = tan A + cot A.

. (cosecA —sin A) (secA—cosA) (tan A+ cot A) = 1.

cos? A —sin* A+ 1 =2cos? A.
(sin A +cos A) (1 —sin Acos A) = sin® A + cos® A.

sin A l+cosA
1+cos A + sinA 2cosecA.

sin® A — cos®A4 =1 — 3cos? Asin? A.

/1—sin A _
Trsind sec A — tan A.

cosecA cosecA 2
cosecA—1 + cosecA+1 2sec” A.

cosecA A
tanAtcotA  COS4

(sec A+ cos A) (sec A — cos A) = tan? A + sin” A.

1

fan AtcorA — SinAcos A.

l1—tanA _ cot A—1
1+tan A~ cot A+1°

1+tan? A _ sin? A
1+cot?2 A~ cos? A’

. %: 1—2sec Atan A + 2tan? A.
1
m: seCA—I—tanA‘
tan A cot A

Tooot A T Totana = Sec AcosecA + 1.

cos A + sin A
l1-tanA ' 1—cot A

=sin A + cos A.

(sin A+ cosA) (tan A + cot A) = sec A + cosecA.
sec* A —sec® A = tan® A + tan® A.

cot* A + cot? A = cosec* A — cosec? A.
\/m = cos AcosecA.

sec? Acosec? A = tan? A + cot® A + 2.

tan® A — sin? A = sin* Asec? A.

15
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27.

28.

29.

30.

31.

32.

33.

42.

43.

44,

45.

46.

a7,

. (l+cotA+tanA)(sin A —cosA) =

Trigonometric Ratios 16

5. (14 cot A—cosecA) (1 +tan A +secA) = 2.

cot AcosA _ cot A—cos A

* cot A+cos A cot Acos A’

cot A+tan B

cot Brtan A = cot Atan B.

2 . 2 4 _ 1l—cos? Asin? A
) cos” Asin® A = 2+cos? Asin? A’

1 + 1
sec? A—cos? A ' cosec?A—sin? A
sin® A — cos® A = (sin? A — cos? A) (1 — 2sin? Acos® A).

cos AcosecA—sin Asec A

cos ATom A = cosecA — sec A.

1 1 1 1
coseccA—cot A sinA ~ sinA  cosecA+fcot A’

tan A+sec A—1 _ 14sinA
tan A—sec A+1 =~ cosA

(tan A + cosecB)? — (cot B —sec A)? = 2tan A cot B(cosecA + sec B).

. 2sec® A —sec* A — 2cosec® A + cosec? A = cot* 4 — tan? A.
5. (sin A + cosecA)? + (cos A +sec A)? = tan® A + cot? A + 7.

. (cosecA+cot A)(1—sin A)— (sec A+tan A) (1 —cos A) = (cosecA—sec A)[2—(1—cos A)(1—

sin A)].

sec A cosecA
cosec? A sec2 A’

1 1 1 1

" SecA—tanA cosA  cosA  secAftanA’

. 3(sin A —cos A)* + 4(sin® A + cos® A) + 6(sin A + cos 4)% = 13.

iﬁﬁiﬁ = cosecA + cot A.
: 1i(;SH?A + 130:1;1A = 2sec A.
% + % = 2cosecA.
! L —9sec Atan A.

1—sinA  1+sinA

14+tan2 A _ (1—tanA)2

14+cot2 A~ \1l—cotA
2tan? A _ 4 4
1+=—1 =tan A+ sec” A.

(1—sinA—cosA)?=2(1—sinA)(1—cosA).

cot A+cosecA—1 _ 14cos A
cot A—cosecA+1 ~ sinA
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48. (sin A +sec A)? + (cos A + cosecA)? = (1 + sec AcosecA)?.

49 2sin Atan A(1—tan A)+2sin Asec2 A _ 2sin A
’ (1+tan A)?2 T I+tan A°

50. If 2sin A = 2 — cos A, find sin A.

51. If 8sin A = 4 4 cos A, find sin A.

52. If tan A 4 sec A = 1.5, find sin A.

53. If cot A + cosecA = 5, find cos A.

54. If 3sec* A+ 8 = 10sec? A, find the value of tan A.
55. If tan® A + sec A = 5, find cos A.

56. If tan A 4+ cot A = 2, find sin A.

57. If sec® A =2+ 2tan A, find tan A.

58. If tan A = 2962(9”1), find sin A and cos A.
x+1

59. If 3sin A+ 5cos A = 5, show that 5sin A — 3cos A = +3.

60. If sec A + tan A = sec A — tan A prove that each side is +1.

-4 ind
61. If 22:2 ’g + ;Ez g =1, prove that

i. sin® A+ sin* B = 2sin? Asin® B,

cos* B | sin*B
cos?A " sin? A

1.

ii.

62. If cos A + sin A = v/2 cos A, prove that cos A —sin A = +1/2sin A.
63. If acos A — bsin A = ¢, prove that asin A + bcos A = v a2 + b% — 2.
64. If 1 —sin A = 1 + sin A, then prove that value of each side is + cos A.

65. If sin® A +sin? A = 1, prove that

. 1 1
I fantA + tanZ A L

ii. tan* A —tan?=1.
66. If cos® A —sin® A = tan? B, prove that 2 cos? B — 1 = cos? B — sin® B = tan® A.

67. If sin A 4 cosecA = 2, then prove that sin”™ A + cosec™ A = 2.

(S5

68. If tan? A = 1 — €2, prove that sec A + tan® AcosecA = (2 — e?)2,
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69. Eliminate A between the equations asec A + btan A+ ¢ =0 and psec A+ gtan A+ r = 0.
70. If cosecA —sin A = m and sec A — cos A = n, elimiate A.
Ty

71. Is the equation sec® A = (gi.y)Q possible for real values of z and y?.

72. Show that the equation sin A = x +% is imossible for real values of x.
73. If sec A—tan A = p, p # 0, find tan A, sec A and sin A.

74. If sec A = p—f—ﬁ7 show that sec A + tan A = 2p or %.

75. 1F 8R4 P cosA _ q, find tan A and tan B.

sinB~ {cosB

sind _ 2 tand _ \/?v)7 find A and B.

76 If sin B tan B

77. If tan A + cot A = 2, find sin A.
78. If m = tan A + sin A and n = tan A — sin A, prove that m? —n? = 4v/mn.
79. If sin A + cos A = m and sec A + cosecA = n, prove that n(m? — 1) = 2m.

80. If zsin® A+ ycos® A = sin Acos A and zsin A — ycos A = 0, prove that 2 + y? = 1.

2
81. Prove that sin® A = <I4J;Z> is possible for real values of = and y only when z =y and =, y # 0.




Chapter 3
Trigonometric Ratios of Any Angle and Sign

3.1 Angle of 45°

P
2
a o3
A
0O 43 M
Figure 3.1

Consider the above figure, which is a right-angle triangle, drawn so that ZOMP = 90° and
ZMOP = 45°. We know that the sum of all angles of a triangle is 180°. Thus,

ZOPM =180°— LMOP — ZOMP = 180° — 90° — 45° = 45°

~OM = MP. Let OP = 2a, then from Pythagora theorem, we can write

4a® = OP? = OM? + MP? = 20M* = Om = av2 = M P
_MP_av2_ 1

sin45° = OP 5 7

Other trigonometric ratios can be deduced similarly for this angle.

3.2 Angles of 30° and 60°

M
2a “
(0] X
P
Figure 3.2

Consider an equilateral AOM P. Let the sides OM, OP, M P be each 2a. We draw a bisector of
ZMOP, which will be a perpendicular bisector of M P at X because the triangle is equilateral.
Thus, MX = a. In AOMX, OM = 2a, ZMOX = 30°, ZOXM = 90° because each angle in an
equilateral triangle is 60°.

M 1

sinMOX:O—A);=§:>sin30°:%

Similarly, ZOM X = 60° because the sum of all angles of a triangle is 180°.

19
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MX 1 o 1
cosOMX—W—i:COSGO =z

[ ]

All other trigonometric ratios can be found from these two.

3.3 Angle of 0°

P
]
© M

Figure 3.3

Consider the AMOP such that side M P is smaller than any quantity we can assign i.e. what
we denote by 0. Thus, ZMOP is what is called approaching 0 or lim,_,¢ in terms of calculus. Why
we take such a value is because if any angle of a triangle is equal to 0° then the triangle won't exist.
Thus these values are limiting values as you will learn in calculus.

MP _ o

However, in this case, sin0° = OP —0P = 0. Other trigonometric ratios can be found from this

easily.

3.4 Angle of 90°

In the previous figure, as ZOM P will approach 0°, the ZOPM will approach 90°. Also, OP will
approach the length of OM. Similar to previous case, in right-angle trianglee if one angle (other
than right angle) approaches 0° the other one will appraoch 90° and at that value the triangle
will cease to exist.

OM _ op _ 1. Now other angles can be found easily from this.

rj[‘hllS7 sin 90° = W =0P

Given below is a table of most useful angles:

Angle|0°(30°|45°(60°(90°

sin 0l |L|v3|1
2 V2|2

cos 1|3 Ll |o
2 (V22

t 0Ll 3

an 7 V3|00

Table 3.1 Values of useful angles
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3.5 Complementary Angles

Figure 3.4

Angles are said to be complementary if their sum is equal to one right angle i.e. 90°. Thus, if
measure of one angle is 6 the other will automatically be 90° — 6.

Consider the figure. AOMP is a right-angle triangle, whose ZOM P is a right angle. Since the sum
of all angles is 180°, therefore sum of ZMOP and ZM PO will be equalto one right angle or 90° i.e.
they are complementary angles.

Let ZMPO = 0 then ZMOP = 90° — 6. When ZM PO is considered M P becomes the base and
OM becomes the perpendicular.

Thus, sin(90° —0) = sin MOP = ,1‘0471; = cos M PO = cosf
cos(90° —0) =sin MPO = %}2 =sind
PM

tan(90° — ) = tan MOP = 37 = cot MPO = cot 0

Similarly, cot(90° — 0) = tan 6, cosec(90° — 6) = sec 6, sec(90° — 0) = cosech.

3.6 Supplementary Angles

P’ P P P’

]\/ / Af ]V[ A /7

M /\/O \ M’ M’ m/o \ M

Figure 3.5
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Angles are said to be supplementary if their sum is equal to two right angles i.e. 180°. Thus, if
measure of one angle is #, the other will automatically be 180° — 6.

Consider the above figure which includes the angles of 180° — 6. In each figure OM and OM’
are drawn in different directions, while M P and M’P’ are drawn in the same direction so that
OM’ = —OM and M’P’ = MP. Hence we can say that

sin(180° — 0) = sin MOP' = 20 MB _ g

cos(180° — 0) = cos MOP’ = %J\If, = _%_1\1;1: —cosé

o _ y__ OM' _ OM
tan(180 —theta) = tan MOP 7W7—Wf—tan9

Similarly, cot(180° — #) = —cot 8, sec(180° — 0) = —sec 8, cosec(180° — 8) = cosect

3.7 Angles of —0

/7

Ji‘i

M

[
V(/

Figure 3.6

w%%

Consider the above diagram which plots the angles of § and —6. Note that M P and M P’ are equal
in magnitude but opposite in sign. Thus, we have

/
sin(—6) = % = —% = —siné.
cos(—0) = %: %: cosf.
tan(—0) :% :%: —tan.

Similarly, cot(—6) = —cot 8, sec(—0) = sech, cosec(—8) = —cosech.
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3.8 Angles of 90° + 6

The diagram has been left as an exercise. Similarly, it can be proven that sin(90°460) = cos 6, cos(90° +
0) = —sin 6, tan(90° 4+ 6) = — cot 0, cot (90° + 0) = — tan 6, sec(90° + 0) = —cosech, cosec(90°+ 6) =
sec 6.

Angles of 180° 4 6, 270° — 6, 270° + 6 can be found using previous relations.

3.9 Angles of 360° + 0

For angles of 8 the radius vector makes an angle of 6 with initial side. For angles of 360° + 6 it will
complete a full revolution and then make an angle of § with initial side. Thus, the trigonometrical
ratios for an angle of 360° 4+ 6 are the same as those for 6.

It is clear that angle will remain 6 for any multiple of 360°.

3.10 Problems

1. If A= 30° verify that
i. cos2A4 =cos? A—sin? A =2cos>A—1
ii. sin2A =2sinAcos A
iii. cos3A = 4cos® A—3cos A
iv. sin3A = 3sin A — 4sin® 4

2tan A

v. tan24 = ———%—
1—tan® A

2. If A =45° verify that
i. sin2A =2sinAcos A
ii. cos24=1—2sin® A

2tan A

iii. tan24 = ——"——
1—tan® A

Verify that
3. sin? 30° + sin? 45° + sin® 60° = 3
4. tan®30° + tan? 45° + tan? 60° = 43

5. sin 30° cos 60° + sin 60° cos 30° = 1

6. cos45° cos60° — sin45° sin 60° = —
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7. cosec245°. sec? 30°. sin2 90°. cos 60° = 1%
8. 4cot? 45° — sec? 60° + sin? 30° = %
Prove that
9. sin420° cos 390° + cos(—300°) sin(—330°) =1

10. cos570° sin 510° — sin 330° cos 390° = 0

What are the values of cos A —sin A and tan A + cot A when A has the values

s
1. 2 14.
12. 7 15.
5 bm
13. 2

What values between 0° and 360° may A have when

L 19.

16. sin A = 7
20.

17. cos A = —%
21.

18. tan A = —1

Express in terms of the ratios of a positive angle, which is less than 45°, the quantities

22. sin(—65°) 28.
23. cos(—84%) 29.
24. tan137° 30.
25. sin 168° 31.
26. cos287° 32.
27. tan(—246°) 33.

cotA=—V3

secA = —

ER

cosecA = —2

sin 843°
cos(—928°)
tan 1145°
cos 1410°

cot (—1054%)

sec 1327°
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34. cosec(—T756")
What sign has sin A 4 cos A for the following values of A?

5.

35. 140° 37. —356°

36. 278° 38. —1125°

What sign has sin A — cos A for the following values of A?

39. 215° 41. —634°
40. 825° 42. —457°
43. Find the sine and cosine of all angles in the first four quadrants
cos 135°.
Prove that
44. sin(270°+ A) = —cos A and tan(270°+ A) = —cot A
45. cos(270°— A) = —sin A and cot(270° — A) = tan A
46. cos A +sin(270°+ A) —sin(270° — A) + cos(180° + A) =0
47, sec(270° — A)sec(90° — A) — tan(270° — A) tan(90°+ A) + 1 =
48. cot A+ tan(180°+ A) + tan(90° + A) + tan(360° — A) =0
49. Find the value of 3 tan? 45° — sin? 60° — % cot? 30° + % sec? 45°
0. Sumplty £2300 o . me
51. Show that tan1°tan2°...tan89° = 1
52. Show that sin® 5° + sin? 10° + sin? 15° + ... +sin?90° = 9
53. Find the value of cos? i% + cos? % + cos? %—% + cos? %
Find the value of the following:
54. sec® Tsec? T+ tan® T sin §
55. cot? 30° — 2 cos? 60° — 3 sin? 45° — 4sin? 30°
0 st ot
57. If A =30°, show that cos® A +sin® A =1 —sin? Acos® A
58. Show that (tan 7+ cot § + sec g) (tan% + cot § — sec %) = cosec

25

whose tangents are equal to

0

2
4
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. Show that sin 6° + sin 6212° + sin® 18° + ... + sin? 84° + sin® 90° = 8
. Show that tan 9°. tan 27°. tan45°. tan 63°.tan 81° = 1

. Show that 22:1 sin? % =5

. If 4na = 7, show that tan atan 2atan 3a. ... tan(2n — 2)atan(2n — 1)a =1

26



Chapter 4
Compound Angles

Algebraic sum of two or more angles is called a compound angle. If A, B, C' are any angle then
A+B,A—B,A—B+C, A+ B+C,A— B—C, A+ B—C etc. are all compound angles.

4.1 The Addition Formula

sin(A + B) = sinAcos B + sin Bcos A cos(A + B) = cosAcos B — sin Asin B tan(A + B) =
tan A + tan B

1—tan Atan B
P P
R N R N
5 B
A A
0 M Q M 0 Q
Figure 4.1

Consider the diagram above. PM and PN are perpendicualr to OQ and ON. RN is parallel to
0OQ and NQ is perpendicular to OQ. The left diagram represents the case when sum of angles is an
acute angle while the right diagram represents the case when sum of angles is an obtuse angle.

ZRPN =90°— ZPNR = ZRNO = ZNOQ = ZA

MP _ MR+RP _ QN

. . . RP
Now we can write, sin(A + B) =sinQOP = 55 =~5p —=5p + op

:8_11\\;3_1;+%%:sinAcosB+cosAsinB

— _OM _0Q-MQ __OQON RNNP
Also, cos(A+ B) =cosQOP = 55 = —5p = 58N 0P — NPOP

= cos Acos B —sin Asin B

These two results lead to tan(A + B) = %

We have shown that addition formula is true when angles involved are acute angles. The same proof
can be applied to prove the results for all values of A and B.

Consider A" =90°+ A ~sin A’ = cos A and cos A’ = sin A
sin(A’ 4+ B) = cos(A + B) = cos Acos B — sin Asin B = sin A’ cos B + cos A’ sin B
Similarly cos(A’ + B) = —sin(A + B) = —sin A cos B — sin Bcos A = cos A’ cos B — sin A’ sin B

27
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We can prove it again for B’ = 90° + B and so on by increasing the values of A and B. Then we can
again increase values by 90° and proceeding this way we see that the formula holds true for all
values of A and B.

4.2 The Subtraction Formula

sin(A — B) = sinAcosB —sinBcos A cos(A — B) = cosAcosB + sin Asin B tan(A — B) =
tan A —tan B
1+tan Atan B

N R
P
B
A
0) Q M
Figure 4.2

Conside the diagram above. The angle MOP is A — B. We take a point P, and draw PM and PN
perpendicular to OM and ON respectively. From N we draw NQ and N R perpendicular to OQ
and M P respectively.

ZRPN =90°— ZPNR = ZQON = A

] o e _ MP _ MR-PR_ QNON _PRPN
Thus, we can write sin(A — B) =sin MOP =55 =—5p— = 8N0P — PNOP

Thus, sin(A — B) = sin Acos B — cos Asin B

) _OM _ 0Q+QM _ OQON , RN NP
Also, cos(A—B) =5p =—5p— =oN0P T NPOP
= cos Acos B +sin Asin B

We have shown that subtraction formula is true when angles involved are acute angles. The same
proof can be applied to prove the results for all values of A and B.

From the results obtained we find upon division that tan(A — B) = %

4.3 Important Deductions
1. sin(A+4 B)sin(A — B) = sin? A —sin? B = cos? B — cos® A

L.H.S. = (sin Acos B +sin Bcos A) (sin A cos B —sin Bcos A)



Compound Angles

= sin? A cos® B —sin® Bcos? A = sin? A(1 —sin? B) —sin? B(1 —sin? A)

= sin? A — sin? Asin? B — sin? B + sin? Bsin? A
=sin? A —sin? B= (1—cos? 4) — (1 —cos® B)

= cos? B —cos? A

cos(A+ B) cos(A — B) = cos®> A —sin® B = cos? B —sin® A
L.H.S. = (cos Acos B — sin Asin B) (cos A cos B + sin Asin B)
= cos? Acos? B —sin? Asin® B

= cos? A(1 —sin? B) — (1 — cos? A)sin® B

= cos? A — cos? Asin? B —sin? B + cos? Asin? B

= cos? A —sin? B = cos? B—sin? A

_ cot Acot B—1
COt(A + B) ~ cot B+cot A

LHS. = cot (A+ B) = =411

__cos Acos B—sin Asin B
" sin Acos B+cos Asin B

Dividing numerator and denominator by sin Asin B

__ cot Acot B—1
~ cot B+cot A

__ cot Acot B+1
COt(A* B) ~ cot B—cot A

LHS. = cot(A— B) = Z24=72)

__ cos Acos B+sin Asin B
~ sin Acos B—cos Asin B

Dividing numerator and denominator by sin A sin B

_ cot Acot B+1
~ cot B—cot A

tan(A+B—|—C) tan A+tan B+tan C—tan A tan Btan C

~ 1—tan Atan B—tan Btan C'—tan C'tan A

LHS. = tan[(A+ B) + C] = {2t Btanc.

tan At+tan B
1—-tan Atan B+ta’n c

tan A+tan B
I—TtanatanptanC

tan A+tan B+tan C—tan Atan BtanC
_ 1—tan Atan B
T 1-tanAtan B—tan BtanC—tanCtan A
1-tan Atan B

29
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_ tan A+tan B+tan C—tan Atan Btan C
~ 1—tan Atan B—tan BtanC—tan C'tan A

4.4 To express acosf + bsin @ in the form of kcos¢ or ksin ¢

. _ 2 2 a b .
acosf +bsinf =+a“+b <—\/mc050+—\/msm0>

Let cos @ = ——— then sina = %
Va“+b va“+b
Thus, acosf + bsin @ = /a2 + b?(cos a cos § + sin asin §)

=Va?+b%cos(0 —a) = kcos ¢ where k = Va?+b? and ¢ = 6 —

Alternatively, if \/aQL—H)? = sin a then \/a?b—+b2 = cosa

Thus, acosf + bsinf = v a? + b*(sinacos § + cos o + sin §)
=Va? +b?sin(0 + o) = ksin ¢ where k = Va? +b% and ¢ = 0+ a

4.5 Problems

1. fsina = % and cos 3 = z%, find the values of sin(a — ) and cos(a + 3).

2. If sina = % and sin § = g%, find the values of sin(a — ) and sin(«a + 3).
3. If sina = }—? and cos § = %, find the values of sin(a + ), cos(a — 3) and tan(a + beta).

Prove the following:

4. cos(45°— A) cos(45° — B) —sin(45° — A) sin(45° — B) =sin(A + B).
5. sin(45° 4+ A) cos(45° — B) + cos(45° + A) sin(45° — B) = cos(A — B).
6 sin(A—B) + sin(B—C) + sin(C—A) _ 0

cos Acos B ' cosBcosC ' cosCcosA

7. sin 105° + cos 105° = cos 45°.

8. sin75° —sin 15° = cos 105° + cos 15°.

9. cosacos(y—a) —sinasin(y —a) = cos~.

10. cos(a + B)cosy —cos(B+ ) cosa = sin Ssin(vy — «).

11. sin(n+1)Asin(n—1)A+cos(n+1)Acos(n—1) A = cos2A.
12. sin(n+ 1) Asin(n+2) A+ cos(n+1)Acos(n+2)A = cos A.

13. Find the value of cos 15° and sin 105°.
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14. Find the value of tan 105°.

tan 495°

15. Find the value of ot BEE

16. Evaluate sin(nﬂ' + (—1)"%)7 where n is an integer.

Prove the following:

. o V/3-1
17. sin15 =5/

. o V/3-1
18. cos 75 ="

19. tan75° =2+ /3.
20. tan15° =2 — /3.
Find the value of following:

21. cos1395°.

24. tan(lll—;>.
22. tan(—330°).

23. sin 300°cosec1050° — tan (—120°).
25. tan((—1)"F).
Prove the following:
26. cos 18° —sin 18° = 1/2sin 27°.
27. tan70° = 2 tan 50° 4 tan 20°.
28. cot(% + ;v) cot(% — x) =1.

29. cos(m +mn)6.cos(m —n)f —sin(m+n)Osin(m —n) O = cos 2mb.

30 tan(0+¢)+tan(0—¢)

© T—tan(0+¢) tan(—g) — tan20.

31. cos9° +sin9° = v/2sin 54°.

56 €0s20°—sin20° °
32 Cosdosman — tan25
33 tan A+tan B _ sin(A+B)
“7" tanA—tan B~ sin(A—-B)’

By 1 1 B
34. tan3A—tan A cot3A—cot A cot 24.
or 1 B 1 _

3. tan3A+tan A Cot3A_cotA cot4A.



36.

37.

38.

39.

40.

41.

42.

43.

49.

Compound Angles

sin3a | cos3a

- = 4 cos2a.
sSin o« cosx

tan(%JrA)ftan(%fA)
tan(5+A )+tan(5—A)

tan 40° + 2 tan 10° = tan 50°.

tan (o + B) tan (o — ) = Sn2o—sin®f

~ cos? a—sin? B

L + S _
tan® a — tan? 8 = —sm(:é)sfcz Zg;(zaﬁ £)

tan[(2n4+1)7 + 6] + tan[(2n+ 1)7 — 0] = 0.
tan(ngQ)tan(%erG) +1=0.

1—pg

If tan o = p and tan 8 = ¢ prove that cos(a+ ) = T s
P q

14. if tan § = M, show that cot a, cot 3, coty are in A.P.

sin(a+7)

5. Eliminate 6 if tan(6 — a) = a and tan(6 + o) = b.
5. Eliminate o and § if tana +tan 8 = b, cota + cot = a and o + 8 = 7.
. If A+ B =45, show that (1 +tanA)(1+tanB) = 2.

. If sinasin f — cosacos B+ 1 = 0, prove that 1 4+ cot atan g = 0.

If tan 8 :%, prove that tan(a— 3) = (1 —n)a.

sin f +siny = 0.

H{%’ prove that o + 8 = g.

If tana = tanﬁzﬁ,

. If A+ B =45°, show that (cot A—1)(cot B—1) = 2.

Tty

53. If tana — tan 8 = x and cot 3 — cot &« = y, prove that cot(a — 8) = =2

zy

. If a right angle be divided into three pats «, 8 and -, prove that cot a =

. If 2tan 8 + cot 8 = tan «, show that cot 8 = 2tan(a — ).

5. If in any AABC, C' = 90°, prove that cosec(A — B) = a>+b% and sec(A— B)

a?—b2

IfcotAz\/&E,coth\/g,tanC’z,/a%andc:a2+a+l, prove that A= B+ C.

_ N2
If % % = 1, prove that tan A tan B = tan® C.

32

. If cos(B—7y) 4+ cos(y—a) +cos(a— ) = —%, prove that cosa + cos 5 + cosy = sina +



60.

61.

63.

64.

66.

67.

Compound Angles 33

. If sinasin 8 — cos acos B = 1 show that tan a + tan 8 = 0.

If sin @ = 3sin (0 + 2« ), prove that tan (6 + «), prove that tan(6 + ) + 2tana = 0.
If 3tanftan ¢ = 1, prove that 2cos(6 + ¢) = cos(6 — ).

Find the sign of the expression sin # + cos when 6 = 100°.

Prove that the value of 5cos 6 + 3cos<0 + g) + 3 lies between —4 and 10.

m+n

If mtan(0 —30°) = ntan(6 + 120°), show that cos26 = STm—n)"

. ifa+p=0and tana : tan S = x : y, prove that sin(a — §) :?sinﬁ.

+y
Find the maximum and minimum value of 7 cos 6 + 24 sin 6.

Show that sin 100° — sin 10° is positive.



Chapter 5

Transformation Formulae

5.1 Transformation of products into sums or differences

We know that sin(A 4 B) = sin Acos B + cos Asin B and sin(A — B) = sin Acos B — cos Asin B
Adding these, we get 2sin Acos B =sin(A + B) +sin(A — B)

Subtracting, we get 2cos Asin B =sin(A + B) —sin(A — B)

We also know that cos(A+ B) = cos A cos B—sin Asin B and cos(A — B) = cos A cos B+ sin Asin B
Adding, we get 2cos Acos B =cos(A+ B) + cos(A— B)

Subtrating we get 2sinsin B = cos(A — B) —cos(A + B)

5.2 Transformation of sums or differences into products

We have 2sin Acos B =sin(A + B)sin(A — B)

Substituting for A+ B = C, A— B = D so that A = “32 and B = 932

C+D cos C-D
2 2

sin C' + sin D = 2sin

We also have 2 cos Asin B =sin(A + B) —sin(A — B)

C+D . C-D
3 sin 3

Following similarly sin C' — sin D = 2 cos

C+D C-D
5 COS —5—

For 2cos Acos B=cos(A+ B) + cos(A— B), we get cosC + cos D = 2cos

C+D . D-C
5 Sl —5

For 2sinsin B = cos(A — B) —cos(A + B), we get cos C' — cos D = 2sin

5.3 Problems

. sin 75°—sin 15°
1. Find the value of cos75°Fcos 15°

(cos @—cos 30) (sin 80+sin 20)

2. Simplify the expression (5in 50—sin 0) (cos 10—cos 60)"

Prove that

5 sin70—sinb0
3. cos 70+cos b0 tan 6.

cos 60—cos40
4. sin60+sin40 tan 6.
sin A+sin3A

cos A+cos3A tan 24,

34



10.

11.

12.

13.

14.

16.

17.

18.

19.

20.

21.

23.

24.

© tanbf—tan 36

Transformation Formulae

sin7A—sin A

e smoA = cos4AsechA.

% = cot(A+ B)cot(A— B).

sin2A+sin2B _ tan(A+B)
sin2A—sin2B ~ tan(A—B)’

sin A+sin2A té
cos A—cos2A — OV 3
sin5A—sin3A _ tan A.

cos3A+cosbA

cos2B—cos2A
sin2B+sin2A ta’n(A - B)

cos(A+ B) +sin(A — B) = 2sin(45° + A) cos(45° + B).

cos3A—cos A | cos2A—cos4A _ sin A
sin3A—sin A sin4A—sin2A = cos2Acos3A°

sin(4A—2B)+sin(4B—2A) _
cos(4A—2B)+cos(4B—2A) — tan(A + B)

tan50+tan30 _ 4 <90 cos 4.

cos 30+2cos50+cos 70 s
cos012cos30tcos50  CO8 20 — sin 26 tan 30.

sin A+sin3A+sin5A+sin7A
cos A+cos3A+cos5A+cosTA tan4A.

sin(0+¢)—2sin0+sin(6—¢)

cos(0+¢)—2cosftcos(0—p) tan 6.

sin A+2sin3A+sinbA _ sin3A
sin3A+2sin5A+sin7A ~ sin5A°

sin(A—C)+2sin A+sin(A+C) sin A

sin(B—C)+2sin B+sin(B+C) ~ sin B’

sin A—sin5A+sin9A—sin 13A

cos A—cosbA—cosOA+fcos 134 cot 4A4.
2 Ay = tan 757 cot 5P,
S Bcona = cot g cot gL,
fhaien — un 418
E

cos(A+B+C)+cos(—A+B+C)+cos(A—B+C)+cos(A+B-C)

sin(A+B+C)+sin(—A+B+C)—sin(A—B+C)+sin(A+B—-C)

co83A + cosHA + cosTA + cos 15A = 4 cos4A cos5A cos6A.

35

. cos(—A+B+C)+cos(A—B+C)+cos(A+B—C)+cos(A+B+C) =4cos Acos BeosC.



29.

30.

31

Transformation Formulae

sin 50° — sin 70° 4 sin 10° = 0.
sin 10° + sin 20° + sin 40° + sin 50° = sin 70° + sin 80°.

sin a + sin 2« + sin 4« + sin ba = 4 cos % cos 370‘ sin 3av.

Simplify:

32.

33.

cos[@—i— (n—%)ﬂ —cos[@—i— (n—i—%)qﬁ]

sin[0+ (n—3) o] +sin[0+ (n+3)s]

Express as a sum or difference the following:

34.

35.

36.

37.

2sin 560 sin 76.
2 cos 70 sin 56.
2 cos 116 cos 36.

2 sin 54° sin 66°.

Prove that

38.

39.

40.

41.

42.

43.

44,

sin g sin 779 + sin 3—20 sin 1719 = sin 26 sin 56.

cos 26 cos g — cos 36 cos %ﬁ = sin 56 sin %0

sin Asin(A 4 2B) —sin Bsin(B 4 2A) = sin(A — B)sin(A + B).
(sin3A +sin A)sin A+ (cos3A —cos A) cos A = 0.

2sin(A—C)cos C—sin(A—2C) _ sin A
2sin(B—C) cos C—sin(B—2C) ~ sin B’

sin Asin2A+sin3Asin6A+sin4Asin13A tan9A
sin Acos 2A+sin3A cos6AfsindAcos 134 P4

cos2A cos3A—cos2A cos TA+cos Acos10A =
sin4Asin3A—sin2Asin5A+sin4Asin7A cot 6A cot 5A.

. c0s(36° — A)cos(36°+ A) + cos(54° + A) cos(54° — A) = cos2A.

j. cos Asin(B—C) 4+ cosBsin(C — A) +cosCsin(A— B) =0.

sin(45°+ A)sin(45°— A) = %cos 2A.

3. sin(f— ) cos(a—3d) +sin(y—a)cos(f—3§) +sin(a—3)cos(y—48) =0.

5t

T 97 3
. 2cos—c0sﬁ+cosﬁ+cos— 0.

13 13

. cosb55° + cos65° + cos 175° = 0.

36



60.

61.

62.

63.

64.

66.

67.

68.

69.

70.

71.

72.

73.

* cos A+cos2A+cos4dA+cosbA

3. (COSA+COSB>” + (sinA+sinB>" — 9 cot™ A;B

Transformation Formulae 37

. cos18° —sin 18° = /2 sin 27°.

sin A+sin2A+sin4A+sin5A

= tan 3A.

or 0 accordingh as n is even or odd.

sin A—sin A cos A—cos B

If o, B, v are in A.P., show that cos § = S2a—siny

COoSy— cosa’
If sin @ + sin ¢ = v/3(cos ¢ — cos§) prove that sin 30 + sin 3¢ = 0.
sin 65° + cos65° = /2 cos 20°.

Sin47° + cos 77° = cos 17°.

cos 10°—sin 10° __
cos 10°+sin 10° = tan35°.

. cos80° + cos 40° — c0s20° = 0.

e —0.

COS & +cos +cos +cos 5

cosa + cos S+ cosy +cos(a+ S +7) = 4cosaTwcosB—';YcosWTa.

If sina —sin g = and cos 3 — cosa = =, prove that cot == a+6 3.

If cosecA + secA = cosecB + sec B, prove that tan A tan B = cot M

If sec (0 + o) + sec(0 — a) = 2secf, show that cos? § = 1+ cos .

. o o 1—4/2sin35°
. Show that sin 50° cos 85° = %z
Prove that sin 20° sin 40° sin 80° = %2,

Prove that sin Asin(60° — A)sin(60°+ A) = %sin 3A.
If o+ 8 =90° find the maximum value of sin asin 8.
Prove that sin25° cos 115° = £ (sin40° — 1).

Prove that sin 20° sin 40° sin 60° sin 80° =

atw

Prove that cos 20° cos40° cos 80° = =
Prove that tan 20° tan 40° tan 60° tan 80° = 3.

Prove that cos 10° cos 30° cos 50° cos 70° = %.



74.

76.

e

78.

79.

80.

oo

82.

83.

84.

Transformation Formulae

Prove that 4cos6’cos(g + 9) cos(% — 0) = cos 36.

. Prove that tan 6 tan(60° — 8) tan(60° + 0) = tan 36.

If a4+ B = 90°, show that the maximum value of cosa cos 3 is %
If cosa = + sin 3 = L show that tan “3 8 cot 228 — 5 +2v6 or 5—2v6
V2’ V3’ 2 2 ’

If zcosf = ycos(@—l—%) = zcos(@—i—%ﬂ), prove that xy +yz + zz = 0.

If sin @ = nsin(0 + 2« ), prove that tan(0 + o) = %}gtana.
sin(f0+a) _ 1-m T ™ _
Ifm = {7 brove that tan(z— 0) tan(z— a) =m.

1. If ysin¢ = xsin(20 + ¢ ), show that (z +y)cot(0 + ¢) = (y — x) cot 6.

If cos(a+ B)sin(y + 0) = cos(a — beta) sin(y — ), prove that cot acot 5 coty = cotd.

If cos(A—B) | cos(C+D)

cos(ATE) T cos(C—D) = 0, prove that tan Atan Btan C'tan D = —1.

If tan (0 + ¢) = 3tan 6, prove that sin(260 + ¢) = 2sin ¢.

. If tan(0 + ¢) = 3tan 6, prove that sin2(0 + ¢) + sin 20 = 2sin 2¢.
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Chapter 6
Multiple and Submultiple Angles

6.1 Multiple Angles

An angle of the form nA, where n is an integer is called a multiple angle. For example, 2A,3A4,4A, ...
are multiple angles of A.

6.1.1 Trigonometrical Ratios of 24
From previous chapter we know that sin(A + B) = sin A cos B + cos Asin B
Substituting B = A, we get sin2A = 2sin Acos A

Similarly, cos24 = cos® A — sin®? A = 2cos2A—1=1—2sin’>4 (recall formula from previous
chapter and substitute B = A cos? A = 1 —sin? A and sin? A = 1 — cos? a)

Also, tan2A = % (recall formula from previous chapter and put B = A)

6.1.2 sin2A and cos2A in terms of tan A

. _ 2sinAcosA . . 2 2 4 _
sin24 = o [vsin® A+ cos® A = 1]

Dividing both numerator and denominator by cos? A, we get

2tan A

sin2A4 = Trtan? A

— cos? in2 A — Cos2A—sin? A, .2 2 4 _
cos A = cos” A —sin® A = 570 [vsin® A 4 cos” A = 1]
Dividing both numerator and denominator by cos® A, we get

1—tan? A _ cot?2 A—1

cos24 = 1+tan? A~ cot? A+1

6.1.3 Trigonometrical Ratios of 34

sin3A = sin 24 cos A + cos 2Asin A = 2sin A cos? A + cos® Asin A —sin® A
=2sin A(1 —sin? A) + (1 —2sin? A) sin A — sin® A = 3sin A — 4sin® A
cos3A = cos2A cos A —sin2Asin A = (2cos? A — 1) cos A — 2sin? A cos A

=2cos® A—cos A—2(1—cos? A) cos A = 4cos® A — 3cos A

_ tanA+4tan B+tanC—tan Atan BtanC
We know that ta’n(A + B+ C) ~ 1—tan Atan B—tan Btan C—tan C tan A

. - . _ 3tan A—tan3 A
Putting B= A and C' = A, we get tan3A = T3t A
cot® A—3cot A

Similarly, cot 34 = ="
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6.2 Some Important Formulae
1. cos2A=1—2sin> A = sin® A = J (1 — cos24)
2. COSQAZQCOSZ—l:>C082A=%(1+C052A)
3. sin3A:35inA—4sin3A:>sin3A:%(3sinA—sin3A)

4. cos3A =4cos® A —3cos A= cos® A :%(COS3A+3COSA)

6.3 Submultiple Angles
An angle of the form %, where n is an integer is called a submultiple angle. For exmaple 4

are submultiple angles of A.

6.3.1 Trigonometrical Ratios of A/2

We know that, sin 24 = 2sin A cos A. Putting A = A/2, we get sin A = 2sin A/2cos A/2

cos24 = cos® A —sin? . Putting A = A/2, we get cos A — cos? g — sin2§
cos2A = 2cos®> A — 1. Putting A = A/2, we get cos A = 200522— 1
cos2A =1 —2sin? A. Putting A = A/2, we get cos A =1 — 251n2é
tan2A = —2A_ Putting A = A/2 tan A = 28

an = T tanz A L Uting A= » We get tan A = 1—tan2§

. _ 2tanA | . - 2tang _ 1-tan?A | _ lftan2§
sin2A4 = m--smA = m7 cos2A = m“COSA = 1+tan2§

_cot?A—1 _ C0t2g71

cot 2A = mnCOtA = 2(:01;%

6.3.2 Trigonometrical Ratios of A/3

sin3A = 3sin A — 4sin® A. Putting A = ?, we get sin A = 3sin§—4sin3§

c0s3A = 4cos® A — 3cos A. Putting A = %, we get cos A = 4c033§—3cos§

A 3A
3tang—tan°3

2A
1-3tan“x

3tan A—tan3 A

1-3tanZ A = tan A =

tan 34 =

6.3.3 Values of cosA/2,sin A/2 and tan A/2 in terms of cos A

2A _ 1l4cosA A 1+4cos A
s g =—"75 Sz =73

’ 920

40

A A
ERNERE
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. QéilfcosAQ. . A [/l1-cosA
S R ..s]nz_ —
tan2é _ 1—cosA tané _ J/1—cosA

2 7 1+cosA” 27 V1+cosA

6.3.4 Values of sin A/2 and cos A/2 in terms of sin A

A, . A2 9A . 2A A . A
(c057+sm7) = cos” 3 +sin 7+2cos§s1n§

:1+sinA:>cosg+sing: V1+sina

Similarly, cos é —sin é =+Vv1—sina

Adding, we get coséz :I:%\/l—l—sinA:I:%\/l—sina

Subtracting, we get cos 2 S=%3 LT +sinATF %\/l —sin A

6.3.5 Value of sin 18° and cos 72°

Let A = 18°, then sin5A4 = 90°~2A 4+ 34 = 90° = sin2A4 = sin(90° — sin34) ~2sin Acos A =
4cos® A—3cos A

Dividing both sides by cos A, we get 2sin A = 4cos? A—3 = 4(1—sin2 A)—3= 4sin® A+2sin A—
1=0=sinA= _1+‘/5

However, since A = 18" ~sin A > 0 ~sin18° = 712\/5 ~sin(90° — 18°) = cos 72° = \/5471

6.3.6 Value of cos18° and sin 72°
cos? 18° = 1 — sin? 18":1—(@) 1042V5 . o5 18° = 11/10 + 2/5[  cos 18 > 0]
cos(90° — 18°) = sin72° = 21/10 + 2V/5

6.3.7 Value of tan18° and tan 72°

o_ sin18° V5-1
tan18° = 2n 0 — YO
cos 18 10+2v5

1 V/10+2v5

tan18°cot 18° = 1 = tan 72° = 5 = i1

6.3.8 Value of cos36° and sin 54°

2
cos 36" = 1 —2sin? 18" = 1 —2( Y2 | =5

sin 54° = sin(90° — 36°) = cos 36° = Y31
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6.3.9 Value of sin 36° and cos 54°

2
sin 36" = 1 — cos? 36" = 1 — (L) = 1V/10-2/5

cos54° = cos(90° — 36°) = sin 36° = i V10 —2v5

Several other angles like, 9°, 15°, 22 %D, 7%0 etc can be found similarrly.

6.4 Problems

1. Find the value of sin 24, when

_ 3

a. cosA = E
. 12
b. sin A = 5

16
c. tan A= &

2. Find the value of cos2A, when

15
a. cosA = &
b. sin A = %.

_ 5
c. tanA = 1o

3. If tan A = g, find the value of a cos2A + bsin 2A.

Prove that

4 sin2A

* T+cos2A tan A.

- sin2A
9 T—cos24 — cot A.

l1—cos2A 2
1+cos2A tan® A.

7. tan A 4 cot A = 2cosec2A.
8. tan A — cot A = —2cot 2A4.

9. cosec2A + cot 2A = cot A.

1—cos A+cos B—cos(A+B) _ A B
10. 14+cos A—cos B—cos(A+B) — tan§ cot 2"

cos A o A
1. 22 =tan(45° £ 5 ).



12.

13.

14.

16.

17.

18.

19.

20.

29.

30.

31.

32.

33.

34.

* cos(n+1)A+2cosnA+cos(n—1)

. sin3A +sin2A —sin A = 4sinAcosgcosﬁ.

. tan2A4 = (sec2A4 +1)V/sec? A — 1.

Multiple and Submultiple Angles

sec8A—1 _ tan8A
sec4A—1 " tan2A°

1+tan?(45°—A)
T tan2(45—4) — cosec2A.

) . tanAtE
sin A+sin B _ tan—j;

sin A—sin B~ tapA-B’
3

sin? A—sin? B
sin A cos A—sin Bcos B

=tan(A+ B).

tan(quA) —tan(ng> = 2tan2A.

cos A+sinA  cos A—sinA _
cosA—sin A~ cos A+sin A 2tan 2A.

cot(A+15°) —tan(A —15°) = 4cos2A

T 1+42sin2A°
sin A+sin2A4
1+cos A+cos2A tan A.
14sin A—cos A _ t A
1+sin A+cosA — an 2"

sin(n+1) A—sin(n—1) A

_ A
A= tan 5

sin(n+1) A+2sinnA+sin(n—1)A _ A

cos(n—1)—cos(n+1) A = cot 2"

3. sin(2n+ 1) Asin A = sin?(n + 1) A — sin? nA.

sin(A+3B)+sin(3A+B) _ §
sin2A+sin 2B - QCOS(A+B)~

2

cos® 24 + 3cos 24 = 4(cos® A —sin® A).

. 14 cos?2A4 = 2(cos? A +sin* A).

sec? A(1+sec2A4) = 2sec2A.
cosecA — 2cot 2A cos A = 2sin A.

cot A :%(cotg—tané)

sin Asin(60° — A)sin(60° + A) = 1 sin 3A.

cos A cos(60° — A) cos(60°+ A) = %cos 3A.

cot A + cot (60° + A) — cot (60° — A) = 3cot 3A.
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36.

37.

38.

39.

40.

Multiple and Submultiple Angles 44

cos4A =1—8cos® A+ 8cos? A.
sin4A = 4sin A cos® A — 4 cos Asin® A.
cos6A = 32cos® A — 48cos* A + 18cosZ A — 1.

tan3Atan2Atan A = tan3A — tan2A4 — tan A.

2 2" A+1 —
52;4AH: (2cos A—1)(2cos24 —1)(2cos224 —1) ... (2cos 2" 1 —1).

IftanA:%,si prove that A+QB:%, WhereO<A<%andO<B<g.

__L
an\/ﬁ,

Prove that

41.

42.

43.

44.

46.

tan(%-i— A) +tan(%— A) = 2sec2A.
V3 cosec20° — sec 20° = 4.

tan A +2tan2A + 4tan4A + 8 cot 84 = cot A.

cos? A +c052(2§— A) —5—0082(2%—1— A) = %

. 2sin? A+ 4cos(A + B)sin Asin B + cos2(A 4 B) is idnependent of A.

If cos A :%<a+%>, show that cos2A :%<a2+~1§).

a

Prove that

47.

48.

49.

cos? A + sin? A cos 2B = cos® B + sin® B cos 2A.

1+ tan Atan 24 = sec 2A.

14sin24 _ (1+tanA)2
1—sin2A =~ \1—-tanA/

1 V3 4

© sin10°  cos10°

51. cot? A —tan® A = 4 cot 2Acosec2A.

14+sin2A _ cos A+sin A _ T
cos2A ~ cosA—sinA T tan(z + A)

. COSGA—SinﬁA:COSQA(l—iSiHQQA).
54. coszA+Cosz(§+A>+c032(%—A):%.

C(14+sec2A) (1+sec2?4) (1 +sec23A) ... (1 +sec2™A) = tan2%4

tan A

C 824 om os A cos 24 cos 22A ... cos 2" LA,

sin A



60.

61.

62.

63.

64.

66.

67.

68.

69.

70.

71.

73.

4.

76.

e

78.

79.

80.

Multiple and Submultiple Angles

3(sin A — cos A)* 4 6(sin A + cos A)? 4 4(sin® A 4 cos® 4) = 13.

. 2(sin® A + cos® A) — 3(sin? A 4 cos* 4) +1=0.

. cos? A+ cos?(A+ B) —2cos Acos Beos(A + B) if independent of A.

cos® Acos3A + sin® Asin 34 = cos® 24.

tan A tan(60° — A) tan(60° + A) = tan 3A.
sin? A + sin3<2§+ A) + sin?’(%qt A) = —%sini&A.
4(cos® 10° + sin® 20°) = 3(cos 10 o +sin 20°).

sin A cos® A — cos Asin® A = i sin4A.

. cos® Asin3A +sin® Acos3A = %sin 4A.

sin Asin(60° 4+ A)sin(A + 120°) = sin 3A.

cot A + cot (60° + A) + cot(120° + A) = 3cot 3A.

cos5A = 16cos® A — 20 cos® A + 5cos A.

sin5A = 5sin A — 20sin® A + 16sin® A.

cos4A —cos4B = 8(cos A — cos B) (cos A + cos B) (cos A —sin B) (cos A + sin B).

4tan A—4tan3 A

tan 44 = 1—6tan? A+tan* A’
sin2B
. If 2tan A = 3tan B, prove that tan(A — B) = =———55.
If sin A + sin B =  and cos A + cos B = y, show that sin(A+ B) = mgfgf

IfA= prove that cos A.cos24.cos22A. ... .cos2" T4 = 51;;

_m
oy

. If tan A = £, prove that z cos2A + ysin 24 = z.

If tan? A = 1 + 2 tan? B, prove that cos 2B = 1 + 2 cos 2A.

If A and B lie between 0 and g and cos 24 = ?’:SSTZSBQ;, prove that tan A = v/2 tan B.

If tan B = 3tan A, prove that tan(A + B) = %.

\ — y x Y _
If xsin A = yCOSfl7 prove that m"— COSeC2A Z.

1—tan* B

If tan A = sec 2B, prove that sin 24 = 1Ttani B’
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81.

82.

83.

84.

. If cos A = é—} and sin B = %, find the value of sin?

Multiple and Submultiple Angles 46

IfA= g, prove that cos A.cos2A. cos3A. cos4A. cos5A. cos6A = —

al=

IfA= prove that cos2A. cos4A. cos8A.cos 14A = Tlé.

s
15°
If tan Atan B = 2—127 prove that (a —bcos2A) (a —bcos2B) = a® — b>.

If sin A = % and sin B = %, find the value of sin(A + B) and sin(24 + 2B).

A-B
2

A+B
2

and cos? , the angle of A and B

being positive acute angles.

36. Given sec A = g, find tang and tan A.

87. If cos A = .3, find the value of tan g, and explain the resulting ambiguity.

88. If sin A + sin B = x and cos A + cos B = y, find the value of tan AgB.
Prove that

89. (cos A+ cos B)2 + (sin A — sin B)? = 4 cos® A;B.

90.

91.

92.

93.

94.

96.

97.

98.

99.

100.

101.

(cos A 4 cos B)? + (sin A + sin B)? = 4 cos? A;B.

(cos A — cos B)? + (sin A — sin B)? = 4 sin? #.

an2(T LAY g 2(m Ay 1
sin <8+2) sin <8 2>f\/§51nA.

(tan4A + tan2A4) (1 — tan® 3A tan® A) = 2tan 3Asec? A.

(l—l—tané—secg)(1+tang+secé> :sinAseCQQ.

l14+sin A—cos A _ t A
TisinAtcosA _ vall g

17tan§ 1+sin A T, A
l+tand ~ cosA _tan(z+§)'

4T 431 4 5m 47 _ 3
cos g—i—cos g—l—cos §+cos T =3
2sinAfsin2A7t 2é
2sinAtsin24 Mg

A A
cotg—tan§:2cotA.
1+sin A

T—sinA taHQ(g + g)

secA+tan A = tan(ngé).



102.

103.

104.

106.

107.

108.

109.

Multiple and Submultiple Angles

sin A+sin B—sin(A+B)
sin A+sin B+sin(A+B) —

T A\ ~ /1—sinA
tan(Z—f)—secA—tanA— m

T, A T A\ _
cosec(z + 5) cosec(z — 7) = 2sec A.

= tan tan g

27 237 251 27T 9

. COs —+cos —+Cos —+cos - =

8

437r 457T+Sln47_7r:§

+ sin ] 5

sin? % + sin

(l—l—cos )(1+Cos—><1+cos—><1+cos—> —é.

Find the value of sin 2;’—477

If A =112°30’, find the value of sin A and cos A.

Prove that

110.

111.

112.

113.

114.

116.
117.

118.

119.

120.

121.

122.

123.

124.

1
sin? 24° — sin? 6° *g(\/fv)—l).
tan 6°. tan 42°. tan 66°. tan 78° = 1.
Sin47° + sin61° — sin 11° — sin 25° = cos 7°.

sin 12° sin 48° sin 54° =

cot142) = V243 -2 V6.

. sin?48° — cos?12° = — \/5;1.

4(sin 24° 4 cos 6°) = v/3 + /15.
cot 6° cot 42° cot 66° cot 78° = 1.

tan 12° tan 24° tan 48° tan 84° = 1.

1

sin 6° sin 42° sin 66° sin 78° = =16

2m 3 A 5
SIH‘SIH‘SIH* ==

sin g sin 5 5 — 16°

cos 36° cos 72° cos 108° cos 144° “16

T 1

COS & bm
15 —

COS 5% L
15

COS =& dn
15

COS ¢ 3m
15

COS 7% 2r
15

COS =% 15

1 5 COS ¢

87 167 327 1

4
COS =g G5 COS —==- 65 COS -z 65 64

COS ¢ Zn
65

COS z¢ G5

6 5 COS =¢

acos B+b

A
If tan 5 = tan , prove that, cos A = aiheos B
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Multiple and Submultiple Angles

125, If tan% = /1Stan 2, prove that cos B = 222
126. If sin A 4+ sin B = a and cos A + cos B = b, prove that sin(A + B) = E‘g‘%ﬁ’

127. If sin A 4 sin B = a and cos A + cos B = b, prove that cos(A — B) :%(a2+b2—2).

128. If A and B be two different roots of equation acos + bsin 6 = ¢, prove that

a. tan(A+ B) :aQLsz.
b. cos(A+ B) = Zz—;zz.

129. If cos A + cos B :%and sin A + sin B :%, prove that cosAQB = i%.

) A B 3+5cos B
130. If 2tan 5 = tan 3, prove that cos A = 31“3“%2%“3‘
131. If sin A = % and cos B = 1%, prove that one value of cos A;B = \/%.

132. Tf sec(A + B) +sec(A — B) = 2sec A, prove that cos B = /2 cos g.

fed B

. . tanz—tans
133. If cosf = .1C0§acésﬁ , prove that one of the values of tan 2 js ——2 "2 = 2[;.
—sinasin 8 2 1—tan$tans

134. If tana = %, prove that one of the values of tan% is tan g tan %

135. If cos @ = %, prove that one of the values of tang is tan%tan g



Chapter 7

Trigonometric ldentities

We will use the theory learned so far to solve following trigonometric identities.

7.1 Problems

Ut

6.

9.

10.

11.

12.

13.

14.

20.

. If A+ B+ C = m, prove that sin? A + sin® B — sin? C' = 2sin Asin Bsin C.

20 . A. B. C
§f1—2s1njsm§sm§.

If A+ B+ C = 180°, prove that sin? g + sin? g + sin
Show that sin? A + sin? B 4 2sin Asin Bcos(A + B) = sin?(A + B).

If A+ B+ C = 180°, prove that cos® A + cos® B + cos2 C + 2 cos A cos BeosC = 1.
If A+ B+ C =180°, prove that sin? A 4 sin? B + sin? C' = 2(1 + cos A cos Bcos C').

If A+ B+ C = 180°, prove that cos? A + cos? B — cos® C' = 1 — 2sin Asin Bsin C.

If A+ B+ C =180°, prove that cos? g + cos? g — coszg = 2cos é cos g sin %
If A+ B+ C = 180°, prove that cos? g + cos? g + COSQ% =2+ 2sin§sin§sin %

fA+B+C :g, prove that sin? A + sin? B + sin? C' = 1 — 2sin Asin Bsin C.
fA+B+C= g, prove that cos® A + cos® B + cos? C' = 2 + 2sin Asin Bsin C.
If A+ B+ C = 2, prove that cos® A + cos® B + cos? C' — 2 cos A cos Beos C = 1.
If A+ B = C, prove that cos® A + cos® B + cos®> C' — 2cos Acos BeosC = 1.
IfA+B= %, prove that cos® A + cos? B — cos A cos B = %.

Show that cos® B + cos?(A + B) — 2cos A cos Bcos(A + B) is independent of B..

. If A+ B+C =mand A+ B=2C, prove that 4(sin? A 4 sin? B — sin Asin B) = 3.

. If A+ B+ C = 2, prove that cos® B + cos® C' — sin® A — 2 cos A cos B cos C = 0.

If A+ B+ C =0, prove that cos? A + cos® B + cos? C' = 1 + 2 cos A cos B cos C.

. Prove that cos?(B —C) +cos?(C' — A) 4+ cos?(A—B) = 1+2cos(B—C) cos(C — A) cos( A —

B).

. If A+ B+ C = =, prove that sin Acos BcosC + sin BcosC cos A + sinC cos Acos B =

sin Asin Bsin C'.

If A+ B+ C =, prove that tan A + tan B + tan C' = tan A tan Btan C.
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27.

28.

29.

30.

31.

32.

33.

37.

38.

39.

40.

. If A+ B+ C =, prove that tan g tan g + tan g tan % + tan % tan

. If A+ B+ C =7, prove that tan(B+ C — A) +tan(C + A — B) + tan(A + B — C)

. If A, B, C, D are angles of a quadrilateral, prove that

. If A+ B+ C = m, prove that cos A + cos B+ cosC — 1 :4sin§sin§sin-.

Trigonometric Identities 50

A

tan(B+C — A)tan(C + A— B)tan(A+ B—C).

. If A+ B+ C = m, prove that cot Bcot C + cot C cot A + cot Acot B = 1.

1. In a ANABC, if cot A 4 cot B 4 cot C' = /3, prove that the triangle is equilateral.

tan A+tan B+tanC+tanD
cot A+cot B+cot C+cot D

tan A tan Btan C tan D.

. IfA+B+C’=g, show that cot A + cot B + cot C = cot A cot Bcot C.

IfA+B+C :g, show that tan Atan B + tan Btan C + tanC'tan A = 1.
If A+ B+ C =, prove that tan 3A + tan 3B + tan 3C' = tan 3A tan 3B tan 3C.
If A+ B+ C =, prove that coté—l—cot?—i—cot%:Cotgcotgcot%.

cot A+cot B cot B+cot C cot C+cot A

IfA+B+C= m, prove that tan A+tan B + tan B+tan C + tan C+tan A

=1

Prove that tan(A — B) +tan(B — C) + tan(C — A) = tan(A — B) tan(B — C) tan(C — A).

If x +y + z = 0, show that cot(z +y—z)cot(z+x—y) +cot(z+y—z)cot(y+z—x)+
cot(y+z—x)cot(z4+x—y)=1.

If A+ B+ C = nn(n being zero or an integer ), show that tan A 4+ tan B + tanC =
tan Atan Btan C.

34. If A+ B+ C =, prove that sin 24 + sin 2B + sin 2C' = 4sin Asin Bsin C.

C
2 2

sin 2A+sin 2B+sin 2C

. _ A B __C
- Prove that S -5———pm"r—7 = 8cos 5 cos 7 cos 5.
If A+ B+ C =, prove that cos é + cos g + cos % =4 cos WﬁZA cos meB
w—C
o8 ——.
If A+ B+ C = m, prove that siné—o—sing—l—sin% = 1+4sinBZCsin CZA
. A+B
sin =~
If A+ B+ C =, prove that sin2é+sin2§—sin2%: 1 —2cos§cos§cosg.

Prove that 1 + cos 56° + cos 58° — cos 66° = 4 cos 28° cos 29° sin 33°.



42.

43.

44,

46.

47.

49,

56. If A+ B+ C + D = 2, prove that cos A + cos B 4 cos C + cos D = 4 cos

Trigonometric Identities 51

1. If A+ B+ C =, prove that cos2A + cos2B — cos 2C = 1 — 4sin Asin Bcos C.

If A+ B+ C =, prove that sin2A + sin 2B — sin 2C = 4 cos Acos Bsin C.

If A+ B+ C =, prove that sinA+sinB+sinC:4cos§cos§cos%.
If A+ B+ C =, prove that cosA+cosB—cosC:4cos§cos§sin%—1.

. If A+ B+ C = m, prove that sin(B+ C — A) +sin(C+ A—B) +sin(A+ B—-C) =

4sin Asin Bsin C.

o cos A cos B cos C'
IfA+B+C= m, prove that sin Bsin C + sin C'sin A + sin Asin B =2

_ sin2A+sin2B+sin2C _ A . B _. Q
If A+ B+ C =, prove that SmAismBisme = Ssing singsing.

. Ifx+y+z=g,provethat cos(z—y—=z)+cos(y—z—x)+cos(z—x—y)—4cosxcosycosz=

0.

T Y in¥2n2=% — o

Show that sin(z —y) +sin(y — z) +sin(z — z) 5 5 5

.If A+ B+ C = 180°, prove that sin(B + 2C) + sin(C + 2A) + sin(A + 2B) =

B-C_. C-A_. A-B

4 sin 5 sin =5 sin =5
51. If A+ B+ C = 7, prove that sin B+C + sin C+A + sin A;B = 4(:057744—é
cos % cos %.
- If 2y + y2z + 22 = 1, prove that —— + 7 2t dayz

xZ - z2 T -2 (1—y2)(1-22)

3y—y® | 32—2% _ 3z—a2% 3y—y® 32—2°

. _ 3z —x3
-z +y+ 2= ayz, show that 575 + 7= 3y2+1 322 T 1822 1-3y% 1322
If  +vy+ 2z = xyz, prove that +1 + 2 ., 22,
Y =2Tyz p :L‘2 2 1— z2 T 1z 1-y? 127

Mz +y+2z=ayz, prove that (1—y?) (1—22) +y(1—22) (1—2?) +2(1—2?) (1 —y?) = dzyz.

A+B
2

B+C C+A

COS 3 COS 3

If A+ B+ C = 25, prove that cos? S + cos?(S — A) + cos?(S — B) + cos?(S — C) =
2+ 2cos Acos BcosC.

. If A+ B+ C =, prove that tan® ——I—tan —+tan —>1

. If A+ B+ C = «, prove that (tanA + tan B + tanC') (cot A + cot B + cotC) = 1 +

sec Asec BsecC.



60.

61.

62.

63.

64.

66.

. If A+ B+ C = m, prove that cosgcosB

Trigonometric Identities 52

If A+ B+ C = m, prove that (cot B + cotC)(cotC + cot A)(cot A + cotC) =
cosec Acosec Beosec C'.

If A+ B+ C =7, prove that %Zsin2 A(sin2B +sin2C') = 3sin Asin Bsin C.

A+B

If A+ B+ C + D = 2, prove that cos A — cos B + cos C — cos D = 4sin —;

A+D A+C
5 COS —5—.

sin
If A, B,C, D be the angles of a cyclic quadrilateral, prove that cos A + cos B+ cos C' +cos D = 0.

If A+ B+ C =, prove that cot? A + cot® B+ cot> C > 1.

< + cos Bcos €24 + cos € cos AZB

5 5 5 5 5 =sin A+sin B+

sinC.

In a AABC, prove that sin3Asin(B —C) +sin3Bsin(C — A) +sin3C'sin(A — B) = 0.



Chapter 8

Properties of Triangles

In this chapter we will study the relations between the sides and trigonometrical ratios of the angles
of a triangle. We already know that a triangle has three sides and three angles. In a AABC' we will
denote the angles BAC, CBA, ACB by A, B, C and the corresponsing sides i.e. sides opposite to
them by a, b, c respectively.

Thus, BC' =a, AC =0, AB=c¢

We will also denote the radius of the circumcircle of the AABC by R and the area by AA. We also know
some basic properties of a triangle for example, A+ B+ C =180°and a+b > c¢,b+c¢ > a,c+a >Db.

8.1 Sine Formula or Sine Rule or Law of Sines
Theorem 1

In ANABC, -2 = -0 c

’sinA "~ sinB "~ sinC

Proof:

Case I: When ZC is accute. a |
From A draw AD 1 BC. From AABD,

sinB:ﬁ—g:%é AD =c¢sinB

From ANACD,

sin C =%:%Q:> AD =bsinC

Thus, csin B = bsin C

Case II: When ZC is obtuse:
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Properties of Triangles

Figure 8.1

From A draw AD | BC. From AABD,

SinB—ﬁlg—AlDﬁAD—CSIHB

From AACD,

sin(m —C') :g_g:ATDé AD =bsinC
Thus, c¢sin B = bsinC

Case III: When Z£C' is 90°:

Figure 8.2
From A draw AD 1 BC. From ANABD,
sin B = % = AlD = AD = csin B = AC = csin B[~ C and D are same points |

b=csinB = bsin90° = ¢sin B = bsinC = c¢sin B

C

Thus, from all cases we have established that
sin B sin C'

Similarly by drawing perpendicular from C to AB, we can prove that

a b ¢
SinA _ sin B and thus AABC’ smA sinB ~ sinC

Theorem 2

b

Ina AABC’ sin A sinB _ sin C

Proof:

Case I: When ZA is acute.

= 2R, where R is the radius of the circumcircle of NABC.
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A
D
A
b
. | 2R
(0]
90
B C
a
Figure 8.3

. BC a a
From ABDC781nA:@:ﬁ:>m—A:2]{,

Case II: When ZA is obtuse.

2R
T— A
D
Figure 8.4
. BC a a
From ABDC,sin(n — A) = 55 = 35 = 5o = 2R.

Case III: When £ A is 90°.

Figure 8.5
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Properties of Triangles 56

From ABDC,a = BC = 2R = .aA =2R.
sin

Similarly, by joining the diameter through A and O and through C' and O, we can show that
b c
—— = 2R.

sin B~ sinC

8.2 Tangent Rule

Theorem 3

In any NABC, tantO:Z;zcotg,tanAgB:Z;Zcot%, and tanO;A:E;Zcotg‘
Proof:
By sine formula,g;g-gzéiwggzsisczf((say)

b—c K(sinB—sinC) 2 cos Z3C sin 25 B+C_  B-C
"'b:KSinB’C:kSinC"'b+c:K(sinB+sinC’):QsinB%CCOSBgC:COt 5 tan 5 =
tanétanBic:VcanBiozbiccoté. O

2 2 2 b+c 2

Similarly, we can prove the two other equations.

8.3 Cosine Formula or Cosine Rule

Theorem 4

b2 2__,2 2 27b2 2 b27 2
In any AABC, cos A = 215 =% o5 B = H;T, cos Q' =Lt

2bc 2ab
Proof:

Case I: When ZC is acute.

!
|
|
|
|
!
:
B D C

a

Figure 8.6
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AD =bsinC, cosC =S5 = CD =bcosC = BD = BC —CD =a—beosC.

Case II: When ZC is obtuse.

Figure 8.7

AD =bsin(r—C) =bsinC, cos(m—C) :i—géCD:—cosCéBC:BC—i-CD:a—bcosC’.

Case III: When ZC is 90°.

Figure 8.8
Here, C' and D are same points. AD = AC =b=bsinC,CD =0=bcosC[~cosC = cos90° = 0]
BD = BC —CD =a—bcosC, thus, in all cases AD = bsinC and BD = a — bcosC'

Now, ABQ:AD2+BD2:>C2=b2sin2C+(afbcosC)2:>cosC=E%zb:ﬁ.

Similarly, we can prove it for ZA and ZB.

8.4 Projection Formulae

Theorem 5
In any NABC,c=acos B+bcosA,b=ccos A+ acosC,a=bcosC + ccos B.
Proof:

Case I: When ZC is acute.
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A
|
|
|
|
|
|
l
B D C
a
Figure 8.9
BC=a=BD+CD =ccos B+ bcosC.
Case II: When ZC is obtuse.
Figure 8.10
BC =a=BD—CD =ccos B—bcos(m—C) = ccos B+ bcosC Case III: When ZC is 90°.
A
¢ b
B a (D)
Figure 8.11
BD=a=BC+CD =ccos B+bcosC[+C =90°cosC = 0]
Thus, in all cases a = bcos C' + ¢ cos B. Similarly, we can prove for other sides. 0
8.5 Sub-Angle Rules
Theorem 6
In any NABC, siné = %, cosé = s(sb;a), tan% = %, where 2s = a+ b+ c.
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Proof:

2sz§: 1 cos A — 17172—0—2656—@2:@2—520—6)2: (a+b—c2)b(ca+c—b)
_ (23—202)b(c2s —2b) N sinzé :W

= sing =4 (f_j%gfﬁ

A (s—b)(s—c)

A . . A .
But % is an acute angle so sins > 0 ~sin— =
2 & 27~ 2 be

2, 2 2 2 2 _
200s2§:1+cosA:1+b teo—a”_ (bte)—a® (a+b+c)(btc—a)

2bc 2bc 2bc
~(25)(25—2a) 2A  s(s—a)
- 2bc = cos 2 be
= COSé =+ -S(S —a)
2 be

A . A A [s(s—a)
But 5 is an acute angle is cos 5 > 0 = cos 5=\ e
From the two equation which we have found it follows that tang = %S;)c). Similarly, we can
prove the relations for other angles. O

8.6 Sines of Angles in Terms of Sides

Theorem 7

In any AABC, sin A = %\/s(sfa)(s—b(s—c),sinB = %Js(s—a)(s—b(sfc), sinC =
%\/s(s—a)(s—b(s—c).

Proof:

o s A A (s=Db)(s—c) [s(s—a) 2

smAf251n5005572\/ e e 75\/s(s—a)(s—b(s—c)

Similarly, we can prove it for other angles. O

8.7 Area of a Triangle

Theorem 8

If A denotes the area of NABC, then A = %ab sinC = %bc sin A = %ca sin B.
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Proof:

Case I: When ZC is acute.

!
|
|
|
|
!
:
B D C

a

Figure 8.12
sinC =42 = AD = bsinC = A = 2 BC x AD = L absinC.

Case II: When ZC is obtuse.

Figure 8.13

sin(r —C) =42 = AD = bsinC~ A =} BC x AD = 2 absin C.

Case III: When ZC is 90°.

Figure 8.14
A=1BC x AD = absinC[ C = 90° -.sin C = 1].

Thus in all cases A = %ab sin C'. Similarly, we can prove two other formulae.
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8.8 Area in Terms of Sides

Theorem 9

If A be the area of any NABC, when A = +/s(s—a)(s—b)(s—c).

Proof:

11 . CC (s—a)(s—0b) (s—c¢)
A—iabsmC—Eab.251n§cos§—ab\/ - . =+s(s—a)(s—b)(s—c).

8.8.1 Area in Terms of Radius of Circumcircle

abc
A——absmC— abﬁ iR

8.9 Tangent and Cotangent of Sub-angles of a Triangle

Theorem 10
In any NABC, tanéz%,tangz (87G)A(876),t n%: (s—a)A(s—c)7 cos 5 =
s(sA— a),cotg _ s(sA— b) 7 cot%: s(sA— c) .
Proof:
tan A — (s=b)(s—c) \/ s—b (s—c)? :(s—b)(s—c).
2 s(s—a) (s—a) s—b(s—c) A
Similarly, we can prove for other angles and cotangents. O

8.10 Dividing a Side in a Ratio

Theorem 11

If D be a point on the side BC' of a ANABC such that BD : dC =m :n and ZADC = 0,Z/BAD = «
and ZDAC = 3, then (m +n)cot§ = mcota —ncot B8, (m+n)cotd = ncot B—mcot C.

Figure 8.15
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Proof:

Z/ADB=n—0,/ABD =1 — (a+7—0)=0—a, ZACD =7 — (6 + ). From AABC, 22 —

’sin «
AD DC AB
Sin(9—a)- Form AADC, o = Sin[7—(0+B)]"

BDsinf3 _sin(6+ )
DCsina  sin(§—a)

Dividing, we get

msin 8 sinfcos 3 + cosfcos
nsina  sinfcosa — cosfsin «

= msin #sin 5 cos o« — m cos @ sin asin § = n sin asin # cos  + nsin « cos @ sin
Dividing boths ides by sin a:sin 8 sin 0, we get

mcot o —mcot § = ncot §+ ncotd

= (m+n)cotf =ncot B+ ncotb.

Thus, first part is proved and now we will prove the second part.

ZBAD =180"— (180° -6+ B) =60 — B, ZDAC = 180" — (6 + C)

From ABAD, % = sﬁl—DB From AADC, Wjﬂc)] = Sﬁl—%

L _DC___AD
sin(f+c¢) sinC

Dividing, we get

BD sin(6+C) _sinC
DC sin(0 — B)  sinB

m sin @ cos C' + cosfsin C'
n “sinfcos B — cos 0 sin B

Proceeding like previous proof, we have

(m+mn)cot® =ncot B—mecotC. O

8.11 Results Related with Circumcircle

A circle passing through the vertices of a triangle is called a circumcircle. Its radius is called the
circumradius.

Theorem 12

Let O be the center of the circumscribing circle of ANABC'. Then, R = i-%.
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A
0]
B (@
Figure 8.16
Proof:
. a a 1, . . 2A a abc
By sine rule, A 2R = R—m ZWAN —chsmA..smA—E = R_m_ﬁ' O

be

8.12 Results Related with Incircle

The circle touching all the three sides of a triangle internally is called the inscribed circle or in-circle.
Its radius is called in-radius and denoted by r. In the figure I is the incenter of the AABC.

Clearly, it is the point of intersection of internal bisector of angles of the AABC.

Theorem 13
In NABC,r = %
D
Figure 8.17
Proof:

Area of AABC = ANIBC + AICA+ AIAB = A :%ar—&-%br-i-%crzﬂﬂzé 0
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8.12.1 Other Forms

1. 7’=4Rsin§sin§sin%
_ 4 abc (s—b)(s—c) (s—a)(s—c) (s—a)(s—b)
RUILS. = L ettt A e
__abc (s—a)(s—b)(s—c) s _abc A A _
=AT abc s A5 s
2. r= (s—a)tangz (s—b)tangz (s—c)tan%
77%:%?:2: (s—a)tané.

Similarly, we can prove for other angles.

8.13 Results Related with Escribed Circles

Let ABC be a triangle. Let the bisectors of exterior angles B and C meet at 1. Let I1D L BC. If
we take I7 as the center aand draw a circle it will touch all the three sides(two extended) of the
triangle. We can draw three such circles, one opposite to each side. We denote these radii by 1, 72
and rg for angle sA, B and C respectively.

Theorem 14

In such a NABC,rq4 = %

Figure 8.18

Proof:

AABC = AILAB+ AIZAC — ALBC = %crl +%br1 —%arl = %(23—2(1)7’1 =(s—a)ri1=>r =

A
o Similarly, it can be proven for ro and r3. O
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8.13.1 Other Forms

_ A . A_ B __C
1. rl—stan§—4Rsm§cos§cos§

_ B_ AsnBeos €
2. rg = stan5 = 4R cos 5 sin 5 cos 5

. _ c A _B. C
3. r3—stan§—4Rcos§cos§sm5

8.14 Distannces of Centers from Vertices

We have already shown that for circumcenter distance is equal to circum-radius i.e. R.
Referring to the image of incircle, [F' = r, ZFAI = % From right-angle AFTA, sin% = % = Al =

A
rcosec bR

Similarly, BI = rcosecg and CI = rcosec %

8.14.1 Orthocenter

Orthocenter is the point of intersection of perpendiculars from a vertex to opposite side.

A
FE
B C
D
Figure 8.19

Let the orthocenter be H which is intersection of perpendiculars from any vertex to opposite side.
From right-angle AAEB, cos A = %‘g = AE =ccos A

From right-angle AACD, ZDAC = 90° — C. From right-angle AAEH, cos(90° — C') = ﬁ—f,

= AH = <22 = 9R cos A. Similarly, BH = 2R cos B and CH = 2R cosC.
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8.14.2 Centroid

G

Dq

Figure 8.20

Let G be the centroid. Since, it is the point of intersection of medians, it will lie on median AD.
From geometry, AB? + AC? = 2BD? + 24D = ¢® + b2 = 2.% + 2AD?

2 2b%2+2c2—a?
=2AD" =—+F—
+AG : GD =2 : 1 [property of centeroid that it divides median in the ratio 2 : 1]
AG =2AD = 3 V/2b? + 2% — % Similarly, BG = 3 V2% + 2¢% — b% and CG = 5 V/2a% + 2b% — 2.
A Angles Made by Medians with Sides
DC.sinC

If ZBAD = 3 and ZCAD = +y, then we have Sslfllg = % = siny = —5

asin C asin B

= . Slmllarl sin = —F—m——.
V2b%2+2¢2—a? ¥ p V2b%2+2¢2—a?

If ZADC be theta then we have sin f = 2225C_

8.15 Escribed Triangles

Refer to Figure fig:esc, in which I is the incenter and I, Is and I3 are the centers of the excircles
opposite to vertices A, B and C respectively. We know that IC will bisect the LZACB, I; C will
bisect the external angles at C' and I; B will bisect the angle at B produces by extending the sides
i.e. ZBCM as shown in the figure.

2 ZICI = ZICM + ZICM = ZACB + L 2BOM = 90°.

Similarly, ZICI; and ZICI3 will be right angles.

Hence I1C1I, is perpendicular to IC. Similarly, IoAl3 is perpendicular to IA, and I;Bl3 is
perpendicular to IB.

We also see that TA and I A bot bisect LA so AIIL is a straight line. Similarly I3 B and IsIC' are
straight lines. The AI 1513 is called the ezcentric triangle of AABC.
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8.16 Distance between Orthocenter and Circumcenter

Let O be the circumcenter. OF 1. AAB and H be orthocenter. Then ZOAF = 90°— ZAOF =90°—C.

Let BL 1 AC so it will pass through H. ZHAL = 90° — C, ZOAH = A — ZOAF — ZHAL =
A—(180%r¢—2C)=C—B

Also, OA Rand HA = 2Rcos A OH? = OA? + HA? —20A.HA.cos OAH = R? + 4R? cos® A —
4R? cos? A — 4R? cos Acos(C — B)

= R? + 4R? cos A[cos A — cos(C' — B)] = R? — 8R? cos A cos Bcos C

= OH = Rv1—8cos Acos BcosC.

8.17 Distance between Incenter and Circumcenter

Let O be the orthocenter and OF | AB. Let I be the incenter and IC 1 AB.

LOAF = 90° — C » LOAI = ZIAF — ZOAF =4 —90° + C = 52,
Also, AI = {EA e = 4Rsin Zsin €.
SN+ Slnv 2 2

2

~OI? = 0A? + AI? —2.0A.AI. cos OAI

= R? + 16R?sin? E sin? & — 8R2 sin o Bin % cos CEB

OJ:R\/1—Ssin§sm§sm§: VR2 - 2Rr.

8.18 Area of a Cyclic Quadrilateral

Theorem 15
a
A B
d b
D C
c
Figure 8.21

If a, b, c,d be the sides and s be the subperimeter of a cyclic quadrilateral, then its area is

V(s—a)(s—=b)(s—c)(s—d).
Proof:

Let ABCD be a cyclic quadrilateral having sides AB = a, BC = b,CD = ¢ and AD = d. Since
opposing angles of a quadrilateral are complementary, therefore B+ D = A+ C = .
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a?+b2—-AC?

5ab = AC? = a® + b® — 2abcos B.

Applying cosine law in AABC, cos B =

Similarly in AACD, AC? = ¢ + d? + 2¢d cos B. Thus, cos B = %

Area of quadrilaterl ABCD = AABC + AACD = %ad sin B + %cd sin B

Solving last two equations, we get area of quadrilateral = /(s —a)(s—b)(s—c)(s—d). O

8.19 Problems

1. The sides of a triangle are 8 cm, 10 cm and 12 cm. Prove that the greatest angle is double the
smallest angle.

cebtec _cta _atbd COSA __cosB _ cosC
2. Ina AABC, if 51 =45 = 3 ,prove that == === =&

3. If A =a®— (b—c)? where A is the area of the AABC, then prove that tan A = %

4. In a triangle ABC, the angles A, B, C are in A.P. Prove that 2 cos A—C_ Q‘HC S
2 \/a —ac+c
5. If py, p2, p3 be the altitudes of a triangle ABC from the vertices A, B, C' respectively and A
1 1 2ab 0052%

. 1 .
be the area of the triangle, prove that o1 + 73 s~ Alatbic)

6. In any AABC, if tanf = Qr sm , prove that ¢ = (a —b) secd

7. Ina AABC,a=06,b=3 and cos(A— B) = %, then find its area.

8. Ina AABC, ZC = 60° and LA = 75°. If D is a point on AC' such that area of ABAD is /3
times the area of the ABCD, find ZABD

9. If the sides of a triangle are 3, 5 and 7, prove that the triangle is obtuse angled triangle and
find the obtuse angle.

10. In a triangle ABC, if ZA = 45°, /B = 75°, prove that a + ¢v/2 = 2b

11. In a triangle ABC, ZC' =90°,a = 3,b =4 and D is a point on AB, so that ZBCD = 30°,
find the length of C'D.

12. The sides of a triangle are 4cm, 5em and 6em. Show that the smallest angle is half of the
greatest angle.

13. In an isosceles triangle with base a, the vertical angle is 10 times any of the base angles. Find
the length of equal sides of the triangle.

14. The angles of a triangle are in the ratio of 2 : 3 : 7, then prove that the sides are in the ratio

of v2:2: (V3 +1)

15. In a triangle ABC, if SiI;A SI%B Smc , show that cos A:cosB:cosC =7:19:25
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16. In any triangle ABC' if tané = g, tang = g% find tan% and prove that in this triangle
a+c=20b.
. . ° 1 1 3
17. In a triangle ABC' if ZC = 60°, prove that are T e = arhre
18. If a, 8, v be the lengths of the altitudes of a triangle ABC, prove that é + % + % =
w, where A is the area of the triangle.

19. In a triangle ABC, if% =2+ /3 and ZC = 60°, show that ZA = 105° and ZB = 15°.

20. If two sides of a triangle and the included angle are given by a = (1++/3),b =2 and C = 60°,
find the other two angles and the third side.

21. The sides of a triangle are x, y and 4/ 2+ Ty + y2. prove that the greatest angle is 120°.
22. The sides of a triangle are 2z + 3, 22 + 3z + 3 and 22 + 2z, prove that greatest amgle is 120°.

23. In a triangle ABC, if 3a = b + ¢, prove that cot g cot % =2

24. In a triangle ABC, prove that asin(g + B) =(b+c) sing

A B (e}
cotz+cotz+cots (a+b+c)2

|4 1 —
25. In a triangle ABC, prove that OTATOlBTootC — 210212

26. In a triangle ABC, prove that 202 sin2A +

2_ 2_ 42 2_12
ba Cbga sin2B + 2 Qb sin2C' =0

(&

27. In a trianlge ABC, prove that a®cos(B — C') + b3 cos(C — A) 4 ¢ cos(A — B) = 3abe

2B-C 2B-C

. . cos 1
28. In a triangle ABC, prove that m% ~<~bj~c—§~2~ ==

sin

b

a c
CosBcosC+cochosA+CosAcosB = 2atan Btan Csec A

29. In a triangle ABC, prove that

30. In a triangle ABC, prove that (b—c¢) cosé = asin B;C

31. In a triangle ABC, prove that tan(g + B) = gtz tang

A-B _a=b . C
2 T at5t3

32. In a triangle ABC, prove that tan

33. In a triangle ABC, prove that (b+c)cos A+ (c+a)cosB+ (a+b)cosC=a+b+c

) . cos? B—cos?C | cos?C—cos? A | cos? A—cos? B __
34. In a triangle ABC, prove that e + Ta + s =0

35. In a triangle ABC, prove that a®sin(B — C') 4+ b3sin(C — A) + ¢ sin(A — B) =0

36. In a triangle ABC, prove that (b+c—a)tan§: (c+a— b)tangz (a—l—b—c)tan%



37.

38.

39.

40.

41.

42.

43.

44.

46.

47.

48.

49.

). The bisector of angle A of a triangle ABC meets BC in D, show that AD = ;= cos 5
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In a triangle ABC, prove that 1 — tan %5 tan? afbc+6
In a triangle ABC, prove that <2524 COZEB i? — b%

In a triangle ABC, prove that a2((:os2 B — cos?C) + b%(cos? C — cos? A) + ¢?(cos® A —
cos’B) =0

a?sin(B-C)
sin B+sin C'

b2sin(C—A)
sin C'+sin A

c?sin(A—B)
sin A+sin B

In a triangle ABC, prove that + + =0

cosA cosB | cosC _ a?+b%+c?

In a triangle ABC, prove that + =t = s
cos A cos B b cos C' c
In a triangle ABC, prove that + BE =t =—t

In a triangle ABC, prove that (b% — ¢?)cot A+ (¢ —a?) cot B + (a® —b?) cot C =0
In a triangle ABC, prove that (b — ¢) cot % +(c—a) cotg—l— (a—0b)cot % =0

c 2

5. In a triangle ABC, prove that (a — b)? cos? 2 + (a+b)?sin? S5=c

A+B tan A;B

In a triangle ABC, prove that —— = cot

In a triangle ABC, D is the middle point of BC. If AD is perpendicular to AC, prove that
2(c?—a?)

cos AcosC = 3
ac

If D be the middle point of the side BC of the triangle ABC where area is A and ZADB =6,
AC?—AB?

prove that ——x—— = cot
ABCD is a trapezium such that AB and DC are parallel and BC' is perpendicular to the. If

B _ _ . _ (p%*+4?)sing
ZADB = 9> BC = p, CD = q, show that AB = pcosbf+qsin @

. Let O be a point inside a triangle ABC such that ZOAB = ZOBC = ZOCA = 0, show that

cot 8 = cot A + cot B + cot C.

. The median AD of a triangle ABC' is perpendicular to AB. Prove that tan A + 2tan B = 0.
. In a triangle ABC, if cot A 4 cot B + cot C' = /3

. In a triangle ABC, if (a® +b%)sin(A — B) = (a® — b?)sin(A + B)

In a triangle ABC, if 6 be any angle, show that bcosf = ccos(A —0) 4+ acos(C + 0)
In a triangle ABC, AD is the median. If ZBAD = 0, prove that cosf = 2 cot A 4 cot B

2bc A
2

Let A and B be two points on one bank of a straight river and C' and D be two points on the
other bank, the direction from A to B along the river being the same as from C to D. If

AB =a, ZCAD = o, ZDAB = B8, ZCBA = , prove that CD = %
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61.

62.

63.

64.

66.

67.

68.

69.

70.

71.

72.

73.

74.

e

78.

79.

. In a triangle ABC, if 2cos A =

. If the sides a, b, ¢ of a triangle are in A.P. and if a is the least side, prove that cos A =
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sin B

, prove that the triangle is isosceles.

. If the cosines of two angles of a triangle are inversely proportional to the opposite sides, show

that the triangle is either isosceles or right angled.

In a triangle ABC, if atan A+ btan B = (a +b) tan 2

, prove that the triangle is isosceles.

In a triangle ABC, if %ﬁ—’:—;—:—,}%g = C;b, prove that A = 60°

In a triangle ABC, if ¢* — 2(a2 + b2 ) &+ a* + a®b? + b* = 0, prove that C' = 60° or 120°

if cos A+2cosC _ sin B

Ina trlangle ABC cos A+2cos B~ sin(C”

angled.

prove that the triangle is either isosceles or right

If A, B, C are angles of a AABC and if tan tan , tan = C are in A.P., prove that
cos A, cos B, cos C' are in A.P.

A

. In a triangle ABC, if acos?< + ceos’s = %b, show that cot é, cot g, cot% are in A.P.

2
If a2, b2, ¢? are in A.P., then prove that cot A4, cot B, cot C' are in A.P.

The angles A, B and C of a triangle ABC are in A.P. If 2b% = 3¢?, determine the angle A.

If in a triangle ABC, tan tan tan
AP

5 are in H.P., then show that the sides a, b, ¢ are in

if sinA sinA _ sin(A—B)

snC = sn(B=C)» Prove that a2, b2, ¢ are in A.P.

In a triangle ABC,

C

In a triangle ABC), sin A, sin B, sin C are in A.P. show that Stan tan 5

=1

In a triangle ABC, if a?, b2, % are in A.P., show that tan A, tan B, tan C are in H.P.
In a triangle ABC, if a2, b2, ¢? are in A.P., show that cot A, cot B, cot C' are in A.P.

If the angles A, B, C of a triangle ABC be in A.P. and b: ¢ = v/3 : v/2, find the angle A.

The sides of a triangle are in A.P. and the greatest angle exceeds the least angle by 90°. Prove
that the sides are in the ratio /7 +1: V7 : V7 —1.

4c—3b
2c

. The two adjacent sides of a cyclic quadrilateral are 2 and 5 nad the angle between them is 60°.

If the third side is 3, find the fourth side.

Find the angle A of triangle ABC, in which (a+b+¢)(b+c—a) = 3bc
If in a triangle ABC, LA = and AD is a median, then prove that 44D? = b? + be + 2

Prove that the median AD and BE of a AABC intersect at right angle if a® 4+ b? = 5¢?
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If in a triangle ABC, tarllA = tagB = tagc, then prove that 6v/2a = 3v/5b = 21/10¢

The sides of a triangle are 22+z+ 1,2x + 1 and z?— 1, prove that the greatest anngle is
120°.

2. The sides of a triangle are three consecutive natural numbers and its largest angle is twice the

smallest one. Determine the sides of the triangle.

For a triangle ABC having area 12 sq. cm. and base is 6 cm. The difference of base angles is
60°. Show that angle A opposite to the base is given by 8sin A — 6 cos A = 3.

In any triangle ABC, if cosf = ﬁ, cos ¢ = L%LC, cosy = aLH; where 60, ¢ and 1 lie between 0

and 7, prove that tan? g + tan? % + tan? % =1.

. In a triangle ABC, if cos Acos B + sin Asin BsinC' = 1, show that the sides are in the

proportion 1:1: V2.

The product of the sines of the angles of a triangle is p and the product of their cosines is q.
Show that the tangents of the angles are the roots of the equation q:c3 — p:c2 +(1+q)z—p=0

In a AANC, if sin® 0 = sin(A — §) sin(B — #) sin(C — ), prove that cot = cot A + cot B +
cot C.

In a triangle of base a, the ratio of the other two sides is 7(< 1), show that the altitude of the
ar
1—r2

triangle is less than or equal to

Given the base a of a triangle, the opposite angle A, and the product k2 of the other two

sides. Solve the triangle and show that there is such triangle if a < 2k sing, k being positive.

A ring 10 cm in diameter, is suspended from a point 12 cm above its center by 6 equal strings,
attached at equal intervals. Find the cosine of the angle between consecutive strings.

If 2b = 3a and tanzg = % prove that there are two values of third side, one of which is double
the other.

The angles of a triangle are in the ratio 1 : 2 : 7, prove that the ratio of the greater side to the
least side is V5 +1: /5 — 1.

If f, g, h are internal bisectors of the angles of a triangle ABC, show that %cos é + é Cosg +

1 c_ 1 1 1
ECOS§75+E+E.

If in a triangle ABC, BC =5,CA =4, AB =3 and D and FE are points on BC scuh that
BD = DE = EC. If ZOAB = 0, then prove that tanf = %.

. In a triangle ABC, median AD and CFE are drawn. If AD =5, ZDAC = g and LACE = %,

find the area of the triangle ABC.

The sides of a triangle are 7, 4v/3 and /13 cm. Then prove that the smallest angle is 30°.
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In an isosceles, right angled triangle a straight line is drawn from the middle point of one
of the equal sides to the opposite angle. Show that it divides the angle in two parts whose
cotangents are 2 and 3.

. . b
The sides of a triangle are such that 1“Z2n2 == (17m2)c<1+n2>, prove that A =
2tan ' 2, B=2tan 'mn and A = ";nbcz.
n me+n

The sides a, b, ¢ if a triangle ABC' are the roots of the equation 23 — pa® + qu —r = 0, prove
that its area is i p(4pg — S — 8r)

Two sides of a triangle are of lengths v/6 cm and 4 c¢m and the angle opposite to the smaller
side is 30°. How many such triangles are possible? Fine the length of their third side and area.

The base of a triangle is divided into three equal parts. If £1, to, t3 be the tangents of the angles
. 1, 1y/1 , 1 1
subtended by these parts at the opposite vertex, prove that (E + 5) (5 + g) = 4(1 + 22)

The three medians of a triangle ABC make angles «, 3, v with each other, prove that
cot a + cot 5 + coty + cot A + cot B + cot C' = 0.

Perpendiculars are drawn from the angles A, B, C' of an acute angled triangle on the opposite
sides and produced to meet the circumscribing circle. If these produced parts be «, 3, v
respectively, show that % + % + % =2(tan A + tan B+ tanC)

In a triangle ABC, the vertices A, B, C are at distance p, ¢, r from the orthocenter respectively.
Show that agr + brp + cpq = abc

The area of a circular plot of land in the form of a unit circle is to be divided into two equal
parts by the arc of a circle whose center is on the circumference of the plot. Show that the

radius of the circular arc is given by cos @ where 6 is given by g = sin 26 — 26 cos 260

BC' is a side of a square, on the perpendicular bisector of BC, two points P, ) are taken,
equidistant from the center of square. BP and C'Q are joined and cut in A. Prove that in the
trangle ABC, tan A(tan B —tanC)? 48 =0

If the bisector of the angle C of a triangle ABC' cuts AB in D and the circum-circle in E,
prove that CE : DE = (a+b)?: ¢2.

The internal bisectors of the angles of a triangle ABC meet the sides at D, E and F. Show

that the area of the triangle DEF is equal to %

In a triangle ABC, the measures of the angles A, B and C' are 3a, 33 and 3 respectively.
P, @ and R are the points within the triangle such that ZBAR = ZRAQ = ZQAC = «,
/CBP = /PBR = ZRBA = 8 and LACQ = ZQCP = ZPCB = 7. Show that AR =
8 R sin Bsiny cos(30° — )

A circle touches the z axis at O (origin) and intersects the y axis above origin at B.A is a
point on that part of cirlce which lies to the right of OB, and the tangents at A and B meet
at T. If ZAOB = 6, find the angles which the directed line OA, AT and OB makes with OX.
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. In a triangle ABC), prove that sin =—5—
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If lengths of these lines are ¢, t and d respectively, show that ¢sinf — ¢(1 + cos20) = 0 and
ccosf +tsin26 =d

1. If in a triangle ABC, the median AD and the perpendicular AF from the vertex A to the side

n2 A 3a?

BC divides the angle A into three equal parts, show that cosg.m = 3552

In a triangle ABC, if cos A + cos B+ cosC = %, prove that the triangle is equilateral.
Prove that a triangle ABC is equilateral if and only if tan A + tan B + tan C' = 3v/3.

In a triangle ABC, prove that (a +b+c)tan = Y _ qcotd 5+b cot — ccot %

5. In a triangle ABC, prove that sin* A + sin? B +sin? € = % +2cos Acos BcosC + % cos 2A +

cos 2B + cos 2C

In a triangle ABC prove that cos*A + cos* B + cos*C = % — 2cos Acos BcosC +
% cos 2A cos 2B cos 2C

. In a triangle ABC, prove that cot B + Eo—b%is—%—g =cotC + a);%is—s?;é
. In a triangle ABC, prove that asm(B E) = bSiCr‘Z,(fa_QA> = CSi;‘éfl;m

B-C _ b—c A
3 7—C052

. In a triangle ABC, prove that sin® A cos(B — C') + sin® Bcos(C — A) +sin® C cos(A — B) =

3sin Asin Bsin C

3A 3B 3C
COS+ + COS —5- COS =5~ COS —5—

In a triangle ABC, prove that sin® A+sin® B+sin® C =3 Cosécos B 5 5 5

2
In a triangle ABC, prove that sin 34 sin3(B—C') +sin 3Bsin®(C — A) +sin 3C sin3(A— B) = 0

In a triangle ABC, prove that sin 34 cos®(B —C') +sin 3B cos®(C' — A) +sin 3C cos® (A — B) =
sin 3A sin 3B sin 3C

In a triangle ABC, prove that <C0t + cot 5 ) (asm = + bsin? ) = ccot %

. The sides of a triangle ABC are in A.P. If the angles A and C are the greatest and the

smallest angles respectively, prove that 4(1 —cos A) (1 — cos C') = cos A + cos C

In a triangle ABC, if a, b, ¢ are in H.P., prove that sin A, sin2 B sin? g are also in H.P.

2 bt

If the sides a, b, ¢ of a triangle ABC' be in A.P., prove that cos A cot §7 cos B cot g, Cos Ccot%
are in A.P.

The sides of a triangle are in A.P. and its area is g th of an equilateral triangle of the same
perimieter. Prove that the sides are in the ratio 3 :5: 7.
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If the tangents of the angles of a triangle are in A.P., prove that the squares of the sides are in
the proportion (22 +9) : (3+22)%:9(1 4 2?), where z is the least or the greatest tangent.

If the sides of a triangle are in A.P. and if its greatest angle exceeds the least angle by «,

l—cosa

show that the sides are in the ratio 1 —z : 1: 1+ 2 where z = /o—

If the sides of triangle ABC' are in G.P. with common ratio r(r > 1), show that r < % (V5+1)
and A< B<3<C

If p and ¢ be the perpendiculars from the vertices A and B on any line passing through the
vertex C of the triangle ABC' but not passing through the interior of the angle ABC, prove
that a®p? + b2¢> — 2abpq cos C' = a?b? sin? C

ABC is a triangle, O is a point inside the triangle such that ZOAB = ZOBC = LZOCA =0,
then show that cosec?6 = cosec? A + cosec? B + cosec?C

If x, y, z be the lengths of perpendiculars from the circumcenter on the sides BC, C A, AB of

. b - b
a triangle ABC, prove that %+ 7 + % = 4‘;;

. In any triangle ABC if D is any point on the base BC such that BD : DC = m : n and if

AD = z, prove that (m+n)222 = (m +n) (mb? + ne?) — mna®
In a triangle ABC, if sin A +sin B +sinC' = 37\/37 prove that the triangle is equilateral.

In a triangle ABC, if sin g sin g sin% = é, prove that the triangle is equilateral.

In a triangle ABC, if cos A + 2 cos B + cos C' = 2, prove that the sides of the triangle are in
AP

The sides a, b, ¢ of a triangle ABC of a triangle are in A.P., then find the value of tang + tan%

in terms of cot g.

In a triangle ABC, if Z:i) = %, prove that rq, ro, 73 are in A.P.

s—

1. If the sides a, b, ¢ of a triangle ABC are in G.P., then prove that z, y, z are also in G.P., where

12 2\ tan B+tan C .2 2\ tan C'+tan A 2 2\ tan A+tan B
xi(b —-¢ )taantanC’ 7(0 —a )tancftanA’Zi(a —b )tanAftanB

The ex-radii r1, 79, 73 of a triangle ABC' are in H.P. Show that its sides a, b, ¢ are in A.P.

In usual notation, ry = ro + r3 + r, prove that the triangle is right-angled.

If A, B, C are the angles of a triangle, prove that cos A+ cos B+ cosC =1+ %

. Show that the radii of the three escribed circles of a triangle are the roots of the equation

2® —2?(4R+ 1) +as® —rs? =0
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The radii 1, ro, 73 of escribed circle of a triangle ABC' are in H.P. If its area if 24 sq. cm. and
its perimeter is 24 cm., find the length of its sides.

In a triangle ABC, 8R? = a2 + b2 + ¢, prove that the triangle is right-angled.

The radius of the circle passing through the center of the inscribed circle and through the

point of the base BC' is %secé

Three circles touch each other externally. The tangents at their point of connect meet at
a point whose distance from the point of contact is 4. Find the ratio of the product of radii to
the sum of of radii of all the circles.

In a triangle ABC, if O be the circumcenter and H, the orthocenter, show that OH =
R+\/1 —8cos Acos BeosC

1. Let ABC be a triangle having O and I as its circumcenter an in-center respectively. If R

and r be the circumradius and in-radius respectively, then prove that (I O)2 = R?>—2Rr.
Further show that the triangle BIO is a right angled triangle if and only if b is the arithmetic
means of a and c.

. In any triangle ABC, prove that cot é + cot g + cot % = cot écot g cot %

53. Let ABC be a triangle with in-center I and in-radius r. Let D, E and F be the feet of

perpendiculars from I to the sides BC, CA and AB respectively. If r1, 7o and r3 are the radii
of circles inscribed in the quadrilaterals AFIE, BDIF and CEID respectively, prove that

L NI TR - B r1T2rs3

r—ry ' r—ro ' r—rg (r—r1)(r—r2)(r—rs3)

. Show that the line joining the orthocenter to the circumference of a triangle ABC' is inclined

to BC at an angle tan™! (3_tanBtanC>

tan B—tan C'

. If a circle be drawn touching the inscribed and circumscribed circle of a triangle and BC'

externally, prove that its radius is % tan? g
The bisectors of the angles of a triangle ABC meet its circumcenter in the position D, E, F.

Show that the area of the triangle DEF is to that of ABC'is R : 2r.

. If the bisectors of the angles of a triangle ABC meet the opposite sides in A’, B’, C’,

prove that the ratio of the areas of the triangles A’ B’C’ and ABC is 2sin g sin Zsin &

2 2
A—B B-C C—A
Cos COS .

COS 3 3 3

O O

3. If a, b, ¢ are the sides of a triangle Aa, Ab, Ac the sides of a similar triangle inscribed in the

former and 0 the angle between the sides of a and \a, prove that 2Acosf = 1.

. If r be the radius of in-circle and 71, ro, r3 be the ex-radii of a triangle ABC, prove that

ri+ro+rys—r=4R

. If r be the radius of in-circle and 71, ro, r3 be the ex-radii of a triangle ABC, prove that

1 1 1 1

re ' rg "3 1
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. In a triangle ABC, prove that Al = 7’1cosecé

Properties of Triangles e

If r be the radius of in-circle and r1, ro, r3 be the ex-radii of a triangle ABC, prove that

2 2 2
}5 + ~1§ + Alf; + ~1§ = iﬂ—;‘cﬂ where A denotes the area of the triangle ABC.
ri o rs rs T A

If r is the radius of in-circle of a triangle ABC, prove that r = (s —a) tané =(s—b) tang =

C
(s—c)tan 3.

If A, A1, Ay and Az be respectively the areas of the inscribed and escribed circles of a triangle,
1 1 1 1
prove that I :\/Tl—’_ﬁ—’__Ag,

In a triangle ABC, prove that Z—é + Z—; + % = % — %.

ABC is an isosceles triangle inscribed in a circle of radius r. If AB = AC and h is the altitude
from A to BC' then the triangle ABC has perimeter P = 2(\/2rh — h? + v/2rh). Find its

area.

If p1, p2, p3 are the altitudes of the triangle ABC from the vertices A, B, C' respectively, prove

that cosA [ cosB | cosC _ 1

p1 + P2 p3 R

Three circles whose radii are a, b, ¢ touch one another externally and the tangents at their
point of contact meet in a point. Prove that the distance of this point from either of their

. . abe
points of contact is ,/m

In a triangle ABC, prove that rirorg = 3 cot? g cot? g cot? %
In a triangle ABC, prove that a(rry +r2rg) = b(rro+rary) = c(rrg + rire) = abe.

In a triangle ABC, prove that (r; + r2) tan % = (rg—r)cot % =c.

. In a triangle ABC, prove that 4R sin Asin Bsin C' = acos A + bcos B+ ccosC.
2. In a triangle ABC, prove that (11 —r) (ro — ) (r3 —r) = 4Rr?
3. In a triangle ABC, prove that r% + r% + r% + r% =16R>—a?—b>—¢?

4. In a triangle ABC, prove that [A.IB.IC = abc tangtangtan%

2

In a triangle ABC, prove that I} = asecg

In a triangle ABC, prove that I3I3 = acosecg

In a triangle ABC, if I is the in-center and I1, Is and I3 are the centers of the escribed circles,
then prove that II;.JI5.1I5 = 16R?r
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In a triangle ABC, if I is the in-center and I1, Is and I3 are the centers of the escribed circles,
then prove that IT7.Io15 = 15 + 31 = I13 + I 13 = 16R>

In a triangle ABC, if O is the circumcenter and I, the in-center then prove that OI 2 =
R%(3—2cos A—2cos B—2cosC).

In a triangle ABC, if H is the orthocenter and I the in-center then prove that TH? =
2r2 — 4R? cos A cos B cos C.

In a triangle ABC, if O is the circumcenter, G, the cetroid and H, the orthocenter then prove
that OG2 = R? — § (a® + 0%+ 2).

Given an isosceles triangle with lateral side of length b, base angle a < %; R, r the radii and

O, I the centers of the circumcircle and in-circle respectively, then prove that R = %bcosec%.

Given an isosceles triangle with lateral side of length b, base angle a < T; R, r the radii and

bsin 2«

O, I the centers of the circumcircle and in-circle respectively, then prove that r = Trcosa)

Given an isosceles triangle with lateral side of length b, base angle o < %; R, r the radii and

bcos3e
O, I the centers of the circumcircle and in-circle respectively, then prove that OI = B

2sin a cosgy

. 1 1 1 1
In a triangle ABC, prove that -+ -+ =~ = 57—

T1 T2 T3 3

In a triangle ABC, prove that b (=e) T 5=e)(s=a) T (s=a)(s=B) = -

If a, B, v are the distances of the vertices of a triangle from the corresponding points of contact

apfy
a+p+y

with the in-circle, prove that r? =

Tangents are drawn to the in-circle of triangle ABC which are parallel to its sides. If z, y, z be

the lengths of the tangents and a, b, ¢ be the sides of triangle then prove that 5—0— % + S =1

If ¢4, t2, t3 be the length of tangents from the centers of escribed circles to the circumcircle,

1,1, 1 _ 2s
provethatg-i-g-i-%—m.

If in a triangle ABC, ( - :—D ( — Q) = 2, prove that the triangle is right angled.

T3

In a triangle ABC, prove that the area of the in-circle is to the area of the triangle itself

.. LA B _.C
1s7r.cot700t5c0t§

Let Ay, Ao, As, ..., Ay, be the vertices of polygon having an n sides such that A11A2 = A11A3 + A11A4
then find the value of n.

Prove that the sum of radii of the circles, which are respectively inscribed in and circumscibed

about a regular polygon of n sides, is gcot %, where a is the side of the polygon.
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. The sides of a quadrilateral are 3,4, 5 and 6 cms. The sum of a pair of opposite angles is 120°.

Show that the area of the quadrilateral is 3v/30 sq. cm.

The two adjacent sides of a quadrilateral are 2 and 5 and the angle between them is 60°.
If the area of the quadrilateral is 4v/3, find the two remaining sides.

A cyclic quadrilateral ABC'D of area %g is inscribed in a unit circle. If one of its sides AB =1
and the diagonal BD = /3, find lengths of the other sides.

If ABCD be a quadrilateral inscribed in a circle, prove that tang = %.
a, b, c and d are the sides of a quadrilateral taken in order and « is the angle between diagonals

opposite to b or d, prove that the area of the quadrilateral is %(a2 —b2 42— d2) tan «

If a quadrilateral can be inscribed in one circle and circumscribed about another circle, prove

that its area is v/abed and the radius of the latter circle is aii ‘bibccfd.

The sides of a quadrilateral which can be inscribed in a circle are 3, 3,4 and 4 cm; find the
radii of in-circle and circumcircle.

A square whose sides are 2 cm., has its corners cut away so as to form a regular octagon; find
its area.

3. If an equilateral triangle and a regular hexagon have the same perimeter, prove that ratio of

their areas is 2 : 3.

Given that the area of a polygon of n sides circumscribed about a circle is to the area of the
circumscribed polygon of 2n sides as 3 : 2, find n.

The area of a polygon of n sides inscribed in a circle is to that of the same number of sides
circumscribing the same circle as 3 : 4. Fine the value of n.

There are two regular polygons, the number of sides in one being the double the number
in the other, and an angle of one ploygon is to an angle of the other is 9 : 8; find the number
of sides of each polygon.

Six equal circles, each of radius a, are placed so that each touches to others, their centers
are joined to form a hexagon. Prove that the area which the circles enclose is 2a2(3\/§ — ).

A cyclic quadrilateral ABCD of area 34ﬁ is inscribed in a unit circle. If one of its sides AB =1

and the diagonal BD = \/§, find lengths of the other sides.
If ABCD is a cyclic quadrilateral, then prove that AC.BD = AB.CD + BC.AD

If the number of sides of two regular polygons having the same perimeter be n and 2n

respectively, prove that their areas are in the ratio 2 cos% : (1 + cos %) .

C
3 <

] —

In a triangle ABC, prove that sin g sin g sin
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. The sides of a triangle inscribed in a given circle subtend angles «, 5 and « at the center.

Find the minimum value of the arithmetic mean of cos(a + %), cos(ﬁ =+ g) and cos(’y + %)

. In a triangle ABC, prove that tan2§tan2§tan2 % >1

% Mﬂ%@iﬁ, prove that

there are two values of the third side, one of which is m times the other.

-2
. If A denotes the area of any triangle and s its semiperimeter, prove that A < ‘sz.

. Let A, B, C be three angles such that A =2 and tan Btan C' = p. Find all possible values

1
of p such that A, B, C are the angles of a triangle.

. Through the angular points of a triangle straight lines are drawn, which make the same

angle a with the opposite side of the triangle. Prove that the area of the triangle formed
by them is to the area of the triangle is dcos®a: 1

Consider the following statements about a triangle ABC

a. The sides a, b, ¢ and A are rational.

b. a,tan g, tan% are rational

c. a,sin A, sin B, sin C are rational.
Prove that 1 == 2=3=1

Two sides of a triangle are of length v/6 and 4 and the angle opposite to smaller side is 30°.
How many such triangles are possible? Find the length of their third side and area.
A circle is inscribed in an equilateral triangle of side a. Prove that the area of any square

2
. . . . . . a
inscribed in this circle is -

. In a triangle ABC, AD is the altitude from A. Given b > ¢, ZC = 23° and AD = _abe then

2__ .2
b?*—c

find ZB.

In a triangle ABC,a:b:c=4:5:6, then find the ratio of the radius of the circumcircle to
that of in-circle.

In a triangle ABC, /B = g, ZC = % and D divides BC' internally in the ratio of 1 : 3. Prove

sin/BAD _ 1
that 517640 = 75

In a triangle ABC, angle A is greater than angle B. If the measure of angle A and B satisfy
the equation 3sinz — 4sin®z — k= 0,0 < k < 1, then find the measure of angle C.

. ABC is a triangle such that sin(24 + B) =sin(C — A) = —sin(B +2C), if A, B, C are in

A.P. determine the value of A, B and C.
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In a right angled triangle the hypotenuse is 2v/2 times the length of perpendicular drawn
from the opposite vertex on the hypotenuse. Find the two angles.

In a triangle PQR, ZR = g If tang and tan £ are the roots of the equation az? + bz + ¢ =

2
0(a # 0), then prove that a + b = c.

In a triangle ABC, the medians to the side BC' is of length
into angles of 30° and 45°. Find the Ingth of side BC.

\/1;“675 and it divides the angle A

If A, B, C are the anngles of an acute-angled triangle, show that tan A + tan B + tan C' > 3v/3.

In a triangle ABC, cosé = % £/ g + %, show that the square describe on one side of the is equal

to twice the rectangle contained by two other sides.

If in a triangle ABC, 6 be the angle determined by the relation cosf = 2% Prove that

c
cos A—B _ (a+b)sinf and cos A+B _ ccosf

2 2v/ab 2 2vab ’

If R be the circum-radius and r the in-radius of a triangle ABC, show that R > 2r.

If cos A = tan B, cos B = tan C' and cos C' = tan A, show that sin A = sin B = sin C' = 2sin 18°,
where A, B, C lie between 0 and .

In a triangle ABC, prove that cot? A + cot? B + cot? C' > 1
In a triangle ABC, prove that tan® A + tan® B + tan? C' > 9

In a triangle ABC, prove that cosecg + cosecg + cosec% >6
In a triangle ABC, prove that 1 < cos A + cos B+ cos C' < g

In a triangle ABC, prove that cos A cos Bcos C < é

Two circles of radii a and b cut each other at an angle 6. Prove that the length of the common
2absin 6

chord is ——————.
Va“+b“2abcos

Three equal circles touch one another; find the radius of the circle which touches all the three
circles.

In a triangle ABC, prove that Y ;" Cra"b™ " cos[rB— (n —r)A] = C"

In a triangle ABC, tan A + tan B + tan C' = k, then find the interval in which k should lie so
that there exists one isosceles triangle ABC.

s2

3v3’

If A be the area and s, the semi-perimeter of a triangle, then prove that A <

Show that the tirangle having sides 3z + 4y, 4= + 3y and 5z + 5y units where x > 0,y > 0 is
obtuse-angled triangle.
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245. Let ABC be a triangle having altitudes h1, ho, hs from the vertices A, B, C respectively and r

hitr hotr + hs+r >0.

be the in-radius, then prove that ;=—-+ Pyt T ha—r =

246. If Ag be the area of the triangle formed by joining the points of contact of the inscribed circle
with the sides of the given triangle, whose area is A, and A1, Ag and Ag be the corresponding
areas for the escribed circles, prove that A + Ag + Az — Ag = 2A.



Chapter 9

Inverse Circular Functions

Inverse functions related to trigonometric ratios are called inverse trigonometric functions. The
definition of different inverse trigonometric functions is given below:

If sinf = z, then # = sin™ xprov1d0d—1<m<1and—g 0 <

vl

If cos@ = x, then 6 = cos~ ! z, provided -1 <z <land0<0<n7

If tanf = z, then 6 = tan™' z, provided —oo < z < oo and —g <f< %

If cot @ = z, then 6 = cot ™! x, provided —oo < x < oo and 0 < 0 < 7.

If sec = x, then@zsecflx, provided z < —lorx>1and 0 < ng,O#g.

If cosecf = x, then 6 = cosec™ "z, provided x < —1 or z > 1 and —g 0 < g +0.

Note: In the above definition, restrictions on # are due to the consideration of principal values of
inverse terms. If these restrictions are removed, the terms will represent inverse trigonometric
relations and not functions.

Notations: I. Arcsinz denotes the sine inverse of = [General value]. arcsin z denotes the principal
value of sine inverse of x.

II. sin~! z denotes the principal value of sine inverse z. From the above notations three important
results follow;

1. sin 'z =6 = sinf = z and 6 is the principal value.
2. sin~!z = arcsin x, cos~! 2 = arccos z.

3. From the definition of the inverse functions, we know that if y = f(z) is a function then for f*1
to be a function, f must be one-to-one and onto mapping.

When we consider y = Arcsinz, for any x € [—1, 1] infinite number of values of y are obtained
and hence it does not represent inverse functions. When y = arcsinx or sin~! x, corresponding to
one value of z € [—1, 1], one value of y is obtained and hence it represents the inverse trigonometric
function.

Hence, for inverse trigonometric functions, consideration of principal values is essential.

9.1 Principal Value

Numerically smallest angle is known as the principal value.

Since inverse trigonometric terms are in fact angles, definitions of principal value of inverse
trigonometric term is the same as the definition of the principal values of angles.

83
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Suppose we have to find the principal value of sin~! % Let sinflé = 0, then sinf = % =0 =

117 7t mw 5w

T T GG B Among all these angles % is the numerically smalles angles satisfying

sinf = % and hence it is the principal value.

9.2 Important Formulae
Theorem 16

/. sinsinlz=z-1<z<1

2. coscos Ltz = z,—1<z<1

3. tantan !

r=x,—0 <z <00
4. cotcotflx:m,—oo<ac§oo

secsecflw:z,zg—l orx>1

O

6. coseccosec lx = rz,e<—lorx>1

Proof:

Let sin ™! 2 = 6 then sin @ = z. Putting the value of 8 from first equation in second sinsin ' z = z.
Other formulae can be proved similarly. O
Theorem 17

1. sin*1x+cosflx:gV—1§x§1
2. tanflaz—l—cot*lx:%VxE[R

3. sec tz + cosec 1z = g Ve<—lorx>1

Proof:

Let sin 'z = 6, then sinezxzﬂzos(g—ﬁ) =z é%—@zcos_lx

:>cosflx+9:g:>sin71x+cosflx:

vl

Similarly other results can be proven. O

Theorem 18
1. sin 1z = cosec_lé7 —1<x<1

) _ 11
2. cosec 'x =sin 1E’$§_1 orx >1
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3. cos tx= se(f11 —1<x<1

e
4. sec 1o = 005_1%7 r<—-lorx>1

Proof:

Let sin~ 'z = 0 then sin = 2 = cosec = %

=0= cosecfli =sinlx= cose(fl%

Other results can be proven similarly. 0

Theorem 19

1. sinflav:cosfl\/l—acQ7 vVo<z<l1
2 sinlg=—cos! 1—:132V—1§:r<0
Proof:

Let sin~ !z = 6 then sinf = x

= cos?0=1—22= cosh =+V1— 2>

s

Principal values of sin~! z lies between — 5

s
and 3-

In this interval cos@ is +ve.

=sin"lz =cos V1 — 22

For —1 < z < 0 sin~! z will be negative angle while cos™' v/1 — z2 will be positive angle. Hence to

balance that we need to use a negative sign for this. O
Theorem 20
1. sinTH(—z)=—sin "z

2. cos(—z)=m—cos lx

2. tan !(z) = —tan"lz

4. cot ta=mr—cot lz
Proof:
Let cos ' (—x) = 6 then cosf = —x
—cosf =z =cos(m—0) =z
“0=m—cos tx

Note: cos(m + 0) is also equal to — cos € but this will make principal value greater than .
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Similarly other results can be proven. O

Theorem 21

1. tan"tz +tan "ty = tan~! f—jw% where x,y >0 and zy < 1

2. tan 'z 4 tan ! y=m+ tan ™1 % where x,y > 0 and zy > 1

-1 z+y
11—y

3. tan 'z 4 tan! y = —m+tan where x,y,0 and xy > 1

4. tan"' z — tan ! Yy = tan~! % where xy > 1

Proof:
Let tan 'z = o and tan~! y = /3 then

tana = x and tan§ =y

tana+tanf _ x4y

tan(a + 6) = l-tanatanf8 =~ 1—zy
— -1 zty
= a+ [ =tan =2y
-1 an—1,, _ -1 z+y
= tan ~x +tan "y = tan Toay

Case I. When z,y > 0 and zy < 1, tan™! % >0

-1 z+ty

T2y will be a positive angle.

therefore tan

Case II. When 2,y > 0 and zy > 1 tan~ 'L will be a negative angle.

1—zy

1 z+y

~tan 'z 4 tan~! y=m+tan" T=ay

—1 z+y

Case III. When z,y < 0 and zy > 1, tan~! & + tan ! y will be a negative angle and tan Toay

will be a positive angle.
To balance it we will need to add —n

wtan™! 2 4 tan™! y=-—7+ tan™! fi—zyy

Similarly other result can be proven. O

tan 'z +tan ly+tanlz = Ztytz-oye

Il e r—. be proven similarly.

Theorem 22

1. sinflm—o—sin*ly:sin*l[a@\/l—y2+y\/1—m2] if—1<zy<landz®+y><1orifzy<0
andw2+y2>1
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2. sinflm—sinfly:sinfl[x\/l—y2—y\/1—ac2] if—1<zy<landz’+y><1orifzy>0
andz2+y2>1

Proof:
Let sin™'2 = o and sin™! y = 3 then sina = 2, sin 8 = y.

Now sin(« + 8) = sin acos 3 + sin 3 cos a

:sina\/l—sinzﬁ—l—sin,@\/l—sinQa
:z\/l—y2+y\/l—x2

04+,B=Sin71[x\/17y2+y\/17$2]

Similarly we can prove that sintz —sin™! Yy = sin! [x\/l — y2 — y\/l — 332} O
Theorem 23
1. 2tan 'z =sin! %, where |z] < 1
2. 2tan 12 = cos™! L_r—ii, where x > 0
1 2z

2. 2tan "tz = tan~ —5, where |z <1

1—
Proof:

1. Let tan ' 2 = 6 then tanf = x

sin 20 = 2tanf 2z

T 1+tan?z60 ~ 1422

-1 2z -1 .. -1 2z
= 260 = sin 1+r2=>2tan T =sin s

Here, —g < sin 1 < g

= —gg 2tan 12 <

N

s —1 iy
= —z<tan " <3

=-1<z<l=z[<1

1-tan26 1-—x?

2. cos20 = 1+tan26 ~ 1+x2

o ~_1(1—22
= 26 = cos <1+12)

-1, _ . —11—x?
= 2tan” "z = cos TTa2

For x > 0 both sides will be balanced.



Inverse Circular Functions 88

For x <0, 2tan"! 2 will represent a negative angle where R.H.S. will always lie between 0 and
7. Hence two sides cannot be equal.

2tanf _ 2z _ -1 2z
1—tan?26 ~ 1—=x2 = 20 = tan 1—22

3. tan20 =

1322 which holds good for |z| < 1

2tan 'z = tan !
Theorem 24
7. 2sinlg = sin_l[ZxW] if—% <z< —15
2. 2cos tx=cos 1(22% —1) where 0 <z <1

These can be proven like sin™ z + sin™! y

Theorem 25

N| =

1. 3sin' oz = sin "1 (3z — 423) where —% <z <

2. 3cos tx = cos (42> — 3z) where % <z<l1

—13z—a3
1—3z2

1 1
where—ﬁ<x<ﬁ

3. 3tan" !z = tan

These can be proven like previous proof.

9.3 Graph of Important Inverse Trigonometric Functions

1. y:sin_lz,—l <z<l1
YA
T2 == ===

sy

_—_—— — - - - ==

Figure 9.1

From this graph we observer following;:
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1. Domainis -1 <z <1

2. Range is —gg Y gg

3. wsin o = —sin ta sy =sin" 'z is an odd function.
4. Tt is a non-periodic function
5. It passes through origin i.e. when z =0,y =0

2. y:cos_lz,—l <z<l1

YA

1 %
Figure 9.2
Follwing points can be observed from the graph:
1. Domainis -1 <x <1
2. Rangeis0 <z <m
3. wcos H(—z)=m—coslx
=>y= cos™! z is neither odd nor even.
4. Tt is a non-periodic function
3. y:tan_lx,—oo<x<oo
_______ -71712-*——————————
—————— ——-7r7z2—|——————————$
Figure 9.3

From the graph follwing points can be observed:
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1. Domain is —oo < z < 00

¢ . ™ T

2. Rangeis —5 <z <3

3. y= tan~' z is an odd function
4. Tt is a non-periodic function.
5. It passes through origin.

4. y:cot_lx,—oo<z<oo

Figure 9.4
From the graph follwing points can be observed:
1. Domain is —oo < x < 00
2. Rangeis0<y<m
3. The function is neither odd nor even.

4. Tt is a non-periodic function

9.4 Problems

Evaluate the following:

1. tan~t(—1)
2. cot™H(—1)
3. sinfl(—§>
Find the value of the following:
A . . o—1-—1
4. sm[g—sm «-2»]

Ut

in[cos 1 2]
S COS )

6. sin[tanfl(—\/g) +cos ! %5]

7. Evaluate tan [% cos 1 %E]

90



10.

11.

16.

17.

18.

19.

20.

21.

22.

23.

24.

26.

27.

-1
. cot cotT
3. tan~! (tan2T)
. sin_lé—ﬁ—cos_

. cos[tatrf1 (%)]

. Prove that tan™! % +tan ™! % =tan~! g + tan—
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2

Find the angle sin~! (sin ~3~>

Find the value of the following:
. —1V3
sin™ " 5~
—1-1
tan ﬁ
cot L (—v/3)

5m

4

11
2

cos[cosf1 (@) + %]

Prove that 2tan™! % +tan ™! % =x

4
Prove that tan™" % + tan™! % + tan™! % + tan™! % =7
.. —14 . —-15 . —116 _ 7
Prove that sin phsinT mtsinT =5
—11 11 11 o«
Prove that 4 tan s—tan” =54 tan 55 =7

Prove that cot ™! 9 + cosec

V4l
e

k!

Prove that 4(cot ™! 3 + cosec 1/5) =

1

Prove that tan~! z = 2 tan"![cosec tan~ ! x — tan cot ! x]

Prove that Ztan_l[q/%tan%] = cos_l[w] for0<b<a,and x > 0.

a+bcosx

z

-1 z—y -1 y— —1 z—x _ —1( a?=y? —1( y*=2*
. Prove that tan Ty + tan 1792 + tan = tan (W) + tan <‘ +

1 1+zx

B
tan (1+2212)
Prove that sincot ! tancos 'z =z
Prove that tan~! (%tan 21’) +tan"!(cot ) 4+ tan"t(cot®> ) = 0 ff<er<j=mif0<z<m

1

P
1= 1
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—12a—b
V3b

—12b—a _ 7

29. Prove that tan J3a =3

+ tan

1 _

30. Prove that tan—! 2 =+ tan™ + tan~! 5 = %

31. Prove that 2tan—! % +tan ™t % — tan 132

13

_11

32. Prove that tan 11 +tan 12+ tan '3 =7 = 2<tan_1 1+ tan 5+ tan™ %)

1zy+1
Yy—x

33. Prove that tan™! z + cot ™'y = tan™

1

/ -1_1 -1 y I |
34. Prove that tan ey + tan T cot

35. Prove that 2cot 15+ cot 1 7+2cot 18 =7/4

—1 a—b —1 b—c —1 c—a __
36. Prove that tan Tras T tan et tan =0

1+ca
37. Prove that tan™! iqgg% +tan™! Tb‘;%;% +tan™! 19;—;3‘3}3 =0
38. Prove that cot™! nyrl +cot™! y’Hl +cot™lz =tan™ 1%
39. Prove that cos ! (%) =2tan"! (tan g tan %)
40. Prove that sin™" % +sin~! 1—87 =sin ! g
41. Prove that cos ! % +cos™! % +cos™! % = g

42. Prove that sin™!z + sin™! Yy = cos_1<\/ 1—224/1— y2 — ccy) where z,y € [0, 1]

Ll s 12 =
43. Prove that 4(sm 710 + cos \/5> =7

44. Prove that cos(2sin ' z) =1 — 222

— _ Viea?
45. Prove that = 5 cos™ Ly =sin™ ,/ =cos™! V= 1+m = tan~ 11+;

1 xy+y/(1-22)(1—-y?)
Yy 171271\/17742

46. Prove that sin™' z + cos™ ! y = tan

47. Prove that tan 'z + tan~ y = sm71 W

48. Prove that 2tan~!(cosectan ! x — tancot ! x) = tan ! x

x24+1
z2+2

1

49. Prove that costan !sincot !z =

50. In any AABC if A =tan ' 2 and B = tan"' 3, prove that C :%
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51. If cos 'z 4 cos™t y+ cos™ !z = 7 then prove that w2+ y2 + 22+ 20yz =1
52. If cos™* % +cos ! % = 6, prove that 9z — 12zy cos 0 + 4y = 36sin? 0

53. If r = x 4+ y + z then prove that tan~ ! % +tan~! A /% +tan~1,/Z

Yy =
54. If u = cot ™ v/cos 20 — tan~! v/cos 20 then prove that sinu = tan? 6

55. Solve cos ™t V3 + cos g = g

56. Solve sin~!z + sin~! 2z = g

57. If tan 'z + tan™! y+ tan~ !z = I prove that 2y +yz + 2 =1
2

58. If tan~ 'z + tan™! Y+ tan"z =, prove that x +y 4+ z = xyz

59. If sin 'z + sin~! Yy = g, prove that x\/l —y2 + y\/l —z2=1

60. If sin 'z + sin~! y+ sin”lz= 7, prove that z\/l — 22+ y\/l — y2 + Z\/l — 2= 2xyz

61. Establish the relationship between tan™' z, tan~ ! Y, tan~! z are in A.P. and if further T, Y, 2
are also in A.P. then prove that x =y = z.

62. Solve for z, cot ' z 4 sin~! -

63. Solve tan~! 2z + tan~! 3z =

IR

64. Solve tan~ ! 2 + tan~? % =z
—XT
65. Solve tan™! % =cot ™tz +tan~! %

66. Solve tan (z —1) +tan 'z +tan *(z +1) = tan ! 3z

—1x+1

67. Solve tan™ " —=
z—1

+ tan™! xT_l =74 tan"1(=7)

68. Solve cot *(a—1) =cot tz +cot 1 (a® —z +1)

" . —1 2« -1 28 -1
69. Solve sin Troz tsin T 2tan” " x
—1xz2-1 -1 2z _ 2m
70. Solve cos g ttan T a5 =3
. . —1 2a —11-b% -1
71. Solve sin Traz TC0S 1= 2tan” " x

72. Solve sin 'z +sin"1 (1 —z) = cos !z

73. Solve tan~! ax + % sec bz = g



74.

76.

e

78.

79.

80.

81.

83.

84.

86.

87.

88.

89.

90.

91.

92.

. Prove the relations cos™ " zg =
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Solve tan(cos ! z) = sin(tan ! 2)

11 . 11
0. 1 Il( S 1—) = Ssin ) —_
Solve tan( sec = sincos™ ==

1917—(3057134:E

. c o . —1 .1, 27w —
Find the values of  and y satisfying sin™" z +sin™ " y = 5 and cos 3

Find the angle sin~!(sin 10)

Using principal values, express the following as a single angle 3 tan~! % +2tan"! % +sin ! 6154“}5

1

Find the value of 2cos ™'z +sin 'z at x = % where 0 < cos 12 < 7 and —5< sin"lz < 5.

1 -13_, —-11_=~ 1 14
Showthaticos F=tan” 5=7—5c08 ¢

Find the greater angle between 2tan '(2v/2 — 1) and 3sin~! % + sinflg

T+ary 1+azaq 1+azas 1+anan—1
1 1

tan~ ! = = tan~
an

Prove that tan71<a1$7y) + tan — 1( 42— d1 ) + tan*1< ad—ap ) o+ tanf%M) +
z
y

Find the sum cot ' 2+ cot '8 +cot "1 18 + ... + to 0o

2z

T2 is constant for > 1. Find the value of

Show that the function y = 2tan™! z + sin™!

this constant.

1 Vi1—a

—~Y— _ where the successive quantities z, are connected
x1T2x3... to 0O

1+x,

5 where 0 < cos ! ro < T

by the relation z,1 =

If a, b are positive quantities and if a1 = 'ITH), b1 = +Vaib,as = al;bl, by = \/asby and so on

PR
then show that lim,, oo ap limy, o0 by, = b 7171
COSs b
. . . —-11 —11 -1 1 _ -1 n
Using Mathematical Induction prove that tan™ " 34 tan™ "z + ... +tan " m——e =tan " =

4 23sin28+ 22 cos28 — zcos B —sin B =0

then prove that tan ' 21 + tan~ ' 29 + tan' 23+ tan L2y = nw + % — B

If 21, x9, 3, x4 are the roots of the equation x

Find theh value of cot™! (cot %)

Find the value of sin ! (sin5)

]'COS§~E

Find the value of cos™ 1

Find the value of cos ™ (cos 10)

Evaluate sin<2 tan ! %) -+ cos tan ! 24/2



94.

96.

97.

98.

99.

100.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

)5. Prove that sin™? g + cos
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Evaluate cot[cot ! 7 + cot ™1 8 4 cot 1 18]

—112 —156 _ 7
Tg+COt 33— 3

Prove that 2cot™ 5+ cot™ 7+ 2cot™1 8 = %
Prove that tan ' 1 +tan~ 12 + tan~ 13 = 2<tan*1 1+tan—! % +tan~? l) .

3

IfA= tan_1% and B = tan_lé then prove that cos2A = sin4B.

. 1z 1z 1 1
Find the sum tan m—l—tan W—F—O—tan m,l‘ > 0.
. -1 d -1 d -1 :
Find the sum tan m + tan H’Tm + ...+ tan m if 1,02y ..., Q41 form an
arithmetic progression with a common difference of d and d > 0,a; > 0 fori=1,2,3,...,n+ 1.

. For what value of z, the equality sin_l(sinf)) > 22 — 42 holds.

. Iftan™'y = 5tan~! z, express y as an algebraic function of  and hence show that 18° is a

root of 5u* —10u?+1 = 0.
If cos !z + cos™! Y+ cos ' z=rmand z+ y+z= %, then prove that x =y = z.

1

If sin ™!z +sin ™!y +sin ™! z =, prove that o + y* + 24 + 422?22 = 2(2?y? + 222 + 2%2?).

3 1 _ 3 1 _
Prove that %cosecQ(itan ! %) + %sec2<§ tan ™! g) = (a+p8)(®+52).

Prove that 2tan_1[tan%tan<g — g)] =tan~! [5?1%0%%2%]

Prove that tan ™~ [% cos 2asec 23 + % cos 23 sec 2a] = tan" ![tan?(a + B) tan®(a — B)] +

_ — —4z? — —4x? . . .
Express cot 1 (7% 2) = 2tan " ? v/ 3 S —tan 1 1/ 3 5%~ as a rational integral equation
Vi-z?—y 4x T

in z and y.

ISE

[a — tan71<m) tana].

If mtan(a—6)  ntané
n+m

1
cos?0 7 cos?(a—0 2

) then prove that 6 =

2
If sin ! % +sin ! % =gin~! % then prove that b2z2 + 2zy\/ a?? -t =t a2y2.

—13t—t3 .. 1 1
f \/§<a:<\/§.

Prove that COS_lq/%:Sin_lq/gifG>x>b0ra<$<b.

Find all values of p and ¢ such that cos ™! Vo + cos Ly/1— P+ cos 1y/1— q= g’f.

— 2
1 2 = tan

Prove that tan— !¢ + tan == T 32 !

Find all positive integral solution of the equation tan~ 'z + cot ™! Yy = tan~ ! 3.



117.

118.

119.

120.

121.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

. Solve sin 1 (1 —z) —2sin ta =12
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5. Solve sin™? 9-} +sin~! % =sin" !z where a® + 0% = 2, ¢ #0.

. Convert the trigonometric function sin[2cos ! {cot(2tan"! z)}] into an algebraic function

f(z). Then from the algebraic function find all the values of z for which f(x) is zero. Express
the value of z in the form of a + v/b where a and b are rational numbers.

Solve the equation 6 = tan™ (Qtan 0)— -sm -1 (ﬁ%) .
Solve tan 12z + tan 13z = %,

Ifsin71<x—%+%—...>+cosfl<x2—%4+%6+...) :g~V~O< || < v/2 then find z.

. . . 1 .1 2 7
Find the number of real solutions for tan™" y/z(z + 1) +sin” " Va“+z+1=5

3z —14x . —1
5 T COoS 5 =sin " 2.

Solve sin™!

5

3. If k be a positive integer, show that the equation tan" Lz + tan~! Yy = tan~' k has no positive

integral solution.

-1 m+1

1x—1 —1
Solve tan™ ~ ——5 +tan " —= =tan " (-7).

R | 11
Solve tan™" o= = tan™" 2+ tan™ " —5——.

.’,C
71

-1 2z 2
L1 tan 1127 =37,

Solve cos™ 1=73

If 6 = tan ! 2‘2@ and ¢ = tan~! 25\/6, show that one value of § — ¢ is 7/6.

Find all positive integral solutions of the equation tan~! @ + cos ™! ﬁ =gin~! \/iTO'

Solve the equation 2 cos lz =sin~! 22V1 — 22

ao—1 T ao—1 1 =1 142
Solve sin T sin —=sin

b+acosx
a+bcosx

Show that the function y = 2 tanfl[ Z—Lﬁtan%] — cosfl[
find the value of this constant for x > 0.

] is a constant for 0 < b < a,

. - 2 )
Find the sum Z?:l tan~! 2”21”4'

Find the sum of infinite terms of the series cot ™! ( 124+ %) +cot™! (22 + %) +cot™t <33 + %) + ...

2
Solve for x the equation (tan_1 x)2 + (co‘c_1 33)2 = %L



135.

136.

137.

138.
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M)

1 3

77 ond T
are and %5

z)3 + (cos tx) 3

Show that the greatest and the least values of (sin™
respectively.

Obtain the integral values of p for which the following system of equations possesses real

2 2
solution cos !z + (sin ty)? = P2 and (cos™ L) (sinty)? = 71r—6.

If tan 'z, tan ! Y, tan~! z be in A.P., find the algebraic relation between x, y and z. If x, y, z
be in A.P. prove that x =y = z.

522 +tan ' —2Z 4 .. +tan !

_r 1 nw
1+1. 1+2.322

Show that for z > O,taIfl 1+(n+1)a?

— o —tan~
1+n(n+1)z2



Chapter 10

Trigonometrical Equations

An equation involving one or more trigonometrical ratios of unknown angle is called trigonometrical
equation.

2

Ex. cos“z —4sinz =1

A trigonometrical identity is satisfied for every value of the unknown angle whereas trigonometrical
equation is satisfied for only some values of unknown angle. For example, 1 — cos? z = sin® z is
a trigonometrical identity because it is satisfied for every value of x.

10.1 Solution of a Trigonometrical Equation

A value of the unknown angle which satisfies the given trigonometrical equation is called a solution
or root of the equation.

For example, 2sinf = 1 = 6 = 30°, 150° which are two solutions between 0 and 27.

10.2 General Solution

Some trigonometrical functions are periodic functions, therefore, solutions of trigonometrical
equations can be generalized with the help of periodicirty of trigonometrical functions. The solution
consisting of all possible solutions of a trigonometrical equation is called its general solution.

For example, sin §# = 0 has a genral solution which is nm where n € I.

Similarly, for cos 6 = 0, the general solution is (2 + 1) 5, where n € I and for tan 6 = 0 the solution
is again n.

10.2.1 General Solution of sin @ = sin «

Given, sinf = sina = sinf —sina =0

0+a 0—a

= 2cosTsmT:0
Case I: COSMTO‘ =0

=0+a=02m+1)r,mel

Case II: sinefTOC:O
=0—a=2mr=0=2mr+«

Thus, § =nm+ (—1)"a,n el

10.2.2 General Solution of cosf = cos «

Given, cosf = cosa = cosf —cosa =0

98
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= 2sin9~2t€sin§:23:0

Case I: sinaTw =0

a+0=2ntT=0=2nT—«
60—«

Case II: sinT:0:>9:2nﬂ'+a

Thus, § = 2nm + «

10.2.3 General Solution of tanf = tan «

sinf _ sina
cosf ~ cosa

Given tanf = tana =
=sin(f—a)=0-0—a=nn

0=nm+«

10.3 Principal Value

For any equation having multiple solutions, the solution having least numerical value is known
as principal value.

Example: Let sinf = % then 0 = 7/6, 57/6,137/6,177/6, ..., =77 /6, —117/6, ...
As 7/6 is the least numerical value so it is the principal value in this case.

10.3.1 Method for Finding Principal Value

For this case we consider sin§ = —%. Since it is negative, § will be in third or fourth quadrant.

We can approach this either using clockwise direction or annticlockwise direction. If we take
anticlockwise direction principal value will be greater than 7 and in case of clockwise direction
it will be less than 7. For principal value, we have to take numerically smallest angle.

So for principal value:

1. If the angle is in 1st or 2nd quadrant we must select anticlockwise direction i.e. principal value
will be positive. If the angle is in 3rd or 4th quadrant we must select clockwise direction i.e.
principal value will be negative.

2. Principal value is always numerically smaller than 7

3. Principal values always lies in the first circle i.e. first rotation.

10.4 Tips for Finding Complete Solution

1. There should be no extraneous root.

2. There should be no less root.
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Squaring should be avoided as far as possible. If it is done then check for extraneous roots.

. Never cancel equal terms containing *unknown* on two sides which are in product. It may

cause root loss.
The answer should not contain such values of root which may make any of the terms undefined.
Domain should not change. If it changes, necessary correction must be made.

Check that denominator is not zero at any stage while solving equations.

5 Problems

Find the most general values of § satisfying the equations:

1.

2.

3.

4.

sinf = —1
1
cosf = -3

tanf = /3
secl = —/2

Solve the equations:

=

6.

10.

11.

9.

sin 90 = sin @

sin bx = cos 2x
sin3x =sinx

sin 3z = cos 2x
sinax 4+ cosbx = 0
tanzrtandr =1

cos 0 = sin 105° + cos 105°

Solve the following:

12.

13.

16.

17.

Tcos? 0+ 3sin20 =4

3tan(6 —15°) = tan(6 + 15°)

4. tanx + cotx =2

sin? 0 = sin? o

tan? z +cot2a: =2

2

tan? z = 3cosec®x — 1



Trigonometrical Equations

18. 2sin? z + sin? 2z = 2
19. 70052x+3sin2x=4
20. 2cos2x + v/2sinx = 2

21. 8ta112%: 1+ secx

1
22. cosx cos2x cos3x = 1

23. tanx +tan2x + tan3x =0

24. cotx —tanx —cosx +sinx =0

2 2

25. 2sin”x — Ssinz cosx — 8cos” v = —2
26. (1—tanz)(l+4sin2z)=1+tanz
27. Solve for x,(—m < z < 7), the equation 2(cosx + cos 2z ) +sin2z(1 + 2cosz) = 2sinz

2y =3sinx

28. Find all the solutions of the equation 4 cos? rsinz — 2sin
29. 2+ Ttan’? z = 3.25sec z

30. Find all the values of x for which cos 2z + cos4x = 2cosz

31. 3tanz 4+ cot x = Hcosecx

32. Find the value of z between 0 and 27 for which 2sin® z = 3cosz

33. Find the solution of sin® z — cosz = % in the interbal 0 to 2.

34. Solve 3tan?z —2sinz =0

35. Find all values of z satisfying the equation sin x + sin 5z = sin 3z between 0 and .
36. sin6x = sin4x — sin 2z

37. cosbx 4+ cosdx + cos2x+1=0

38. cosx + cos2x + cos3x =0

x

39. Find the values of = between 0 and 27, for which cos 3z 4 cos 2z = sin %3 +sing

40. tanz + tan 2z + tan 3xr = tan x. tan 2x. tan 3z
41. tanx + tan2x + tanxtan2zx = 1
42. sin2x + cos2x + sinx +cosx+1 =0

43. sinx 4 sin 2z + sin 3x = cos x + cos 2x + cos 3z



5. cos2x = (vV241) (cos;c—%)
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4. cosbx + cosdx = sin3x + sinx

5. secdxr —sec2x = 2

2

x

. Find all the angles between —pi and 7 for which 5 cos 2z + 2 cos? 5+1=0
. cotz —tanx = secx

. 1+secx:cot2%

50. cos 3z cos® z + sin 3z sin® z = 0
51. sin®z +sinzcosz +cos® z = 1
52. Find all the value of x between 0 and g, for which sin 7z 4 sindz + sinz = 0

61.

62.

63.

64.

66.

. If tan(cot ) = cot (tanx), prove that sin 2z = 0

. sinx+\/§cosx: \/5

Find the values of z for which 27°°%2% 81" 2% i minimum. Also, find this minimum value.

If 32 tan® 2 = 2 cos? y — 3cosy and 3cos 2z = 1, then find the general value of y.

™

. Find all the values of z in the interval (— g’i) for which (1—tan z) (14 tan ) sec?z + gtan®z _

0

Solve the equation e“*$% = ¢~ “%% + 4,

. If (1+tanx) (1 + tany) = 2. Find all the values of = + y.

4
2n+1)m

. If  and y are two distinct roots of the equation atan z + bsec z = ¢. Prove that tan(z +y) =

2ac
a2762
. . o s . T\ _ 1 . _ 3
If sin(7 cosz) = cos(msinz), prove that 1. cos(m iz) =373 2.sin2x = — 3
Determine the smallest positive values of z for which tan(z + 100°) = tan(z +

50°).tanz. tan(z — 50°)

Find the general value of = for which tan? z + sec 2z = 1.

Solve the equation sec x — cosecx = %

. Find solutions z € [0, 27] of equation sin 2z — 12(sinz — cosz) + 12 = 0.

Find the smallest positive number rp for which the equation cos(psinz) = sin(pcosz) has a
solution for z € [0, 27].
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. Solve 8 cosx cos2x cosdx =
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Solve cos x + \/gsinx = 2cos 2z
Solve tan x + secx = /3 for = € [0, 27].

Solve 1+ sin® z + cos® z = %sin 2x

Solve the equation (2++/3)cosz =1 —sinz

Solve the equation tan (g sin x) = cot, (g cos x)

sin 6z
sinx

3. Solve 3 —2cosx —4sinx — cos2x + sin2x = 0

. Solve sinxz — 3sin 2z + sin 3z = cos x — 3 cos 2x + cos 3x

. Solve sin? z tan x + cos? z cot & — sin 2z = 1 + tan z + cot
Find the most general value of x which satisfies both the equations sinz = —% and tanx = %
If tan(z —y) =1 and sec(z +y) = %, find the smallest positive values of x and y and their

most general value.

Find the points of intersection of the curves y = cosz and y = sin 3z if —% <z<

(S

Find all values of z € [0, 27] such that rsinz = v/3 and r +4sinz = 2(v/3 + 1)
Find the smallest positive values of z and y satisfying z —y = g and cotx + coty = 2.

Find the general values of z and y such that 5sinzcosy =1 and 4tanz = tany.
Find all values of z lying between 0 and 2, such that rsinz = 3 and r = 4(1 +sinx)

If sinx = siny and cosx = cos y then prove that either x = y or x — y = 2nm, where n € I.

If cos(z —y) = % and sin(z +y) = % find the smallest positive values of = and y and also
their most general values.

. Find the points of intersection of the curves y = cos2x and y = sin x for, —g <z< g
Find the most general value of z which satisfies the equations cosz = ?/% and tanz = —1.
Find the most general value of = which satisfies the equations tanz = v/3 and cosecx = —:/%

If z and y be two distinct values of z lying between 0 and 2w, satisfying the equation
3cosz + 4sin z = 2, find the value of sin(z +y).

Show that the equation 2 cos? % sin?x = 22 + 2 2for0<x < g has no real solution.
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3+2isinx
1—2isinz

Find the real value of = such that y = is either real or purely imaginary.

Determine for which values of a the equation a? — 2a + sec? 7(a + ) = 0 has solutions and
find them.

: . . . . ; 2 3
Find the values of z in (—, ) which satisfy the equation 8 +/cos#l+cos™@+[cos™zl+... to 00 _ 43
S22 3 1

Solve |cosz|™™ T2 TE —

. 2 : L2
SO]Ve 3311123:+2cos x 4 31—51n2x+2sm T _ 28.

5. If A= (x/2cos?x +sinz < 2) andB:(az/gngSW) find AN B

2
Solve sinz + cosz = 1 +sinz cos z.
Solve sin 6 + cos4x + 2 = 0.
Prove that the equation sin 2z + sin 3z + ... + sinna = n — 1 has n solution for any arbitrary

integer n > 2.

4

Solve cos” z + sin*z = 1.

Find the number of solutions of the equation sinx + 2sin2x = 3 4 sin 3z in the interval
0<x<m.

For what value of k the equation sinz + cos(k + ) + cos(k — z) = 2 has real solutions.
Solve for x and y, the equation x cos® Y+ 3z cosy. sin? y=14and x sin® y+ 3z cos? ysiny =13

Find all the values of « for which the equation sin? z + cos® z + sin 2z 4+ o = 0 is valid.
Solve tan(m +%) =2cotz — 1.

If 2, y be two angles both satisfying the equation a cos 2z + bsin 2z = ¢, prove that cos® z +
a’+ac+b?

2
COSTY = Ty

If 21, z9, x3, 4 be roots of the equation sin(z + y) = ksin 2z, no two of which differ by a
multiple of 27, prove that z1 + 29+ 23+ x4 = (2n + 1) 7.

Show that the equation secz + cosecx = ¢ has two roots between 0 and 7 if ¢ < 8 and four
roots if ¢ > 8.

Let A and « be real. Find the set of all values of A for which the system of linear equations
A+ ysina+ zcosa=0,r+ycosa+ zsina =0, —x + ysina — zcosa = 0 has non-trivial
solution. For A\ = 1, find all the values of «.

1

Find the values of x and y,0 < z,y < g, satisfying the equation cosz cosycos(x +y) = -3

sinx cosx coszx
Find the number of distinct real roots of | cosx sinx& cosx | = 0 in the interval —
cosSx cosT sinzx
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Find the number of values of z in the interval [0, 57| satisfying the equation 3 sin?z — 7sinz +
2=0.

Find the range of y such that the following equation in z, y + cosx = sin x has a real solution.
For y =1, find z such that 0 <z < 27.

Solve S27'_, sin(rz)sin(r?z) = 1

Show that the equation sin z(sinz + cosz) = a has real solutions if a is a real number lying
between %(1 —/2) and %(1 +2).

2
. Find the real solutions of the equation 2 cos? %ﬁ =274+ 277,

Solve the inequality sinx > cos 2.

Find the general solution of the equation (cos % —2sin x) sinz + (1 + sin % —2cos x) cosz =0

Find the general solution of the equation 2(sinx — cos2x) —sin2z(1 + 2sinz) + 2cosz = 0.

Solve Sls:éffw =0
3
Solve the equation 3 tan 2z — 4 tan 3z = tan? 3z tan 2z

Solve the equation v/1 + sin 2z = /2 cos 2.

Show that x = 0 is the only solution satisfying the equation 1 + sin® az = cosz where a is
irrational.

Consider the system of linear equarions in x,y and z,xsin30 —y+ 2z =0,z cos20 + 4y + 3z =
0,2z 4 Ty + 7z = 0. Find the values of 6 for which the system has non-trivial solutions.

Find all the solutions of the equation sin z + sin % \/(1 — cos x)2 +sin 2 = 0 in the interval
[5# 7#]
2072

. Let A= {z:tanz —tan?z > 0} and y = {x ;| sinz| <%} Determine A N B.

1
If 0 < z < 27, then solve 2sin%zy/y? — 2y + 2 < 2

1

cos T

0 <z <2m) then rovethatx:ﬁrorlli
( P

If [tanz| = tanz + G 5

Find the smallest positive solution satisfying logces » sin & + loggin - cos x = 2

Solve the inequality sinx cosz + % tanx > 1

cos? x sinx

Solve tan z = cot x

If0 < o, <3, then 22+ 4+ 3cos(ax + ) = 2z has at least one solution, then prove thatt
a+ p=mr,3m.

Prove that the equation 2sinz = |z| + a has no solution for a € <3 37”7 oo)



Chapter 11
Height and Distance

There are problems where distances between two points are not directly measurable or difficult.
Most of such problems can be solved by applying trigonometric ratios with ease. This chapter
is dependent on application of what we have studied so far about trigonometric ratios.

1. Angle of Elevation:

o Horizontal Line M
Figure 11.1

Let O and P be two points, where P is at a higher level than O. Also let O be the position
of observer and P the position of the object. Draw a horizontal line OM through the point O.
OP is called the line of observation or line of sight. Then ZPOM = 6 is called the angle of
elevation of P as observed from O.

2. Angle of Depression

Horizontal Line

Figure 11.2

In the above example, if P be at a lower level than O, then ZMOP = 6 is called the angle of
depression.

3. Bearing

In the above example, if the observer and the object i.e. O and P be on the same level then
bearing is defined. Four standard directions; East, West, North and South are taken as cardinal
directions for measuring bearing. If ZPOE = 6 is the bearing of point P with respect to O
measured from East to North.

North-east means equally inclines to north and east. South-east means equally inclines to south
and east. E-N-E means equally inclined to east and north-east.

106
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Figure 11.3

Figure 11.4

11.1 Some Useful Properties of a Circle

Angles on the same segment of a circle are equal. Alternatively, we can say that if the angles APB
and AQ B subtended on the segment AB are equal, a circle will pass through the points A, B, P
and @ i.e. these points are concyclic.

If AR be the tangent to the circle passing through P, Q and R then ZPRA = ZPQR =6

Also, if PQ subtends greatest angle at R which lies on the line AR, then point R will be the point
of contact of the tangent to the circle passing through P, ) and R.

11.2 Problems

1. A tower is 100v/3 meters high. Find the angle of elevation of its top point from a point 100
meters away from its foot.

2. The angle of elevation of the top of a tower from a point on the ground, which is 30 m away
from the foot of the tower is 30°. Find the height of the tower.

3. A kite is flying at a height of 60 m above the ground. The string attached to the kite is
temporarily tied to a point on the ground. The inclination of the string with the ground is 60°.
Find the length of the string assuming there is no slack in the string.



ot

6.

9.

10.

Height and Distance 108

0
p 0
20
A R
Figure 11.5

The string of a kite is 100 m long and it makes an angle of 60° with the horizontal. Find the
height of the kite, assuming there is no slack in the string.

A circus artist is climbing from the ground a rope stretched from the top of a vertical pole and
tied to the ground. The height of the pole is 12 m and the angle made by the rope with the
ground level is 30°. Calculate the distance covered by the artist in climbing to the top of
the pole.

A circus artist is climbing a 20 m long rope, which is tightly stretched and tied from the
top of a vertical pole to the ground. Find the height of the pole if the angle made by the rope
with the ground level is 30°.

A bridge across a river makes an angle of 45° with the river banks. If the length of the bridge
across the river is 150 m, what is the width of the river?

An observer 1.5 m tall is 28.5 m away from a tower. The angle of elevation of the top of the
tower from her eyes is 45°. What is the height of the tower?

An electician has to repair an electric fault on a pole of a height 4 m. He needs to reach a
point 1.3 m below the top of the pole to undertake the repair work. What should be the
length of the ladder that he should use when inclined at an angle of 60° to the horizontal
would enable him to reach the required position?

From a point on the ground 40 m away from the foot of the tower, the angle of elevation
of the top of the tower is 30°. The angle of elevation of the top of a water tank(on the top of
the tower) is 45°. Find (i) height of the tower (ii) the depth of the tank.

. A person, standing on the bank of a river, observes that the angle subtended by a tree on the

opposite bank is 60°. When he retreats 20 m from the bank, he finds the angle to be 30°. Find
the height of the tree and the breadth of the river.

. A tree 12 m high, is broken by the wind in such a way that its top touches the ground and

makes an angle of 60° with the ground. At what height from the bottom the tree is broken by
the wind?

. A tree is broken by the wind. The top struck the ground at an angle of 30° and at a distance

of 30 m from the root. Find the whole height of the tree.
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4. At a point on level ground, the angle of elevation of a vertical tower is found to be such that

its tangent in 5/12. On walking 192 m towards the tower, the tangent of the angle of elevation
is 3/4. Find the height of the tower.

The shadow of a vertical tower on level ground increases by 10 m, when the altitude of sun
changes from an angle of elevation 45° to 30°. Find the height of the tower.

. From the top of a hill, the angle of depression of two consecutive kilometer stones due east are

found to be 30° and 45°. Find the height of the hill.

Determine the height of a mountain if the elevation of its top at an unknown distance from
the base is 30° and at a distance 10 km further off from the mountain, along the same line, the
angle of elevation is 15°. (Use tan 15° = 0.27).

A person standing on the bank of a river observes that the angle of elevation of the top of a
tree standing on the opposite bank is 60°. When he moves 40 m away from the bank, he finds
the angle of elevation to be 30°. Find the height of the tree and width of the river.

An aeroplane at an altitude of 1200 m finds that two ships are sailing towards it in the same
direction. The angles of depression of the ships as observed from the aeroplane are 60° and 30°
respectively. Find the distance between two ships.

The shadow of a flag-staff is three times as long as the shadow of the flag-staff when the sun
rays meet the ground at an angle of 60°. Find the angle between the sun rays and the ground
at the time of longer shadow.

An aeroplane at an altitude of 200 m observes the angle of depression of opposite sign on
the two banks of a river to be 45° and 60°. Find the width of the river.

Two pillars of equal height and on either side of a road, which is 100 m wide. The anngle
of elevation of the top of the pillars are 60° and 30° at a point on the road between the pillars.
Find the position of the point between the pillars and the height of each pillar.

As observed from the top of a lighthouse, 100 m above sea level, the angle of depression of a
ship, sailing directly towards it, changes from 30° to 45°. Determine the distance travelled by
the ship during the period of observation.

The angle of elevation of the top @ of a vertical tower PQ from a point X on the ground
is 60°. At a point Y, 40 m vertically above X, the angle of elevation is 45°. Find the height of
the tower PQ and the distance XQ.

. From a window 15 m high above the ground in a street, the angles of elevation and depression

of the top and the foot of another hourse on the opposite side of the street are 30° and 45°
respectively show that the height of the opposite house is 23.66 m. (Use v/3 = 1.732).

5. From the top of a building 60 m high the angles of depression of the top and the bottom

of tower are observed to be 30° and 60°. Find the height of the tower.

. A man standing on the deck of a ship, which is 10 m above the water level. He observes that

the angle of elevation of the top of the hill as 60° and the angle of depression of the base of
the hill as 30°. Calculate the distance of the hill from from the ship and the height of the hill.
Given that level of water is in the same line with base of the hill.
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The angle of elevation of a jet plane from a point A on the ground in 60°. After a flight of 30
seconds the angle of elevation changes to 30°. If the jet plane is flying at a constant height of
36004/3 m, find the speed of the jet plane.

There is a small island in the middle of a 100 m wide river and a tall tree stands on the
island. P and @ are points directly opposite to each other on two banks in the line with the
tree. If the angle of elevation of the top of the tree from P and @ are respectively 30° and 45°,
find the height of the tree.

The horizonatal distance between two towers is 140 m. The angle of elevation of the top of the
first tower when seen from the second tower is 30°. If the height of the second tower is 60 m,
find the height of the first tower.

An aeroplane when flying at a height of 4000 m from the ground passes vertically above
anohter aeroplane at an instant when the angles of elevation of the two planes from the same
point on the ground are 60° and 45° respectively. Find the vertical distance between the
aeroplanes at that instant.

A tower stands vertically on the ground. From a point on the ground, 20 m away from the
foot of the tower, the angle of elevation of the top of the tower is 60°. What is the height
of the tower?

The angle of elevation of a ladder leaning against a wall is 60° and the foot of the ladder is 9.5
m away from the wall. Find the length of the ladder.

A ladder is placed along the wall of a house such that its upper end is touching the top of the
wall. The foot of the ladder is 2 m away from the wall and the ladder is making an angle
of 60° with the level of the ground. Determine the height of the wall.

. An electric pole is 10 m high. A steel wire tied to the top of the pole is affixed at a point

on the ground to keep the pole up right. If the wire makes an angle of 45° with the horizontal
through the foot of the pole, find the length of the wire.

A kite is flying at a height of 75 m from the ground level, attached to a string inclined at 60°
to the horizontal. Find the length of the string to the nearest meter.

A ladder 15 m long just reaches the top of a vertical wall. If the ladder makes an angle of 60°,
find the height of the wall.

A vertical tower stands on a horizontal plane and is surmounted by a vertical flag-staff. At a
point on the plane 70 m away from the tower, an observer notices that the angle of elevation
of the top and the bottom of the flag-staff are 60° and 45° respectively. Find the height of the
flag-staff and that of the tower.

A vertically straight tree, 15 m high, is broken by the wind in such a way that its top just
touches the ground and makes an angle of 60° with the ground. At what height from the
ground did it break?

A vertical tower stands on a horizontal plane and is surmounted by a vertical flag-staff of
height 5 m. At a point on the plane, the angle of elevation of the top and the bottom of the
flag-staff are respectively 30° and 60°. Find the height of the tower.
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1. A person observed the angle of elevation of the top of the tower as 30°. He walked 50 m

towards the foot of the tower along the ground level and found the angle of elevation of the
top of the tower to be 60°. Find the height of the tower.

2. The shadow of the tower, when the angle of elevation of the sun is 45°, is found to be 10

m longer than when it was 60°. Find the height of the tower.

A skydiver is descending vertically and makes angles of elevation of 45° and 60° at two
observing points 100 m apart from each other on the left side. Find the maximum height from
which he falls and the distance of the point where he falls on the ground from the nearest
observation point.

1. On the same side of a tower, two objects are located. When observed from the top of the

tower, their angles of depression are 45° and 60°. If the height of the tower is 150 m, find the
diistance between the objects.

. The angle of elevation of a tower from a point on the same level as the foot of the tower

is 30°. On advancing 150 m towards the foot of the tower, the angle of elevation of the tower
becomes 60°. Find the height of the tower.

The angle of elevation of the top of a tower as observed from a point in the horizontal plane
through the foot of the tower is 30°. When the observer moves towards the tower a distance of
100 m, he finds that angle of elevation has become 60°. Find the height of the tower and
distance of the initial position from the tower.

From the top of a building 15 m high the angle of elevation of the top of a tower is found to be
30°. From the bottom of the same building, the angle of elevation of the same tower is found
to be 60°. Find the height of the tower and distance between the tower and the building.

On a horizontal plane there is a vertical tower with a flag pole on the top of the tower. At a
point 9 m away from the foot of the tower the angle of elevation of the top and bottom of the
flag pole are 60° and 30° respectively. Find the height of the tower and the flag pole mounted
on it.

A tree breaks due to a storm and the broken part bends so that the top of the tree touches
the ground making an angle 30° with the ground. The distance between the foot of the tree to
the point where the top touches the ground is 8 m. Find the height of the tree.

From a point P on the ground the angle of eleveation of a 10 m tall building is 30°. A flag is
hoisted at the top of the building and the angle of elevation of the top of the flag from P
is 45°. Find the length of flag and the distance of building from point P.

. A 1.6 m tall girl stands at a distance 3.2 m from a lamp post. The length of the shadow of the

girl is 4.8 m on the ground. Find the height of the lamp post by using trigonometric ratios
and similar triangles.

. A 1.5 m tall boy is standing some distance from a 30 m tall building. The angle of elevation

from his eyes to the top of the building increases from 30° to 60° as he walks towards the
building. Find the distance he walks towards the building.

. The shadow of a tower standing on level ground is found to be 40 m longer when sun's angle

of elevation is 30° than when it is 60°. Find the height of the tower.
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4. From a point on the ground the angles of elevation of the bottom and top of a transmission

tower fixed at the top of a building 20 m high are 45° and 60° respectively. Find the height of
the transmission tower.

The angles of depression of the top and bottom of 8 m tall building from the top of a
multistoried building are 30° and 45° respectively. Find the height of the multistoried building
and the distance between two buildings.

. A statue 1.6 m tall stands on the top of pedestal. From a point on the ground, the angle

of elevation of the top of the statue is 60° and from the same point the angle of elevation
of the top of the pedestal is 45°. Find the height of the pedestal.

From the top of a 7 m high building, the angle of elevation of the top of a cable tower is
60° and the angle of depression of its foot is 45°. Determine the height of the tower.

. As observed from the top of a 75 m tall lighthouse, the angle of depression of two ships are 30°

and 45°. If one ship is exactly behind the other on the same side of the lighthouse, find the
distance between two ships.

. The angle of elevation of the top of the building from the foot of a tower is 30° and the angle

of top of the tower from the foot of the building is 60°. If the tower is 50 m high, find the
height of the building.

From a point on a bridge across river the angles of depression of the banks on opposite sides of
the river are 30° and 45°. If the bridge is at a height of 30 m find the width of the river.

Two poles of equal heights are standing opposite to each other on either side of the road
which is 80 m wide. From a point between them on the road the angle of elevation of the top
of the poles are 60° and 30° respectively. Find the height of the poles and the distance of the
point from the poles.

A man sitting at a height of 20 m on a tall tree on a small island in middle of a river observes
two poles directly opposite to each other on the two banks of the river and in line with the
foot of the tree. If the angles of depression of the feet of the poles from a point which the man
is sitting on the tree on either side of the river are 60° and 30° respectively. Find the width of
the river.

A vertical tower stands on a horizontal plane and is surmounted by a flag-staff of height 7 m.
From a point on the plane, the angle of elevation of the bottom of the flag-staff is 30° and that
of the top of the flag-staff is 45°. Find the height of the tower.

The length of the shadow of a tower standing on level plane is found to be 22 m longer when
the sun's altitude is 30° than when it was 45°. Prove that the height of tower is z(v/3 + 1) m.

5. A tree breaks due to a storm and the broken part bends so that the top of the tree touches

the ground making an angle of 30° with the ground. The distance from the foot of the tree to
the point where the top touches the ground is 10 m. Find the height of the tree.

A balloon is connected to a meteorological ground station by a cable of length 215 m inclined
at 60° to the horizontal. Determine the height of the balloon from the ground assuming there
is no slack in the cable.
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To men on either side of a cliff 80 m high observe that angle of elevation of the top of the cliff
to be 30° and 60° respectively. Find the distance between the two men.

Find the angle of the elevation of the sun (sun's altitude) when the length of the shdow of a
vertical pole is equal to its height.

An aeroplane is flying at a height of 210 m. At some instant the angles of depression of two
points in opposite directions on both the banks of the river are 45° and 60°. Find the width of
the river.

The angle of elevation of the top of a chimney from the top of a tower is 60° and the angle of
depression of the foot of the chimney from the top of the tower is 30°. If the height of the
tower is 40 m, find the height of the chimney. According to pollution control norms, the
minimum height of a smoke emitting chimney should be 100 m. State if the height of the
chimney meets the pollution norms.

Two ships are in the sea on either side of a lighthouse in such a way that ships and lighthouse
are always in the same straight line. The angles of depression of two ships are observed from
the top of the lighthouse are 60° and 45° respectively. If the height of the lighthouse is 200 m,
find the distance between the two ships.

The horizontal distance between two poles is 15 m. The angle of depression of top of the
first pole as seen from the top of second pole is 30°. If the height of second pole is 24 m, find
the height of the first pole.

The angle of depression of two ships from the top of a lighthouse and on the same side of it are
found to be 45° and 30° respectively. If the ships are 200 m apart, find the height of lighthouse.

. The angle of elevation of the top of a tower from two points at a distance of 4 m and 9 m from

the base of the tower and in the same straight line are complementary. Prove that the height
of the tower is 6 m.

5. The horizontal distance between two trees of different heights is 60 m. The angle of depression

of the top of the first tree when seen from the top of the second tree is 45°. If the height of the
second tree is 80 m, find the height of the first tree.

A flag-staff stands on the top of a 5 m high tower. From a point on the ground, the angle
of elevation of the top of the flag-staff is 60° and from the same point, the angle of elevation of
the top of the tower is 45°. Find the height of the flag-staff.

The angle of elevation of the top of a vertical tower PQ from a point X on the ground is
60°. At a point Y, 40 m vertically above X, the angle of elevation of the top is 45°. Calculate
the height of the tower.

As observed from the top of a 150 m tall lighthouse, the angle of depressions of two ships
approaching it are 30° and 45° respectively. If one ship is directly behind the other, find the
distance between two ships.

The angle of elevation of the top of a rock from the top and foot of a 100 m high tower are 30°
and 45° respectively. Find the height of the rock.
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A straight highway leads to the foot of the tower of height 50 m. From the top of the tower,
the angles of depression of two cars standing on the highway are 30° and 60° respectively.
What is distance between the cars and how far is each car from the tower?

From the top of a building AB, 60 m high, the angles of depression of the top and bottom of a
vertical lamp post C'D are observed to be 30° and 60° respectively. Find (i) horizontal distance
between AB and C'D, (ii) the height of the lamp post, and (iii) the difference between heights
of the building and lamp post.

Two boats approach a lighthouse mid sea from opposite directions. The angles of elevation of
the top of the lighthouse from the two boats are 30° and 45° respectively. If the distance
between the ships is 100 m, find the height of the lighthouse.

The angle of elevation of a hill from the foot of a tower is 60° and the angle of elevation of the
top of the tower from the foot of the hill is 30°. If the tower is 50 m high, find the height of
the hill.

A moving boat is observed from the top of a 150 m high cliff moving away from the cliff. The
angle of depression of the boat changes from 60° to 45° in 2 min. Find the speed of the boat.

. From the top of a 120 m high tower, a man observes two cars on the opposite sides of the

tower and in straight line with the base of the tower with angles of depression as 60° and 45°.
Find the distance between the cars.

Two points A and B are on the same side of a tower and in the same straight line as its base.
The angles of depression of these points from the top of tower are 60° and 450 respectively. If
the height of the tower is 15 m, find the distance between the points.

A vertical tower stands on a horizontal plane and is surmounted by a vertical flag-staff of
height h. At a point on the plane, the angles of elevation of the bottom and the top of the

htan o

flag-staff are a and 3 respectively. Prove that the height of the tower is T f_tana’

The angles of elevation of the top of a tower from two points at distancces a and b meters
from the base and in same straight line with it are complementary. Prove that the height
of the tower is vab m.

Two stations due south of a leaning tower which leans towards north are at distance a and b

from its foot. If a, B be the elevations of the top of the tower from these stations, prove that
bcota—acot

its inclination 6 to the horizontal is given by cot § = —

If the angle of elevation of a cloud from a point h meteres above a lake is a and the angle of

h(tan a+tan 3)
tan B—tana

depression of its reflection in the lake is 3, prove that the height of the cloud is

A round balloon of radius r subtends an angle « at the eye of the observer while the angle of

elevation of its center is 5. Prove that the height of the center of the balloon is rsin Scosec %

The angle of elevation of a cliff from a fixed point is 6. After going a distance of k m towards
the top of the cliff at an angle of ¢, it is found that the angle of elevation is c. Show that the
height of the cliff is klcosg—singcota) ;)

cot @—cot a
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The angle of elevation of the top of a tower from a point A due south of the tower is «

and from B due east of the tower is 5. If AB = d, show that the height of the tower is
d

Vcot? acot? ,8.

The elevation of a tower at a station A due north of it is « and at a station B due west of A
is . Prove that the height of tower is M

sin® a—sin“ 8
A 1.2 m tall girl spots a balloon moving with the wind in a horizontal line at a height of
88.2 m from the ground. The angle of elevation from the eyes of the girl at any instant is
60°. After some time, the angle of elevation is reduced to 30°. Find the distance travelled
by the balloon during the interval.

A straight highway leads to the foot of the tower. A man standing on the top of the tower
observes a car at an angle of depression of 30°, which is approaching the foot of tower with
uniform speed. Six seconds later the angle of depression is found to be 60°. Find the further
time taken by the car to reach the foot of the tower.

. A man on a cliff observes a boat at an angle of depression of 30° which is apporaching the

shore to the point immediately beneath the observer with a uniform speed. Six minutes later,
the angle of depression of the boat is found to be 60°. Find the time taken by the boat to read
the shore.

A man on the top of a vertical tower observes a car moving at a uniform speed coming directly
towards it. If it takes 12 min for the angle of depression to change from 30° to 45°, find the
time taken by the car to reach the foot of the tower.

A fire in a building is reported to two fire stations, 20 km apart from each other on a straight
road. One fire station observes that the fire is at an angle 60° to the the road and second fire
station observes that the fire is at 45° to the road. Which station's fire-fighting team will
reach sooner and how much would it have to travel?

A man on the deck of a ship is 10 m above the water level. He observes that the angle of
elevation of the top of a cliff is 45° and the angle of depression of its base is 30°. Calculate the
distance of ship from the cliff and height of the cliff.

. There are two temples, one on each bank of a river, just opposite to each other. One temple is

50 m high. From the top of this temple, the angle of depression of the top and the bottom of
the other temple are 30° and 60° respectively. Find the width of the river and the height of the
other temple.

The angle of elevation of an aeroplane from a point on the ground is 45°. After a flight of
15 seconds, the elevation changes to 30°. If the aeroplane is flyging at a height of 3000 m, find
the speed of the aeroplane.

An aeroplane flying horizontally 1 km above the ground is observed at an elevation of 60°.
After 10 seconds, its elevation is observed to be 30°. Find the speed of the aeroplane in km/hr.

A tree standing on a horizontal plane is leaning towards east. At two points situated at
distance a and b exactly due west of it, with angles of elevation to the top respectively «

and 3. Prove that the height of of the top from the ground is (b—a)tanatanf

tan a—tan 3
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. The angle of elevation of a stationary cloud from a point 2500 m above a lake is 15° and

the angle of depression of its reflection in the lake is 45°. What is the height of the cloud
above the lake level? (Use tan 15° = 0.268).

). If the angle of elevation of a cloud from a point h meters above a lake is a and the angle

of depression of its reflection in the lake is 8, prove that the distance of cloud from the point
2h sec

of observation is ——————.
tan f—tan

From an aeroplane vertically above a straight horizontal road, the angles of depression of
two consecutive milestones on opposite sides of the aeroplane are observed to be o and S.

Show that the height in miles of aeroplane above the rooad is given by %%

PQ is a post of given height h, and AB is a tower at some distance. If @ and 3 are the angles
of elevation of B, at P and @ respectively. Find the height of the tower and its distance from
the post.

A ladder rests against a wall at an angle « to the horizontal. Its foot is pulled away from the
wall through a distance a, so that it slides a distance b down the the wall making an angle 3

with the horizontal. Show that § = cosa—cos

sin f—sin«
A tower subtends an angle « at a point A in the plane of its base and the angle of depression
of the foot of the tower at a point b m just above A is 8. Prove that the height of the tower is
btan a cot S.

An observer, 1.5 m tall, is 28.5 m away from a tower 30 m high. Determine the angle of
elevation of the top of the tower from his eye.

From the top of a tower h m high, the angles of depression of two objects, which are in line
with the foot of tower are o and 8(8 > «). Find the distance between two objects.

A window of house is h m above the ground. From the window, the angles of elevation and
depression of the top and bottom of the amother house situated on the opposite side of the lane
are found to be « and S respectively. Prove that the height of the house is h(1 + tan a cot 3)
m.

4. The lower windows of a house is at a height of 2 m above the ground and its upper window

is 4 m vertically above the lower window. At certain instant the angles of elevation of a
balloon from these windows are observed to be 60° and 30° respectively. Find the height of the
balloon above the ground.

A man standing south of a lamp-post observes his shadow on the horizontal plane to be 24 ft.
long. On walking eastward 300 ft. he finds the shadow as 30 ft. If his height is 6 ft., obtain the
height of the lamp post above the plane.

When the sun's altitude increases from 30° to 60°, the length of the shadow of tower decreases
by 5 m. Find the height of the tower.

A man observes two objects in a straight line in the west. On walking a distance ¢ to the
north, the objects subtend an angle « in front of him. On walking a further distance ¢ to the
3c

north, they subtend angle 3. Show that distance between the objects is Jeot B—cotar
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An object is observed from the points A, B, C' lying in a horizontal straight line which passes
directly underneath the object. The angular elevation at B is twice that at A and at C three

times that of A. If AB = a, BC = b, show that the height of the object is 55 1/(a + b) (3b —a).

At the foot of a mountain the elevation of its summit is 45°; after ascending one kilometer
towards the mountain upon an incline of 30°, the elevation changes to 60°. Find the height of
the mountain.

A man observes that when he has walked ¢ m up an inclined plane, the angular depression of
an object in a horizontal plane through the foot of the slope is @ and when he walked a
further distance of ¢ m, the depression is 5. Prove that the inclination of the slope to the
horizon is the angle whose cotangent is 2 cot 5 — cot a.

A ladder rests against a vertical wall at an angle « to the horizontal. Its foot is pulled away
from the wall through a distance a so that it slides a distance b down the wall making an
angle 8 with the horizontal. Show that a = btan #

A balloon moving in a straight line passes vertically above two points A and B on a horizontal
plane 1000 m apart. When above A has an altitude 60° as seen from B, and when above B,

30° as seen from A. Find the distance from A of the point at which it will strike the plane.

A person standing on the bank of a river observes that the angle subtended by a tree on
the opposite bank is 60°. When he retires 40 m from the bank perpendicular to it, he finds the
angle to be 30°, find the height of the tree and the breadth of the river.

The angles of elevation of a bird flying in a horizontal straight line from a point at four
consecutive observations are «, 3, and ¢, the observations being taken at equal intervals of time.
Assuming that the speed of the bird is uniform, prove that cot? a — cot? § = 3(cot2 B — cot? ).

At a point on a level plane a vertical tower subtends an angle o and a pole of height h
m at the top of the tower subtends an angle (3, show that the height of the tower is
h sin accosec cos(a + ) m.

AB is a vertical pole. The end A is on the level ground. C is the middle point of AB. P is
a point on the level ground. The portion C'B subtends an angle g at P. If AP = n.AB, then

show that tan g = 55%3

. The angular depression of the top and the foot of a chimney as seen from the top of a

second chimney, which is 150 m high and standing on the same level as the first, are 6 and ¢
respectively. Find the distance between their tops when tanf = % and tan ¢ = g

The angular elevation of a tower C'D at a place A due south of it is 30° and at a place B due
west of A, the elevation is 18°. If AB = a, show that the height of the tower is

a

2425

The elevation of a tower due north of a station at P is # and at a station @) due west of P
is ¢. Prove that the height of tower is PQ.sinbsing

sin?—sin? [}
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The angle of elevation of a certain peak when observed from each end of a horizontal baseline
of length 2a is found to be §. When observed from the mid-point of the base, angle of elevation
. . . in 0 si

is ¢. Prove that the height of the peak is #m

The angles of elevation of the top of a hill as seen from three consecutive milestones of a
straight road not passing through the foot of the hill are «, 3, v respectively. Show that the

height of the hill is NS ey

A tower stands in a field whose shape is that of an equilateral triangle and whose sides are 80

ft. It subtends an angle at three corners whose tangents are respectively v/3 + 1, v/2, v/2. Fnd
its height.

A man on a hill observers that three towers on a horizontal plane subtend equal angles at his
eye and that the angles of depression of their bases are «a, 3, . If a, b, , ¢ be the heights of the
sin(B8—7) + sin(y—a) + sin(a—p) _ 0

3 =0.

tower, prove that == = :
asin o blnB csin 7y

A person walking along a canal observes that two objects are in the same line which is inclined

at an angle a to the canal. He walks a distnce ¢ further and observes that the objects subtend
2csinasin 8
cosatcos3°

their greatest angle 8. Show that their distance apart is

A flag-staff is fixed on the top of a tower standing on a horizontal plane. The angles subtended
by the flag-staff at two points ¢ m apart, on the same side and on the same horizontal line
through the foot of the tower are the same and equal to a. The angle subtended by the tower
at the farthest point is 3, find the height of the tower and the length of the flag staff.

The angle of elevation of a cloud from a point h ft. above the surface of a lake is 8, the anngle
hsin(0+¢)

of depression of its reflection in the lake is ¢. Prove that the height of the cloud is Sin(¢—0) -

A road is inclined at an angle 10° to the vertical towards the sun. The height of the shadow on
the horizontal ground is 2.05 m. If the elevation of the sun is 38°, find the length of the road.

When the sun's altitude increases from 30° to 60°, the length of the shadow of a tower decreases
by 30 m. Find the height of the tower.

The shadow of a tower standing on a level is found to be 60 m longer when the sun's altitude
is 30° than when it is 45°. Find the height of the tower.

A man on a cliff observes a boat at an angle of depression of 30°, which is sailing towards
the shore to the point immediately beneath him. Three minutes later, the angle of depresssion
of the boat is found to be 60°. Assuming that the boat sails at uniform speed, determine
how much more time it will take to reach the shore.

An aeroplane when 3000 m high passes vertically above another aeroplane at an instant when
there angle of elevation at the same observation points are 60° and 45° respectively. How many
meters higher is the one than the other.

The angles of elevation of an aeroplane at two consecutive milestones respectively are « and §.
Find the height of the plane taking it to be between the two milestones and just above the
road.
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The altitude of a certain rock is 47° and after walking towards it 1000 m up a slope inclined
at 30° to the horizon an observer finds its altitude to be 77°. Find the height of the rock.
(sind7° = .73135.)

4. A man observes that when he moves up a distance ¢ m on a slope, the angle of depression of a

point on the horizontal plane from the base of the slope is 30° and when he moves up further
a distance ¢ m, then angle of depression of the point is 45°. Obtain the angle of depression of
the slope with the horizontal.

On level ground the angle of elevation of the top of the tower is 30°. On moving 20 m nearer
the angle of elevation is 60°. What is the height of the tower?

An air-pilot at a height & m above the ground observes the angle of depression of the top and
bottom of a tower to be 30° and 60°. Find the height of the tower.

From the top of a hill 200 m high, the angles of depression of the top and the bottom of a
pillar are 30° and 60° respectively. Find the height of the pillar and its distance from the hill.

A vertical pole consists of two parts, the lower part being one-third of the whole. The upper
part subtends an angle whose tangent is % at a point in a horizontal plane through the foot of
the pole and 20 m from it. Find the height of the pole.

A statue is 8 m high standing on the top of a tower 64 m high on the bank of a river subtends
at a point A on the opposite bank facing the tower, the same angle as subtended at the same
point A by a man 2 m high standing at the base of of the tower. Show that the breadth of the
river is 16\/5 m.

. A statue @ m high placed on a column b m high subtends the same angle as the column to an

observer h m high standing on the horizontal plane at a distance d m from the foot of the
column. Show that (a —b)d% = (a4 b)b? — 2b*h — (a — b) h2.

1. The angles of elevation of the top of a tower standing on a horizontal plane from two points

on a line passing through the foot of the tower at a distance a and b are complementary

angles. Prove that the height of the tower is v/ab. If the line joining the two points subtend an

angle 6 at the top of the tower, show that sin§ = %.

. A pillar subtends at a point d m apart from its foot the same angle as that subtended at the

same point by a statue on the top. If the pillar is A m high, show that the height of the status
2 2
is 7’1(;2;?2 ) m

3. A vertical tower 50 ft. high stands on a sloping ground. The foot of the tower is at the

same level as the middle point of a vertical flag pole. From the top of the tower the angle
of depression of the top and the bottom of the pole are 15° and 45° respectively. Find the
length of the pole.

4. An observer at an anti-aircraft post A identifies an enemy aircraft due east of his post at

an angle of elevation of 60°. At the same instant a detection post D situated 4 km south of A
reports the aircraft at an elevation of 30°. Calculate the altitude at which the aircraft is flying.
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. A flag staff PN stands up right on level ground. A base AB is measured at right angled

to AN such that the points A, B, N lie in the same horizontal plane. If ZPAN = « and

. . AB.si i
ZPBN = j3. Prove that the height of the flag staff is ﬁmmf?ﬁi?ffﬁ)'

). A vertical pole is divided in the ratio 1: 9 by a mark on it. If the two parts subtend equal

angle at a distance of 20 m from the base of the pole, find the height of the pole. The lower
part is shorter than the upper one.

. A chimney leans towards north. At equal distances due north and south of it in a horizontal

plane, the elevation of the top are «, 8. Show that the inclination of the chimney to the
sin(a—p) ]

vertical is tan~! [ ——
2sinasin 8

. A flag staff 10 m high stands in the center of an equilateral triangle which is horizontal. If

each side of the triangle subtends an angle of 60° at the top of flag staff. Prove that the length
of the sides are 5v/6 m.

. Two posts are 120 m apart, and the height of one is double that of the other. From the middle

point of the line joining their feet, an observer finds the angular elevation of their tops to be
complementary. Find the height of the posts.

A pole 100 ft. high stands at the center of an equilateral triangle each side of which subtends
and angle of 60° at the top of the pole. Find the side of the triangle.

An observer on a carriage moving with a speed v along a straight road observes in one position
that two distant trees are in the same line with him which is inclined at an angle 6 to the

road. After a time ¢, he observes that the trees subtend their greatest angle ¢. Show that
2t sin fsin ¢

the distance between the tree is ————=.
cos f+cos ¢

A and B are two points on one bank of a straight river and C' and D are two points on the
other bank. The direction from C to D is the same as from A to B. If AB = a, ZCAD =

_ _ _ asin asiny
«, LDAB = 57 40314 =1y, prove that CD = m
To measure the breadth PQ of a river a man places himself at R in the straight line PQ
produced through @ and then walks 100 m at right angles to this line. He then finds PQ and
QR subtend angles 15° and 25° at his eye. Find the breadth of the river.

A bird is perched on the top of a tree 20 m high and its elevation from a point on the ground
is 45°. Tt flies off horizontally straight away from the observer and in second the elevation
of the bird is reduced to 30°. Find its speed.

. The angles of elevation of a balloon from two stations 2 km apart and from a point halfway

between them are observed to be 60°, 30° and 45° respectively. Prove that the height of the
balloon is 500+/6 m.

If the angular elevations of the tops of two spires which appear in a straight line is a and the
angular depression of their reflections in a lake, h ft. below the point of observation are § and -,
show that the distance between the two spires is 2h cos® asin (v—B)cosec( — a)cosec(y—a)
ft. where v > f.
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A pole stands vertically on the center of a square. When « is the elevation of the sun its
shadow just reaches the side of the square and is at a distance = and y from the ends of that

side. Show that the height of the pole is $2J2ry2

.tan a.

A circular plate of radius a touches a vertical wall. The plate is fixed horizontally at a height b
above the ground. A lighted candle of length ¢ stands vertically at the center of the plate.
Prove that the breadth of the shadow on the wall where it meets the horizontal ground is

2\/b2 + 2be.

The extremity of the shadow of a flag-staff which is 6 m high and stands on the top of a
pyramid on a square base, just reaches the side of the base and is distant « and y ft. respectively

2 2
from the ends of that side; prove that the height of the pyramid is 4/Z ;y .tan o — 6, where «

is the elevation of the sun.

A man observes a tower PQ of height h from a point C' on the ground. He moves forward a
distance d towards the foot of the tower and finds that the angle of elevation has doubled. He

further moves a distance %d in the same direction. He finds that the angle of elevation is three
times that at P. Prove that 36h% = 35d2.

A 2 m long object is fired vertically upwards from the mid-point of two locations A and B, 8
m apart. The speed of the object after ¢ seconds is given by % =(2t+1) m/s. Let « and 8

be the angles subtended by the object at A and B respectively after one and two seconds.
Find the value of cos(a — 3).

A sign-post in the fom of an isosceles triangle ABC' is mounted on a pole of height A fixed to
the ground. The base BC of the triangle is parallel to the ground. A man standing on the
ground at distance d from the sign-post finds that the top vertex A of the triangle subtends an
angle 8 and either of the two vertices subtends the same angle « at his feet. Find the area of
the triangle.

. A tower is observed from two stations A and B, where B is east of A at a distance 100 m. The

tower is due north of A and due north-west of B. The angles of elevations of the tower from A
and B are complementary. Find the height of the tower.

4. Two vertical poles whose heights are a and b subtend the samme angles « at a point in the line

joining their feet. If they subtend angle 5 and y at any point in the horizontal plane at which the
line joining their feet subtends a right angle, prove that (a + b)2 cot? a = a2 cot? 8 + b2 cot? 4.

5. PQ is a vertical tower. P is the foot and @ is the top of the tower. A, B, C are three points in

the horizontal plane through P. The angles of elevation of @ from A, B, C' are equal and each
is equal to 6. The sides of the AABC are a, b, ¢ and the area of the AABC is A. Show that

. .. abctanf
the height of the tower is — —.

An observer at O notices that the angle of elevation of the top of a tower is 90°. The line
joining O to the base of the tower makes an angle of tan~1 % with the north and is inclined

eastwards. The observer travels a distance of 300 m towards north to a point A and finds
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the toewr to his east. The angle of elevation of the top of the tower at A is ¢. Find ¢ and the
height of the tower.

A tower AB leans towards west making an angle « with the vertical. The angular elevation
of B, the top most point of the tower, is 5 as observed from a point C due west of A at a
distance d from A. If the angular elevation of B from a point D due east of C' at a distance 2d
from C' is 7, then prove that 2tana = 3 cot f — cot .

The elevation of the top of a tower at point F due east of the tower is «, and at a point S
due south of the tower is 8. Prove that it's elevation 6 at a point mid-way between E and S is
given by cot? 8 + cot? a = 4 cot? .

A vertical tree stands at a point A on a bank of a canal. The angle of elevation of its top
from a point B on the other bank of the canal and directly opposite to A is 60°. The angle of
elevation of the top from another point C' is 30°. If A, B and C are on the same horizontal
plane, ZABC = 120° and BC = 20 m, find the height of the tree and the width of the canal.

A person observes the top of a vertical tower of height h from a station S; and finds 7 is

the angle of elevation. He moves in a horizontal plane to second station Sg andd finds that

ZPS551 is 1 and the angle subtended by S2S7 at P (top of the tower) is §; and the angle of

elevation is 5. He moves again to a third station S3 such that S35 = 5951, ZPS352 = 72
h

and the angle subtended by S5S5 is d2. Show that S2Lsin Bi_sinvasinfs

sin 1 sin do T 518y

A straight pillar PQ stands at a point P. The points A and B are situated due south and east
of P respectively. M is mid-point of AB. PAM is an equilateral triangle and N is the foot of
the perpendicular from P on AB. Suppose AN = 20 m and the angle of elevation of the top
of the pillar at N is tan~! 2. Find the height of the pillar and the angle of elevation of its top
at A and B.

ABC is a triangular park with AB = AC' = 100 m. A television tower stands at the mid point
of BC. The angles of elevation of the top of the tower at A, B and C are 45°, 60° and 60°
respectively. Find the height of the tower.

A square tower stands upon a horizontal plane from which three of the upper corners are
visible, their angular elevations are 45°, 60° and 45°. If h be the height of the tower and a

is the breadth of its sides, then show that % = @}@.

A. A right circular cylindrical tower of height h and radius r stands on a horizontal plane. Let A

be a point in the horizontal plane and PQR be a semi-circular edge of the top of the tower
such that @ is the point in it nearest to A. The angles of elevation of the points P and @Q are

45° and 60° respectively. Show that % = M

. A is the foot of the vartical pole, B and C are due east of A and D is due south of C'. The

_11

elevation of the pole at B is double that C' and the angle subtended by AB at D is tan™ " z.

Also, BC' =20 m, CD = 30 m, find the height of the pole.

A person wishing to ascertain the height of a tower, stations himself on a horizontal plane
through its foot at a point at which the elevation of the top is 30°. On walking a distance a in
a certain direction he finds that elevation to the top is same as before, and on walking a
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distance ga at right angles to his former direction, he finds the elevation of the top to be 60°,

prove that the height of the tower is either \/ga or ,/%a.

A tower stands in a field whose shape is that of an equilateral triangle and whose side is 80 ft.

It subtends angles at three corners whose tangents are respectively V3 + 1, V2 , V2. Find
its height.

A flag-staff on the top of a tower is observed to subtend the same angle a at two points on a
horizontal plane, which lie on a line passing through the center of the base of the tower annd
whose distance from one another is 2a, and angle $ at a point half way between them. Prove

that the heirght of the flag-staff is asin ay /ﬁrﬁg—ar

A man standing on a plane observes a row of equal and equidistant pillars, the 10-th and
17-th of which subtend the same angle that they would do if they were in position of the first

respectively % and % of their height. Prove that, neglecting the height of the man's eye, the line

of pillars is inclined to be line drawn from his eye to the first at an angle whose secant is
nearly 2.6.

A tower stands on the edge of the circular lake ABC'D. The foot of the tower is at D and the
angle of elevation of the top from A, B, C are respectively «, 8, . It ZBAC = ZACB = 6.
Show that 2 cosf cot 8 = cot a + cot .

A pole stands at the bank of circular pond. A man walking along the bank finds that angle of
elevation of the top of the pole from the points A and B is 30° and from the third point C is
45°. If the distance from A to B and from B to C measured along bank are 40 m and 20 m
respectively. Find the radius of the pond and the height of the pole.

A man standing on the sea shore observes two buoys in the same direction, the line through
them making an angle a with the shore. He then walks a distance along the shore a distance a,
when he finds the buoys subtend an angle « at his eye; and on walking a further distance b he

finds that they subtend an angle « at his eye. Show that the distance between the buoys
. b 2a(a+b)
18 (a+§> seca — 5
of the man's eye above the sea.

cos o, assuming the shore to be straight and henglecting the height

A railway curve in the shape of a quadrant of a circle, has n telegraph posts at its ends and
at equal distance along the curve. A man stationed at a point on one of the extreme radii

produced sees the p-th and ¢-th posts from the end nearest him in a straight line. Show
T

that the radius of the curve is %cos( P + q) pcosecppcosecqp, where ¢ = =) and a is the

distance from the man to the nearest end of curve.

A wheel with diameter AB touches the horizontal ground at the point A. There is a rod BC
fixed at B such that ABC'is vertical. A man from a point P on the ground, in the same plane
as that of wheel and at a distance d from A, is watching C' and finds its angle of elevation
is a. The wheel is then rotated about its fixed center O such that C' moves away from the
man. The angle of elevation of C' when it is about to disappear is 5. Find the radius of the
wheel and the length of the rod. Also, find distance PC when C'is just to disappear.

A semi-circular arch AB of length 2L and a vertical tower P(Q are situated in the same vertical
plane. The feet A and B of the arch and the base Q) of the tower are on the same horizontal
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level, with B between A and ). A man at A finds the tower hidden from his view due to arch.
He starts carwling up the arch and just sees the topmost point P of the tower after covering a

distance % along the arch. He crawls further to the topmost point of the arch and notes the
angle of elevation of P to be §. Compute the height of the tower in terms of L and 6.

A circle passes through three points A, B and C with the line segment AC' as its diameter. A
line passing through A intersects the chord BC' at a point D inside the circle. If angles DAB
and C'AB are « and f3 respectively and the distance between point A and the mid-point of the
wd? cos? a

line segment DC' is d. Prove that the area of the circle is o5 aTcos? B3 cos a cos Boos(F—a)’

The angle of elevation of a cloud from a point h m above a lake is «, and the angle of
depression of its reflection is 8. Prove that the distance of the observer from the cloud is
2h cos 3

sin(B—a)”

An isosceles triangle of wood is placed in a vertical plane, vertex upwards and faces the the
sun. If 2a be the base of the triangle, h its height and 30° be the altitude of the sun, prove

2ah\/3
3h2—a?

that the tangent of the angle at the apex of the shadow is

A rectangular target faces due south, being vertical and standing on a horizontal plane.
Compute the area of the target with that of its shadow on the ground when the sun is 8° from
the south at an altitude of a’.

The extremity of the shadow of a flag staff which is 6 m high and stands on the top of a
pyramid on a square base just reaches the side of the base and is distant 56 m and 8 m
respectively from the extremeties of that side. Find the sun's altitude if the height of the
pyramid is 34 m.

The shdadow of a tower is observed to be half the known height of the tower and sometime
afterwards is equal to the known height; how much will the sun have gone down in the interval.
Given log 2 = 0.30103, tan 63°23" = 10.3009994 and diff for 1’ = 3152.

A man notices two objects in a straight line due west. After walking a distance ¢ due north, he
observes that the objects subtend an angle a at his eye; and after walking a further distance

2¢ due norht an angle 3. Show that the distance between the objects Ignore the

8c
3cot f—cota”
height of the man.

A stationary balloon is observed from three points A, B and C' on the plane ground and it is
found that its angle of elevation from each of these points is a. If ZABC = § and AC = b,
find the height of the balloon.

A lighthouse, facing north, sends out a fan-shaped beam of light extending from north-east to
north-west. An observer on a steamer, sailing due west first sees the light when he is 5 km
away from the lighthouse and continues to see it for 30v/2 minutes. What is the speed of
the steamer?

A man walking due north observes that the elevation of a balloon, which is due east of him
and is sailing towards the north-west is then 60°; after he has walked 400 yards the balloon is
vertically over his head. Find its height, supposing it to have always remained the same.
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A flag-staff stands on the middle of a square tower. A man on the ground opposite the middle
of the face and distant from it 100 m, just sees the flag; on receeding another 100 m the
tangents of the elevation of the top of the tower and the top of the flag staff are found to
be % and g. Find the dimensions of the tower and the height of the flag staff, the ground being
horizontal.

A vertical pole stands at a point O on horizontal ground. A and B are points on the ground, d
meters apart. The pole subtends angles @ and 8 at A and B respectively. AB subtends an
angle v at O. Find the height of the pole.

A vertical tree stands on a hill side that makes an angle a with the horizontal. From a point
directly up the hill from the tree, the angle of elevation of the tree top is 5. From a point m
cm further up the hill the angle of depression of the tree top is «. If the tree is h meters tall,
find A in terms of «, 3, 7.

A person stands on the diagnal produced of the square base of a church tower, at a distance
2a from it and observes the angle of elevation of each of the two outer corners of the top of the
tower to be 30°, while that of the nearest corner is 45°. Prove that the breadth of the tower is

a(V10 —v2).

The elevation of a steeple at a place due south of it is 45° and at another place due west
of the former place is 15°. If the distance between the two places be a, prove that the height of
a(v/3-1) or a

2.V/3 V6+4y3

steeple is

A tower surmounted by a spire stands on a level plane. A person on the plain observes that
when he is at a distance a from the foot of the tower, its top is in line with that of a mountain
behind the spire. From a point at a distance b further from the tower, he finds that the spire
subtends the same angle as before at his eye and its top is in line with that of the mountain. If
the height of the tower above the horizontal plane through the observer's eye is ¢, prove that

the height of the mountain above the plane is E%b%i'

From the bottom of a pole of height h, the angle of elevation of the top of the tower is . The
pole subtends angle 3 at the top of the tower. Find the height of the tower.

A man moves along the bank of a canal and observes a tower on the other bank. He finds
that the angle of elevation of the top of the tower from each of the two points A and B, at a
distance 6d apart is a. From a third point C, between A and B at a distance 2d from A, the
angle of elevation is found to be 5. Find the height of the tower and width of the canal.

The angle of elevation of a balloon from two stations 2 km apart and from a point halfway
between them are observed to be 60°, 30° annd 45° respectively. Prove that the height of the
balloon is 500v/6 meters.

. A flag staff 10 meters high stands in the center of an equilateral triangle which is horizontal.

If each side of the triangle subtends an angle of 60° at the top of the flag staff. Prove that the
length of the side of the triangle is 5v/6 meters.

A tower standing on a cliff subtends an angle § at each of two stations in the same horizontal
line passing through the base of the cliff and at a distance of @ meters and b meters respectively
from the cliff. Prove that the height of the tower is (a + b) tan 8 meters.
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. A man walking towards a tower AB on which a flag staff is fixed observes that when he is at

a point F, distance ¢ meters from the tower, the flag staff subtends its greatest angle. If
/BEC = a, prove that the heights of the tower and flag staff are ctan(
meters respectively.

%—%) and 2ctan «

Four ships A, B, C' and D are at sea in the following positions. B is on a straight line segment
AC, B is due north of D and D is due west of C'. The distance between B and D is 2 km. If
ZBDA = 40°, ZBCD = 25°, what is the distance between A and D? (sin 25° = 0.423)

A train is moving at a constant speed at an angle 6 east of north. Observations of the train
are made from a fixed point. It is due north at some instant. Ten minutes earlier its bearing
was a1 west of north whereas ten minutes afterwards its nearing is ag east of north. Find
tan 6.

. A man walks in a horizontal circle round the foot of a flag staff, which is inclined to the

vertical, the foot of the flag staff being the center of the circle. The greatest and least angles
which the flag staff subtends at his eyes are @ and f; and when he is mid-way between
the corresponding position the angle is 6. If the man's height be neglected, prove that
\/sin2(a—6)+4sin2asin2,8

sin(a+3) .

tan f =

A bird flies in a circle on a horizontal plane. An observer stands at a point on the ground.
Suppose 60° and 30° are the maximum and the minimum angles of elevation of the bird and
that they occur when the bird is at point P and @ respectively on its path. Let 6 be the
angle of elevation of the bird when it is at a point on the arc of the circle exactly midway
between P and Q. Find the numerical value of tan? 6. (Assume that the observer is not inside
the vertical projection of the path of the bird).

A hill on a level plane has the form of a portion of a sphere. At the bottom the surface slopes
at an angle a and from a point on the plane distant a from the foot of the hill the elevation of

e sa
the heighest visible point is 3. Prove that the height of the hill above the plane is asin fsin

sn20—B
sin 5

A hill standing on a horizontal plane, has a circular base and forms a part of a sphere. At two
points on the plane, distant a and b from the base, the angular elevation of the heighest

2
\/beote—,/acotd
visible points on the hill are 6 and ¢. Prove that the height of the hill is Q{M} .

[ [
cotz—cots

On the top of a hemispherical dome of radius r there stands a flag of height h. From a point
on the ground the elevation of the top of the flag is 30°. After moving a distant d towards the
dome, when the flag is just visible, the elevation is 45°. Find r and h in terms of d.

. A man walks on a horizontal plane a distance a, then through a distance a at an angle o with

his previous direction. After he has done this n times, the change of his direction being always
in the same sense, show that he is distant %

distance makes an angle (n — 1) % with his original direction.

from his starting point and that this

In order to find the dip of a stream of coal below the surface of the ground, vertical borings are
made from the angular point A, B, C of a triangle ABC which is in a horizontal plane; the depths
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of a stratum at these points are found to be z, x 4+ y and = + z respectively. Show that the dip 6

2 2
of the stratum which is assumed to be a plane is given by tanfsin A = % —+ % — % cos A.



Chapter 12

Periodicity of Trigonometrical Functions

Definition of Periodic Functions: A function f(z) is said to be a periodic function if there
exists positive number 7' independent of z such that f(z 4+ T') = f(z), for every x € domain f.

The least positive value of T' for which f(z+T) = f(x), for every z € domain f is called the period
of fundadmental period of f(z).

Example 1: Examine whether sin x is a periodic function or not. If yes, then find the period.
Sol. Given, f(z) =sinz. Let f(z+T) = f(z) = sin(z +T) =sinz
=2+ T =nr+(—1)"z, where n =0, +1, £+2, ...
The positive values of T independent of x are given by T' = nm, where n = 2, 4,6, ...
The least positive value of T' = 27.
Thus, sin x is a periodic function with period 2.
Some Results
1. sinz, cosx, secx and cscx are periodic functions with period 27.
2. tanz and cot x are periodic function with period 7.
3. |sinz|, |cosz|, |tanz|, | cot z|, | sec x| and | csc x| are periodic functions with period 7.

4. sin™ z, cos™ z, sec” z and csc” x are periodic functions with period 27 and 7 according as n is
odd or even.

5. tan” z and cot™ x are periodic functions with period 7 irrespective of n being odd or even.

6. If a circular funciton f(x) is periodic function with period 7', then kf(ax + b) is also a periodic

function with period %‘

7. If circular functions f(z) and g(z) are periodic functions with period T} and T5 then af(z) +
bg(x) is a periodic function with period T', where T'= L.C.M. of T} and T5.

12.1 Problems

1. Which of the following functions are periodic? Also, find the period if the function is periodic.

a. f(x)=10sin3z d. f(z)=sinvz
b. f(x) = asin Az + bcos Az e. f(z)=+tanz

2

c. f(z)=sin®ziv. f(z)=cosz f. f(z) =z — |x| where |z| is integral part

128
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of x

g.

f(z) =xcosz

Which of the following functions are periodic? Also, find the period if the function is periodic

and has fundamental period.

a. f(z)= 4sin(3x +£)

b. f(z)=3cos5+4sing

d. f(z) =sin’z

f. f(x)=sin=

g. f(z)=1+tanz
b f(z) = [o]

i f(z)=5

m.

p.

f(x) =|cosz|

f(z) =sin*z 4 cos* z
f(z) =z +sinz
f(x) =cosVz

f(z) =tan ‘(tanz)

f(z) =|sinz| + | cos x|

. T . TTX
f(x) =sin -5 +sin

flz) = sin(27rx + %) + QSin(?mx +

%) + 3sinmx

. f(z) =sinz + cos VvV

Show that the function f(z) = 2sinx + 3 cos 2z is a periodic function of period 2.

For each of the following functions, mention whether the function is periodic and if yes,

mention the period:

a. f(x) =2z —[2z], where [] denotes the integral part, and

3
b. g(m) =1+ 2—sin?
. . . 1 . 92/ 3
Find the period of the function 1 — 7sin <§ -5

).



Chapter 13

Graph of Trigonometric Functions

Graphs of functions give us idea about the nature of functions. As you must have drawn graphs of
algebraic functions or linear equations similarly we draw the graph of trigonometric functions.
One of the advantages of plotting graphs of trigonometric functions is that we can find values
of artbitrary angles using the graph; while it is possible to calculate such values using the function
definitions for algebraic functions it is much harder to do the same for trigionometric functions.

13.1 Problems

1. Draw the graph of y = sinz(—n <z < 2m)
2. Draw the graph of y = cosx(—7 < z < 27)
3. Draw the graph of y = tanz(—7 <z < 27)

4. Draw the graph of y = cot x

I/\

(—m ™)
5. Draw the graph of y = sec x( wzlr <z< wzlf)
6. Draw the graph of y = cscz(—7 < z < 27)
7. Draw the graph of the function y = sinx + cosz for —g <z< %
8. Draw the graph of the function y =z +sinz,0 <z < 7.
9. Draw the graph of the function y = 2sin 235(—% <z< g)

10. Draw the graph of y = a”,a > 0.
11. Draw the graph of y = e”.

12. Draw the graph of y = loge x

13. Draw the graph of y = sin 2z, —g <z<

(Sl

14. Draw the graph of y = cosx —sinz, 0 < z < 27.

15. Draw the graph of y = |sinz|(—7 <z < 2m)

16. Draw the graph of y = |cosz|(—7 < x < 2m)
17. Draw the graph of y = |tanz|(—7 < z < 27)
18. Draw the graph of y = | cot z|(—m <)
19. Draw the graph of y = |sec :r|( 7” <z< 37”)

20. Draw the graph of y = |cscz|(—7 < x < 2m)
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21. Find the number of solutions of the equation tanz = x + 1 for —g <z <2m.
22. Find the number of roots of the equation z 4+ 2tanx = g lying between 0 and 2.

23. Find the number of solutions of the equation sinx = 1%’

24. Find the number of solutions of the equation ® = z2.

25. Find the number of solutions of the equation logjoz = V.

N =

26. Find the least positive value of x satisfying the equation tanx — x =
27. Draw the graph of the function y = x + cosz,0 < z < 27.
28. Draw the graph of the function y = sin<31’ + %), —% <z< %

29. Draw the graph of the function y = tan%, 27 < x < 2.

NE

30. Draw the graph of the function y = % (sinz + cosx), —% <z<
31. Find the solution of the equation z = cosz,0 < z < g using graph.
32. Find the solution of the equation sinx = cosz,0 < z < g using graph.
33. Find the solution of the equation x = tanz,0 <z < g using graph.

34. Find the solution of the equation tanz =1,0 <z < g using graph.

35. Draw the graph of y = sin? z and y = cosz from x = 0 to z = w and determine the points of
intersection of the two graphs.

36. Find the number of roots of the equation tanx = x + 1 between 0 and 2.

37. Shade the region enclosed by the curves y = v/5 — 22 and y=lz—1|.
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Answers of Chapter 1

Measurement of Angles

1. 517 = (:”l)/ —0.85

14'51” = 14.85" = (155°) = 0.2475°

63°14'15” = 63.2475°

Now we can use the formula TQ,

e
80 — 200’
63.275%200\9
G = (2220 = 702759

substituting the value of D, we obtain

0.2759 = 27.5",0.5" = 50”

Thus, angle in centisiaml measure is 70927’50”

20\° ,ro 1, 1\ _ 16321
2. 10" = <60x60) 20" = (@) ,4572010" = (45+§+§6‘6> = 7360
Using formula formula % = %,

. /16321\° _ 16321 10 _ [16321\9
L ( 360 ) = 7360 ‘?:< 324 )
= 50.37349 = 50937/34”

. (16321)O _ 16321
360 360

s .
185 = .79 radians

3. 94923727” = 0.942327 right angles = 0.942327 * 90 = 84.8483°

84.8483° = 84°(0.8683 x 60)" = 84°48.8898" = 84°48’(0.8898 x 60)” = 84°48"53.388”

1. (1.2)¢ = 12150 = 68.7272° = 68°(0.7272 x 60)" = 68°(43.63)" = 68°43/(0.63 x 60)” =
68°43'37.8”

5. Since a right angle is 90° - 60° = % = % right angles.

6. 75°15" = 75(55) = 75.25" = 5525 = 2% right angles.

ormromn o /45560\° _ 45560 _ 45569 . .
7. 637177257 = (63 *+ %0 5+ 60><60) = ( 720 ) = 730%00 — g4so0 '18ht angles.

8. 130°30" = 13035 = (35*) = (3245) = 59 right angles.

2 2x90
can/ant 30 \° _ 25261 _ 25261 2526
9. 210°30'30” = (210 + 20 + 50265) = ama- = Tasmg tight angles = 20205 right angles

° 20 48 1 1)\°
10. 370°20'48” = (370 + g5+ goxeg) = (370 + 3+ 75)

_ (2777576> _ 267776

right angles
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30°

= g% right angles

Answers of Measurement of Angles

= % =0.333333 = (.333333 x 100)9 = 33.33339 = 339(.3333 x 100)’

= 33933.33" = 339337(.33 x 100)” = 33933"33”

138°30" = 138 + o0 =

= (

)=

277

180

= 1.5388888 right angles = 153988’88.8”

= 263934744.4"

° 13 48 \¢.
475°13'48" = (475 + 55+ gxg0) i7C

Proceeding like previous problems we obtain the angle as 52893'33.3”

1209 =

120
100

45935'24" = 45.35249 =

45.3524 _
100

= .453524 x 90° = 40°19'1.776”

39945/36" = 39.45369 = %1% right angles = 394536 right angles

=.394536 x 90° = 35°30"29.664”

255989 =

255.08099 =

255.0809
100

= 2.550809 right angles

= 2.550809 x 90° = 229°34/22.116”

75990’5” = 7.5900059 =

759.0005

100

= 7.59005 x 90° = 683°61.62”

o1l apl °_ °
55712736 _(55+60+60X60> =55.21

_ 55.21
=790

ool AR/ __ °_
18°33/45" = (18 + 33 + =505 ) =

_ 33w
— 320

radians.

14857
80x 180

. 81° = %— 0.9 right angles = 0.9 x 100 = 909

) right angle

oyt yen ° _ (8589\°
35°47°15 _<35+60+60><60) _(240)
= () v _ i = 39976"38.8"
510%90 ) right angles = .3976388 right angles = 39976"38.8
. 12 36 \° 23521\°
. 235°12/36" = (2354-@4‘—60%0) = ( 100 )
= (293050201> right angles = 2.6134444 right angles

= 1.2 right angles = 1.2 x 90° = 108°

= .453524 right angles

= 7.590005 right angles

= .6134444 right angles = 61934’44.4”

radians
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195935724” = 195.35249 = 1.953524 right angles = 1.953524 x 90° = 175°49"1.8”

. Minute-hand make 360° in 60 minutes.

~ angle made in 11 minutes = %%Q % = 66°40

Hour-hand makes 360° in 720 minutes i.e. 12 times less.

66 40

- angle made by hour-hand = 5°83/20”

. Let the angle in degrees be x, then from problem statement we have

z° + 29 = 1 right angle

D G
Now we can use the formula 755 = 5755,
9 . _
Z’+EI— 1
R

9z 512
10 = 421

Let there be @ sexagecimal minutes. z’ right angle

60><90

x centisimal angles = right angles.

x
T00x 100
Thus we find that ratio is 27 : 50
Let there be x seconds in both. Thus, (m()?jw 90 + 6013—60)0 = 44°8’
Thus, the two parts are 33°20” and 10°48’

Let the angles be 3z, 4z, 5z in degrees. From Geometry, we know that 3z + 4x + 5z = 180°
(sum of all angles of a triangle is 180°) = z = 15°

Thus angles are 45°, 60°, 75° or radians.

57
47 3’ 12
At half past 4, hour-hand will be at 4% and minute-hand will be at 6.

360
12

So the difference is 1% and 360° is divided into 12 hour parts. So angle for 1 hour = =30°
So for the angle between 4% and 6 = 30 x % =45 = g radians
1 right angle = 1009

. 180¢ . °
1 radian = ——orm radian = 180

180° = 2009 = 7 radians
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1. Thus, %z%z%ﬁi

p __q__ 20r

p=10k,q=9k:>pfq:k:ggi

2. The angles are 72°53’51” and 41°22’50”. Sum of these two angles is 114°16”41”

Sum of all angles of a triagle is 180° - third angle = 180° — 114°16’41” = 75°43’19”

= 75°43'19” % radians

Let the angles are a — d, a, a + d in degrees - 3a = 180° = a = 60°

(60+d)
180

Greatest angle in radians =

. . (60+d)m
Given that (60—d) 180 — 60

60 +d=3(60—d) = 4d = 120 = d = 30°
Thus, the other two angles are 30° and 90°.
Let the angles are a — d, a, a + d in degrees - 3a = 180° = a = 60°

(60+d) T

Greatest angle in radians = =5

Least angle is 60 —d = (60 — d) % grades
Ratio of greatest number of grades in the least to the number of radians in the greatest is éﬂg

10 180 40
(60 —d) 5 60+d)m — 7

=5(60—d)=60+d = d=40"
Thus, other two angles are 20° and 100°

Let the angles be £, a, ar in grades.

2 in radians = oo
r — 2007

Given that ratio of greatest angle in grades to least angle in radian is g

arx200r _ 800 =2
aTm ™

Also given that &+ a + ar = 126° = 2510 = 1409

5+ a+2a =140 = a = 407

Thus, angles are 209, 409, 809
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There are 12 hours in a clock for an angle of 360° therefore each hour subtends an angle of 30°.

At 4 o'clock hour-hand will be at 4 and minute-hand will be at 12 i.e. a difference of 4 hours.
Thus angle subtended = 30 x 4 = 120° = %ﬂ radians.

At quarter to twelve minute-hand will be at nine and hour hand will be just before twelve.

The difference between twelve and nine is three hours so angle made will be 3. % =90°

For quarter of hour hour-hand will be % = 7.5° before twleve.

Thus difference = 90 — 7.5 = 82.5°

Radius = 3; =14 cm

Circumference = 27r = 287 cm.
22 .. 22
If we take 7w to be = distance moved = 28 = = 88 cm.

Circumference = LSO = 352 mt.

Let r be the radius then 27mr = 352 = r = 32‘12;27 = 56 mt.

Given 2r = 90 cm and 3 revolutions are made per second.
Circumference = 27r = 27290 = 282.86 cm

Thus, speed of train = 3% circumference = 848.57

Total no. of revolutions in an hour = 60 * 10 = 600

Radius = 540, circumference = 271 = 10807 cm

Distance travelled = 600 x 10807 cm = 20.36 km /hr

. Given, radius = 149, 700, 000 km

Distance travelled in one year = 27 = 940, 600, 000 km.(approximately)
Angle subtended in 1 second = 9 x 80 = 720° i.e. 2 revolutions.
Distance travelled by the point on rim per second = 2 x 2750 cm

Distance travelled by the point on rim per hour = 3600 x 200 x 7 cm = 23 km approximately.

4. By Geometry, we know that all the interior angles of any rectilinear figure together with

four right angles are equal to twice as many right angles as the figure has sides.

Let the angle of a regular decagon contain z right angles, so that all the angles togethe equal
to 10z right angles.

The corollary states that
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102 + 4 = 20 so that x = % right angles.
But one right angle = 90° = 1009 = 7 radians

Hence the required angle = 155° = 1609 = 4?” radians.

22 erades = 222 = 32 degrees

- 378 =3%10~5 grees.
T2 radians = 22180 — 120 qegrees
75 =75 7 5L des

Sum of all angles = %x + %x + %z = 4.5z = 180°
= x =45°

Thus, angles are 24°, 60°, 96°

Let the third angle be x radians. x = 7 — % — % = Gﬂgg’ radians

= (2 2 = 13271471257
™

Let the angles are a — d, a, a + d in radians. We know that sum of all angles of a triangle is 7
radians.

=3a=n1m=a= g radians

Given, the number of radians in the least angle is to the number of degree in the mean angle
is 1:120
Mean angle in degrees = @

C(a—d)7w 1 (3—d)m 1

180a 120 3z 2
s 1
d=3-3
1 © 27 1 .
Thus, angles are 5, 3, 5~ — 5 radians.

Let us solve these one by one:

1. We know that if polygon has n sides then sum of angles is (n — 2) 7 radians or (n — 2)180°
For pentagon sum of angles = 37 or 540°

Measure of one interior angle = %ﬂ or 108°

5 900°

2. Measure of one interior angle = = Or ==

3. Measure of one interior angle = 3% or 135°
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4. Measure of one interior angle = %71 or 150°

157 2700°

5. Measure of one interior angle = 4= or ==
19. Let there be n sides in one polygon and 2n in another. Angles will be (n=2)7 2nd (2"2_712)” —
(n—1)m
n
Given ratio of angles g = Z—:; = 3n—6=2n—2 = n = 4. So one polygon is a square while

the other is an octagon.

50. Let number of sides in one polygon be n then number of sides in another %@. The angles will

(or-2)

5n

4

be =2 1807, 180°.

Given that difference in angles is 9°

Solving for difference we find n = 8 and thus the other polygon will have 10 sides.

. Let no. of sides in one polygon be n then number of sides in another %Tn‘ The angles will be

_ n_o
n=2) 180, G2 150,

4

To convert no. of degrees to no. of grades we multiply the angle with % and then comparing

ratio to 4 : 5 we find that n = 8 and ‘%n i.e. 6.

. Let the angles be a — 3d, a — d, a + d, a + 3d in radians. We know that sum of all angles of a
quadrilateral = (4 — 2) 7 = 27 radians.

.'.4a:27r:>a:g

Also given that greatest angle is double of least angle. ~ (a+3d) =2a—6d = 9d =a=d = 1%

radian.

g _ T _ 3T _
Least angle = 5 — 35 =

&l
wly

3. Let us solve these one by one;

1) At half-past three the difference between hour-hand and minute hand will be two and
half hours. Each hour makes an angle of 30° so two and half hours will make an angle of

2.5 % 30° = 75° = 75. 3 = 220 = I 1adians

3 180

2) At twenty minutes to six the difference between hour and and minute hands will be two
hours and twnenty minutes i.e 2% = g So angle made will be % x 30° = 70° which you can
convert in grades and radians.

3) At quarter part eleven the difference between hour-hand and minute hand will be 3 +2
hours. Now you can solve it like previous parts.
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54. Let us solve these one by one:

[

(@28

1. There are two cases here.
Case I: When minute hand is between twelve and four.

Let the minute hand is at « minute mark. Four makes an angle of 3 x 30° with twelve hour as
each hour makes an angle of 360°/12 = 30°. Angle made by minute-hand at x minute = 6z°
since each minute make an angle of 360°/60 = 6°. Extra angle made by hour hand w.r.t four
due to these  minute = z x 30/60 = /2 [Each hour has 60 minutes and for those it makes
angle z° |

Thus, %Jr 120 — 62 = 78 = HTI =42 == % minutes past four.
Case II: When minute hand is between five and twelve.

Let the minute hand is at x minute mark. Proceeding like previous problem:

1 472 .
% =28=1x = % minutes past four.

6z +5—150 =78 =
2. This can be solved like 1.

Let there are n sides in the polygon. Sum of all angles = (n —2)180°
But angles are in A.P. so sum of series = g [240+ (n—1)5]

Equating (2n — 4)180 = 235n + 5n2 = 5n2 — 1250 + 720 = 0
=n?—25n+144=0=n=09,16

However, if n = 16, greatest angle = 120 + 18 x 5 = 210° which is not possible.
n=9

Let the angles be a — 3d, a — d, a + d, a + 3d in degrees.

Sum of all angles of quadrilaters 4a = 360° = a = 90°

Given that ration of least angle in grades to greatest angle in radians is 100 : 7

(a—3d)10x180 _ 100

5(at3d) =—==2—6d=a+3d=>d=5=10

So the angles are 60°, 80°, 100°, 120°

Let there are n side in the polygon. Sum of all angles = (n — 2)180°

5m ° o
Smallest angle = 15 = 75" c.d. =10
Sum of all angles in A.P. =% [150 4 (n —1)10]

Equating (2n —4)18 = 14n+n? = n? —22n + 72 = 0, n = 4, 18

Largest angle in case of n = 18, is 75 4 170 = 245 which is not possible. ~n =4
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58. Angle subtended 6 = % =1 radians

3

. l=0.r=33.25° ><5—3325><5><180

. Sun's diameter = 0.r = >< 14970000 x 180

. Minimum angle needed for the person to be able to read = 5’

1. Height of letters = &% = w555

2. Can be solved like 1.

180

6 == =0.357 x — degrees
. . 15 3
Angle subtended in radian = 5z = ¢
Angle subtended in degrees = %1—89
™
Angle subtended in grades = %% = %
Radius of circle r =% = 2™ 1 em
l 60 180 °
: lzaxr*6018036cm
_ 1l _ 10180
r=g=S57 o
_ l 100 1
0= = 100 — 64 radians
_ 1 _ 139 180
r=§=T3 5 K
ri_ 10 _75_5
ro - 011 60 4
l 10 180
r=-—==4—=——— =
o (143+%+602><260) 4
= 3.1416

Let the parts subtend angles of a — 2d, a — d, a, a + d, a + 2d in radians.

Total angle subtended = 27

2

=ba=21n=a= =

Also, given that greatest is six times the least a +2d = 6(a —2d) = 5a = 14d = d = =5

Now angles can be found by simple calculation.

141

I3
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Length of semicircle is wr. Let length of curved part of sector be [ then perimeter of sector is

[+ 2r
l

I = (m —2)r, angle subtended by sector §# = - = 7w — 2 radians, which can be converted in

T
degrees.

0__ 10 «

T:T_E(jm2 m.

1 =

Sl =10 = 384003L T Jem.

60 180

Distance travelled in 1 second = 27r x 6 = 24 ft/sec.

_1_ 160180,
r=g=1lg5— in.
. . 30 1
No. of revolutions made in 1 second = 0 =3

Therefore angle subtended = %—73 = 7 radians.

Length of arc = 10 x % = %0 miles.
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Answers of Chapter 2

Trigonometric Ratios Solutions

_ J/1—cosA
. LHS. = /1e=4

Multiplying and dividing with 1 — cos A, we get
_ /(1—cos A)?

- 1—cos? A

] ( 1—cos A )2
- sin A

= 1;?:‘4 =cscA—cot A= R.H.S.

CLHS. V1+tan? A+ 1+ cot® A [+sec? A =1+tan? A and csc? A = 1+ cot? A |

= V/tan? A + 2tan A cot A + cot® A [tan Acot A =1 ]
= /(tan A + cot A)2 = R.H.S.

_ (1-sin? A\ (1—cos? A\ (sin? A+cos? A
L'H'Si< sin A )( cos A )( sin A cos A )

_ cos? Asin? A 1 _
" sinA cosA sinAcosA T

1

CL.HS. =cos* A—sin* A+ 1= (cos? A+sin? 4) (cos? A —sin? A) + 1
=cos? A—sin? A +1=2cos®> A
. L.H.S. = (sin A4 cos A) (1 —sin Acos A) = (sin A + cos A) (sin® A + cos? A —sin Acos A)

=sin® A + cos® A = R.H.S.
LIS = sin A 1+cos A _ sin? A+(1+cos A)?

14+cos A +5mA = em A(l+cos A)
_ sin? A+1+2cosA+cos? A 1+1+2cos A
- sin A(14cos A) ~ (sinA)(1l+cosA))

= ﬁ =2cscA=RH.S.
. L.H.S. =sin® A — cos54 = (sin? A + cos® A)3 — 3cos? Asin? A — 3cos? Asin? A
=1—3sin® Acos® A(cos? A +sin? A) =1 —3sin? Acos? A = R.H.S.

_ /1—sinA
. LHS. = /3824

Multiplying and dividing with 1 — sin A, we get

_ J(1—sinA)%2 _ [(1-sinA)% _ (lfsinA)2
- 1-sin? A — cos?A cos A
_1-sinA
~ cosA

=secA—tan A

143
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9. LLHS. = csc A cscA snﬁ + ﬁ

= T =1 T
cscA—1 " csc A+1 T

1 1 1

_ _ L e2 A
=TSmAa T 1+sinA =~ (1—sinA)(1+sinA) = cos? A sec® A = R.H.S.

1

_ csc A _ Sin A
10. LHS ~ tan A+cot A~ sinA_ cosA
cos A ' sin A

1 1
sin A sin A
= inZAtco?A : =cosA=R.H.S.
“SinAcosA  smAcosA

11. L.H.S. = (sec A + cosA) (secA — cosA) = sec? A —cos? A = 1 4+ tan? A — 1 +sin? 4 =
tan® A +sin® A = R.H.S.

T _ 1 _ 1 _ 1 o B
12. L.HS. = TanATcotA — A wond = ml Areo?A = sin Acos A = R.H.S.
cosATSinA T oinAcosA

1

. _1-tanA _ l-@ra _ cotA-1 _
13. LHS = 02 = T = ot AT R.H.S.
cot A

in2
14. LS. = 1+tan2 A 1+:;:22
: o .71+C0t2A71+M
sinA

cos? A4sin? A
_ cosZ A _SmQA—RHS
T sin2A4cos?A T cos?2 AT Y
sin2 A

= _ secA—tan A
15 LHS. = sec A+tan A

Multiplying and dividing with sec A — tan A, we get

(sec A—tan A)?
sec? A—tan? A

=sec? A—2tan Asec A + tan = 1+ tan® A — 2tan Asec A + tan® A

=1—2tan Asec A + 2tan® A = R.H.S.

o 1
1() LHS = m

Multiplying and dividing with sec A + tan A, we get

_ secA+tan A
T sec? A=tan? A

=secA+tan A = R.H.S.

tan A cot A
17 LHS. = =57 + T=tana

sin A cos A

cos A sin A
T {_cosA + _sinA
sin A cos A

_ sin? A + cos? A
T cosA(sinA—cosA) ' sin A(cos A—sin A)

sin® A—cos® A sin? A+cos? A+sin A cos A

~ Sin Acos A(sin A—cos A) sin A cos A
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— lisinAcosA _ 1+ cscAsecA=R.H.S.

sin A cos A
~ cosA sinA _ cosA sin A
- LHS. = 1—tan A + l1—cot A~ _sinA + 1_cosA
cos A sin A
cos? A sinZ A cos? A—sin? A

T CosA—sinA + sin A—cos A cos A—sin A

=cosA+sinA=R.H.S.

L.H.S. = (sin A +cos A) (tan A + cot A) = (sin A + cos A) ((S:g;’: + Z?jﬁ)

(e . sin? A+cos? A _ sinA+cos A _ 3 o
= (sin A +cos A) > = = =sec A + csc A = R.H.S.

. LHS. =sec* A—sec? A= (1+tan? A) —1 —tan®? A =1+ 2tan® A+ tan* 4 — 1 —tan? A =
tan* A +tan? A = R.H.S.

LHS. =cot* A+cot? A= (csc? A— 1) +csc? A—1=csc* A—2csc? A+ 1+cesc?A—1=
esc? A —csc? A = R.H.S.

. LHS. = \/csc2 A—1= \/c0t2 A=cot A="S%4 _ o5 Acsc A= R.HS.

sin A

3. L.H.S. =sec? Acsc? A = (1 +tan? A) (1 +cot? A) = 1 4 tan® A + cot® A + tan® Acos® A =

2+ tan? A + cot? A = R.H.S.

LHS. =tan? A—sin? A =
sin? Asec?2 A = R.H.S.

sin?
052

02 A—sin? 2 .
c A—sin2A:M——é—cﬁ—é=81n2A(l—cosQA)sec2A=

s2 A cos? A

.LHS. =(1+cotA—cscA)(1+tanA+secA) = (1+%—ﬁ)(1+%+@)

_ (sinA+4cos A—1)(sin A+cos A+1) _ (sin A+cos A)2—1
- sin A cos A - sin Acos A

2in2 <2 - A q s A—
_ sin A+cos? A+sin Acos A—1 _ 1+2sin Acos A—1 —9_RHS.

sin A cos A sin Acos A
cot Acos A CD-S2 %

LHS. = cotAtcosA %ﬁj:os A

__cos? A sin A cos A

T SinA cosA(1+sinA)  1+sinA

Proceeding in same way for R.H.S. we obtain L;—gsl—%é
cosA _ cosA(l—sinA) _ 1-sinA _
1+sin A — 1—sinZ A T cosA T R.H.S.

1
__cotA+tan B _ fanattanB

L.HS. = 2=
cot B+tan prtan A

lt+tanAtan B tan B
tan A _ tanB __ _

Troan AtwnB = tanA — Ot Atan B = R.H.S.
tan B
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cos® Asin? A

+

1 1
(se02 A—cos? A T csc? A—sin? A>

1 1

= + cos? Asin? A

T 2 1 T o
—5——cos* A —5—-—sin A
cosZ A sinZ A

cos2 A sin A
oot 4 T 1-om? ) €08 2 Asin® A

cos? A sin? A 2 s 02
1—cos? A) 1+COS2A>+(17Sin2A)<1+Sin2A))COS Asin” A

sin? A(1+cos? A) + cos? A(1+sin? A)

cos* A(1+sin? A)+sin* A(14cos? A) 2 .9
sm2AcoszA(1+c052A))<1+sm2A) cos” Asin® A

(<5
=i
( cos? A sin? A > cos? Asin? A
(
(

cos* A+sin* A+cos? Asin? A(cos? A+sin? A)
(1+cosZ A)(1+sinZ A)

[ (cos? A+sin? A)2—cos? Asin? A
~ \1+sin? A+cos? A+sin? Acos? A

1—sin2 A cos? A
T 2+4sin? Acos? A T = R.H.S.

L.H.S. =sin® A4 — cos® A = (sin* A — cos® A4) (sin* A + cos* A)

= (sin? A + cos? A) (sin® A — cos? A) ((sin? A + cos® A)? — 2sin? Acos® A)

= (sin? A —cos? A) (1 —2sin? Acos? A) = R.H.S.

. cos A sin A
LS. — cos Acsc A—sin AsecA _ SinA cosA
I cos A+sin A " cos A+sin A
cos? A—sin? A _cosAsinA _ cse A — sec A = RUHLS.

~ snAcosA(cos A+sinA)  sinAcos A

Given, ———— — 4 = o —
>cscA—cot A  sinA T sinA  csc A4cot A
. 1 1
Therefore alternatively we can prove that ——————+
1 1
LHS =—5—&a+— T Gos A
sin A~ sin A sin A" sin A
_ sinA  sinA _ sinA(l+cosA+l-cosA) 2sinA 2 R.ILS.
T 1-cosA 1+cosA 1—cos? A T sin?A  sinA
sin A+1—cos A
LILS. — tan A+secA—1 = cosAa
Mt T tan A—sec A+1 T sinAJrcoZA—l)
cos

_ 1+sinA—cosA _ (1+4sin A—cos A)(sin A+cos A—1)
T sinA+cos A—1 (sin A+cos A—1)2

. P _ 14sinA _
Solving this yields = ———— = R.H.S.

CSCAtcot A

146
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. L.H.S. = (tan A + csc B)2 — (cot B — sec A)? = tan? A + csc? B + 2tan A csc B — cot? B —
sec? A + 2sec Acot B

= (esc? B—cot? B) — (sec? A —tan®A) + 2 tan A cot B(giﬁg + f:ﬁ‘:)
=1—1+2tan Acot B(sec B+ cscA) = R.H.S.

L.HS. =2sec? A—sec? A—2csc? A+csc? A=2(1+tan? A) — (1+tan® A)%2—2(14cot? A) +
(14 cot? A)?

=24+2tan2 A—1—2tan? A+tan* A—2—2cot2 A+1+2cot? A+cot? A =cot* A—tan? A =
R.H.S.

. LH.S. = (sin A + csc A)? 4 (cos A 4 sec A)? = sin® A 4 csc? A + 2sin Acsc A + cos® A +
sec? A+ 2sec Acsc A

= (sin2A+c052A) +d4+csc2A+secPA=1+4+1+cot?2A+1+tan?A = cot? A +
tanZ A 4+ 7 = R.H.S.

LHS = (cscA+cotA)(1—sinA) — (secA+tanA)(1—cosA)

:( L +C°SA)(1—sinA)—( ! +SinA>(l—cosA)

sinA ' sin A cos A ' cosA

_ (1+cosA)(1—-sinA) (1+sinA)(1—-cosA)
- sin A cos A

_ cos A(1+cos A—sin A—cos Asin A)—sin A(1+sin A—cos A—sin Acos A)
o sin Acos A

_ (1—sinAcosA)(cos A—sin A)+(cos A—sin A) (cos A+sin A)
- sin A cos A

_ (cos A—sin A)(1—cos Asin A+cos A+sin A)
- sin A cos A

_ <(cos A—sin A)
- sin A cos A

)(2 —1—cosAsinA+cosA+sinA)

= (cscA—secA)(2—(1—cosA)(l—sind)) =RH.S.

LHS = (1+cot A+ tan A) (sin A — cos A) = (1+ S 452 (1 .

secA " cscA)\cscA secA

_ (secAcscA+sec Al cscA) (sec AfcscA)
- sec Acsc A sec Acsca

sec3 A—csc3 A sec A csc A
T secZAcscZA T csc? A sec?A R.H.S.

Given, — - — = L
’»sec A—tanA cos A~ cosA sec A+tan A

1 n 1 2
sec A—tan A ' sec A+tan A~ cos A

So alternatively we can prove that

_ secA+tan A+sec A—tan A _ 2
LHS. = secZ A—tan2?A =2secA = cos A

= R.H.S.
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39. L.H.S. = 3(sin A — cos A)* + 4(sin® A + cos® A) + 6(sin A 4 cos A)?
= 3[(sin A — cos A)? )% + 4[ (sin? A)3 + (cos® A)?] + 6(sin® A + cos® A + 2cos Asin A)

= 3[(sin? A+ cos®> A—2sin Acos A)]2 4 4(sin® A+ cos® A) (sin* A+ cos* A —sin? Acos® A) +
6(1+2cosAsin A)

=3(1—2sin Acos A)? + 4(sin* A 4 cos* A —sin? Acos? A) 4 6(1 4 2cos Asin A)

= 3(1 + 4sin?Acos®? A — 4cosAsinA) + 4[(sin? A + cos® A)? — 2sin® Acos? A —
sin? Acos? A] +6(1 +2sin Acos A)

=34 12sin® Acos? A — 12cos Asin A + 4(1 — 3sin® Acos? A) + 6 + 12sin Acos A
=13=R.HS.

/ _ 1+4cos A
40. LHS. = /134

Multiplying and dividing with 1 + cos A, we get

_ \/ (1+cosA)? _ \/(1;‘;02/4)2 =csc A+ cot A= R.H.S.

1—cos? A

) _ cosA cos A
41 LHS. = 1+>mA+l sin A

cos A(1—sin A)+cos A(1+sin A)
1—sin? A

__2cos A
T cos? A

=2secA =R.H.S.

) tan A tan A
42. LHS. = sec A— 1+secA+1

_ tan Asec A+tan A+tan Asec A—tan A
- (sec2 A—1)

2tan Asec A
—W—QCECA RHS

A€ = L L
43. LHS. = =5 — T5ma

1+%1nA 1+sin A 2sin A
1—sin? A T cos?A

=2secAtan A = R.H.S.

s2
44, LHS. = kitan®A e
’ 0T 14cotZ AT 1+C052A

sin2 A
sin? A+cos? A
_ cosZ A _sin? A tanZ A
T sin2 A+cos? A~ cos? A
sin2 A

R.H.S 1—tan A\2 1- i:;:
o '_<1—cotA> T \1—cosa

sin A
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cos A—sinA\ 2
_ cos A
- sin A—cos A
sin A
__sin?2A
T cos? A

=tan® A

Hence, L.H.S. = R.H.S.

2tanZ A

) 4 in2
L 1 2sin? A cos? A+2sin? A
cos? A

costA T cos* A

45. LH.S. =1+

_ (1—sin? A)24+2sin? A _ 1-2sin? A+sin? A+2sin? A
- cost A - cos® A

= tan* A + sec*A = R.H.S.
46. LH.S. = (1 —sin A —cos A)?2 =1 —2cos A — 2sin A + 2sin A cos A + sin? A 4 cos® A
=2—2cosA—2sinA+2sinAcosA=2(1—cosA)(1—sinAd)=R.H.S.

) __ cot A+csc A—1
47. L. H. S. = ol A—Gsc AT

cos A+1—sin A

~ cos A+sin A—1
Multiplying and dividing with cos A — (1 —sin A ), we get

_ cos? A—1+42sin A—sin? A
~ cos? A+sin? A+1—2cos A—2sin A+2sin Acos A

2sin A—2sinZ A sin A

T 2(1—cosA)(1-sinA) ~ 1—cosA

Multiplyig numerator and denominator with 1+ cos A, we get

_ sinA(l+cosA) _ 1l4cosA _
T 1-cos?A T sinA R.H.S.

48. L.H.S. = (sin A 4 sec A)? + (cos A + csc A)?

_ (sinxﬁigngJrlf + <cosi;irjl4A+1>2

. 1 1
=(1+ smAcosA)2<C032A +m)

=(1+ sinAcosA)2 (751112 A cos? A)

sinZ A cos? A

: 2
= (—1+SmACOSA) =(1 +secAcscA)2 = R.H.S.

sin A cos A

_ 2sinAtan A(1—tan A)+2sin Asec? A

49. L.H.S. = (TTtanA)?
_ 2sin A(tan A—tan® A+sec? A) _ 2sin A(1+tan A)
- (1+tan A)? ~ (1+tanA)?
— 2sind _ ppg

T 1+tanA T



Answers of Trigonometric Ratios Solutions

. Given, 2sin A =2 —cos A
cos A =2 — 2sin A, squaring both sides we, get cos? A=4—8sinA+4sin® A
1—sin?A=4—8sinA+4sin® A= 5sin? A —8sinA+3=0

5sin? A—5sinA—3sinA+3=0=sind =12

. Given 8sinA =4+ cosA=8sinA—4=cosA
Squaring both sides, we get

64sin? A — 64sin A+ 16 = cos? A = 1 —sin® A
65sin? A — 64sin A+ 15 =0

65sin® A —39sin A — 25sin A+ 15=10

3 5
5013

sin A =
. Given, tan A +secA=1.5
=1+4+sinA=15cosA=2+2sinA=3cosA
Squaring both sides, we get

4+8sinA+4sin? A=9—9sin® A

13sin2 A+ 8sinA—5=0

5

sind=—1,15

3. Given, cot A+cscA=5=1+cosA=5sinA

Squarig both sides, we get
1+2cos A+ cos®> A =25sin? A = 25(1 — cos® A)
26cos? A+ 2cos A—24 =0

26cos? A+ 26cos A—24cos A—24=0

12
T3

cosA=-—1
1. 3sect A+8=10sec? A = 3(sec?A)? +8=10(1+tan? A)
= 3(1+tan? 4)2 + 8 =10+ 10tan® A

3+ 6tan® A+ 3tan® A+ 8 =10+ 10tan’ A

3tan? A —4tan® A+1=0

tan A = +1, j;%
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Answers of Trigonometric Ratios Solutions

Given, tan? A +secA=5=sec? A—1+sccA=5
sec2A+seccA—6=0

secA=-3,2=cos A= —%,%

. Given tan A+ cot A = 2 = tan A + —— = 2

tan? A —2tan A +1=0

tanA =1 ésinA:%

Given, sec? A =2+ 2tan A = tan? A+ 1=2+2tan 4
tan? A —2tan A —1=0

tan A = 21@ =142

58. Given, tan A = 29;{::11)
Gin A — 2z(z+1)

B \/[2z(w+1)]2+(21+1)2

2x+1
\/[2w(w+1)]2+(2m+1)2

cos A =

59. Given, 3sin A+ 5cos A =5, let 5sin A —3cos A ==z

Squaring and adding, we get

9sin® A + 25cos® A + 30sin A cos A + 25sin? A + 9cos® A — 30sin Acos A = 25 + 22

9(sin? A + cos® A) + 25(cos® A +sin® A) = 25 + 22
34=25+22=122=9=12=43

Given, sec A 4 tan A = sec A — tan A

Multiplying both sides with sec A + tan A, we get
(seccA+tan A)2 =sec? A —tan® A =1

secA+tan A = +1

151

We can prove that sec A — tan A to be +1 by multiplying given equation with sec A — tan A

cos* A + sin* A
cos? B ' sin? B

Given, =1=sin? A+ cos A

sint A
sin? B

cos* A
cos® B

=0

—cos? A=sin? A—

cos? A(cos? A—cos? B) _ sin? A(sin? B—sin? A)

= cos? B - sin2 B
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63.

64.
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cos? A(cos? A—cos? B) _ sin? A(1—cos? B—1+cos? A)

= cos? B - sin2 B

2 2 cos? A sin?A) _
:>(COS A — cos B)<0052B_sin—2B =0

When cos® A — cos® B =0, cos®> A = cos® B

cos2 A sin? A
When cos?B sin?B 0

cos? Asin? B = sin? A cos? B = cos? A(1 —cos® B) = (1 —cos® A) cos’? B
cos? A = cos® B = sin? A = sin? B
i. L.LH.S. =sin® A 4 sin* B = (sin? A — sin? B)? + 2sin? Asin? B = 2sin? Asin® B = R.H.S.

cos* B | sin* B

11. LHS = cosZ A +m

4 in4
= 22:2 g + :EQg =cos’ B+sin? B=1=R.HS.

Given, cos A +sin A = V2cos A

Squaring both sides

1+ 2sin Acos A = 2cos? A

2—2cos? A=2sin? A =1—2sin Acos A = sin? A + cos> A —2sin Acos A = (cos A —sin A)?
cos A —sin A = +v/2sin A

Given, acos A —bsin A = ¢, and let asin A+ bcos A ==z

Squaring and adding, we get

= a? cos® A+ b%sin® A — 2abcos Asin A + a? sin? A + b2 cos® A + 2absin A cos A = ¢? + 22
= a?(cos? A +sin? A) + b2(sin? A 4 cos? A) = ¢ + 22

=2+ =+2? =0 =2Va2+b? -2

Given, 1 —sin A =1+sin A

Multiplying both sides by 1 — sin A, we get

(1—sinA)?=1—sin? A =cos? A

1—sinA=+cosA

Similarly if we multiply with 1 4 sin we can prove that

1+sinA=-4cosA
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66.
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Let us solve these one by one:

i. Given, sin* A +sin? A =1 = sin* A = 1 — sin®? A = cos?

it A
SN2 — sec?A

cost A
1 2
m:c’OS A
Also from, sin? A = cos? A = tan? A = csc? 4 :>?§rT12"Z: sin® A
1 1 .9 2 4 _
= g T = Sin A+cos“A=1

ii. Given, sin® A +sin?4A=1=sin*A4=1—sin? 4 = cos® 4

sin?A _ 1

2 2
o7 A = sz = tan A=csc“ A

tan? A =1+ cot®> 4
Multiplying both sides with tan? A, we get
tan* A = tan®? A+ 1

tan* A —tan2 A =1

2 A qin2
cos? A—sin A—tan2B

: 2 242
Given, cos” —sin“ A = tan® B = o ATenTA =

Dividing both numerator and denominator of L.H.S. with cos® A, we get

1—tanZ2 A 2
Trtan” 4 — tan” B

1 —tan® A —tan? B — tan® Atan? B =0

1—tan? B

_ 2
1+tan2 B tan” A

l—tanzB:taHQA(l—i—tanZB) =

cos? B—sin? B=tan? A = 2cos’ B—1 = tan®? A

We will prove this by induction. Let sin A + csc A = 2, thus it is true for n =1
Squaring both sides sin? A + csc? A+ 2sin Acsc A = 22 = sin? A+ csc? A =2
Thus, it is true for n = 2 as well. Let it be true forn =m —1and n =m
sin” A + csc™ A =2

Multiplying both sides with sin A 4 csc A, we get

sin™ 1 A + csc™ L A+ sin™ Acsc A + csc™ Asin A = 22

sin™ 1 A+ ese™ A4sin™ A4+ esc™ T A=4

sin™ 1 A4 esemtl=4-2=2

Thus, we have proven it by induction.
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L.H.S. = sec A + tan® A csc A = sec A(l + tan® Angﬁ)

=sec A(1 +tan® Acota) = sec A(1+tan? A) =sec® A = (1+1—62)%: (2—e?)

NO| o

Cross multiplying given equations, we have

secA _ tanA 1
br—qc~ pc—qr ~ qa—pb

ssed A —tan® A =1, (5 (Bh) =1

(br —qa)® — (pc — ar)* = (qa — pb)?

. Given, csc A —sinA =m = L sinAd=m
sin A
1—sin? A cos? A
sin A =m= sind
. 1
Also given, sec A —cosA=n = ———cosA=n
COS
1—cos? A sin2 A
cosA = cosA
s cos? A . .. . .
We have sin A = , putting this in derived equation
m
cos® A = m?n
2
cgin A — (mPn)® 2y1
wsind = === (mn”) 3
2 2 2, \3 243
Thus, sin“ A + cos® A =1 gives us (m“n)3+ (mn“)3 =1
. 24 Azy

Given, sec” A = oty

e ape? . dxy
- Sec A21..<z+y>221

= (z+y)’ <dey = (z—y)* <0
But for real z and vy, (sc—y)2 £0
(e—y)i=0cz—y
Also,z4+y#0=x2#0,y#0

Given, sin A = x + %7 squaring we get
sin2A:x2+%+2 >2

which is not possible since sin A < 1
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Given, secA —tan A =p

= 1—sinA =pcosA

Squaring, we obtain

1+4sin? A —2sin A = p? cos? A = p?(1 —sin® A)
(1+p)sin® A—2sinA+1—p>=0

1+p?
1+p2

sin A =
Now tan and sec A can be easily found.

2
secA+tanA:4p4p+1:|: Vsec? A—1

—ap[(EEE )

16p2
1
=2p or 5
P 2p
Gi sinA _  cosA
Ve, G B = PicosB — ¢

Squaring, we get

sin2A 2 cos?A _ 2

sn2B - P ooz~ 1

sin? A—sin? B 2 cos? B—cos? A 2
sin2 B =p"—1 cos? B =1-g¢

sin? A—sin? B 2 sin2 A—sin?2 B 2
sin? B =p -1 cos? B =1-gq

Dividing, we obtain

2p_, [1-¢*
tan® B = + 71

Dividing original equations

tan A 2

tan B

sin A = v/2sin B sind.cos B _ V3

dcos A.sin B

_ b [1=¢g
=7 p?—1

Substituting for sin A

V2 sin Bcos B o \/g
V1—2sin? Asin B

Squaring, we get

2cos? A=3(1—2sin2 A) = 4sin?A—-1=0
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= sinA=4g,= A= +45
Thus, B = +30°

Given, tan A+ cot A =2, 1+ tan? A = 2tan 4 = (1 —tan 4)2 =0
— ; 1

tanAflismAfiﬂ

m? —n? = (tan A 4+ sin A)? — (tan A — sin A)? = 4 tan Asin A

4v/mn = 4v/tan? A —sin® A Sm A —sin? A

—4 sin®? A(1—cos? A) _ —4 sin® A
cos2 A cos? A

=4tan Asin A

m? —1=2sin Acos A = n(m?—1) = 2sin Acos A(sec A+ csc A)
=2sin A+ 2cos A =2m

Given, zsin® A + ycos® A = sin A cos A

(zsin A)sin? A+ (ycos A) cos? A = sin Acos A

Frpm other equation xsin A = y cos A, substituting this in above equation
(zsin A)sin? A 4 (2 sin A) cos? a = sin A cos A

xsin A = sin Acos A

r=cosA~y=sinA

Thus, 22 + y2 =1

(z+y)?
dzy

Given, sin® A =
sin?A<1= (z4y)?<day= (z—9)?<0
But for real z and y (z —y)? £ 0

=zr=y

Also, zy # 0,2,y # 0



Answers of Chapter 3
Trigonometrical Ratios of Any Angle and Sign

1. Let us solve these one by one:

i. cos2A = cos60° = %

cosQA—sinQA:(@)2—@)2:%—%:%
2
2002~ 1=2.(F) —1=28-1=}
ii. sin 24 = sin 60° = 2
ZSinAcosA=2.%.§=\/7§
iii. cos3A =cos90° =0
4c053A—3cosA:4.%§—3\/7§=0
iv. sin3A =sin90° =1
3sinA—4si® A=35-dz=>5-73=1
v. tan 24 = tan 60° = v/3
2and 252 3 op
1—tan? A 1,% V32
2. Let us solve these one by one:
i. sin24 =sin90° =1
QSinAcosA:2sin45°cos45°:2.%.%:1

ii. cos2A =c0s90° =0

L-2sin® A=1-2sin°45' =1 -2 55 =1~ 2.5=0

iii. tan2A = tan90° = oo

2tan A 2.1 2

T tanZd 1-12 0 ®

3. L.H.S. = sin? 30° + sin? 45° + sin? 60°

1 1 (V3)2 _ 1,3_3_
__2+(\/§)2+ 57 = +§+Z_§—R.H.S.

]
=
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Answers of Trigonometrical Ratios of Any Angle and Sign

. L.H.S. = tan? 30° + tan? 45° 4 tan? 60°

1 2 1 1
:W+1+(\/§) =3+1+3=43=RHS.

L.H.S. = sin 30° cos 60° + sin 60° cos 30°

_11 V3v3 1,3
=33 7771+171—R.H.S.
L.H.S. = cos45° cos 60° — sin 45° sin 60°
_ 11 1V3_ 1 V3

V22 V22 T 2V2 2V2
_1-v3 _ VB-1 _
=55 =35 ! _RHS.

L.H.S. = csc? 45°. sec? 30°. sin? 90°. cos 60°

Il
-
o)
~
[\
.y
S
e
=
no
DN =

4 4

1
2
L.H.S. = 4cot? 45° — sec? 60° + sin? 30°
=412-224 L =4-4+3=1=RHS.

L.H.S. = sin 420° cos 390° + cos(—300°) sin(—330°")
= sin(360° + 60°) cos(360° + 30°) + cos 60° sin 30°

= sin 60 cos 30° + cos 60° sin 30° —\/_ \/_—Q—%.%:%—Q—%:l:R.H.S.

. L.H.S. = c0s570° sin 510° — sin 330° cos 390°

= c0s(360° 4 210°) sin (360° + 150°) — sin (360° — 30°) cos(360° + 30°)
= cos(180° + 30°) sin (180° — 30°) + sin 30° cos 30°

= —c0s 30° sin 30° + sin 30° cos 30°

=0=R.HS.

T .owm_ 1 V3_1-V3
Cosg—sllg=3—75 =73

T T 1 _ 4
tang—l—cotg—\/g.-i-\/g— 3

27 _ gin 27 <_E)_'(_E>
COS 3 sin = 3 = COS( T 3 smi mw 3
_ L o1 V3 1+V3
=TSz —smz=—53—73 = 2

tan +cot4—tan< )+Cot<7r—§)
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Answers of Trigonometrical Ratios of Any Angle and Sign

:—tang.—cotng\/gfwzfww

COS%—SHI%ZCOS(TF—F%)+Sin(7‘&'+%)
T LT 1 1

:—COSZ—SIHZ:——2——2:—\/§

tan +cot —tan<7r+% +C0t(ﬂ+g>

=tanf+cotF=1+1=2

1. cos— Jrcos74 —cos<7r+%73>+sin<7r+%@>
— o 3T _gn 3T — _ ( _E»_s( _Q
= —cos= —sin= = —cos(m—7 sin( 7 — 7
=cosT—sinT=—-— =0
= I =BT

tan%ﬂ+cos%ﬂ: tan(w+‘%ﬂ> +cos(7r+%)
:tan%ﬁ-i-cot?%: tan(w—%) +cot(7r—%)
—tan tan =2

cosn—ﬂ—l—sn%—cos(%r—i—ﬂ—l— )+sin(27r+7r+2%>

zcos<7r+%ﬂ> +sin<7r+2§> :—cos%ﬂ—sin%r

= —COS(TF—%) —sin(ﬂ'—%)

zcosg—sing: 172\/§

tan 137 + cot 157 = tan (27 + 7+ 37 + cot (27 + 7+ )

= tan(w+%—?) +cot(7r+%7£)

*tan—-i—cot—*tan(ﬁ——)—i-cot( -3)
= tanf—cotf=—y3-L-—_121
= tang cot3— \/3 BT

sin of an angle is positive in first and second quadrant. Also, sin 45° =
will be 45° and 135°.

cos of an angle is positive in second and third quadrant. Also, cos 60° =

will be 120° and 240°.
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therefore the angles

5, therefore the angles
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. tan of an angle is negative in second and fourth quadrant. Also, tan45° = 1, therefore the

angles will be 135° and 315°.

cot of an angle is negative in second and fourth quadrant. Also, cot 30° = v/3, therefore the
angles will be 150° and 330°.

sec of an angle is negative in second and third quadrant. Also, sec30° = %, therefore the
angles will be 150° and 210°.

csc of an angle is negative in third and fourth quadrant. Also, csc 30° = 2, therefore the angles
will be 210° and 330°.

sin(—65°) = —sin65° = —cos(90° — 65°) = — cos 25°
cos(—84°) = cos 84° = sin(90° — 84°) = sin6°

tan(137°) = tan(180° —43°) = —tan 43°

. sin(168°) = sin(180° — 12°) = sin 12°

c0s(287°) = cos(180 4+ 107°) = —cos 107° = sin 17°
tan(—246°) = —tan(246°) = —tan (180 + 66°) = —tan 66° = —tan(90° — 24°) = — cot 24°

sin 843° = sin (2 % 360° + 123°) = sin(123°) = sin(90° + 33°) = cos 33°

. cos(—928") = cos(2 x 360° + 208°) = cos(180° + 28°) = — cos 28°

tan 1145° = tan(3 * 360° 4 65°) = tan(65°) = tan(90° — 25°) = cot 25°

cos 1410° = cos (360 * 3 4 330°) = cos(1807180° — 30°) = cos40°

cot (—1054°) = —cot (3 % 360 — 26° ) = cot 26°

sec 1327° = sec(3 % 360° + 247°) = sec(180° + 67°) = —sec 67° = —sec(90° — 23°) = —csc 23°
csc(—756") = —csc(2 % 360° 4+ 36°) = —csc 36°

sin 140° + cos 140° = sin(90° + 50°) + cos(180° — 40°) = cos 50° — cos 40°

cos 40° > cos 50° therefore sign will be negative.

sin 278° + cos 278° = sin (180° 4 98°) + cos(180° + 98°)

= —sin(98°) — cos(98°) = —cos 8" + cos 82°

cos 8° > cos 82° therefore sign will be negative.

sin(—356°) + cos (—356°) = —sin (180° + 180° — 4°) + cos (180° + 180° — 4°)

sin 4° + cos 4° which will yield a positive sign.

. sin(—1125") 4+ cos(—1125°) = —sin(3 * 360° + 45”) + cos(3 * 360° + 445°)

= —sin45° 4 cos45° = 0 which is neither negative nor positive.
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39. sin 215° — cos 215° = sin(180° + 35°) — cos(180° + 35°)
= —sin35° + cos 35°
~cos35° > sin 35° the sign will be positive.
40. sin 825° — cos 825° = sin (2 x 360° + 105°) — cos(2 * 360 4+ 105°)
= cos 15° + sin 15° for which sign will be positive.
41. sin(—634°) — cos(—634)° = —sin(360° + 274°) — cos(360° + 274°)
= —sin(180° 4 90° 4 4°) — cos (180" 4 90° + 4°)
= cos4° — sin 4° whic will have positive sign.
42. sin(—457°) — cos(—457°) = —sin(360° 4+ 90° + 7°) — cos(360° + 90° + 7°)
= —cos 7° 4 sin 7° which will have negative sign.

L

43. cos135° = 7

then given tan A = —

-

. 1 V2
sin A = iﬁ,cosA— iﬁ

44. sin(270°+ A) =sin(180° +90° + A) = —sin(90° + A) = —cos A
tan(270° + A) = tan(180° + 90° + A) = tan(90° + A) = —cot A

45. cos(270°— A) = cos(180° +90° — A) = —cos(90°— A) = —sin A
cot (270° — A) = cot (180° +90° — A) = cot(90° — A) = tan A

46. L.H.S. = cos A +sin(270° + A) —sin(270° — A) + cos(180° + A)
Using results from previous problems we get
=cosA+ —cosA+cosA—cosA=0

47. L.H.S. =sec(270° — A)sec(90° — A) — tan(270° — A) tan(90° + A) + 1
=sec(180°+90° — A) csc A + tan(180° +90° — A)cot A+ 1
=—csc?A+cot?A+1=-141=0=RHS.

48. L.H.S. = cot A+ tan(180° + A) + tan(90° + A) + tan(360° — A)
=cotA+tan A —cot A—tan A =0= R.H.S.

49. Given, 3 tan?45° — sin® 60° — %co’c2 30° + % sec? 45°

=502 (L) - 1(vB2+ L (v2)?



50.

51.

) ) ) 3
3. Given expression can be rewritten as = cos? = + cos2 2Z + cos?
16 16

. Given expression is

Answers of Trigonometrical Ratios of Any Angle and Sign

s _ sin(27r—60°) . tan(2w—30°) . sec(27w+60°)
Given, = tan(7m—45°).sin(7+30°).sec(2m—45°)

—sin 6—°".—tan 30°. sec 60°
—tan45°.—sin 30°. sec 45°

1

vl

.ﬁ.Q _ \/5

=T 1
1%.\/5

L.H.S. =tan1°tan2°...tan 89°

= (tan1®.tan(90° — 1°) .(tan2°. tan(90° — 2°). ... .(tan 44°. tan (90° — 44°) . tan 45°

= (tan1°.cot 1°).(tan2%.cot 2°).....(tan44". cot 44°) .1
=1.1...1.1[~tanfcot § = 1]

=1=R.H.S.

sin? 90°

162

. LH.S. = (sin?5° 4 sin? 85°) + (sin? 10° 4 sin? 80°) + ... 4 (sin? 40° + sin 50°) + sin? 45° +

= (sin? 5° + cos? 5°) + (sin® 10° + cos? 10°) + ... + (sin? 40° + cos? 40°) + sin? 45° + sin? 90°

2
—1+1+~8times+(J5) +1=95=RHS.

2

2 37 .. 237w

Gn2 ST 4 G2 T
E-ﬁ-bln 16—i—sln

— en2 T .
= COoS 16+CO§ 16

=1+1=2

2
54. Substituting the values (%) (V2)? + (V3)% 12

4 17
. Substituting the values (v/3)? — 2. 515 — 2(\/—12:;2 —4. 515
)
-8

seco(2m+120°) . csc(2m+210°) . tan(2w—30°)
sin(27w+240°). cos(2m+300°) . cot (2w +45°)

_ sec(90°+30°). csc(180°+30°) .—tan 30°
~ sin(180°+60°). cos(360°—60°) . cot 45°

_ —csc30°.—csc30°.—tan 30°
~  —sin60°. cos 60°. cot 45°

N

1

2%

31
5.1

<

|

16

T _ 3
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Answers of Trigonometrical Ratios of Any Angle and Sign

2

R.HS. =1 —3sin?30°cos?30° = 1 — 3.5 5 =

Thus, L.H.S. = R.H.S.

58. LH.S. = (1+14+v2)(1+1—+?2)

59 and 60 are similar to 52 and 51 respectively and have been left as an exercise.

221

2T "
. L.H.S. =sin 1g T sin“ g+ ... +sin

L 28w .o 2(T T\ _ 2 T
S ﬁ—sm (571@)—(}08 18

ST g = S1n 5 18 = COS™ =g

27T .2 (71' 27r) 227
18 18

Following similarly, the original expression can be written as

)+ (s

(sin2 1—778 + cos? %) + (sin2 % + cos
=5=R.H.S.

T
2na = 3

L.H.S. = tanatan2atan 3a. ....tan(2n — 2) atan(2n — 1) a

22w

18

6 6
- LHS. cos930°+sin%30° = (3)" +5 =

=4-2=2=csc?%

297

18

= tan o tan 2 tan 3a. ... . cot 2a. cot o

=1=RH.S.
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1. Given, sina = % and cos § = 4%
4 . 4
Therefore, cosa = g and sin § = 4—(1)

sin(a — ) = sinacos 8 — cosasin 3

_39 440

T 541 541

_27-160 _ 133
205 205

cos(a+ ) = cosacos 3 —sinasin 8

—49 340
541 541
_36—120 _ 84
— 206 205
. .45 .33
. Given, sina = =7 and sin f = g
Thus, cosa = % and cos§ = s_g

sin(a— ) = sinacos f — cosasin 8

4556 2833

~ 5365 5365

_2520-924 1596
= T 3445~ 3445

sin(a+ 8) = sinacos f + cosasin 8

_ 4556 +28 28 33
T 5365 ' 5365

_ 25204924 _ 3444

3445 3445

. .15 _ 12
. Given, sina = 1= and cos § = 3

_ 8 a5
cosa = 1= and sin 8 = 13
15 5
tana = and tan = 5
sin(a + ) = sinacos 8 + cos asin 3
1512, 8 5
=BBtTn
— 220
221
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Answers of Compound Angles

cos(a— ) = cosacos 3+ sinasin 8

3
&l
+
=l
&l e

_ tana+tanf
tan(a+ﬁ) ~ l-tanatanp

15 5
_ ®t13
1_155

812

_ 220
21

4. L.H.S. = cos(45° — A) cos(45° — B) —sin(45° — A) sin(45° — B)

= [(cos45°cos A + sin45°sinA)(cos45°cos B + sin45°sin B) — (sin45°cosA
cos45° sin A) (sin45° cos B — cos45° sin B) |

Substituting valus for sin 45° and cos 45°

(st ) (s ) [t ()

cos Acos B cos Asin B sin A cos B sin A sin B cos A cos B cos Asin B sin A cos B
2 2 2 2 2 2 2
sin A sin B]
2

=sin Acos B+ cos Asin B =sin(A + B)
5. LH.S. =sin(45°+ A) cos(45° — B) + cos(45° + A) sin(45° — B)

= [(sin45°cos A + cos45°sin A)(cos45°cosB + sin45°sin B) + (cos45° cos A
sin 45° sin A) (sin45° cos B — cos45°) sin B]

(o o () ()

cos A cos B cos Asin B sin A cos B sin Asin B cos A cos B cos Asin B sin A cos B
= [ 2 + 2 + 2 + 2 + 2 - 2 - 2
sin A sin B]

2

= cos Acos B+ sin Asin B = cos(A — B)

. _ sin(A—B) | sin(B-C) sin(C—A)
6. LHS. = cos Acos B + cos BcosC + cos C'cos A

__ sin Acos B—cos Asin B + sin B cos C'—cos Bsin C + sin C' cos A—cos C'sin A
cos Acos B cos Bcos C cosCcos A

=tan A —tanB+tan B —tanC +tanC —tan A = 0 = R.H.S.
7. L.H.S. = sin 105° + cos 105°

= sin(60° 4 45°) + cos(60° + 45°)

165

+

+



10.

11.

13.

Answers of Compound Angles 166

= sin 60° cos 45° + cos 60° sin 45° + cos 60° cos 45° — sin 60° sin 45°

= cos45°(sin 60° + cos 60° 4 cos 60° — sin 60°) [~ sin 45° = cos 45°]

= cos45° = R.H.S.

Given, sin 75° — sin 15° = cos 105° + cos 15°

= sin 75° — sin 15° = cos(90° + 15”) + sin (90° — 15%)

= sin 75° — sin 15° = co0s 90° cos 15° — sin 90° sin 15° + sin (90° — 15°)
= sin75° — sin 15° = —sin 15° + sin 75°[~ c0s 90° = 0 ~ & ~ sin 90° = 1]
Thus, we have proven the equality.

L.H.S. = cosacos(y —a) —sinasin(y — a)

= cos a(cosycos o + sinysin o) — sin a(siny cos @ — sin avcos )

= COSQaCOS'y+sinwsinacosa—sinasin’ycosa—sin2ozcos'y

20 4 cos® ) = cosy = R.H.S.

= cos(sin
L.H.S. = cos(a+ () cosy —cos(f+ ) cosa

= cos acos B cosy — sin asin B cosy — cos a cos B cosy + cos asin 3 sin y
= sin S(cos asiny — sin v cos )

=sinfBsin(y —a) = R.H.S.

LH.S. =sin(n+1)Asin(n—1)A+cos(n+1)Acos(n—1)A
=cos(n+1—(n—1))A=cos2A = R.H.S.

. LHS. =sin(n+1)Asin(n+2)A+cos(n+1)Acos(n+2)A

=cos(n+1—(n+1))=cosA=RH.S.
cos 15° = cos(45° — cos 30°)

= cos45° cos 30° + sin 45° sin 30°
V3
2

N =

1
T

sin 105° = sin (60° + 45°)

= sin 60° cos? 5 o + cos 60° sin 45°

_V31
SRR
_V3tl_RHS.

22



16.

17.

18.

19

Answers of Compound Angles

4. tan105° = tan(60° 4 45°)

_ tan60°+tan45°
~ 1—tan60° tan 45°

_ V341
=17

tan495° _ tan(360°+135°)

* cot855° T cot(720°+135°)

_ tan135°

_ 2 o __ 2 _
= ootiss = tan” 135° = (=1)" =1

sin(m+6) =—sinf-sin(nr+0) = (1)"sind
sin(nm+ (—1)"F) = (—=1)"sin((=1)"F)
= (=1)"(—1)"sin T ~ [~sin(—f) = —sin 6]

4

L.H.S. = sin 15° = sin(60° — 45°)

= sin 60° cos 45° — cos 60° sin 45°

V31 11
2.2 2,2
_ V31
7W7 R.H.84

L.H.S. = cos 75° = cos(45° + 30°)

= c0s45° cos 30° — sin 45° sin 30°

_ 13 11
V2 2 V22
_VB-1_

L.H.S. = tan 75° = tan(45° + 30°)

__ tan45°+tan30°
~ 1—tan45°tan 30°
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Answers of Compound Angles

20. L.H.S. = tan15° = tan(45° — 30°)

21.

22.

23.

24.

27

_ tan45°—tan30°
~ 1+tan45°tan 30°

:ﬁi:ﬁg”iﬁfzzf\@:fiﬂ.s.

= cosd5 =L

Sl

Given, sin 300° csc 1050° — tan (—120°)

= sin (270° 4 30°) csc(720° + 270° + 60°) + tan (90° + 30°)

= —0830°. — s — cot 30°
_ V32 -
=%.1-V3=0

. 117
Given, tan (ﬁ)

= tan(w—%) = —tan15°

Using the value computed in 20 for tan 15° we have v/3 — 2 as the answer.

5. We know that tan(—0) = —tan, thus

tan((—1)"F) = (—1)"tan ] = (—1)"

;. Given, cos 18° —sin 18° = /2sin 27°

L

1 o
ﬁcos 18° — 7
L.H.S. = sin45° cos 18° — cos 45° sin 18°

sin 18° = sin 27°

=sin(45°—18°) =sin27° = R.H.S.
. L.H.S. = tan70° = tan (50° + 20°)

_ tanb50°+tan 20°
~ 1—tan50° tan 20°

cos 1395° = cos(3 % 360° + 315°) = cos 315° = cos(270° + 45°)

tan(—330") = —tan(330°) = —tan(270° + 60°) == cot 60° =

1
V3
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Answers of Compound Angles 169

tan 70° — tan 70° tan 50° tan 20° = tan 50° + tan 20°
tan 70° = tan 70° tan 50° tan 20° + tan 50° + tan 20°
= tan(90° — 20" ) tan 50° tan 20° + tan 50° + tan 20°
= cot 20° tan 50° tan 20° + tan 50° + tan 20°

= tan 50° + tan 50° + tan 20° = 2 tan 50° + tan 20° = R.H.S.

_ cos(%-‘—x) cos(%—x)

28 LHS. = sin(%wta:)sin(%fz)
_ Cf)sz%—s.inj e _ %—sfnzx - RS
sin Z*Sln xT ifsln xT
L.H.S. =cos(m+n)f.cos(m—n)f —sin(m +n)fsin(m—n)o

29.

30.

31.

32.

33.

34

=cos(m+n+m—n)f = cos2mf = RH.S.

_ tan(0+¢)+tan(0—g)
L.H.S. = 17?an<9+¢)tann(9f¢)

=tan(f+ ¢+ 60— ¢) =tan20 = R.H.S.
Given cos9° + sin 9° = /2 sin 54°
1 o 1 . oo . ero
ECOSQ —l—ﬁsm9 = sin b4
L.H.S. = sin45° cos 9° + cos 45° sin 9°

=sin(45°4+9°) =sin54° = R.H.S.

_ co0s20°—sin 20°
LHS. = cos 20°+sin 20°

Dividing both numerator and denominaor with cos20°, we get

_ 1-tan20° _ tan45°—tan20°
T 1+tan20° T 1—tan4b5° tan20°

~ [~ tan4h® = 1]

= tan(45°—20°) = tan25° = R.H.S.

_ tan A+tan B
LHS. = tan A—tan B

sin A | sin B
_ cosA+cosB
T sinA_ sinB

cos A cosB

_ sinAcos B+sinBcos A _ sin(A+B) _ R.ES
"~ sinAcos B—sinBcos A~ sin(A—B) ~ Y

o 1
. LHS. = tan3A—tan A cot3A—cot A

1 1

T tan3A—tan A __1___ 1
tan3A tanA




39.

Answers of Compound Angles

1 _ tanAtan3A
tan3A—tan A  tan A—tan3A

_ l4tanAtan3A _ 1
~ tan3A—tanA ~ tan(3A—A)

=cot2A = R.H.S.

. This is similar to previous problema and can be solved likewise.

LHS. — sin 3a + cos 3o

sin o cosa

_ sin3acos a+cos 3asin a
- sin v cos o

_ sin(3a+a)
" sinacosa

2sin4a . 1 .
=2= ~ [+sinacosa = 5sin 2]
sin 2c 2

= 2W—m52a =4cos2a = R.H.S.
sin 2a

LS. — tan(%JrA)ftan(%fA)
1

tan(ngA)than( 7A)

l+tanA 1—tanA
I-tanA 1+tanA
1+tan A  1-tan A
1-tan A+1+tan A

_ (14+tan A)%2—(1—tan A)?
T (1+tan A)?+(1—tan A)?

_ 4tanA _ 2tan A
T 242tan? A" sec A

= 2sin Acos A =sin2A

. Given, tan 40° + 2 tan 10° = tan 50°

R.H.S. = tan 50° = tan(40° + 10°)

_ tan40°+tan10°
~ 1—tan40° tan 10°

tan 50° — tan 50° tan 40° tan 10° = tan 40° + tan 10°
tan 50° — cot 40° tan 40° tan 10° = tan40° + tan 10°
tan 50° = tan 40° 4+ 2 tan 10°

R.H.S. =tan(a + 8) tan(a — 3)

_ sin(a+p) sin(a—p)
cos(a+f) cos(a—f)

__ sinacos f+cos asin Bsin o cos f—cos asin 8
" cosacos B—sin asin B cos a cos B+sin asin 8

_ sin? acos? B—sin? Bcos? a
cos? acos? f—sin? asin? B

_ sin? o(1—sin? B)—sin? B(1—sin® o)
" cos? a(1—sin? B)—sin? B(1—cos® a)
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Answers of Compound Angles

_ sinZafsin2B — R.LS.

cos? a—sin? 3

40. L.H.S. = tan’a —tan? 8 = sina _ sin?f

cos?a cos?f3

_ sin? acos? B—sin? Bcos? o
cos? acos? 3

__ (sinacos B+sin Bsin ) (sin a cos S—sin Bsin )
- cos? acos? B

_sin(e+B)sin(a—p) _ g g

cos? arcos? B
41. LHS. =tan[(2n+ 1)7 4+ 0] + tan[(2n+ 1) 7 — 6]
=tan(m+0) + tan(m — 0) ~ [~ tan 2n7 = 0]
=tanf —tanf = 0 = R.H.S.

42. L.H.S. = tan(£+ 9) tan(%ﬁJr 6’) +1
= tan(%-ﬁ-@) tan[ﬂ— (%— 9)] +1

:—tan( +0>tan(279) +1

=1

:—tan< +0)tan[(g—%i— )]+1

NP

= —tan(F+0)cot(§+60)+1=—1+1=0=RHS.

43, RHS. = ——21P2
(1+p%)(1+4%)
Substituting for p and ¢, we get

1—tanatan
\/(1+tan2 a)(1+tan? B)

cos o cos B—sin a sin B
_ cos acos 3

- v/sec asec B
=cos(a+ /) = RH.S.

’ ) 2 sin orsi
44. Given, tan f§ = %

Inverting, we get

_ sin(a+~) _ sinacos~y+sinycosa
2COtﬁ_sinasin'y_ sin asin

= cot a + coty

Thus, cot «, cot 3, coty are in A.P.
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46.

47.

48.

49.

tan(0+a— (0 —«)) = tan2a =

Answers of Compound Angles

tan(f+a)—tan(f—«)
1+tan(6+a) tan(6—«)

_ b—a
" 1+ab

tany = ten(a+ ) = £2555EG

a—b=cota+ cotf—tana —tan g

__sin(a+p)  sin(a+p)
~ sinasinf cosaf

_ sin(a +5) (cosacosﬁfsinasinﬁ>

sin asin 3 cos a cos B

_ sin(a+p) cos(a+B)
" sinasin S cos acos 8

ab = (tana + tan §) (cot a + cot 3)

sin?(a+f)
~ sinasin Bcos acos 3

b
= =tan(a + ) = tany

Given, A+ B=45"+tan(A+ B) =1

tan A+tan B -1
1—tan Atan B —

1+tan A+ tan B +tan Atan B = 2
(1+tanA)(1+tanB) =2

Given, sinasin f —cosacos S+ 1 =10
= cosacosf —sinasinf =1
=cos(a+p)=1

=sin(a+p)=0

_ cos asin f3
1+ cotatanff =1+ sinocos B
__ sinacos f+cosasin 8

- sin a cos 3

_ sin(a+f8) _ 0 o
~ sinacosB T sinacosf T

0

nsinacosa

tanﬂ __ mnsinacosa cos2 a
~ l1-mnsin?a ~ _ 1 _sin?a
COS2 « C052 [e3

ntan o ntana

T sec?a—ntan®a  14(l-n)tanZa

ntan o
1+(1-n)tan a
ntan o

tana—
Now, tan(a — ) =

" 1-tana

1+(1-n)tanZ a
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Answers of Compound Angles

_ tana+(l-n)tan® a—ntana
1+(1—n)tan? a+ntan? o

_ (1-n)tana+(l—n)tan3a
- 1+tan? o

_ (1-n)tana(l+tan?a)
- 1+tan? o -

(1—n)tana

- Given, cos(f8 —v) +cos(y —a) +cos(a—f) = —3

3+2cos(B—7)+2cos(y—a)+2cos(a—f3)=0

173

3+ 2(cosBcosy +sinsiny) + 2(cosycosa + sinysina) + 2(cosacos f + sinasin §) = 0

(cos? o 4 sin®?a) + (cos? B + sin? B) + (cos?~ + sin?~) + 2(cosBcosy + sinBsiny) +

2(cosycosa+sinysina) + 2(cosacos f +sinasinf) =0
(cosa + cos 8+ cosy)? + (sina +sin B +siny?) =0

cosa + cos B+ cosy =sina+sinf+ siny =0

_ tana+tanf
: tan(a+6) T l—-tanatanp
m 1
_ miiTImid
T __m 1
T mt12m+1

_ 2m%+m+m+1 1
—2m2+3m+1-n

Thus, a + beta = %

2. Given (cot A—1)(cot B—1) =2

cot Acot B—1—cotA—cotB=0

cot Acot B—1 _ 1

cot Acot B—1=cot A+ cot B = cot A+cot B

cot (A + B) = cot 45°
Thus, A+ B =45°

which we have proved in reverse.

T+y

3. Given, tana — tan f = z and cot 8 — cot & = y, we have to prove that cot(a — ) = ==

Ty

_ x+y _ tana—tanfB+cot f—cota
Let COt(a 76) ~ zy = (tana—tanp)(cot B—cot o)

N __ (tana—tan 3)(cot f—cot a)
tan(a 6) ~ tana—tan B+cot B—cot a

_ tana—tanf
- tana—tan 3
I+t 5—cota



Answers of Compound Angles

_ tana—tanf
- sin(a—_)
cosacosfB
+Sinla-5)
cosacosf

_ tana—tanf
- 1+tanatan[3_tan(a_6)

Hence proved.

54. Givena+6+fy:90°:%

cota:cot(g— (6—0—7)) =tan(f + )

_ tanfS+tanvy
~ 1—tanSBtanvy

Ut
ot

We have to prove that cot f = 2tan(a — 3)

1 _ 5 tana—tanp
tan3 ~ “l+tanatanp

1+ tanatan = 2tanatan 8 — 2tan2ﬁ
Dividing both sides by tan 3, we get
cot f+tana = 2tana — 2tan 8

cot f+ 2tan f == tan«

Hence proved.

. a . b b a
56. sinA =7_,sinB=_,cosA=_,cos B=

1 1 1
CSC(A - B) ~ sin(A—B) ~ sinAcos B—cosAsin B~ a?_ b2

22
2 a’+b?
a?—b% " a*-b?

_ 1 _ 1 _c?
sec(A—B) = cos(A—B) ~ cosAcos Btsin Asin B 2ab

57. We have to prove that A+ B = C i.e. tan(A+ B) = tanC

tan A+tan B

T—tanAtanB tan C
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60.

61.

62.

. Given

Answers of Compound Angles

act+c __ ¢
c—1 " a

azc-i—ac:c?—c

a®+ a+ 1 = ¢ which is given, hence proved.

tan(A—B) | sin?C __ 1
tan A sin2 A

sin2C 1_ tan(A—B)
sin2 A tan A

1— sin(A—B)cos A _ sin(A—A+B)
sin Acos(A—B) ~ sin Acos(A—B)

. 2, _ sinAsinB
sin® C = 555A-B)

2 __cos(A—B) _ _ 2
CSC C—m—1+COtACOtB—COt C

= tan Atan B = tan® C

59. Given, sinasin f — cosacosf =1

cs(a+B)=—-1=a+=2n+1)x

tan(a+f) =0=tana+tan 3 =0

Given, sin§ = 3sin(6 + 2«)

sin(0+a—a) =3sin(f+a+a)

sin (0 + a) cosaw —sin accos (0 + ) = 3sin (6 + o) cosa + 3cos(6 + ) sin
2sin(f0+ a)cosa+4sinacos(f+a) =0

Dividingboth sides with 2 cos(6 + a) cos a, we get

tan(0 + «) +2tana =0

Given, 3tanftan¢ = 1 = cotfcot ¢ = 3

cosfcos¢p 3
sinfsin¢g

Applying componendo and dividendo

cosfcos p+sinfsing _ 3+1

cosfcosp—sinfsing = 3—1

cos(0—¢) =2cos(0+¢)

Let 2z = cos@ +sinf = ﬂ(%cos@JrAlﬁ-sin@)

= 2COS<0—%)

= V2 cos 55° which has positive sign.
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Answers of Compound Angles 176

63. Let z = 5cos€+3cos<9+g) +3

z = 5cos€+%cos€—¥sin€+3
123cos9—\—fsm€+3

7( 40050—3\fsm0)

13 . _3V3
Let cosa = v then sina = S

y=T(cosacosf —sinasinf) +3
y="Tcos(0+a)+3

Now maximum and minimum values of cos(6 + «) are 1 and —1. Thus, value of y will lie
between 4 and 10.

64. Given, mtan(f —30°) = ntan(6 + 120°)

tan(0—30°) _ n
tan(60+120°) — m

sin(0—30°) cos(6)+120° _ n
cos(6—30°)sin(0)+120° — m

Applying componendo and dividendo

sin[(64120°)+(6—30°)] _ m+n
sin[(0+120°)—(6-30°) — m-n

sin(20+90°) _ m+n

sin 150° m—n

m+n
cos20 = Sm—n)

. . tan o x
65. Given, tand — g

Applying componendo and dividendo

tana+tanf _ x4y
tana—tan B~ z—y

sin(a+f) _ z+y
sin(a—pB) ~ z—y

sin(a — f) *%bm@

66. We have to find the maximum and minimul values of 7 cosf + 24sinf = y (let)

= 25( cos6’+ 55 51119)

7 24
If cosa = 35 then sina = 75



Answers of Compound Angles

y=25cos(8 — )

Thus, maximum and minimum values of y are 25 and —25.

. Given expression is sin 100° — sin 10° = cos 10° — sin 10° = y (let)

_ L oostog———1
y_\/i<ﬂcos 0 \/§sin10°>
= v/2cos(45° +10°)

Thus, the sign is positive.
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. Given,

Answers of Chapter 5

Transformation Formulae

sin 75°—sin 15°

. leen’ cos 75°+cos 15°
2 cos75°§15°sin7505150
5 cos75°; 15°COS75°; 15°
2 cos 45° sin 30° o 1
T 2cos45°cos 30° T tan 30" = ﬁ

(cos0—cos260) (sin80+sin260) _ 2sin 26 sin .2 sin 56 cos 30
(sin50—sin 0) (cos 40—cos66) ~ 2cos 30sin20.2sin50sin 6

=1

We have to prove, % = tan6

_ 2cos660sinf
LHS. =35 6505 — tant

cos 60—cos40

sin 60+sin40 —tan6

We have to prove,

__ 2sinb@sin(—0) _

sin A+sin3A — tan 24

We have to prove, cosAtcos3A

_ 2sin2Acos(—A) _

sin7A—sin A

s Sn8A oA = cos4AsecbA

‘We have to prove

_ 2cos4Asin3A _
LH.S. = 5cosBASn3A cos4AsechA

We have to prove, g%z;g%%z—;% = cot(A+ B)cot(A— B)

LHS. = St ireos a1 = cot(A+ B) cot (A — B)

sin2A+sin2B _ tan(A+B)
’ sin2A—sin2B ~ tan(A—B)

We have to prove

_ 2sin(A+B)cos(A—B)
LHS. = 2cos(A+B)sin(A—B)
_ tan(A+B)
~ tan(A—B)
sin A+sin2A _ A
‘We have to prove, cosA_cos2A — cot b}
QSin%cosg
LHS. = —55—%
2sin“5-sing
A
=cot 5
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Answers of Transformation Formulae

sin5A—sin3A

cos3AtcosbA tan A

10. We have to prove,

_ 2cos4Asin A

11. We have to prove, % =tan(A— B)

2sin(A+B)sin(A—B
LHS. = 2sin((A+B;cos((A—B>) = tan(A B B)

12. We have to prove, cos(A + B) +sin(A — B) = 2sin(45° + A) cos(45° + B)
L.H.S. = cos Acos B —sin Asin B + sin A cos B — cos Asin B

= (sin A + cos A) (cos B — sin B)

:2(%sinA+\%cosA) (%cosB—\%sinB)

= 2(sin A cos45° + sin45°sin A) (cos 45° cos B — sin 45° sin B)
= 2sin(45° + A) cos(45° + B)

cos3A—cos A 4 cos 2A—cos4A sin A
’ sin3A—sin A sin4dA—sin2A = cos2Acos3A

13. We have to prove

L.IS _ —2sin2Asin A | 2sin3Asin A
M T 2cos2Asin A 2cos3Asin A

—sin2A | sin3A

T cos2A +C083A

_ cos2Asin3A—sin2Acos3A _ sin(3A—2A)
- cos2A cos3A T cos2Acos3A

_ sin A
"~ cos3Acos3A

14. Civen sin(4A—2B)+sin(4B—2A)

B _ 2sin(A+B)cos3(A—B
= tan(A + B) LHS. = 232 cosiia 2

)

’ cos(4A—2B)+cos(4B—2A) ~ 2cos(A+B)cos3(A—

tan50+tan36 4 cos 20 cos 40

5 ey re e
15. We have to prove, {—=p— 55 =

sin56 | sin46

LHS. — 0550 1 0536
M sin 56 in46
cos 360

cos 560

__ sin 56 cos 30+ sin 36 cos 560
" sin 50 cos 30—sin 360 cos 50

_ sin80 _ 2sin46cosf
T sin20 sin 260

4sin2 2 4

= 4sin20cos26cos46 _ 4 590 cos 40
sin 20
cos 30+2 cos 50+cos 70

) cosf+2cos30+cos50  COS 20 — sin 260 tan 30

16. We have to prove

Adding first and last terms of numerator and denominator, we have

)

179

=tan(A+ B)



17.

18.

19.

20.

Answers of Transformation Formulae

__ 2cos 50 cos20+2cos 50
LHS. = 2 cos 30 cos 20+2 cos 30

_ cosbf(cos20+1)
T cos30(cos20+1)

__ cos 30 cos 20—sin 36 sin 20
- cos 30

= cos 26 — sin 26 tan 360

sin A+sin3A+sin5A+sin7A _
’ cos A+cos3A+cos5A+cosTA tan4A

We have to prove
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Pairing first and fourth term and second and third term in numerator and denominator,

we get

LHS. = 2sin4Acos3A+2sin4Acos A
Tt T 2cos4Acos3A+2cos4Acos A

_ 2sin4A(cos3A+cos A)
" 2cos4A(cos3A+cos A)

= tan4A

sin(0+¢)—2sin 0+sin(6—¢)

» cos(0+¢)—2cos O+cos(0—¢) tan 6

We have to prove

Pairing first and last term in both numerator and denominator, we get

__ 2sinfcos ¢+2sinf
LHS. = 2cosfcosp+2cosb

_ 2sinf(cos¢p+1)
~ 2cosf(cosp+1)

= tan@

sin A+2sin3A+sin5A _ sin3A
We have to prove that, sin3A+2sin5A+sin7A ~ sin5A

Pairing first and last term in both numerator and denominator, we get

LHS. = 2sin3Acos2A+2sin3A
Tt T 2sinb5Acos2A+2sin5A

_ sin3A(cos2A+1)
~ sinbA(cos2A+1)

_ sin3A
T sinbA

sin(A—C)+2sin A+sin(A+C) _ sinA
’ sin(B—C)+2sin B+sin(B+C) ~ sinB
numerator and denominator, we get

We have to prove that

~ 2sinAcosC+2sin A
LHS. = 2sin Bcos C+2sin B

_ sinA(cosC+1)
~ sinB(cosC+1)

_ sinA
~ sinB

Pairing first and last term in both
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sin A—sin5A4sin9A—sin134
? cos A—cos5A—cos9A+cos 13A cot 44

21. We have to prove that
Pairing first and last term and second and third term in both numerator and denominator, we
get

LS. = —2cos7TAsin6A+2cos7TAsin2A
Tt T 3cosTAcos6A—2cosTAcos2A

_ 2cosTA(sin2A—sin6A)
T 2cosTA(cos6A—cos2A)

_ —2cos4Asin2A
T —2sin4Asin2A
= cot4A
sin A+sin B __ A+B A—B
22. We have to prove that, =7 = tan —5— cot —;

. A+B A-B
2sin ; cos

LHS. = —%5 a5

2 cos—5—sin—5—

A+B A—B

= tan 3 cot 5

cos A+cos B __ A;BCOt A;B

> cos B—cos A

23. We have to prove that cot

A+B . _A-B
2 cos2iEcos 252

LHS = ——5s—xs

2sin=5=sin=

. A+B A—B
= cot 5 cotT

24. We have to prove that, % = tan A;B

2sin2:BcosAE

A—
_ 2 3

LHS = =5 a5
COSTCOS 5

A+B
2

= tan

sin A—sin B __ t A+B
) cosB—cosA O 2

25. We have to prove that

A+B_. A-B
2 cos ; sin

LHS. = —5—75

2sin—5—=sin—5

A+B
2

= cot

cos(A+B+C)+cos(—A+B+C)+cos(A—B+C)+cos(A+B-C)

26. We have to prove that, < B ) i~ A+ B+ 0) —sin(A—B+C) +sn(A+ B—C)

=cot B

LHS. = 2cos(B+C) cos A+2cos Acos(B—C)
S T 2sin(B+C) cos A+2sin(B—C) cos A

_ cos(B+C)+cos(B-C)
~ sin(B+C)+sin(B—C)

_ 2cosBcosC __
~ 2sinBcosC cot B



27.

28.

29.

30.

31.

32.

33.

Answers of Transformation Formulae 182

We have to prove that, cos 3A + cos5A + cos 7TA + cos 154 = 4 cos4A cos 5A cos 6A
Adding first and last and two middle terms together, we gte

L.H.S. =2c0s9Acos6A + 2cos6Acos A

=2cos6A(cos9A + cos A)

=4cos4Acosb5Acos6A

We have to prove that, cos(—A+ B+ C) +cos(A—B+C)+cos(A+B—C) +cos(A+
B+ C) =4cos Acos BcosC

Adding first two and last two, we get

LH.S. =2cosCcos(B—A)+2cos(A+ B)cosC
=2cosC(cos(B—A)+cos(A+ B))

=4cos Acos BcosC

We have to prove that, sin 50° — sin 70° + sin 10° = 0

L.H.S. = —2co0s60° sin 10° + sin 10°

= —sin10° 4+sin 10° =0

We have to prove that, sin 10° 4 sin 20° + sin 40° + sin 50° = sin 70° + sin 80°
L.H.S. = sin 10° + sin 50° + sin 20° + sin 40°

= 25in 30° cos 20° 4+ 2 sin 30° cos 10°

= 2sin 30°(cos 20° + cos 10°)

= sin 70° + sin 80°[~ cos # = sin (90° — 0) ]

We have to prove that, sin a + sin 2« + sin 4« + sin bae = 4 cos % cos 37(1 sin 3«
L.H.S. = sina + sin 5o + sin 2« + sin 4«

= 2sin 3a cos 2a + 2sin 3 cos o

= 2sin 3a(cos 2a + cos o)

= 4cos%cos%gsin 3a

Given, cos[@ + (n — g) qﬁ] — cos[@ + (n + %) qb]

= 2sin[6 + ng] sin[%]

Given, sin[@ + (n — %) gb] + sin[@ + (n + g) QS]

= 2sin[6 + ng| cos[g]



34.

36.

37.

38.

39.

40.

41.

Answers of Transformation Formulae

Given, 2sin 50 sin 76

C+D D-C

Let the angles are A and B then cos C' — cos D = 2sin =5— cos =5

Thus, comparing, we get
C+D=14,D—-C=10
D=12,C=2

Thus, required expression is cos 26 — cos 1260

. Given, 2 cos 76sin 50

= sin 120 + sin 260
Given, 2cos 116 cos 30
= cos 140 + cos 86
Given, 2 sin 54° sin 66°
= cos 12° — cos 120°
0 70 30 1160

We have to prove that sin 5 sin 5 + sin 5 sin =5~ = sin 20 sin 50

LHS. = % (cos 36 — cos46) + % (cos46 — cos76)

= sin 26 + sin 50

6 96 . .. 560
We have to prove that, cos 26 cos 5 — cos 30 cos 5 = sin 560 sin -
L.H.S. = % <cos 52—9 + cos 370) — % <cos %0 + cos 379)
= % (2 sin 56 sin 57‘9)
= sin 56 sin%9

We have to prove that, sin Asin(A + 2B) —sin Bsin(B + 2A4) = sin(A — B)sin(A + B)

L.H.S. = 1 (2sin Asin(A + 2B) — 2sin Bsin(B + 24))

:%(COSB—COS(AJrB) —cosA—cos(A+ B))

= 12sin(A — B)sin(A + B)

We have to prove that, (sin3A + sin A)sin A + (cos 34 —cos A) cos A =0

L.H.S. =2sin2Acos Asin A —2sin2Asin Acos A =0

183



42.

43.

44,

46.

47.

Answers of Transformation Formulae 184

2sin(A—C)cos C—sin(A—2C) _ sin A

We have to prove that, 2sin(B—C) cos C—sin(B—2C) ~ sinB

LHS. — sin A+sin(A—2C)—sin(A—20C)
Y 7 sin B+sin(B—2C) —sin(B—-2C)

_ sinA
"~ sinB

sin Asin2A+sin3Asin 6A+sin4Asin 13A

We have to prove that, sin Acos 2A+sin3A cos 6A+sindAcos 134 tan 94
L.H.S. — cos A—cos3A+cos3A—cos9A+cos9A—cos17TA
Tt T sin3A—sin A+sin9A—sin3A+sin17A—sin9A
_ cosA—cos1T7A
T sinl7A—sin A
_ 2s8in8Asin9A
T 2c0s9ASin8A T tan 94
We have to prove that cos2A cos3A—cos2Acos TA+cos Acos10A cot 6A cot 5A

’ sin4Asin3A—sin2Asin5A+sin4Asin7A

L.H.S. = cos 5A+cos A—cos 9A—cos 5A+cos11A+cos9A
: ~ cos A—cos TA—cos 3A+cosTA+cos3A—cos11A

__cosA+cos1lA
~ cos A—cos11A

_ cos6Acos5A

= Sm6Asmsa — cot6Acot5A

. We have to prove that, cos(36° — A) cos(36° + A) + cos(54° + A) cos(54° — A) = cos 24

LHS. = % (cos(72°) + cos2A) + % (cos108° 4 cos24)
= % (sin 18° 4+ —sin 18° 42 cos 2A4) [~ sin 18° = cos(90° — 18°) = cos 72° and cos 108° = cos(90° +
18°) = —sin 18°]

= cos 24
We have to prove that cos Asin(B — C') + cos Bsin(C — A) + cosCsin(A—B) =0

L.H.S. :%[sin(A—i-B—C)—sin(A—B+C')+sin(B+C—A)—sin(B—C+A)+Sin(A—
B+C)—sin(C—A+DB)]=0

sin(45° 4+ A)sin(45° — A) = %cos 24

L.H.S. :%(23111(45"4—A)sin(45°—A)) :%[COSQA—COSQO"] :%COSQA

. We have to prove that, sin(8—+) cos(a—9) +sin(y—a) cos(f—0) +sin(a— ) cos(y—3J) =0

L.H.S.:%[Sin(a+ﬂ—'y—6)+sin(ﬂ+5777a)+sin(7—a+[3—5)+sin(’y—afﬂ+
0)+sin(a—B+~v—0)—sin(a—F—v+9)]

=0



Answers of Transformation Formulae

51

49. We have to prove that, 2 cos - 13 cos + cos + cost3 =0
L.H.S. = cos 110;+cos 13+cos( 10;) +cos<7r—§i)
= cos 107 3 T+ cos ?g cos 1103 — cos ?g 0

50. We have to prove that, cos 55° + cos 65° + cos 175° = 0
L.H.S. = 2c0s60° cos 5° + cos(180° — 5°)
= 2.%.(:055" —cosb’ =0

51. We have to prove that, cos 18° — sin 18° = v/2sin 27°
L.H.S. = cos 18" — cos(90° — 72°) = cos 18" — cos 72°
= 2sin45° sin 27° = /2sin 27°

52. We have to prove that sinAfsin2AdsindA+sindA _ o)) 34

? cos A+cos2A+cos4A+cos5A

LHS — (sin5A+sin A)+(sin4A+sin2A)
T (cosBA+cos A)+(cosdA+cos2A)

_ 2sin3Acos2A+42sin3Acos A
T 2c0os3Acos2A+2cos3Acos A

sin3A(cos2A+cos A)
T cos3A(cos2A+cosA) tan 34

'A A B " A+B 'A,B n
53 LS — 2 cos2tBcos 2sin S
53. LH.S = A AB + B DoA

2 cos—5—sin—5 2sin—5=sin=5

(cos AEB)n + ( cot M)

tnA B

[1+ (—1)™] which is 0 if n is odd and 2 cos™

54. Given «, B,y are in A.P. ~»28 =« +~

. . cha -
RHS. — Sina—siny _ 2 cos sin®5
cosy—cosa 2 sm—v'yga sin®5~

= cot a+v =cot 8

55. Given sin @ + sin ¢ = v/3(cos ¢ — cos 6)
QSinMcos— f? sm9+—¢smT¢
*bln9+¢[cos——fbln ]:O

0+¢ ¢>7 1
sm—fOortan 3 =7

—-B ., .
if n is even.

185



60.

61.

. We have to prove that

Answers of Transformation Formulae

2“0+ ¢=0"0or —¢=060°

Now, sin 36 + sin 3¢ = 2sin 3(0 ;‘ ) i 306=¢) 3(9 ) _o

[+ when 6 + ¢ = 0; sin 3(9;¢) = 0 and when 6§ — ¢ = 60°; cos 3<0;¢> =

5. We have to prove that sin 65° 4+ cos65° = v/2 cos 20°

L.H.S. = cos(90° — 65°) 4 cos 65° = cos 25° cos 65°

= 2c0s45° cos20° = 2. — cos 20° = /2 cos 20°

\/_
We have to prove that sin47° + cos 77° = cos 17°
L.H.S. = cos(90° —47°) + cos 77°

= c0s43° + cos T7°

=2c0s60° cos 17°

=cos17°[+2cos60° = 2.5 = 1]

cos10°—sin10° __ °

? cos 10°+sin10° tan 35
_ cos10°—cos(90°—10°)

LHS. = cos 10°+cos(90°—10°)

_ cos 10°—cos 80°
" cos 10°+cos 80°

_ 2cos45° cos 35°

~ 2co0s45° cos 35° = tan 35°

. We have to prove that, cos80° + cos 40° — c0s20° = 0

L.H.S. = 2c0s60° cos 20° — cos 20°

= ¢0s 20° — c0s 20°[+ 2 cos 60° = 2.% =1]

T

==0

We have to prove that cos ¢ + cos X + cos & + CoS =

L.H.S. —cos——i—cos——O—cos——O—cos%ﬁ

27

= 200545 cos +2(:os cos &

= 2(:0345 [coa +cos(ﬂ—3§)]

_ 4m 3 3m\ _
= 2cos~5~<cos~5~—cos 5 ) =0

We have to prove that cosa + cos 8+ cosy + cos(a + S+ ) = 4cos ==

0]

a+p
2

COS —5—

Bty
2

COS

rta
2
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64.

5. We have to prove that sin 50° cos 85° =

Answers of Transformation Formulae

LH.S. =cos(a+ f+7) + cosa + cos 3 + cos~y

_2cos(a+ﬁ+7)cosﬁ+7+2msﬁ2 5 W

= 2cos B+7[2c0s(a+ﬁ—;7) +cosﬂ%7]

= 4 cos ath cos ;7 cos

Ytao
2 2

1
Given, sina —sin 8 = dnd cosff—cosa =3

. sina—sin8 2
Dividing we get, cosf—cosa 3

2 Cosgﬂsm 5 —8 2

2 51n9‘iQ51n~;— 3

Given, csc A + secA = csc B + sec B

secA—secB=cscB—cscA

cos B—cos A _ sin A—sin B
cosAcos B~ sinAsin B

=

B. A-B
S1n 5

. A+B_. A-B A
2sin ; sin— 2 cos er

cos AcosB sin Asin B

A+B

= tan Atan B = cot

Given, sec(0 + a) +sec(0 —a) = 2secd

1 1 2

cos(0+a) + =

= cos(0—a) ~ cosf

cosf[cos (8 —a) + cos(0+ a)] =2cos(8+ a) cos(f — )

cos 6.2 cos 0 cos a = cos 260 + cos 2«

We know that [cos (6 + 0) = cos 0. cos § — sin 0 sin § = 2 cos> 6 — 1]

Thus, the above equation becomes
2cos?fcosa=2cos? 0 —1+2cos®a— 1
2cos?f(cosa —1) = 2(cos>a — 1)

= cos?0 =1+ cosa

1—+/2sin 35°
22

LHS. = 2[sm(85 + sin50°) — sin(85° — 50°) |

187
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[sin 135° — sin 35°]
[% —sin35° ]

_ 1—4/2sin35°
=55

N| =

N| =

3

66. We have to prove that, sin 20° sin 40° sin 80° = ~8§
L.H.S. = 5 (25in 80° sin 40°) sin 20°

= £ [cos(80° — 40°) — cos(80° + 40°) ] sin 20°

= £ (cos40° — cos 120°) sin 2060

= 1 (205 40° 5in 20° — 2 cos 120° sin 20°)

= 1 [sin(40° +20°) — sin(40° —20°) — 2. — 2 5in 20°
— L[sin 60° — sin 20° + sin 20°] = 3 sin 60° = 2

67. We have to prove that, sin Asin(60° — A)sin(60°+ A) = %sin 3A

L.HLS. = £ sin A[2sin(60° — A) sin(60° + A)]
= £ sin A cos (60° + A — 60° + A) — cos(60° + A+ 60° — A)]
= £ sin A(cos 24 — cos 120°)

%(QSinAcos 2A —2cos120°sin A)

i[sin(QA +A)—sin(24A—A) —2. —%sinA]

—%(Sin3A—sinA+sinA) :%sin3A
68. Let p = sinasin 8
ZLQSinasinB
2

[cos(a— fB) — cos(a + beta)]

N| =

[cos(a— ) —cos90° ][+~ a+ B =90~ (given)]

| =

= %cos(a —B)

. . . .1
Maximum value of cos(a — §) is 1, hence maximum value of p is 5



69.

70.

71.

72.

Answers of Transformation Formulae

We have to prove that, sin 25° cos 115° = %(sin 40°—1)

L.H.S. = sin25° cos 115°

=~251n25 cos 115° 2[sm 140° — sin 90° |
1 o J o
= 5[cos50° — 1] = 5[sin40° — 1]
We have to prove that, sin 20° sin 40° sin 60° sin 80° = %
L.H.S. = 2 [(2sin 20° sin 80°) (sin 40° sin 60°) ]

(cos60° — cos 100°) 5 V3 Gin 40°

l\JI»—A

&

[00560 sin 40° + sin 10° sin 40° ]

o

[2COS60 sin 40° + 2 cos 80° sin 40° |

[sin 100° — sin 20° 4 sin 120° — sin 40° ]

°°|§

oI

[cos 10° — (sin 20° + sin 40°) + cos 30°]

WIE

cos 10° — 2sin 30° cos 10° +‘f
[
:%[coslo°—2.%.00510°+%]:%

We have to prove that, cos20° cos 40° cos 80° = 3

LHS. = m cos 40°
% [cos 100° + cos 60° ] cos 40°
= % [—sin10° cos 40° + % c0s40°]
i[ 2 c0s 40° sin 10° 4 cos 40°]
= % [—sin50° + sin30° + cos 40° ]
%[ sin 50° = cos 40° ~ and ~ sin 30° = ]

We have to prove that, tan 20° tan 40° tan 60° tan 80° = 3

Using results of 70 and 71 it can be solved.
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73. We have to prove that, cos 10° cos 30° cos 50° cos 70° = %

L.H.S. —%(2(:0310 cos 70° )(\gcoq50 )

e

[cos 80° + cos 60°] cos 50°

&

[cos 80° cos 50° + cos 50° ]

o

[2(:0580 c0s 50° 4 cos 50°]

o

[cos 130° + cos 30° + cos 50°]

[cos(180° —50°) 4 cos 30° + cos 50° ]

°°|§|

Sle

74. We have to prove that, 4cos0(:os<% + 0) cos(%— 9) = cos 30
L.H.S. =2co0s6.2 cos(g + 9) COS(%— 0)

= QCOSG[COS( ) +c0529]
= —cosf + 2cosfcos20 = —cosb + cos 30 + cosf = cos 30

We have to prove that tan 6 tan(60° — ) tan(60° + 6) = tan 36

-~
Ut

We have just proven, 4 cos 0003( + 0) cos( 0) = cos 30
Let us evaluate sin sin (60° — ) sin(60° + )

= 1 5inf.25in(60° — ) sin(60° + 6)

= %sin 0[005 260 — cos %ﬂ]
= %sin900526+isin9
:%(sin?ﬂ —sind) +%sin9

= % sin 36

Thus, we have the desired result.

76. Let p = cosa.cos 8

:%2COSQCOSB =%[COS(O&+/3) +cos(a—0)]
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= %cos(a —B)[va+ =90 :cos(a+ ) =0]
Now maximum value of cos(a — /3) is 1 therefore maximum value of p is %
77. Since cosa = %, therefore « lies either in first quadrant or fourth quadrant. So sina = :I:\%

We have to compute tan aT% cot # =5+2V6

ot a—f
75111“‘2 CO&‘_‘2

- atfB . a—pf
cos—5-sin=—5~

_ sina+sinf
~ sina—sin 3

Substituting the two pair of values, we get the desired answer.
78. Let xcosf = ycos(@ +2§) = zcos(@—l—%ﬂ) =k

k
T

ISR

Let p = +§+

= COS@+COS<0+2§) +cos<0+4§>

f—l~and~cos(6’+7r) = —cosf]

:cosé+2cos(9+7r)cosg=O[':cos3 =3

Thus, zy +yz + 22 =0
79. Given, sinf = nsin(0 + 2«)

= 1_ sin(?+2a)
n sin 0

Using componendo and dividendo

= 1+n _ sin(f+2a)+sinf
1-n = sin(6+2a)—sin 6

_ sin(f+a«)cosa
~ cos(f+a)sina

=tan(0+ o) cot o

3

sin(6+a)
? cos(0—a)

+

80. Given

3

Using componendo and dividendo

sin(6+a)+cos(f—a) _ 1—m+1+m

sin(0+a)—cos(0—a) ~ 1—-m—1—-m
sin(0+a)+sin(g7(97a)) _ 2 _ -1
sin(0+a)7sin(%f(07a)) —2m - m



81.

82.

Answers of Transformation Formulae

=m = tan(%—@) tan(gfa)

Given, ysin¢ = zsin(20 + ¢)

sin ¢ oz
sin(20+¢) — y

By componendo and dividendo

sin ¢+sin(20+¢) _ z+y
sin(20+¢)—singd ~ y—=x

- 2sin(0+¢)cos® _ z+y
2cos(0+¢)sin® — y—u

cotd _ z+y
= cot(f+¢) — y—=x

Hence, proven.
Given, cos(a + ) sin(y +60) = cos(a — beta) sin(y — 9)

cos(a+p)
cos(a—p)

sin(y—4)

= sin(y+94)

By componendo and dividendo

cos(a+pB)+cos(a—p)
cos(a—pB)—cos(a+p)

sin(y—48)+sin(y+9)
sin(y+4d)—sin(y—9)

2cosacos B 2sinycosd

= 2sinasin 8~ 2cosysind
= cotacot = cot 9
cosy

Hence, proven.

83, 84 and 85 can be solved by using componendo and dividendo as well.
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Answers of Chapter 6

Multiple and Submultiple Angles

1. Let us solve these one by one.

i. Given, cos A = g

:>sinA:\/1—(:05%4:,/1—%:,/%?:%

. 225—64 161
cos2A = cos® A —sin? A = 22564 _ 16

289 ~ 289
.. . . 4
ii. Given, sin A = ¢
iTenA_ iCE_3
= cosA=+1—-sin“A=,/1 55 =%
24 24 9-16_ T
c0s2A = cos“ A —sin“ A =55 =3z
. _ 5 __ perpendicular
iii. Give, tan A = 55 = ~—F——

hypotenuse = \/p? + b2 = /25 + 144 = 13

. 45 12
sinAd =q5,cos A =33

119

24 24 24 119
cos” A = cos® A — sin A—169

193

sin2AzQsinAcosA:2.§%:%
ii. Given, sin A = %
:>cosA:\/1—sin2 = 1—%: @:%
sin2A:2sinAcosA=2.%.%:%
iii. Given, tan A = ég = Mpcrpigilcular
hypotenusc:\/p2+b2=\/162+632:65
sinAz%,cosA:%
sin2A:2sinAcosA:2.%.%:%

2. Let us solve these one by one.
i. Given, cos A = }—?
:>sinA:\/1—cos2 = 1—%: ~—8§:A18~7



6.

Answers of Multiple and Submultiple Angles

i b 7, 2
. Given, tan A = —, thus hypotenuse = Vo2 +a?

acos2A + bsin 24 = a(cos? A — sin? A) 4 2bsin A cos A

o a? b2 ab
- a(a2+b2 - a2+b2> +2b. a?+b?
o a?—b2+2b%\ _
=a a?+b? -

sm2A

We have to prove that ; =tan A

_ sin2A 2sin Acos A
LHS. = T+cos2A — I+cos? A—sinZ A

2sin Acos A .
=S+ —sin? A = cos? A]
=tanA = R.H.S.

We have to prove that % =cotA

sin2A 2sin Acos A
LHS. = 1—cos2A ~ 1—(cos? A—sin? A)

= ?—%—HS%QC—%SA =cot A = R.H.S.

1—cos2A

T+cos2A tan A

We have to prove that

_ 1—(cos? A—sin? A)
LHS. = 1+cos? A—sin? A

in2
=2 A —tan? A = RHS.

We have to prove that tan A + cot A = 2csc2A

_sinA | cosA _ sin? A+cos? A
LHS. = cosA+ sinA ~  sinAcosA

2
T 2sinAcosA sm2A

=2csc2A = R.H.S.

We have to prove that tan A — cot A = —2 cot 24

sinA  cosA _ sin? A—cos? A

LHS. = o — A = smAcos A
=824 906124 = RILS.
S

We have to prove that csc2A + cot 24 = cot A

o cos2A _ 1+cos2A _ 2cos? A
LHS. = sm2A + sin2A = sin2A 7 2sinAcos A

=cot A= R.H.S.
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10.

11.

12.

13.

Answers of Multiple and Submultiple Angles

1—cos A+cos B—cos(A+B) _ A
1+cos A—cos B—cos(A+B) — tan COt

We have to prove that

LHS. — 1—cos A+cos B—cos(A+B)
~ 14cos A—cos B—cos(A+B)

2 sinzéﬁ- 2 singsin(%-&- B)

T2 COS2§72 cos%cos(%JrB)

sing +sm(ﬂ B))

sin 5
cos——cos(é B))

2(
cosz(

tan%(Q sin( A;B) cosg)
2s

in(ﬂ) sing

We have to prove that == COSA = tan(45 +5 )

First considering — sign on L.H.S.,

A COS2A7SIH 24
LHS. = 555 = ———
(cos7—§1n5)
o1 . A
Dividing numerator and denomiator by cos? 5
1— tan2A
=
(17tang)
1+tan§
- lftané

tan45° +tan 5

1 tan45°tanv7tan<45 T3 )

Similarly by considering the + sign we can prove the other sign.

sec8A—1 _ tan8A

We have to prove that ————— = {-5%

75808.4 1 1—cos8A cos4A
L.H.S. sec4A—1 " 1—cos4A cos8A

_ 2sin?4A cos4A _ (2sin4Acos4A).sin4A
T 2sin?22A cos8A T 2sin?2A. cos8A

~ sin8A sin4dA _ tan8A.2sin2Acos2A _ tan8A R.ILS.
T cos8A2sin?24 2sin? 2A T tan2A T

1+tan?(45°—A
We have to prove that % =csc24

_ 1+4tan?(45°—A)
LHS. = aeas—a)
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_ cos?(45°—A)+sin?(45°—A)
" cos?(45°—A)—sin?(45°—A)

1

1
= Gos(00°—24) — sm2A — s¢24 = R.ILS.

. ) tanALE
sin A+sin B __ tan—5
sin A—sin B tanA;B

14. We have to prove that

sin A+sin B 2SinA;BCOSA;B
LHS. = = =

* T sinA—sinB QCOSA;BSinAzB
A+B
tan——
2
tan—7—
in2 in2
= sin? A—sin? B o
15. We have to prove that —r—"—-———> =tan(A + B)

sin2A—sin2B = sin2A—sin2B

23 .2 o
L.H.S. :2<CO§ B—cos®? A) _ cos2B—cos2A

in(A+B)sin(A—B

16. We have to prove that tan(% + A) — tan(%— A) = 2tan2A

_1+tanA 1-tanA
LHS. = I—tanA  1+tanA

_ (1+tanA)?2—(1—tanA)?2 _ 4tanA

1—tanZ A T 1-tanZ A
4sin A cos? A 2sin2A
T cosA "cos? A—sin? A~ cos2A T 2tan2A4 = R.H.S.

cos A+sin A  cos A—sin A _ 2tan 24

17. We have to prove that {F——7 — -7 =

_ (cos A+sin A)%2—(cos A—sin A)?
LHS. = cos? A—sin? A

__4cosAsin A _ 2sin2A o
= oA = cosaA = 2tan2A4 = R.H.S.

18. We have to prove that cot(A + 15°) —tan(A —15°) = %

_ 1—tan(A+15°)tan(A—15°)
LHS. = tan(A+15°%)

_ cos(A+15°) cos(A—15°)—sin(A+15°)sin(A—15°) cos(A+15°)
- cos(A+15°) cos(A—15°) “sin(A+15°)

o cos2A o 2cos2A
~ sin(A+15°)cos(A—15°) = 2sin(A+15°) cos(A—15°)

_ 2cos2A _ 4cos2A
T sin2A+sin30° = 1+sin2A4 — R.H.S.

sin A4sin2A

T+cos Afcos2A tan A

19. We have to prove that



20.

22.

23.

24.

Answers of Multiple and Submultiple Angles

LS. = sin A+2sinAcos A _ sin A(1+2cosA)
Mt T cos A+2cos? A T cos A(1+2cos A)

—tan A = R.H.S.
We have to prove that % = tang
LIS, = 25z t2singcosy
2 cos2§+2 Sinécosg
Sing(Sin%JrCosg)

o cos%(sinngCos%)

= tanj = R.H.S.
sin(n+1) A—sin(n—1) A _ A
- We have to prove that cos(n+1) A+2cosnA+cos(n—1)A — tanf

LHS. = 2cosnAsin A _ sinA
M T 2cosnmAcos A+2cosnA T 1+cos A

25in§cos% A
=-——5x =tans = RHS.

24
2 cos?z

sin(n+1) A+2sinnA+sin(n—1)A
cos(n—1)—cos(n+1)A

We have to prove that = coté

LHS. = 2sinnAcos A+2sinnA

2sinnAsin A
A
__cosA+1 2cos?5
sin A 2 singcosg
A
= cot 5 = R.H.8.

We have to prove that sin(2n + 1) Asin A = sin?(n 4+ 1) A — sin> n4

RH.S. = (sin(n+1)A+sinnA)(sin(n+1)A —sinnA)

2n+1
2

ACOSA) (2cos 2ntl A gin é)

= (QSin b} P) P)

= 2sin 2”;1 A cos 2";1 A.2cos é sin%

=sin(2n+1)Asin A = L.H.S.

sin(A+3B)+sin(3A+B) _

We have to prove that SO ATomon =2cos(A+ B)
_ sin(A+3B)+sin(3A+B)

LHS. = sin2A+sin2B

_ 2sin(2A+2B) cos(A—B)
~ 2sin(A+B)cos(A—B)

in(A+B A+B
= Zsin( si;(fiiog() +8) _ 2cos(A+ B) = R.H.S.
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. We have to prove that sin 34 + sin2A — sin A = 4sin A cos é cos %4

[N}
ot

L.H.S. =2cos2Asin A 4 2sin Acos A = 2sin A(cos2A + cos A)

= 2sin A cos % cos g = R.H.S.

26. We have to prove that tan24 = (sec2A4 + 1) v/sec? A — 1
_ 14cos2A [1—cos? A
RHS. = cos2A \/ TcosZA

_ 2cos?A sin? A
T 2cos?2A—1"\/cosZ A

_ 2 tanA — 2tanA _ tanA+4tan A
T e AONA = T A T Ttan A tan A
=tan2A = R.H.S.

27. We have to prove that cos® 24 + 3 cos 24 = 4(cos® A —sin® A)
L.H.S. = (cos® A —sin? A)3 4 3(cos? A —sin? A)
= cos® A —3cos? Asin? A 4 3cos? Asin? A —sin® A + 3(cos? A —sin? A)
= cos® A —3cos* A(1 —cos? A) +3(1 —sin? A)sin* A — sin® A + 3(cos? A —sin? A)
= 4(cos® A —sin® A) = R.H.S.
28. We have to prove that 1 + cos? 24 = 2(cos* A 4 sin* 4)
L.H.S. =1+ (cos? A —sin? 4)2 =1 — 2sin® Acos? A + cos* A +sin* A
=1—2sin® A(1—sin? A) + cos* A +sin* A
=1—2sin® A+ 2sin* A + cos* A +sin? A
= (1 —sin? 4)% + cos* A + 2sin* 4 = 2(cos* A +sin* 4) = RH.S.

29. We have to prove that sec? A(1 + sec24) = 2sec 24

1 cos2A+1
LHS. = cos?2 A° cos2A

1 2cos? A
T cos? A’ cos2A

=2sec2A = R.H.S.

30. We have to prove that csc A — 2cot 2Acos A = 2sin A

_ 1 2cos2Acos A
LHS. = sinA sin2A
1 2cos2Acos A

T sinA~ 2sinAcos A

1 cos2A  1-cos24
sin A sinA = sinA




31.

32.

33.

34.

36.
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= QS.inZA =2sin A = R.H.S.
Sin

1 A A
We have to prove that cot A =5 (cot 5 —tan 5)

1—tan24
R.HS. =§< A2>

tang

2A . oA A
1 [ cos®5—sin’5 | cosy

2 2A Caind
COS 5 SlIl2

:lcosA' .1A =cotA=L.H.S.

2 cosd 4
cosy sing

We have to prove that sin Asin(60° — A)sin(60°+ A) = 4 sin3A4

. . 1
. cos2A—cos120° _ SIn A( 1—2sin? A+§)
L.H.S. =sin A. 5 = 5

_3smA44sm A 1sm3A R.E.S.

We have to prove that cos A cos(60° — A) cos(60°+ A) = %cos 3A
_ cosA oy COSA
LHS. ==~ (cos2A4 +cos120°) = (2003 A—l—-)

3
_4cos A43COSA 1C083A R.ILS.

We have to prove that cot A + cot(60° + A) — cot (60° — A) = 3cot 34

1 1 1
L.H.S. = Tan A + tan(60°+ A)  tan(60°—A)

+1 \/_tanA 1+v3tan A
tanA V3+tan A V3—tan A

1 8tanA _ 3(1—3tan?A) 3

TtanA 3 tan?A 3tanA_tan3 A tan3A

=3cot34A = R.H.S.

5. We have to prove that cos4A =1—8 cos? A+ 8cos* A

L.H.S. =cos4A =2cos?24 —1=2(2cos? A —1)2 -1
=2(4cos* A—dcos? A+1)—1

=1—8cos? A+8cos? A=RHS.

We have to prove that sin4A4 = 4sin A cos® A — 4 cos Asin® A
L.H.S. = 2sin2A cos 2A = 4sin A cos A(cos? A —sin? A)

= 4sin Acos® A —4cos Asin® A = R.H.S.
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37. We have to prove that cos6A4 = 32cos® A — 48 cos* A + 18cos® 4 — 1
L.H.S. = cos6A = (cos?3A4 —sin®3A) = (4cos® A —3cos A)? — (3sin A — 4sin3 A)?
=16cos® A +9cos® A —24cos* A —9sin? A — 16sin® A + 24sin* A
=16cos® A+ 9cos? A — 24 cos* A —9(1 —cos? A) — 16(1 — cos® A)3 + 24(1 — cos® A)?
=32cos% A —48cos* A+ 18cos? A—1 = R.H.S.

38. We have to prove that tan3Atan2Atan A = tan3A4 —tan2A4 — tan A

Rewriting this as following:

tan A+tan2A

tan A +tan2A = tan 3A(1 — tan Atan24) = =~

=tan3A
= tan(A+2A) =tan3A4

Hence, proved.

39. We have to prove that%z (2cos A—1)(2cos24—1)(2cos224—1) ... (2cos 271 —
1)
L.H.S __2cos2"A+1

2cos A+1
Multiplying and dividing by 2cos A — 1

2cos2" A+1 2cos2"A+1
= (2cos A—1)Foa7—7 = (2c0s A— 1) o5

Multiplying and dividing by 2cos2A4 — 1

= (2cos A —1)(2c0os24 — 1) 22222441

= (20084 —1) (200524 — 1) 2220 441

Proceeding similarly we obtain the R.H.S.

40. Given tan A = %, sin B =

5

s cos B — -5 -1
~~CObB—m,tanB—3

_ tanA+tan2B
tan(A + QB) ~ 1-tan Atan2B

2tan B
1 tan? B

= 2tan B
l1—tan A.
1-tan? B

tan A+




41.

43.

44.

Answers of Multiple and Submultiple Angles

=1-A4+2B=7%

We have to prove that tan(% + A) + tan(%— A) = 2sec2A

_ 1+tanA 1—tan A
LHS. = 1—tan A + 1+tan A

_ (1+tanA)?+(1—tanA)? _ 2+2tan? A
- 1—tanZ A T 1—tan? A

:2(sin2A+c052A) __2 —92sec24 = R.H.S

cos? A—sin? A cos2A

. We have to prove that V3 esc20° — sec 20° = 4

LHS =3 1

sin20°  cos 20°

4(@) cos 20"7%sin 20°

= 2 sin 20° cos? 0o

_ Asin(50—20)) _ 4 _
= AV 2] — 4 = RS

We have to prove that tan A + 2tan2A4 + 4tan4A + 8 cot 84 = cot A

sin? A—cos? A 2cos2A

tan A —cot A = Sh Acos A oA = —2cot 24

Similarly, 2tan2A — 2 cot 24 = —4 cot 4A
and 4tan4A —4cot4A = —8cot 84
Thus, tan A + 2tan 24 + 4tan4A + 8 cot 84 = cot A
We have to prove that cos® A + cosz(%z— A) + COS2(~2§7£+ A) :%
= 2C082A+20082(2§—A> +20052(2§+A> =3
LHS. =cos2A+1+ Cos(%f— 2A) +1 +cos(%§+ 2A) +1
4m

=3+ cos2A + 2COS<?> cos2A =3 = R.H.S.

5. 2sin? A + 4 cos(A + B) sin Asin B + cos 2(A + B)

= QSin2A+QCOS(A+B)2sinAsinB+cosQ(A+B)
=2sin? A+ 2cos(A + B)[cos(A — B) —cos(A+ B)] +cos2(A+ B)
= 2sin? A+ 2cos(A+ B) cos(A — B) —2cos?(A+ B) + cos2(A + B)

= 2sin? A + 2(cos? A —sin® B) —2cos?(A+ B) + 2cos?(A+ B) — 1

= 2(sin? A + cos? A) — 2sin? B— 1 = 1 — 2sin? B which is independent, of A
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50. We have to prove that

Answers of Multiple and Submultiple Angles

5. Given, cos A :%<a+é)
cos2A =2cos? A—1=2 l(a—Q—é)z—l

4
S
. We have to prove that cos? A + sin® A cos 2B = cos® B + sin® B cos 24
= cos? A — cos? B = sin? Bcos 24 — sin? Acos 2B
R.H.S. = sin® Bcos 24 —sin? A cos 2B
= sin? B(cos? A —sin? A) — sin? A(cos® B —sin? B)
= cos? Asin? B —sin? Acos? B = cos? A(1 —cos® B) — (1 —cos® A) cos’ B
= cos® A—cos’ B=R.H.S.
. We have to prove that 1 + tan Atan2A = sec2A4

2tan A
LHS =1 + tanAtanZA =1 + tanA.m
_ 1+tan®? A _ cos? A+sin? A
~ 1-tan? A~ cos? A—sin? A

= Cosﬁ =sec2A = R.H.S.

1+sin2A4 _ [1+tan A\2
. We have to prove that ;=57 = (1—tanA)
LHS. = 1+sin2A _ sin? A+cos? A+2sin Acos A

Yt T 1—sin2A T sin? A4cos? A—2sin Acos A

o (sinA+cosA>2
~ \sin A—cos A

Dividing numerator and denominator by cos® A, we get

— (andy?_ R,

1 V3 4

sinl0°  cosl0®

LHS. =L V3

~ sin10°  cos10°

__ cos10°—v/3sin 10°
~ sin10°cos 10°

2.2(3c0s 10— sin 10°)
2sin 10° cos 10°

—4 sin 30° cos 10°—cos 30°sin 10° 4 sin(30°—10°)
- sin 20° - sin 20°

=4=RHS.
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51. We have to prove that cot? A — tan? A = 4 cot 24 csc 24

L.IS 7cosQA_sin2A

sin2 A cos? A

_ cos* A—sin* A _ 4(cos? A+sin? A)(cos? A—sin? AA)
T sin? Acos?A (2sin Acos A)?

4 2A
= SiC:QSQA =4cot2Acsc2A = R.H.S.

14+sin2A _ cos A+sin A _ L
. We have to prove that ———=5— = ————= = tan(z + A)

LIS — 1+sin2A _ sin? A+cos? A+2sin Acos A
TPt cos2A T cos? A—sin? A

_ (cos A+sinA)%2 _ cos A+sin A

T Cos?A_sin?A  cosA—sinA middle term

Dividing both numerator and denominator by cos A, we get

14tan A tanf+tan A
- 1-tanA 1—tanf.tan A

= tan(% + A) = R.H.S.
3. We have to prove that cos® 4 — sin® 4 = cos 2A(1 — % sin? 2A>
R.H.S. = cos 2A(1 — i sin? ZA) = (cos? A—sin? A) (1 —sin? Acos® A)

= (cos? A —sin? A)[(cos® A +sin? A)? —sin? Acos® A] = cos® A —sin® A = L.H.S.

4. This problem is similar to 44 and can be solved similarly.

Ut
ot

We have to prove that (14 sec2A4) (1 +sec22A4) (14 sec23A)...(1 +sec2mA) = %

LH.S. = (1+sec24) (1 4sec22A4) (1 +sec23A) ... (1+sec2™A)

= EZEQ(I +sec24) (1+sec22A4) (1 +sec23A) ... (14 sec2™A)

Now tanA(l —+ sec 214) = tanAM

cos2A
1 1-tan2 A
_ 1+tan? A
- tanA 1—tan2 A
1+tan2 A
2 2tan A
=tan A = o —tan24

1-tan? A~ 1—tan? A
Similarly, tan 24(1 + sec22A4) = tan 224

Proceeding similalry we obtain R.H.S.



60.

. We have to prove that
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sin2" A
sinA

2™ cos Acos2A cos22A ... cos2" LA

Dividing and multiplying with 2 cos A

sin 2" A
sin A

sin2"A 2cos A sin2" A

LHS. = =2cos A 5o S oA

Again, dividing and multiplying with 2 cos 24

92 sin2" A 92 sin2" A
=2%cos Acos2A. 555 = 27 cos Acos 24. =57

Proceeding similarly, we find the R.H.S.

We have to prove that 3(sin A — cos A)* + 6(sin A + cos A)? + 4(sin® A 4 cos® A) = 13
3(sin A —cos A)* = 3[(sin A — cos A)?]2 = 3(1 —sin 24)?

6(sin A+ cos A)2 = 6(1 +sin24)

4(sin® A+cos® A) = 4[(cos? A+sin? A)3—3 cos? Asin® A(cos? A+sin? A4)] = él(l—gsin2 24)

Adding all these yields 13.

. We have to prove that 2(sin® A + cos® A) —3(sin* A+ cos* A) +1 =0

L.H.S. = 2[(sin® A + cos® A)% — 3sin? Acos® A(sin? A + cos? A)] — 3[(sin? A + cos® A)? —
2sin® Acos? A] + 1

=2(1—3sin? Acos? A) —3[1 —2sin? Acos? A]+1=0=R.H.S.

. Given cos? A + cos?(A + B) — 2cos Acos Beos(A + B)

= cos® A+ cos?(A+ B) —2cos Acos Bcos(A + B) + cos? Acos? B — cos® Acos® B
= cos? A+ [cos(A + B) — cos Acos B]? — cos? Acos® B

= cos? A+ sin? Asin? B — cos? Acos® B

=cos? A+ (1 —cos? A) (1 —cos® B) — cos® Acos® B

=1 — cos® B which is independent of A

We have to prove that cos® A cos 34 + sin® Asin 34 = cos® 24

We know that cos® A = = (3cos A + cos 3A) and

1
1
sin® A :%(3sinA —sin34)

L.H.S. = 1(3cos A+ cos3A4) cos 34 + 1 (3sin A — sin 34) sin 34

= %(cos 3Acos A +sin3Asin A) + % (cos? 3A —sin® 34)



61.

62.

63.

64.
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=%COS2A+%COSGA
3 1 3
=7cos2A +7(4cos” 2A — 3cos24)

= cos® 24 = R.H.S.
We have to prove that tan A tan(60° — A) tan(60° + A) = tan3A4

LHS. = sin A.sin(60°—A).sin(60°+A)
Mt T cos Al cos(60°—A) . cos(60°+A)

in A(sin?60°—sin? A . . . .
= :(ZI;AEZZQ%%LZTIQ A)) [sin(A+ B)sin(A— B) =sin? A —sin? B and cos(A + B)cos(A —

B) = cos? A —sin® B]

_ sinA(3—4sin? A) _ 3sinA—4sin% A
"~ cos A(1—4sin? A) ~ 4cos® A—3cos A

sin3A
=534 = tan 3A = R.H.S.

We have to prove that sin® 4 + sin?’(%ﬂ + A) + sin3<4% + A) = —%sin 3A

wsin® A :%[BSinA— sin3A4]

L.H.S. :%[SSinA—sin?)A] +i[3sin(%ﬂ+A> —sin(27T+3A)] +i[3sin(4§+A) —sin(4r +
34)]
= %[BSinA— sin3A] +%[3Sin(2%+ A) — sin3A] +i[3sin<4§+ A) — sin3A]

[sinA—sin3A+sin(2?ﬂ+A) +sin<4§+A)]

|

[sinAfsin3A+2.(—sinA).%]

|

= —%Sin 3A =R.H.S.

We have to prove that 4(cos® 10° 4 sin® 20°) = 3(cos 10 o + sin 20°)
= 4cos® 10° — 3 cos 10° = 3sin 20° — 4sin® 20°

= ¢0s3.10° = sin 3.20°

= c0830° = sin60° = @ = ‘/75

Hence, proved.

We have to prove that sin A cos® A — cos Asin® A = %sin 4A
LHS. = %2 sin A cos A(cos? A —sin? A) = %sin 2A cos2A

= %.2. sin2A cos2A = %sin 4A = R.H.S.
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67.

68.

69.

70.
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5. We have to prove that cos® Asin34 + sin® A cos 34 = %sin 4A

L.H.S. = cos® A(3sin A — 4sin® A) + sin® A(4cos® A —4cos A)

= 3(sin A cos® A — cos Asin® A)

Following previous problem we obtain R.H.S.

We have to prove that sin Asin(60° + A)sin(A + 120°) = sin 34

We have proved in problem 32 that sin Asin(60° — A)sin(60°+ A) = %sin 3A
Thus, we can prove what is required.

We have to prove that cot A + cot (60° + A) + cot(120° + A) = 3cot 3A
L.H.S. = cot A + cot(60° + A) + cot (180" — (60° — A))

= cot A + cot (60° + A) — cot (60° — A)

This we have proved in problem 34.

We have to prove that cos 54 = 16.cos® A — 20 cos® A + 5 cos A

L.H.S. cos(24 4+ 3A) = cos2Acos3A —sin2Asin3A4

= (2cos® A—1)(4cos® A —3cos A) — 2sin Acos A(3sin A — 4sin® A)
=8cos® A—10cos® A+ 3cos A —2cos Asin? A[3 —4(1 — cos® A)]
=8cos® A—10cos® A+ 3cos A —2cos A(1 —sin® A) [4cos®> A —1]
=16cos® A—20cos® A+ 5cos A = R.H.S.

We have to prove that sin5A4 = 5sin A — 20sin® A + 16sin® 4

L.H.S. =sin5A =sin(2A4 + 34) =sin2A cos 3A + sin3A cos 24

= 2sin Acos A(4cos® A —3cos A) + (3sin A — 4sin® A) (1 — 2sin? A)
= 2sin A(1 —sin® A) (4cos> A —3) + (3sin A — 4sin® A) (1 — 2sin? A)
= 2(sin A —sin® A) (1 —4sin? A) + (3sin A — 4sin® A) (1 — 2sin® A)
= 5sin A — 20sin® A + 16sin® A = R.H.S.

We have to prove that cos4A — cos4B = 8(cos A — cosB)(cosA + cosB)(cos A —
sin B) (cos A + sin B)

R.H.S. = 2(2cos? A — 2cos® B) (2cos? A — 2sin” B)
= 2(cos2A — cos2B) (cos 2A + cos 2B)

= 2(cos? 24 — cos? 2B) = cos4A — cos 4B = L.H.S.



71.

72.

73.

74.

Answers of Multiple and Submultiple Angles

4tan A—4tan® A

We have to prove that tan4A = T 6tan? Attant A

L.H.S. =tan4A =tan(2A4 + 2A4) = %

2tan A
‘1-tanZ A

1— 2tan A 2
1-tanZ A

Solving this yields R.H.S.

Given 2tan A = 3tan B, we have to prove that tan(A — B) = 75?;‘02555

tanA:%tanB

3
tan A—tan B stan B—tan B

tan(A_B) = 1+tanAtanB: 1+%tan23

o tan B o sin Bcos B
T 2+3tan? B~ 2cos? B+3sin? B

_ sin Bcos B
1+cos 2B+3.%(1fcos 2B)

_ sin2B
—_— m —_ R.H.S.

Given sin A + sin B = x and cos A + cos B = y, we have to show that sin(A+ B) =

2xy = 2(sin A + sin B) (cos A + cos B)

= 2(sin A cos A + sin B cos B + sin A cos B + cos Asin B)

=sin2A +sin2B + 2sin(A + B)

=2sin(A+ B)cos(A— B) +2sin(A+ B) =2sin(A+ B)[cos(A— B) +1]
22 4 1% = (sin A 4 sin B)? + (cos A + cos B)?

=2+ 2(cos Acos B+sin Asin B) = 2[1 + cos(A — B)]

2oy sin(A+ B)

$2+y2 =

Given A = , we have to prove that cos A. cos 24. cos 22A. ... .cos 2" 1A = 2%

T
2711
L.H.S. = cos A. cos 2A4. cos 22 A. ... .cos 2" A

_ 1
~ 2sinA

(2sin Acos A).cos2A. cos 22A. ... cos 2" 1A

= ﬁ sin2A. cos2A.cos 22 A. ... .cos 21 A

= m (2sin2A4 cos24) cos 22A. ... .cos 2" LA

2zy

x2+y?
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Proceeding similarly

— : n _*_L__v . B —.l,_
= s a SN 2" A = g sin(r — A) = 57 = RH.S.

75. Given tan A = £, we have to prove that z cos 24 + ysin24 =z

x?
. Y. A — Y __ =
“tan A = = ~sin A z2+y2’COSA T

. 9 .9 . 2,2 2
~xcos2A + ysin24 = x(cos” A — sin A)+2ysmAcosA:x<5;~z_—g§>+2;§:%§
=z =RHS.

76. Given tan® A = 1+ 2tan? B, we have to prove that cos 2B = 1 + 2cos 24

1-tan? A _ 3—tan? A
1+tan? A~ 1+tanZ A

1+2cos2A=1+2.

_3-1-2tan*B _ 1—tan’B __ .
= 57%tan’B — 1itan®B cos2B = L.H.S.

. 2B—-1
77. Given cos2A = %, we have to prove that tan A = v/2tan B
_ 3cos2B—1
cos24 = 3—cos2B

1-tan? A _ 3—3tan? B—1—tan’B
1+tan® — 3+3tan? B—1+tan? B

_1—2tan®B
~ 1+2tan’B

~tan? A = 2tan? B = tan A = v/2tan B

78. Given tan B = 3tan A, we have to prove that tan(A + B) = %

_ tanA+tan B
tan(A + B) ~ l1-tanAtan B

4
stan B 4tan B

- 17tan2B ~ 3—tan? B
3

_ 4sinBcosB 2sin2B
" 3cos? B—sin? B~ 2cos? B+cos2B

2sin2B
~ 1+cos2B R.H.S.

79. Given xsin A = ycos A, we have to prove that — S+ 57 ==2

Given tan A = ¥

. y T
asinA=—=—~&cosA=——
T /12+y2 /m2+y2

__z Y
LHS. = sec2A + csc2A



80.

81.

82.

83.

Answers of Multiple and Submultiple Angles 209

= 2cos2A + ysin 24 = z(cos®> A —sin? A) + 2y sin Acos A

" x2—y? 2xy?
224y T x?4y?

=z
Given tan A = sec 2B, we have to prove that sin 24 = 1-tan’ B
’ 1+tan? B
1+tan? B
tan A = oo = T
an2
Lsin A = 1+tan f
V2+2tan® B
1—tan? B

and cos A = ———
V2+2tan® B

1—tan* B
L.H.S. stA—QsmAcosA—m—RHS

1

Given A = %, we have to prove that cos A.cos2A. cos3A. cos4A. cos5A.cosb6A = — 3¢

L.H.S. = %2 cos A.cos6A.2cos2A. cos5A.2cos3AcosdA

%(cos——i—cos%) (Cos—+c053é4> (cos —0—005’;)

%[COS(W+%) -+ cos(7r —%)} [cos(w+g) +cos<g)] + [cos(w+%> +COS%]
—_1
- 16
Given A = 15, we have to prove that cos2A.cos4A. cos8A.cos14A = Ilﬁ

= cos(27r —i> = cos16A

14
cos 14A = cos 4= 1

15

L.H.S. = cos2A.cos4A.cos8A.cos16A = S A si111 57 -2sin 2A.cos2A.cos4A. cos8A. cos16A
2sm 5o Sin4A. cos4A. cos84. cos 164 = +%sin 8A.cos8A.cos 164

1 . 1 . 1

_b we have to prove that (@ —bcos2A) (a — beos2B) = a? — b?

Given tan Atan B = P

L.HS. = (a—bcos24) (a—bcos2B) = [a_ bl—tan2A]|: _pl-tan’B

1+tan? A 1+tan2 B

1+tanZ A __a=b
(a+b)tanZ A

a—b
— a_bl—tanzA] a—b a+b tan? A
1+ b

271)2

Solving this yields %



84.

86.

87.

5. cos A=

Answers of Multiple and Submultiple Angles 210

Given sin A = % and sin B = %, we have to find the value of sin(A + B) and sin(24 + 2B)

cosAz?and cosBz@

sin(A + B) = sin A cos B + cos Asin B = ?4-%5: \/gg\/g

sin(2A + 2B) = sin 24 cos 2B + cos 2Asin 2B
= 2sin A cos A(cos? B — sin® B) + 2sin B cos B(cos? A — sin A)
Substituting the values we obtain the desired result.

85 and 86 have been left as exercises.

A
3 1 —tan27 3

= e =
10 1+tan25 10

_ 2
Let z = tané7 then 1—”

-3
+z2 7 10
/7

The reason for two values is that cos A may lie in first or fourth quadrant. If it is in first

quadrant then tan% will be positive and if it is in fourth quadrant then tang will be negative.

A—B
2

Given sin A + sin B = = and cos A + cos B = y, we have to find the value of tan

A B
A—B tang—tanz

2 T +tan%tan§

tan

in4 cos? —sinBeos
sin 5 COS 5 sin 5 COS 5

sAcosB_sindsinB
cosgcosy —singsing

A—-B
2

1—tan2¥

2
Also, tan(A — B) = tan

AEB = a, then tan(A — B) = 2a

T 1+4a?

Let tan

22+ y? =2+ 2sin Asin B + 2 cos A cos B

_ _p2_ .2
Solving this yields tan AQB = \/%“zz‘;ﬁ“

We have to prove that (cos A + cos B)? + (sin A — sin B)? = 4 cos

2A+B
2

L.H.S. = cos® A + cos® B + 2cos A cos B + sin? A + sin® B — 2sin Asin B

=2+2cos(A+ B) = 40082#: R.H.S.



89.

90.

91.

92.

93.

Answers of Multiple and Submultiple Angles

A—B

We have to prove that (cos A + cos B)? + (sin A 4 sin B)? = 4 cos? 5

L.H.S. = cos® A + cos® B + 2cos A cos B + sin? A + sin® B + 2sin Asin B

=24 2cos(A — B) = 4cos’ A;B = R.H.S.

We hve to prove that (cos A — cos B)? + (sin A — sin B)? = 4sin? #
L.H.S. = cos® A + cos? B — 2cos A cos B + sin? A 4 sin? B 4 2sin Asin B

=2—2cos(A — B) = 4sin® A;B = R.HS.

We have to prove that sin2<g + g) — sin2(g — é) = %sinA

LHS = 17COS§£+A) N 170055%,14)

. COS(%*A)*COS(%+A)
- 2

2sin%sin A 1.
w‘i‘.—.v — ESIHA — R.H.S.

We have to prove that (tan4A + tan2A4) (1 —tan? 3Atan? A) = 2tan 34 sec? A

LH.S. = (tan4A +tan2A) (1 + tan3Atan A) (1 — tan3Atan A)

_ <sin4A + sin2A) (cos3A cos A+sin3A sinA) (cosSA cos A—sin3Asin A)
T \cos4A ' cos2A cos3A cos A cos3A—cos A

_ sin 6 A cos4A cos2A
" cos4Acos2A  cos3Acos Acos3Acos A

_ 2sin3Acos3A _ 24
= o 3AcoTA = 2tan 3Asec® A = R.H.S.

We have to prove that (1 +tan§—secg> (1 +tan§+secg) = sinAse02g
LHS. = (1+tan§—sec§>(1+tan§+secé)

2
= (1+tan§) —sec2éz2tan§

2sin‘acos4 A
= % = sin Asec’ 5 = R.H.S.

COS 5 2
14+sinA—cos A _ A
‘We have to prove that m = tan b}

_ (1—cosA)+sin A
LHS. = (I+cos A)+sin A

. 2A A A
o 2sin®5+2sinzcosy

- 24 ogindcosA
2cos®5+2singcosy
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96.

97.

. We have to prove that cos4§ + cos

Answers of Multiple and Submultiple Angles

A
1—tans i
‘We have to prove that —————;21 = Lc%sgl%é

1+tansy = tan<g+é>

. . 2A 2A LA A
14+sin A _ sin S +cos 5+2 SingCcos3

A o4
cos A cos?5—sin?%

s A A
__sing+cosz

A A
COS@*Slnf
e s . A
Dividing numerator and denominator by cos 5, we get

A
. 1+tans

— 7 _ . A
1—tans

4 3w 4 57 47 3
T—i-cos g—Q—cos T =3

7\ 2
Aam_ ( 2 E>2 . 1+cosy
COS i COS g =\——=

. 3mr _ 3 V2
Similalry, cos™ g~ =g —
5m _ ( _3_77)7_ 3
cos g = cos(m—g ) = —cosg
cos = —cos T
g = 5%
4T 431 4 5m 47m _ 3
Thus, cos™ g+ cos™ 5=+ cos™ 5+ cos™ = =3
. 2sin A—sin2A _ 2A
We have to prove thatmftan bl

_ 2sinA—2sinAcosA _ 2sinA(l—cosA)

LHS. = 2cos A+2sin Acos A~ 2sin A(1+cos A)
2sin24 A

=2 —tan’4 = R.HS.
200525 2

We have to prove that cot g — tang =2cot A

cos2 sin2
LHS =—2-—2

sin4 Ccos5
2 2
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98.

99.

100.

101.

Answers of Multiple and Submultiple Angles

2A_ gin24
cos 5 Sin 5

LA A
Sln7COS§
— 20084 _ 900t A = R.H.S.
sin A

We have to prove that 1+:2ﬁ tan? (% + g)

24 cin24 Agind
LHS __cos*5sin 5 +2cosgsing
T T cos2@ 4 gin24 Agind
cos®F+sin“5—2cosmsing
A, . A
_cos;-‘rsm?

- A_gind
cos’y—sing

Dividing both numerator and denominator by cos ’;1, we get
1+tan§ tan%+tan%
o lftang o lftan%tang
_ T, A
= tan(z + 5) = R.H.S.
A
We have to prove that sec A 4+ tan A = tan(% + 7)
A AN2
LHS. = 1+sin A (COS?J“S”]?)
cosA coszé—sinzé
cos%-‘rsin%
= A A
COSf*Slnf
Now proceeding like previous problem
sin A+sin B—sin(A+B) _ A
We have to prove that sin Atsin Bisin(A+B) — tan 5 tan 5
LES 2sinA cosA B—QSlnA cosA;rB
e 2sinA;BcosA +2smA+BcosA+B
COSA53700S#
T cos?5E 4 cosAiE

2sin‘4cosZ
S 2C052

- 2 cosacosZ
2 2

—tan tan 3 B_RHS.

We have to prove that tan(% — g) =secA—tan A = ,/E—Z—E—%
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102.

104.

105.

3. We have to prove that cos? g + cos” = + cos

Answers of Multiple and Submultiple Angles

A 1—tang
— T_42) = 2
LHS. =tan(f—%5)= e

A_gind
__cosp—sing

o cos%-‘rsin%
Multiplying both numerator and denominator by cos &5 + sm‘g
cosA cos? A 1—sin A
1+51nA (1+sin A)2 1+sin A

cosA _ cosA(l—sinA) N
Also, oA = 1-smZ4 = secA—tan A

2 —=2sec A = R.H.S.

cos A—cos? 5

237r 207r+c0 8 -9

1+cosT _ 142

Cos™ g~ = 2 NG
25T 2 37

COS g = COS g
27w 2T

COS g = = COS B

LHS. — 2(12*f +

=2=RHS.

This problem is similar to previous problem and can be solved in a likewise manner.

Wehavetoprovethat(1+cos )<1+cos )<l+cos )(l-i-cos ) %
cos%zcos(w—g):—cos%

51 37 3
cos§:cos(7r—§>:—cos§

LH.S. = (1 —cos2 T ) (1 — cos? 3%)

27 . 237

= sin 3 Sin 3
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™

1-2cosy 1-2 cosgﬂT7r
2 : 2

Substituting values from 105 we get desired result.

106. We have to find the value of sin223—47T
Sin(ﬂ'—%):sing
.2 4 1 1 o
sin® A =5 (1 —cos2A4) =5 (1 —cos15°)
0-2)
=3 7

asinA=7v8-2V6—2v2
107. Given A = 112°30" =24 = 225°

cos 2A = cos(180° + 45°) = —

o =)

-« A lies in 2nd quadrant - sin A will be positive and cos A will be negative.

-

|cos A| = —%—@
108. We have to prove that sin® 24° —sin? 6° = % (\/5 —1)
LHS. = sin(24° + 6°) sin (24° — 6°) = £ Y31

:%(\/3_ 1) = R.H.S.

109. We have to prove that tan 6°. tan 42°. tan 66°. tan 78° = 1

_ sin66°6° sin 78° sin 42°
LHS. = cos 66° cos 6° * cos 78° cos 42°

__ cos60°—cos 72° cos 36°—cos 120°
~ cos60°+cos 72° " cos 36°+cos 120°

_ 1-2sin18° 2cos36°+1
T 1+2sin18°"2cos36°—1

() 25
C12(E2) 2 (B )1

=1=RH.S.

110. We have to prove that sin47° + sin61° — sin 11° — sin 25° = cos 7°

L.H.S. = 2sin 54° cos 7° — 2sin 18° cos 7°



111.

112.

113.

114.

115.

Answers of Multiple and Submultiple Angles

=2c0s7°.2cos36°.sin 18° = 2 cos 7°,2$. \/5471

=cos7’

We have to prove that sin 12° sin 48° sin 54° = %

L.H.S. = 5 .25in 48" sin 12°. sin 54°

=1 (cos36° — cos 60°) . cos 36°

—2

_1(\/5+1_1> V5+1

2 4 2)" 4
1

We have to prove that cot 142 %o = \/5 + \/g —2— \/6
L.HS. cos 1425 = cot (180" = 37} ) = —cot 375

_v3-1

‘We know that tan 15° = cot 75° = VATl

s—cot37 =vV2+V3—2—16=RHS.

VBl
g

We have to prove that sin® 48° — cos? 12° = —
L.HS. = £ (25in?48° — 2cos? 12°)

:%(1—005960—1—c0524°)

= —%(200360" cos 36°)

1 V6+1 . VB+1 _
_E.Ti— 8 7R.H.S.

We have to prove that 4(sin24° 4+ cos6°) = v/3 + /15
L.H.S. = 4(sin 24° + sin 84°) = 8sin 54° cos 30° = 4+/3 sin 54°
= 4/3(3sin 18° — 4sin® 18°)

V5—-1
1

We know that sin 18° =

~4/3(3sin18° — 4sin® 18°) = /3 + V15 = R.H.S.
We have to prove that cot 6° cot 42° cot 66° cot 78° = 1

1

LHS. = (6 tan 12 tan 66 tan 78"
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116.

. We have to prove that sin 6° sin 42° sin 66° sin 78° =

Answers of Multiple and Submultiple Angles

We know that tan(60° — z) tan z tan(60° + =) = tan 3z
Putting = = 18°, we get

tan 42° tan 18° tan 78° = tan 54°

Putting = = 6°, we get

tan 54° tan 6° tan 66° = tan 18°

From these two, we derive that

tan 6° tan 42° tan 66° tan 78° = 1

We have to prove that tan 12° tan 24° tan 48° tan 84° = 1
We know that tan(60° — z) tan z tan(60° 4+ =) = tan 3z
Putting = = 12°, we get

tan 48° tan 12° tan 72° = tan 36°

Putthing x = 24°, we get

tan 36° tan 24° tan 84° = tan 72°

From these two, we derive that

tan 12° tan 24° tan 48° tan 84° = 1

1
16
L.H.S. = sin 6° sin 66° sin 42° sin 78°

= % (cos60° — cos 72%) (cos 36° — cos 120%)

(% — cos 72°> (cos 36° + %)

PN,

| =

(1 —2cos72°)(2cos36°+ 1)

1

[}

:1—16[1—|—2cos36°—2cos72°—4cos36°cos72°]

= 1_16 + % [cos 36° — cos 72° — cos 108° — cos 36° ]

= &+ £ [cos 72° + 0108°]

:Tlé+§[cos72°+cos(l80°f 72°)]

sl=
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Answers of Multiple and Submultiple Angles

118. We have to prove that sm = sin 25 sin 357r sin éﬁ = T56
27 27\ . T
L.H.S. —sm5sm = sm(ﬂ ?>sm(7r—3>

_1\2 2
= gin2 % sin2 25—7r = sin218°sin236° = <ﬁ4 1) (% 10 — 2\/5)

5
= o =RHS.

1

119. We have to prove that cos 36° cos 72° cos 108° cos 144" = 1%

L.H.S. = cos 36° cos 72° cos (180° — 72°) cos (180° — 36°)
= cos? 36° cos? 72°

cos 36° = f“ ,cos 72° =2cos236°— 1

Thus, cos 36° cos? 72° = Tlé

. 2 3 4 5 6 7
120. We have to prove that cos {g cos Jg cOs £ COS T& COS T& COS 7 COS T¢
. s vy QT T s
LIS — 1 or  3m 4 5 6 7
HS. = 4—,,2s1n1—500s 75 COS Tg COS T COS T COS 77 COS 75 COS 75
lnﬁ
=1 sin 2T cos 2% cos 3T cos 3T cos 2T cos 8T cos 1T
T Daing DHT5 COB T COS 5 CO8 15 COS 75 COS T COS 3
1 4 37 4 5 67 T
msm 1% COS JE COS & COS TE COS 7% COS T&
= ;SIDS—WCOS?’—WCOSECOSG—WCOSE
BTt 15 C0S 15 COS 15
Now, sin 5% = sin(ﬂ' — 7—”) sin 77 . therefore
) S 7g = 15) = sin Tz,
=1 924in T cos 3T cos 2T cos 5T cos 1T
T 2isink SII 75 COS 75 COS 75 COS 75 COS 735
_ 1 147 3 5t 6m
= SranE sin <z cos T COS 7§ COS 75
Now sin 47 — sm( 1) = sin -, therefore
15 15 5
L cos 3T cos 3T cos T
= 3 C08 75 COST5 COS 15
=—L _94in 3T cos 3T cos 2T cos &F
T 2anit 15 €08 75 COS 75 COS 13
o 1 2 67 61 T
= ool sin 7 cos 75 cos 5

-



121.

122.

123.

124.

Answers of Multiple and Submultiple Angles

=—1 sinteosI
= Sogniz oM s €083
15
o . 127 37
Similarly sin 7 = sin 3¢

= wCosg = l7 = R.H.S.

V)

27 A 8 167 327

We have to prove that cos == cos == c0S == COS =x COS —= COS = =

65 65 65 65 65 65

=1 2sin T cos & cos 2% cos 2T cos OF cos 197 cos 327
= 2uing 5 COS g5 COS g5 COS g5 COS 55 65 65
5]
=1 5in 2T cos 2T cos AT cos OF cos 107 cos 327
= Jainz M G5 COS G5 €08 g5 COS g5 COS 55 €OS g
65
= ;25m2—c052 08 2T cos ST cos 107 ¢os 327
= P anE 65 €05 65 COS 55 €98 55 65 65
65
— ;sm“—”cos“—“co 8T 05 107 g 327
= Painz S r COS 55 COS 55 COS G5 65
65
= ;Qsm—coszl c0s 5T cos 197 og 327
= 565 65 65

2% sin 65 “9° 65

Proceeding similalry we find that above is equal to

1 sin 647
27 singg 65

. 64w
However, sin therefore

65 = sin =&

65’

cos & cos 2% cos 2T cos ST cos 107 cos 327 = L
65 65 65 65 65 65 ~— 64
. A Ja—b B
Given, tan 5 = Srptans
l—tan2 1——tan2B
Now, cos A = 2 = aib
1+tan2 1+a—+btan

(a+b) coszg—(a—b) sin2§

2g+(afb) sm2123

" (a+b)cos

__acos B+b
" a+bcos B

1

64

219

This problem is similar to previous problem with a = 1, e = b and has been left as an exercise.

Given sin A + sin B = a and cos A 4 cos B = b, we have to prove that sin(A + B) = 5

2ab = 2(sin A + sin B) (cos A 4+ cosB) = 2sinAcos A + 2sin Acos B + 2sin Bcos A +

2sin Bcos B = sin2A + sin2B + 2sin( A + B)
=2sin(A+ B)[cos(B—A) + 1]



126.

127.

128.

Answers of Multiple and Submultiple Angles 220

a® + b2 = sin? A + sin® B + 2sin Asin B + cos® A + cos® B + 2 cos A cos B
=2+2cos(B—A)

~sin(A+ B) = Zab

a?+b?

. Given sin A + sin B = a and cos A + cos B = b, we have to prove that cos(A — B) = % (a®+

b? —2)

From previous problem, 2cos(B — A) = a®? +b?> —2 = cos(A— B) = % (a2 +b%—2)
Let us solve these one by one.

i. Given A and B be two different roots of equation acos + bsinf = ¢

acos A+bsin A =cand acos B+bsinB=c¢

= a(cos A —cosB) + b(sinA —sinB) =0

b(sin A —sin B) = a(cos A — cos B)

A+B . A-B A+B . A-B

b.2 cos 5 Sin—5— = a.2 sin 5— sin —
A

= tan ;B _t

a

2tan4atB 2ab

. 2 _ a

tan A+ B = tan?AIE ~ a4
ii. We have tan(A + B) = afil;)Q

2_}2
~cos(A+ B) :%2—127

A-B _ | 5
7 —+31

Given cos A + cos B = % and sin A +sin B = %, we have to prove that cos

1

Squaring and adding (cos? A +sin? A) + (cos? B+sin®) +2(cos A cos B+sin Asin B) = %—i— 6

2+2cos(A—B) = 25

— 144
4 cos? A;B = % = cos A;B = :I:zi4
Given 2 tan é = tang, we have to prove that cos A = g’%g
tan é = % tan g
1—tan24 lftangg

2 4

1+tan24 T a2l
z g, P

4

cos A =




129.

130.

131.

Answers of Multiple and Submultiple Angles

1—tan2§
3+5 3B
2

47tan2§ 1+tan

4+tan22 1—tan2Z
5+3——5
1+tan2v2-

_ 345cosB __ R.HS.

~ 5+3cosB
Given sin A = 2 and cos B = -, we have to prove that one value of cos 422 = &
5 132 p 2 V65
3 . _ 12
cos A = £ and sin B = 13

A-B 1 A—B
052 _ -%—cos(2 )

¢ 2

cos(A— B) :cosAcosB—Q—sinAsinB:g %:%

l14cos(A—B) 128
2 T 2.65

COSé—_——Bi— i“§*
2 T V65

Given, sec(A + B) + sec(A — B) = 2sec A, we have to prove that cos B = :I:\/icosg

_ 1 1 _ cos(A—B)+cos(A+B)
LHS. = cos(A+B) + cos(A—B) ~ cos(A—B)cos(A+B)
_ 4(cos Acos B)
~ cos2A+cos2B

2cos Acos B 1

cos2A+tcos2B ~ cosA

2cos? Acos B=2cos? A—1+2cos? B—1
2cos? A(cos B—1) = 2(cos? B—1)

cos? A=cosB+1= 2(3052?

cos A = i\/icosg

a B
tanz—tang

Given cosf = M, we have to prove that one of the values of tang is ———
—sinasin 3 l1—tangztang
20 _ 1—cosf
tan 2 1+cosf

1—.Cosacos B
_ 1—sinasin g
- cos a cos B

I+=ma sin B

_ 1—(cosacos B+sin asin )
~ 1+ (cosacos f—sin asin B)

_ 1—cos(a—p)
T 1+4cos(a+pB)
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133.

Answers of Multiple and Submultiple Angles

2sin22:8

z
2a+8
2

2 cos

tan ? sin®5”
ang =—x=—5

2 atB
COST

in%cosf—cosZcos?
Sll’IQCOS2 COS2C0S2

T coscosP_sinsinB
COSZCOS2 Sln2Sln2

a B
5 COS 5

Dividing both numerator and denominator by cos 5

0 tan%—tang
tan b) "
l1—tangtang

sin Osin ¢
cos f+cos ¢’

we have to prove that one of the values of tan% is tan g tan 2

Given tana = 5

0 [
2 tang 2 tang

2tang l+tanzgl+tan2

29 7 1 _(an29 1_ E
1—tan®3 1-tan?g 1-tan?j
11tan29  14tan2g

@
_ 3
1+tan2§—tanzg—tan2%. tan2%+ 1+tan2§—tan2%—tan2% tanzg

4 tangtan

[ @
2tanztang

= 20 29
1—tan<ztan“y;

Solving this quadratic equationin tan% we obtain the desired result.
s _ cosa+tcosf3 0 . « B
Given cosf = ———— we have to prove that one of the values of tan 5 is tan 5 tan 5
1+cosacos 3 2 2 2
__ cosa+cosf
cost = 1+cosacos
0
1—tan®s _ cosa+cosf

20 7 1
1+tan2g +cos acosf3

1—cos a cos B—cos a+cos 3
1—cos a cos B+cos a—cos 3

-+

20
an 5=

—cos a)(1+4cos )
+cosa)(1+cosfB)

20 _ 2a .20
tan ﬁ—tan 2cot 5

[ « B
tanif j:tangcot§

222
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Answers of Chapter 7

Trigonometrical ldentities

“A+B+C=n~-A+B=71-C

= cos(A+ B) =cos(m—C) = cosC = sin Asin B— cos C' = cos Acos B
= (sin Asin B — cos C')? = cos? A cos? B

= sin? Asin? B + cos? C' — 2sin Asin Bcos C = (1 —sin® A) (1 —sin® B)
= sin 4 sin® B + cos? €' — 1 = 2sin Asin B cos C

= sin? A + sin? B — cos? C = 2sin A sin Bcos C

Ciee LA B C g0 LA, B_ g C
. A+B+C =180 =>35+5+5=90"=>5+5=90"—3
A B\ . C
:>cos(§+§) —003(90 75)
= cosAcos B sin Agin B — in C
C08 5 COs 5 —sin g sin5 =sing
. ¢, . A. B___ A B
= sin5 +sin 5 sin5 = cos 5 cos 5
. C, . A. BY 9A 9B
:><sm§+smism§> = cos” 5 cos” 5
. 2C . 2A . 2B . A . B . C__ 2 A 2B
= sin” 5 + sin” 5 sin §+251n§sm§sm§— (1—605 5)(1—005 5)
in2 A L gin2B £ 6in2% — 1 — 92sin A gin Bsin €
sin® 5 + sin” 5 + sin 271 251n251n251n2

Let A+ B=C = cos(A+ B) =cosC

= sin Asin B + cos C' = cos A cos B = (sin Asin B + cos C')% = cos? A cos® B
= sin? Asin? B + cos? C' + 2sin Asin Bcos C = (1 —sin® A) (1 —sin® B)

= sin? A 4 sin? B 4 2sin Asin Bcos C' = sin® C

= sin? A + sin? B + 2sin Asin Bcos(A + B) = sin?(A + B)

Given, A+ B+ C =180"= A+ B=180"—C = cos(A+ B) = —cosC

= cos Acos B + cos C' = sin Asin B = (cos Acos B + cos C')? = sin? Asin® B
= cos? Acos® B+ cos® C' + 2cos Acos Beos C = (1 — cos® A) (1 — cos® B)
= cos? A+ cos? B+ cos? C' +2cos Acos Beos C = 1

We have just proved that cos? A 4 cos? B + cos® C + 2 cos Acos Beos C = 1
= 3 —sin? A —sin? B —sin? C' + 2cos Acos Beos C = 1

= sin? A 4 sin? B 4 sin? C' = 2(1 4 cos A cos Bcos C)

223
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6. Given, A+ B+C =180"= A+ B=180"—C = cos(A+ B) = —cosC

=~

= cosAcosB = sinAsinB — cosC = cos2Acos? B = sin?Asin?B + cos®C —
2sin Asin BcosC

= cos? Acos? B = (1—cos? A) (1 —cos? B) + cos? C' — 2sin Asin Bcos C

= cos? A+ cos? B—cos?C =1—2sin Asin BcosC
A+B+C

Given, A+ B+ C =180 = =90°
A, By . C
:>cos(7+§>fsm7
= cosAcos B sin € — sinAsin B
o8 5 cos 5 — sin 5 = sin 5 sin 5
A A . A
:>C052§C0523+51H2C 2C052COS§SIH%:(1—C0$2§)<1—C082§>
2B 2C A B . C
= cos? 2Jrcos 5 —cos” 5 = 208 5 €O 5 Sin 5

Given, A+ B+ C = 180° = A5+C _ g

:>cos(§+§):sin%

écosgcosgzsin’;sm +s1n§

:>cos2gcos2§—€1112gsm -+91n 2+2€1nA§1n§sin%
:>c052§(3052§:<1—0052§)(1—COSQB>+8111 2+251ngsin§sin%

2 B 2C _ A B C
cos? 5 +C0b 7 tcos” 5 2+2s1n251n2s1n2

Given, A+ B+C=5=>A+B=5—C=cos(A+ B) =sinC

= cos Acos B =sin Asin B +sinC

= cos? Acos® B = sin? Asin? B + sin? C' + 2sin Asin Bsin C

= (1 —sin? 4) (1 —sin? B) = sin? Asin® B 4 sin? C + 2sin Asin Bsin C

= sin? A + sin? B + sin? C = 1 — 2sin Asin BsinC

. We have just proven that sin? A +sin? B +sin? C' = 1 — 2sin Asin Bsin C' in previous problem.

=1—-cos2A+1—cos?B+1—cos?C =1-2sinAsin BsinC

= cos? A+ cos® B + cos? C = 2 + 2sin Asin Bsin C



12.

13.

16.

 Given A+B+C=rand A+ B=20=C=5=A+B=r-1
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1. Givem A+ B4+ C=2r1=A+B=2r—C = cos(A+ B) =cosC

= cos Acos B—cosC =sin Asin B

= cos? Acos? B 4 cos? C' — 2cos Acos Beos C = sin? Asin? B = (1 —cos? A) (1 — cos® B)
= cos? A+ cos? B+ cos? C' —2cos Acos BeosC' = 1

Given A+ B=C = cos(A+ B) = cosC

= cos Acos B—cosC = sin Asin B

= cos? Acos® B+ cos? C' — 2cos Acos Beos C = sin? Asin? B

= cos? Acos® B+ cos? C' — 2cos Acos BeosC' = (1 — cos® A) (1 — cos® B)

= cos? A+ cos? B+ cos? C' —2cos Acos BeosC = 1

GivenA—Q—B:%écos(A—i—B) :cos%:%

= cosAcosB—%:sinAsinB

= COS2ACOS2B—COSACOSB+i: sin? Asin? B = (1 —cos? A) (1 — cos® B)

:>0032A+coszB—cosAcosB:%

1. From problem 12 we have A + B = C and cos® A + cos® B + cos? C — 2cos Acos BeosC = 1

Substituting C' = A + B we get cos> A + cos® B+ cos?>(A+ B) —2cos Acos Beos(A+ B) =1
= cos® B+cos?(A+ B) —2cos Acos Bcos(A+ B) =1—cos? A = sin? A which is independent
of B

3

s

cos(A+ B) = —cosy

= cos Acos B = sinAsinB—%

= cos? Acos® B = sin? Asin® B — sin Asin B +%

= (1—sin? 4) (1 —sin?B) = sin2Asin2B—sinAsinB+%

= 4(sin® A +sin? B —sin Asin B) = 3

Given A+ B+ C =21 = cos(B+ C) =cos(2r — A) = cos A

= cos Bcos C — cos A = sin Bsin C

= cos® cos? C + cos? A — 2cos A cos Bcos C = sin? Bsin? C' = (1 — cos® B) (1 — cos® C)

= cos® B + cos2 C —sin® A — 2 cos A cos BeosC = 0



18.

19.
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. Given A+ B+C =0= cos(A+ B) =cosC

= cos Acos B—cosC =sin Asin B

= cos? Acos? B 4 cos? C' — 2cos Acos Beos C = sin? Asin? B = (1 —cos? A) (1 — cos® B)
= cos? A+ cos? B+ cos? C =1+ 2cos Acos Beos C

Putting A=B—-C,B=C—Aand C = A— B in 17 we can obtain the desired result.

Given A + B+ C = w, we have to prove that sin Acos BcosC + sin BcosC cos A +
sin C cos A cos B = sin A sin Bsin C

Dividing both sides by sin Asin Bsin C, we get
cot Beot C + cot C'cot A+ cot Acot B=1

A+B=n1—C = cot(A+ B) =—cotC

cot Acot B—1

cot Afcot B cot ¢

= cot Becot C' +cot Ccot A+ cot Acot B=1

20. Given, A+ B+C=n=A+B=n—C

21.

22.

= tan(A+ B) =tan(n —C) = —tanC

tan A+tan B _
l1—tan Atan B — —tanC

= tan A + tan B + tan C = tan Atan Btan C

Given A+ B+ C=n=28-7C
A+B _ n—C
= tan 5 = t 5
A B
tanz+tans C 1
— a5 = cot 5 = .. C
1—tanztans tanzs

:>tan%tan§+tangtan%+tan%tan§:1

Let B+C—-A=a,C+A—B=3,A+B—-C=x

a+pf+vy=A+B+C=nx

We have just proven that if A+ B+ C = 7 then = tan A + tan B 4 tan C = tan A tan Btan C
Thus, substituting we get, = tan « + tan § + tany = tan atan S tan -~y

=tan(B+C—A)+tan(C+A—B)+tan(A+B—C) =tan(B+C — A)tan(C + A —
B)tan(A+B—-C)



23.

24.
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Given A+ B+C=n=A+B=n—C = cot(A+ B) =cot(r—C)

cot Acot B—1

cot Afcot B cot ¢

= cot Bcot C + cot C'cot A+ cot Acot B=1

From previosu problem if A + B + C' = 7 then = cot B cot C' + cot C' cot A 4+ cot Acot B =1
Given cot A + cot B+ cot C = /3

= cot? A+ cot? B+ cot? C + 2(cot A cot B + cot Bcot C + cot C cot A) = 3

cot? A+ cot? B+cot?C =1

2cot? A+2cot? B4+ 2cot?C—2=0

2cot? A+ 2cot? B + 2cot? €' — 2(cot Acot B + cot Bcot C + cot Ccot A) = 0

(cot A — cot B)? + (cot B — cot C')2 + (cot C' — cot A)? =0

This is possible only if cot A —cot B = 0 i.e. cot A = cot B, cot B—cot C' = 0 i.e. cot B = cot C'
and cot C —cot A =0 i.e. cot C' = cot A

~scotA=cotB=cotC = A=B=C

.vA+B+C+D=2r=A+B=2r—C—-D

= tan(A+ B) = —tan(C + D)

tan A+tan B _ tanC+tan D
l1-tanAtan B~  1—tanCtan D

= (tanA+tanB) (1 —tanCtan D) = —(1 — tan Atan B) (tan C + tan D)

= tanAd + tanB + tanC + tanD = tanAtanBtanC + tanAtanCtanD -+
tan Atan Btan D + tan Btan C tan D

Dividing both sides by tan A tan Btan C' tan D, we get

tan A+tan B+tanC+tanD 1 + 1 + 1 + 1
tan Atan BtanCtanD ~ tanA ' tanB ' tanC ' tanD

tan A+tan B+tan C+tan D

ot AToot BrootC oot D — tan Atan Btan C'tan D

=

. Givan+B+C’:g=>A+B:ng

= cot(A+ B) :cot(%—0>

A B—1 1
cot A cot =tanC =

= cot A+cot B cot C

= cot A + cot B + cot C' = cot A cot Bcot C
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28.

29.

30.

31.

32.

Answers of Trigonometrical Identities

We have just proven in 26 that = cot A + cot B + cot C' = cot A cot B cot C'
Dividing both sides by cot A cot B cot C, we get

tan Atan B+ tan BtanC + tanCtan A = 1

Given A+ B+C=n=3(A+B+C)=3r=34+3B=31—3C

= tan(34 + 3B) = tan(37 — 3C') = —tan3C

tan3A+tan 3B

T—tan3Atan3b tan 3¢

=

= tan3A4 + tan 3B + tan 3C' = tan 3A tan 3B tan 3C

Given A+ B+C=n=4tB-7C
= cot A;B = cot %
A _.B
cotzcotz—1 C 1
a 5 =tang =—5
cotz+cots cots

A B c _ A B ]
:>cot§+cot§+cot§fcoticotfcotf

cot A+cot B | cot B+cotC | cotC+cot A 1

We have to prove that tan A+tan B + tan B+tan C + tanC+tan A —

. 1
Putting tan A = tan B = tanC' = =, we get

1 1
cot A’ cot B’
cot Acot B+ cot Becot C' 4+ cot Ccot A =1
We have already proven above in problem 19.
Let A—B=«a,B—C=p3,C — A=+, then
a+p+v=0

= tan(a+ ) = —tanvy

tana+tanf

g l-tanatanf —

—tan-y
tan a 4 tan § 4 tany = tan atan g tany

Substituting back the values, we get

tan(A— B) +tan(B—C) +tan(C — A) = tan(A — B) tan(B — C) tan(C — A)

We have already proven in problem 19 that if A+ B+ C = 0, then
cot Acot B+ cot Becot C + cotCcot A =1
Let A=z+y—2,B=z4+x2—y,C=y+ z—z, then

A+B+C=2+y+2=0
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34.

36.

37.

5. LH.S. = (cos A+ cosB) + cosC —1 = 2cos

Answers of Trigonometrical Identities 229

= cot Acot B+ cot Becot C' +cot Ccot A =1

Substituting back the values, we get
cot(z+y—z)cot(z+x—y)+cot(z+y—z)cot(y+z—x)+cot(y+z—z)cot(z+z—y)=1
Given A+ B+ C =nw = tan(A+ B) =tan(nm — C) = —tanC

tan A+tan B
l1-tan Atan B — —tanC

= tan A + tan B + tan C' = tan Atan Btan C

L.H.S = (sin24 +sin 2B) 4 sin2C = 2sin(A + B) cos(A — B) +sin2C'

= 2sin(m — C) cos(A— B) +sin2C = 2sin C' cos(A — B) + 2sin C cos C'

= 2sinC[cos(A— B) + cos{mr — (A+ B)}] = 2sin C[cos(A — B) — cos(A + B)]
= 4sin Asin Bsin C

A+B A—B

5 COS —5 +cosC —1

cos —5 +cosC —1

T C') A—B

-9 Q[ JA=B _ _]

= 2sin 5 | cos — sin 3

. C — m  A+B
= QSHI?[COS 5 S <§_T)]
_ c A-B _A+B
—leng[COST—COb 5 ]

= 4sinésin§sing
= 2 2 2

We have proven in 34 and 35 that sin 24 + sin 2B + sin 2C' = 4sin Asin Bsin C' and cos A +

cos B+ cosC — 1 =4sin g sin g sin% respectively. Thus,
sin2A+sin2B+sin2C _ 4sin Asin BsinC

cos A+cos B+cosC—1 4sin%singsin%

A A . B B . C C
. 4.2sin5cos5.2singcos7.2singcosy

. A. B_. C
4singsingsing

—Scos‘éc Ecoqg
= S 5 COS 5 COS 3

L.H.S. = (cosé—&—cos?) + cos%

o A+B __A-B , . n—C
= 2cos 7 Cos —j— +sin——
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T—C A— C 7—C
—ZCOSTCOS +2q1nTcos~Z~7

T—C A—
= 2COST[COS

+cos(g—lzg>]

— 9¢os %2 cos 7r+AJ,S»CfB cos 7r+C;A+B

—4cos 7oA cos T2 B cos T2
1 1 1

38. L.H.S. —<sm2+sm >+§1ng

= 2sin AZB cosA +coslzvc

7—C A—B

—2smTcos Jr1—231n27r ¢

7—C A—B —C
—1+QSIDT[COS 7 —smT]

7—C A—B 7+C
—1+251nT[cos 7 —COST]

n+A+C—-B . 7+C—A+B

- .. m—C .
—1+251nT,2s1n g sin 3

B+C . C+A . A+B

=1+ 4sin —=sin=r—sin—;
39. L.HS. = 1— C2()SA+1702083717C2OSC

:%—%[COSA-FCOSB—COSC]

A+B A—B
3 COS 3

cos A+ cos B—cosC = 2cos —— —cos C

bem%cosA —1+251n

B .
+ sin

%]

=-1 +2sin%[cos A;

. . C A-B A+B
7—1+2sm7[cos 3 +COST]

=—1+2sin+ 2cosgcos§

_ A _B. C
=—1+4cos5 7 sing

3 COS

. C
S =

Thus, LHS. =1— 2cos§cosE 5

P)
40. L.H.S. =1+ cos56° + (cos 58° — cos 66°)
= 2cos? 28° + 2sin 62° sin 4°

= 2cos? 28° + 2 cos 28° sin 4°
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= 2cos 28°[sin 4° + cos 28°]
= 4 cos28° cos 29° sin 33°

41. Given A+ B+ C = 7, we have to prove that cos2A 4+ cos 2B — cos 2C' = 1 — 4 sin A sin B cos C
L.H.S. = cos2A + cos 2B — cos 2C = cos 2A + cos 2B — cos[2m — 2(A + B)]
=2cos(A+ B)cos(A—B) —cos2(A+ B) =2cos(A+ B) cos(A— B) —2cos>(A+ B) +1
=1+4+2cos(A+ B)[cos(A— B) —cos(A+ B)]
=1—4sin Asin BecosC[+~cos(A+ B) = cos(m —C) = —cosC]

42. Given A + B + C = m, we have to prove that sin 24 + sin 2B — sin 2C' = 4 cos A cos Bsin C
L.H.S. =sin2A4 +sin 2B — sin2C' = 2sin(A + B) cos(A — B) — 2sin C cos C
[+sin(A+ B) =sin(nr—C) =sinC, cosC = cos[r — (A+ B)] = —cos(A + B)]
=2sinC[cos(A— B) + cos(A+ B)]
=4cos Acos BsinC

43. Given A + B+ C = m, we have to prove that sin A 4+ sin B +sinC = 4COS§COS§COS%

A;B cos A;B + 2sin%cos ¢

L.H.S. =sin A + sin B + sin C' = 2sin 5

6. w—C A-B .. C _C
= 2sin 5 cosT+231n70057

C A—B
= 2co0s 5 Cos

7—A—B C
p) 3 COSs

2 2

+ 2sin

_ Ci. A-B . A+B
= 2c0s 5 [cos =5~ + cos ~5— |

= 4cosécosgcosg
- 2 2 2

44. L.H.S. = cos A + cos B —cos C = 2 cos A;Bcos AEB— 1 +25in2%
=2COS<%E)COSA;B+QSin2%—1
:25111%[(:05 7B+COS<%—%)]—1
:2sin%[cos ;B+COSA;B]71
—4cos§c0s§sin%—l

45. B+4C—-A=7n—A—-A=n—-2AC+A—B=7n—2B,A+B—-C=n—-2C

= L.H.S. =sin2A + sin2B + sin 2C
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47.

49.
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We have proven in problem 34 that sin 24 + sin 2B + sin 2C' = 4 sin A sin Bsin C'

~sin(B+C —A)+sin(C+A—B) +sin(A+ B—C) =4sin Asin BsinC

_ cosA cos B cosC
LHS. = sin Bsin C + sin C'sin A + sinAsin B 2

_ cos Asin A+cos Bsin B+cos C'sin C
- sin A sin Bsin C'

__ sin2A+4sin 2B+sin2C
~  2sinAsin BsinC

We have proven in problem 34 that sin 24 + sin 2B + sin 2C' = 4 sin A sin Bsin C'

sin2A+sin2B+sin2C __ 2
2sin Asin BsinC'

sin 2A+sin 2B+sin 2C — 8sin A sin B sin C

Given A 4+ B 4 C' = 7, we have to prove that SnATein BrsmC 5 5 5

We have proven in problem 34 that sin 24 4 sin 2B + sin 2C' = 4 sin A sin Bsin C
We have also proven in problem 43 that sin A + sin B + sin C = 4 cos g cos g cos%

ThUS, LHS. = 4sin Asin Bsin C'

4 cosgcosgcos%
. A. B. C
= 8sin 5 sin 5 sin =

2 2 2

T

. Given x +y+ 2z = 5, we have to prove that cos(z —y —2) +cos(y—2z—x) +cos(z —z—y) —

4dcosxcosycosz =0

af:—y—z:x—g—i-a::?x—g

Similarly y — 2z —z = 2y—gand z—m—yzZz—g
«» L.H.S. = sin 2z 4 sin 2y 4 sin 2z — 4 cos x cos y cos z

Now, sin 2z + sin 2y + sin 2z = 2sin(x + y) cos(z — y) + 2sin z cos z

=2coszcos(z—y) +25in(g—x—y>cosz

= 2cosz[cos(z—y) +cos(z+y)]
= 4.CcoSx CoS Y Cos 2
~8in 2x 4 sin 2y + sin 2z — 4 cos x cosy cos z = 0
Ty . Y=z

. . . . . s Z2—X
We have to prove that sin(z —y) +sin(y — 2) +sin(z — ) + 4sin —5~sin “5=sin 5~ =0

Letz —y=a,y—z2=pfand z—x =7y thena++v=0

The given equation becomes sin « + sin 5 + sin -y + 4 sin % sin g sin% =0
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Considering sin a + sin § + sin vy

—bll’laTJrﬂCOS B+251n (:os;Y

—sm2cos'ﬂ+2sm2cos

a+B

— —4sin%®sinBsin2
= 451r1251112sm2

T—Y . Y—Z . Z—T __
2 2 2 =0

Thus, sin(z —y) +sin(y — z) +sin(z — z)
B+20=7—A+C,C+2A=7—B+ A, A+2B=n—C+B
Thus, L.H.S. = —[sin(C — A) +sin(A — B) +sin(B — C)]

Also, note that A— B+ B—C + C — A =0 and we have proven in previous problem that
sina +sin f +siny = élsin%singsin%y whena+f+7=0

Thus, sin(B + 2C') +sin(C + 2A) +sin(A + 2B) = 4sin B;C sin CEA sin AgB

7—C
2

.LHS. =sin™ +bln +sin

Following the result of 43 we can say that

. 71'714+ . 7r7]5’+ . 7T7C_4 T—A m—B n—C
Sin 5 Sin 5 Sin 5 = COs e Cos - Cos —a

. Let x =tan A,y = tan B, z = tan C
Given, xy +yz+ 2z =1
~tan Atan B 4 tan Btan C' + tan C'tan A = 1

= tanC(tan A +tan B) = 1 — tan Atan B

tan A+tanB 1
l1-tanAtan B~ tanC =cotC

= tan(A+ B) = tan(%—C’)

= A+B=3-C=A+B+C=3

__z Yy z
L.H.S. = 122 + 2 +

1—22
_ tanA + tan B + tan C
T 1-tan?A " 1-tan2B ' 1—tan?C

:%(taHQA + tan 2B + tan 2C)

We have already proven that if 24 4+ 2B 4+ 2C' = 7 then tan2A + tan2B + tan2C =
tan 2A tan 2B tan 2C
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% (tan2A 4 tan 2B + tan 2C') = % tan 24 tan 2B tan 2C

_ 1 2tanA 2tan B 2tan C
“ 21-tan? A’ 1—tan? B'1—tan?C

_ dryz
T (-2?)(1-y?)(1-27)

53. Let x =tan A,y =tan B, z = tan C'
Now, x +y + 2z = xyz
= tan A + tan B + tan C = tan Atan Btan C

= tan A + tan B = tanC(tan Atan B — 1)

tan A+tanB _
= itanAtanc = —tanC = tan(m — C)

= A+B=n—-C=A+B+C=n7x

_ 3z—x3 | 3y—y® | 32—22
LHS. = 1—-3z2 + 1-3y? ' 1-322

_ 3tanA—tan® A + 3tan B—tan® B + 3tan C—tan® C
~  1-3tan? A 1-3tan? B 1-3tan?C

= tan3A + tan 3B + tan 3C
Now following like prebious problem

tan 3A + tan 3B + tan 3C = tan 3A tan 3B tan 3C'

_ 3tan A—tan® A 3tan B—tan® B 3tan C—tan3 C
T 1-3tan? A 1-3tan? B 1-3tan2C

_ 3z—x3 3y—y® 3228
T 1-322°1-3y% 1-322

54. Given z +y+ z =xzyz, let x =tan A,y =tan B, z = tan C
= tan A + tan B + tan C = tan Atan Btan C

= tan A +tan B = tanC(tan Atan B — 1)

tan A+tan B _
= T tondmne = —tanC = tan(m — C)

= A+B=n—-C=A+B+C=nx

LHS. =22 + 31;2+

2z
1—22 1 22

1—

_ 2tanA + 2tan B + 2tan C
“1-tan? A ' 1-tan?B ' 1—tan?C

= tan 2A + tan 2B + tan 2C'

Following like problem 52

tan 24 + tan 2B + tan 2C = tan 2A4 tan 2B tan 2C = 2%

2y

2z
T T2 T2

234
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55. Given ¢ +y + z =xzyz, let x =tan A,y =tan B, z = tan C'
= tan A + tan B + tan C' = tan A tan B tan C'

= tan A +tan B =tanC(tan Atan B — 1)

tan A+tan B . o
Ttan Atanc = —tanC = tan(m — C)

=>A+B=1—-C=>A+B+C=n7
Given, 2(1 —¢?) (1 —2%) +y(1 —2%) (1 —22) + 2(1 —2%) (1 — y?) = dayz
Dividing both sides with (1 —z2) (1 —¢?) (1 — 22), we get

x Yy z dxyz
1—22 + 1—y? + 1-22 7 (1-22)(1-y?)(1—-22)

LHS. =2 +T:y~y72+ﬁz~;:%[tan2A+tan2B+tan2C]

1—x2

1 _ Adxyz
=5 tan2Atan 2B tan 2C = A=22) (1=y?) (1-77)

56. L.H.S. = (cos A+ cos B) + (cos C' + cos D)

= 2cos A;B cos AEB + 2 cos C;D cos C;D
= 2cos AJQFB cos AQB + 2cos(7r — #) cos C;—D
= 2cos At B cos AZB _ 905 At B o5 €2
2 2 2 2
— 92cos AFE [coq A-B_ o8 C_D]
- " 2 v2 " 2
— 92cos AF8B 9gin AZB+C—D ) C—D—A+B
2 4 4
_ dcos AerB sin A+Cf4(B+C) sin B+Ci£A+D)
~ 4 eos A;B sin A+cf(247rﬂ470) sin B+Cf(247rfoC)
— dcos A+B sin A+C—m1 sin B+C—m
2 2 2
= 4 cos A+H cos B+C cos Ct+a

2 2 2

57. L.H.S. = cos? S + cos?(S — A) + cos?(S — B) 4 cos?(S — C)

_ 1+4cos2S | 1+4cos(25—2A) | 1+4cos(25—2B) | 1+4cos(25-2C)
- 2 + 2 + 2 + 2

= 214+ {c0s 25 + cos (25 — 24)} + {cos(2S — 2B) +] cos(25 — 2C) }]

[442cos(25 — A)cos A+ 2cos(25 —B—C)cos(C — B)]

N| =
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[442cos(B+C)cos A+ 2cos Acos(C — B)]

N| =

:%[4+2cosA{cos(B+C) +cos(C — B)}]

=2+ 2cos Acos BcosC

. If A+ B+ C = 7 then according to problem 21 tan g tan g + tan g tan % + tan g tané =1

Lettané:x,tangz%tan%:z
=s>ayt+yz+arz=1

2 2 2
Now, (z—y)°+ (y—2)"+ (2 —x)° >0
=22+ y? 422> ay4yz+ o2
=22+ +22>1

tanzg—i- tan2§+ tanQ% >1

. We have proven that if A+ B+ C' = 7 then tan A 4+ tan B + tan C = tan A tan Btan C'

Thus, L.H.S. = tan A tan B tan C'(cot A + cot B + cot C')

= tan Btan C + tan C tan A + tan Atan B

_ sinBsinC + sin C'sin A sin Asin B
" cosBcosC ' cosCcosA ' cosAcosB

__cos Asin Bsin C+cos Bsin C'sin A+cos C'sin Asin B
- cos Acos BcosC

__sinC[cos A sin B+sin A cos B]+cos C'sin Asin B
- cos A cos Bcos C

__sinCsin(A+B)+cos C'sin Asin B
- cos Acos BcosC'

_ sin? C+cos C'sin Asin B
- cos A cos BcosC

_ 1—cos? C+cos Csin Asin B
- cos Acos BecosC

_ 1+cos C[sin Asin B—cos C]
- cos A cos Bcos C

_ 1+cosC[sin Asin B—cos(mr—A—B)]
- cos A cos BecosC

_ 14cosC[sin Asin B+cos(A+B)]
- cos A cos Beos C

_ 1+4cos Acos BcosC' }
= osAcosDeosc = L +sec Asec BsecC
cos B | cosC

COtB +C0tczm+m
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_ cos BsinC+cosCsin B __ sin(B+C)

sin Bsin C' ~ sinBsinC
__sin(m—A) _ sinA
"~ sinBsinC ~ sinBsinC
o _ sinB _ sin C'
Similarly, cot C + cot A = ;77— and cot A + cot B = ShATsnB

L.H.S. = sin® Asin Bcos B + sin® AsinC cos C' + sin® Bsin Acos A + sin® BsinC cosC +
sin? C'sin A cos A + sin? C'sin B cos B

= (sin? Asin Becos B + sin? Bsin Becos B) + (sin? AsinCcosC + sin? C'sin Acos A) +
(sin? Bsin C cos C + sin? C'sin B cos B)

=sin Asin Bsin(A + B) +sin Asin C'sin(A + C') +sin Bsin C'sin(B + C)

= sin Asin Bsin C + sin Asin C'sin B + sin Bsin C'sin A

= 3sin Asin Bsin C'

L.H.S. =cos A—cos B+ cosC — cos D = 2sin A;B sinﬁ—;—é + 2sin C;D sin D;C
= 2sin A;B sin B;A + 2sin 2W7(;4+B) sin D;C

.. AtB[. B-A, . D-C

= 2sin 5 [sm 5— +sin = ]

_ 9gin A;B in B+D74(A+C) cos B+CfiA+D)

A+BS

3 1

— 4sin N 27r72(4A+C) cos 27772(4A+D)

A+B _. A+D A+C
5 Sl —5— C0s —%

= 4sin

Since A, B,C, D are angles of a cyclic quadrilateral « A+ B4+ C+ D =2r,A+C=n,B+D=mn

A+B __B+C __ C+A

We have proven in problem 56 that cos A 4 cos B + cos C + cos D = 4 cos —5— c0s —5— 08 =5
A+C T
cos—5—=cos5 =0

scos A+ cosB+cosC+cosD =0

We know that (cot A — cot B)? + (cot B — cot C')? + (cot C' — cot A)% > 0
Also, vA+ B+ C =m-~cot Acot B+ cot Becot C +cotCcot A =1

~2cot? A+ 2cot? B+ 2cot? C' > 2(cot A cot B + cot Beot C + cot C cot A)

cotZ A + cotZ B + cot2 C >1

A B-C_ <§73+c> B-C

. €08 5 €O8 —5— = cos( 5 5 08 =
.. B+C __B-C 1(,.. B+C ___ B-C
= sin —5—cos —; —§<251n 5 €08 — )
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:%(sinB+ sinC')

Similarly cos g cos C;ZA = % (sin A +sinC)

C . A-B_ 1, .
and cos 5 cos =5~ = 5 (sin A +sin B)

Adding all these we have desired result.
sin3Asin(B—C) = (3sin A — 4sin® A)sin(B — C)
= 3sin Asin(B — C') — 4sin? A.sin Asin(B — C)

=3sin(B+C)sin(B—C)—4sin? Asin(B+C)sin(B—C)[+B+C=71—A=sin(B+C) =
sin A]

:%(cos 2C — cos 2B) — 2sin? A(cos 2C — cos 2B)
Now, 2sin? A(cos2C — cos 2B) = (1 — cos 24) (cos 2C — cos 2B)
= c0s2C — cos 2B — cos 2C cos 2A + cos 2A cos 2B

Thus, sin3Asin(B — C') 4+ sin3Bsin(C — A) +sin3Csin(A— B) =0



Answers of Chapter 8

Properties of Triangles

1. Let a =8 cm, b = 10 cm and ¢ = 12 cm. So the smallest angle will be A and greatest angle
will be C. So from cosine rule,
b24+c2—a? _ 100+144—64 _ 3

CsA=—5—="S1513 1

o~ a?+b2—c?  64+4100—144 1
csC="—p—="735170  —3

cosQAchosQA—l:2.%—1:%=COSC

Thus, we see that greatest angle is double to that of smallest angle.

b+c __cta _ a+b _
2 Lt 3 =3 =73,=F

sb+ec=11k,c+a=12k,a+b=13k=a+b+c =18k
~a="Tk, b= 6k, c=>5k

cos A b2+c?—a? _ 36k2+25k2—49K% 1

7 2bc - 2.6.7.7k> 35

cos B c?+a?—b? _ 25k%+49k2—36Kk% 1

2.5.7.19.k2 5

19 2ca

cosC _ a?+b%—c? _ 49k?+36k>—25k2 1

25 2ab - 2.7.6.25.k? 35

3. Given, A =a%— (b—¢)? = A =a%—b? — ? + 2bc

= b2+ ? —a? = 2bc — A = 2bccos A = 2be — §besin A

:>4COSA+sinA=4=>4(1—2sin2§> +QSin%cos§:4

A A AN
251n§(c055—451n7>70

A

= either sinézo or cosé—élsing:()

A = 0 is not possible. - tan é = %

4. Since A, B,C arein A.P. .2B=A+C

A+ B+ C =180°= B =60°

24 q2_p2 1 21 q2_p2
c“+a 1_c'+a éa2—ac+02:bQ

cos B = 2ca 2 2ac

239
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a+c a+c
= =
a’—ac+a? b

. A+C A-C
_ k(sin A4sinC) _ 2sin=5—cos™

ksin B - sin B
2sin B cos™ 9 A—C
sin B = 2Cos5
1 1 a
= _ 1 S
5 A—Q.a,pl-.pl—A
- 1 _ b 1 _ ¢
Similarly, P N

__atb—c _ (at+b)?2-c?
LHS. = 2A T 2A(a+b+c)

_ 2ab+a?+b%2—c? _ 2ab+2abcosC
— 2A(a+b+c) T 2A(atb+c)

(e}
_ ab(l4cosC) _ 2abcos®z
~ A(a+tbt+c) T A(a+btc)

2vab . C
a D Slni

6. +:tanf =

= (a—b)?tan?f = dabsin? € = (a—b)2%(sec?f —1) = 4absin

2

(a—b)?sec? 0 = a?b® — 2ab(1 — 25sin? %)

(a— b)2 sec 0 = a? + b2 — 2abcos C = 02[': cos C = L0

2ab
=c=(a—0b)sech.
7. AABC = %bcsinA = %6.3.sinC’ =9sinC

2A-B _1l-cos(A-B) 1
2  1+cos(A—B) 9

tan

=C=90°
Thus, required area = 8sin90° =9

8. The diagram is given below:

240
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Figure 8.1

From question, ZA = 75°, ZC = 60° = £B = 45°

ABAD

o o c.x.sin o
» ABCD — 3=—>""~—~ where BD =«

Also given a.z.sin(45—0)

csin 6 o
= asin(45=0) V3

sin C'sin 0 o
= sin Asin(45°—60) — \/g

N

“5-sin 6 .
= A e T \/5

oW sin(45°—0)

2sinf = (V3 + 1) sin(45° —0)

251110—(\/_+1)<fcos€ \}Esiné)
= 2sinf = (v/3+1)(cosd —sinf)
tan@z%é@z%"

9. We find the largest angle which is opposite to side 7, if any angle can be obtuse angle then
this one can.

3245272 15 1
cost =535~ =—55= "3
=0 =120°

10. Given LA =45°, /B ="175"= £ =60°

We know that —=— = SHI:B:Si;C:k
a=Jsk, b=ty = Y3k
a+cV2 = \/— ?k:p\rﬁ\/gk
2 =34

=a+v2c=2b

11. The diagram is given below:
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13.
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A
4 5
D
Aﬂ
C 3 B

Figure 8.2
ABCD + AACD = AABC
= 53CDsin30° + 34CDsin 60° = 53.4

24

3 _ _
ZC’D+\/§C’D76¢CD73+4\/§

242

The smallest angle will be opposite to smallest side i.e. 4 cm. Similarly, greatest angle will be

opposite to greatest side i.e. 6 cm.

Let a =4 cm, b =5 cm and ¢ = 6 cm. Also, let opposite angles are A, B and C.

24 0242
COSA:b +c*—a® _ 45 _ 3

2bc ~—60 4
_a?+4b%2-c2 5 _ 1
cosC=""3—=3=5

cos?AchoszA—l:2.%—1:%20050

The diagram is given below:

Figure 8.3

LA+ 4B+ /ZC =180°=104B+ 4B+ 4B = /B =15°
= LA =150°

Let AB=AC ==

2 2 2
re+xrc—a
~cos150° = S
.r.T

2 2 2 1
= —V3z'=2r"—a"=x=,/—=a
3 2+v3

4. Let angles are A =2k, B=3k,C =7k ~2k+ 3k + 7k =180°= k = 15°
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a _ b _ ¢ -1
sinA ~ sinB "~ sinC

sinA:%,sinB:%,sinC:—‘2;\/3

Now the ratios of sides can be proven.

Clearly, the sides are in the ratio of 7:6: 5

46245272 1
nCosA="—mHe—=¢

2 2_QR2 1
cos B — T2+52-62 _ 19

275 35

_ 72462-52 5
cosC = g =7

~cosA:cosB:cosC =17:19;25

C A+B A+B 1—tangtan®
t311§:t3117r_<2+ ) = cot ; = ook vt
tanz+tans
5 20
_ 1537
= 75,20
51357

305 305 5
222
Qtang 2%
sin A = =
1+tan 5 1+§6
_ 60
61
B 20
sin 2tans . 2.5%

= 2B 200
1+tan<3 1+1359

~ 1480
1769

B Ztang 2%
sin B = o=y

1+tan?3 145
_20
29
— Ll c a _ b ¢ _

atc= k‘(blnA +51nC) [sinA T sinB " sinC k}

k(eo +§%> _ 174041220 _ 2960 _ o

61 1769  — 1769

It is much easier to prove this problem in reverse.

3

. 1 1
Given, a+c + b+c  a+b+c

243
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Upon solving A+ b2 —c?=ab

2 b272 1 o
(1276252(30860 =cosC

. Let the sides be a, b, c. We know that A = %a.a because area = % X base x altitude

1 2A 1 a
A=za=a="=0=35

1.1 1 _ a?tbite?
a? 62 72 - 4NA2

cot A+cot B+cotC _ cos A + cos B n cos C
A ~ AsinA " AsinB ' AsinC

A:%bcsinAésinA:

24
be

. cosA _ bccosA _ b%2+c%—a?
TAsinA T 2A2 T 4A2

. cos A cos B cos C a?+b2+c?

"AsinA+AsinB+Asinci N

Hence proven.

sin 75°
cos 75°

. Given, § =2+ V3 =tan75° =

sin A _ sin(90°+15°)
sin B~ sin(75°—15°)

= A =105°, B = 15° which satisfied A + B + C = 180°
21 p2_p2 2
. cosC:%:%iﬁ(lJr\/g Y+4—c2=2(1+3)

=?=6=>c=16

b2+c2—a? _ 446—(1+/3)2

cos A = i 276
_ 6+42V3 oo
=S5 =V6+vV2=A=15
Thus, £B = 45°

21. Greatest angle will be opposite to greatest side i.e. 1/ 22+ Ty + y2

2 2_p2_ 2
cosf = THYL_TUTY — 2o 9 = 120°
Ty 2

. Given sides are 2z + 3, 22 + 3z + 3 and z2 + 2z. Since lengths of sides is a positive quantity,
therefore z2 + 2z > 0=z >0

This leads to the fact that z2 + 3z 4 3 will be greatest side.

(22+3)%+ (2%+22)%—(22+3z+3)?

cost) = 2(2a+3) (22+2z)
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_ 4x?+122+9+2* 4423 +42%— 24— 922 —9—62°— 62— 182

43 +14x2+122
=223 7x2-6x 1 °
= 222377221 6x) 2 %8 120

23. Given, 3a = b+ c¢. We know that s = %W =s=2a

B C _ s(s=b) s(s—c)
cot bl cot 7= A T A
_ s2(s=b)(s—c) _ s —9

s(s—a)(s—b)(s—c)  s—a
24. We have to prove that asin(g—l— B) =(b+c) siné
b+c _ k(sin B+sinC)
Ta T sin A

B+tc B-C
2 2

2sin cos

2sinacosa
3 2

 cos(5-%)
- sing
cos|B—fr_(A+B
[ {5-(52)} A
= 2 2 2 sm§
7sin(§+B)
o sin4

2

_s(s—a) , s(s=b) , s(s—c)
. Numerator of L.H.S. = At T A TR

[N}
ot

s(s—ats—bts—c) _

_ s2 _ (atb+c)?
- A A

=T IA

. __cosA | cosB | cosC
Denominator of R.H.S. = sna T Tane

o b24c2—qa? c24+a2—-b2 aZ4+b2—c2
~ 2bcsin A 2ca sin B 2absin C

[A :%bcsinA :%casinB = %absinC]

_ a?+b2+c?
- 4A

_ (atb+c)?
L.H;S. —_— m

. . b2—c? . b2—c?, .
26. First term of L.H.S. = sin2A = =—5—2sin Acos A

a? a
_b2—c? 94 b24c2—qg?
~ a4 K- 2bc
1 2 2 2 2 2 1 4 4 2,72 2
:Kabc[(b —¢ )(b tc'—a )}:Kabc[b —¢c —a (b —C )]

245
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1
m[c4—a4—b2(027a2)]

Similarly, second term =
First term of L.H.S = a® cos(B — C) = a*[acos(B — C)]

= Ra?[2sin Acos(B — C)] = Ra®[2sin(B + C)cos(B — C)] = Ra?[sin 2B + sin 2C|
= Ra?[2sin Bcos B + 2sin C cos C] = a?[bcos B + ¢ cos C]

Similarly, second term = b%[a cos A + ¢ cos C]

and third term = ¢2[a cos A + b cos B]

Adding, ablacos B+ bcos A] + calccos A + acos C] + be[bcos C + ¢ cos B]

= 3abc = R.H.S.
COS2B;C sin2¥
LHS. = K?2[sin B+sin C']? + K?[sin B—sin C]?
_ 1 cosQB;C i sin2B;C
K? 4sin23;rccos23%c 4coszB;CsinzB%C
1 1 1
T 4R? <sin2—Béc + cosz—Bz‘c>
1 1 1
T AK? (coszé + sin2£>
2 3
_ 1 1 1
k2° 4sin2§cos2§ a?
. 2Rsin A
First term of L.H.S. = 2 — 2fisin

"~ cosBcosC ~ cosBcosC

2R sin(B+C
= 2R B — 9R(tan B + tan C)

Similarly, second term = 2R(tan C' + tan A) and third term = 2R(tan A + tan B)
L.H.S. = 4R[tan A + tan B + tan C']
=4R.tan Atan BtanC[+ A+ B+ C =7 ~tan A+ tan B + tan C' = tan A tan Btan C]

= 2.atan BtanCsec A = R.H.S.

We have to prove that (b —c) Cosg = asin Bgc

. . B+C_. B-C
b—c _ sin B—sinC' _ 2C0s~—3—sin=y

a sin A 2 singcosg

2sin4sin25€ sinZz€
_ 2 2 2

2sinfeosd  cosh
S1 2COS2 COS3

246
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We have to prove that tan(é + B) = Ej'~l3ta 1‘3

c+b  sinC+sin B

c—b~ sinC—sin B
2s1n CcosC;

C-B
2

"~ 2c0sZ:%in

2

tan% 4

We have to prove that tan A;

. . 2 cosAtBsind=
a—b _ sin A—sin B __ 2cos=5—sin=5=

a+b~ sinA+sinB 251nA;BcosA2B

A-B
2

= A+B
tan—;

A-B

tan—;

tan

C
cots

LHS. = (b+c)cosA+ (c+a)cosB+ (a+b)cosC
= (acos B+bcosA)+ (bcosC + ccos B) + (acosC + ccos A)

=c+a+b=RH.S.

_cos?2 B—cos2C _ 1[(cosB+cosC)(cos B—cosC)
First term of L.H.S. = TTe E[ S BtenC ]

B B-— . B . C-B
1[2005 ;rccos € 2sin ;cbmcz :|

k QSlnB;CCOSB <

:%[2005 B;C sin C;B] :%[sinC’— sin B

Similarly, second term = % [sin A —sin C'] and third term = % [sin B —sin A]

Thus, LH.S. = R.H.S. =0

. First term of L.H.S. = a® sin(B—C) = Ra%.2sin Asin(B—C) = Ra%.2sin(B+C)sin(B—C)

= Ra®*[cos2C — cos2B] = Ra?(1 —sin? C' — 1 + sin? B) = R[(2Rsin B)? — (2Rsin C)?]
= R[b? — ¢?]

Similarly, second term = R[¢? — a?] and third term = R[a® — b?]

Thus, L.H.S. = 0 = R.H.S.

Consider first term i.e. (b+c¢—a) tané
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b+c—a=2s—2a=2(s—a)

A_  [G=b=e)
tan 2 s(s—a)

s—b)(s—a)

:.(b+cfa)tan§= 9,/t=all

Similarly, (c+a—b)tan§:2 M: (a—Q—b—c)tan%

: AvnB_1= (s=b)(s—c) (s—a)(s—c)
57 1—tangtan S = 1= — [l e] (o allec

_ s—c¢_c¢c_ _2c __
=1- s s a+btc R.H.S.

35, LHS, = 9524 _cos2B

_ 1-2sin? A _ 1-2sin? B

- a? b2
a2 b2
_ 172,m 172.m
- a? - b2
1 1

39. We have to prove that a?(cos® B — cos® C') 4 b%(cos? C' — cos? A) + ¢?(cos? A —cos? B) = 0
L.H.S. = a?(sin? C —sin? B) + b%(sin? A — sin? C') + ¢2(sin? B —sin? A)
= 4R?sin? (sin? C — sin? B) + 4R? sin® B(sin? A — sin? C') + 4R? sin® C(sin? B —sin® A)
=0=R.HS.

40. First term of L.H.S. = %

_ 2Rasin Asin(B—C) _ 2Rasin(B+C)sin(B-C)
- sin B+sin C' - sin B+sin C'

_ Ra(cos2C—cos2B) _ Ra(2sin? B—2sin?C)
- sin B+sin C' sin B+sin C'

=2Ra(sin B—sinC) = a(b—c¢)
Similarly, second term = b(c¢ — a) and third term = ¢(a — b)
Thus, L.LH.S. =0 = R.H.S.

A1, LHS. = cos A + cosB+ cos C'

a b c

_ b%+c%?—a? + c24+a?2—-b2 | a?4b2—c2
~ 2abc 2abc 2abc

_a?+b%+c?
— W — R.H.S.
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43.

44.

46.

47.

Answers of Properties of Triangles

First term of L.H.S. = 234 + BaE

a

. b2+02—a2+i _ a?+b%+c?
- 2abc be T 2abc

a’+b%+c?

Similarly, second term = third term = =—;
abc

First term of L.H.S. = (b* — ¢?) ?95:2
sin

o (b2—02)(b2+c2—a2) _ b4—c4—a2(b2—c2)
- 2abc - 2abc

e . - 04*(1471)2(627(12)
Similarly, second term = — e
and third term = %2=b—c?(a?-b?)

2abc
Thus, L.H.S. =0 = R.H.S.

LHS. = (b—¢) 258 4 (c—a) Sl 4 (o —p)2lee)

:%(52—024—02—(124-&2—52):OZR‘H'S'

=

HS. = (a—b)%+sin?§[(a+5)%— (a—b)?]

= (a—b)2+2ab,2sin2% = (a—b)?+ 2ab[1 — cos C]

=a?—2ab+b%+2ab—a®—b*+c?=c?=RHS.

_a—b__sinA—sinB
LHS. = a+b ~ sin A+sin B
o QCOSA;riBSinA;B

- 2 inA:B A-B
S 5 COS—5

= cot A;B tan A;B = R.H.S.

The diagram is given below:

Figure 8.4
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2 2__ .2
a®+b C:%:>3b2:a2—02
2ab a
2 2__ 2
cos Acos C = Yte—a” 2b

2bc ‘a

a?2-c2,| 2 o
+c—a 2_ 2
== —2c—a) _RHS.

ac Jac

48. The diagram is given below:

A
b c
C Da E B
Figure 8.5

Here BD = DC. Let AE L BC
Now, AC? — AB% = (AE? + EC?) — (AE? + BE?)

= EC? - BE? = (EC + BE) (EC — BE) = BE[(ED + DC) — (BD — ED)]

= 2BE.ED[+ BD = DC|
Also, 4A = 4.2 BC.AE = 2BC.AE

AC?-AB? _2BE.ED _ED _ .4
IA T 2BC.AE _ AE _ ©©

49. The diagram is given below:

A p C
«
7 90°
q
T—0—« @
A B
Figure 8.6

Let ZDBA = a then
ZBDC = o[+ AB || DC]
= /ZDAB=7n1—(0+«)

Now applying sine rule in AADB
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AB = Vp?+q®sing

sin(0+a)

_ Vp2+q®sinb

~ sinfcos a+sinacos

_ (p*+4?)sing
~ pcosB+qgsinh

50. The diagram is given below:

Figure 8.7

ZAOB =7 — B and ZBOC = 7 — C Applying sine rule in triangle AOB, we have

OB c X __csinf
sinf ~ sin(wr—B) "~ OB = sin B

Similarly, in triangle BOC,

_ asin(C—0)
OB ="gc—

2RsinCsinf _ 2Rsin Asin(C—#0)

sin B sin C'

sinC  _ sin(C—6)
sin Asin B~ sinC'sin 6

sin(A+B) _ sinC cos #—cos Csin 6
sin Asin B sin C'sin 0

cot B + cot A = cot — cot C
cot 8 = cot A + cot B + cot C'

51. The diagram is given below:

Figure 8.8
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From figure, ZADC = 90°+ B

By applying m : n rule in triangle ABC, we get
(1+1)cot(90°+ B) = 1.cot 90° — 1. cot (A —90°)
—2tan B = 0 — cot[—(90° — A)]

—2tan B =tan A = tan A+ 2tan B =0

t
[\]

. Given, cot A + cot B+ cot C' = v/3
Squaring, cot? A + cot? B + cot? C' + 2 cot A cot B 4 2 cot Bcot C + 2 cot C cot A = 3
Since A+ B+C=n=A+B=n—-C
cot(A+ B) =cot(m—C)

cot AcotB—1
cot A+cot B —cotC

cot Acot B+ cot Becot C' + cot Ccot A =1

= cot? A + cot? B + cot? C + 2 cot A cot B 4 2cot Beot C + 2 cot C cot A = 3(cot Acot B +
cot B ot C + cot C cot A)

%[(cotA—cotB)2 + (cot B — cot €)% + (cot C — cot A)?] =0
= cot A = cot B = cotC
= A = B = C i.e. triangle is equilateral.

53. Given, (a%+b?)sin(A — B) = (> —b?)sin(A + B)
(sin? A + sin? B) sin(A — B) = (sin? A —sin® B) sin(A + B)
[sin? A —sin? B = sin(A + B)sin(A— B)]
= (sin? A + sin? B)sin(A — B) = sin?(A + B)sin(A — B)
= sin(A — B)[sin? A + sin®? B—sin®> C] =0
Either sin(A — B) = 0 or sin? A +sin? B —sin> C =0
A=Bora?+b2—c?=0
Thus, triangle is either isosceles or right angled.

54. RH.S. = c¢(cos Acosf + sin Asin @) + a(cos C cos — sin C'sin §)
=cosf(ccos A+ acosC) +sinf(csin A —asinC')
:bcose-i-sinH(c.%—a.%)
=bcosf = L.H.S.

55. The diagram is given below:
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B a/2D  a/2 ¢
Figure 8.9

b _ a
sin(B+6) — 2sin(A—0)

c _ _a
sin[r—(B+0)] ~ 2sinf

= bsin(A—60) =csinf
= sin B(sin Acosf — cos Asinf) = sinC'sinf = (sin Acos B + sin Bcos A) sin 6
= cotf = 2cot A+ cot B

56. The diagram is given below:

Figure 8.10
AABC = AABD + AACD
%bc sin A = %AD.C sin g + %AD.b sin é

2bc A

:>AD:b+Cc055

57. The diagram is given below:

Figure 8.11

LACB=m—(a+8+7)



60.

. Given, 2cos A =

Answers of Properties of Triangles

sin ACB =sin(a+ f+7)

In AABC

AB _ AC
sin ACB ~ sinvy

_ asiny
AC = Starpe)
In AACD
CD AC

sina ~ sinf3

_ asin asiny
CD = sin Bsin(a+pB+7)

sin B
sin C'

2cos AsinC =sin B=sin[r — (A+C)] =sin(4+C)
2cos Asin C' = sin A cos C' 4 cos Asin C

cos AsinC =sinAcosC = tan A = tanC

=A=C

Thus, the triangle is isosceles.

. Let such angles be A and B. Then,

1 1
cosA:Eand cosBzg

= sin Acos A = sin B cos B
sin2A4 = sin2B or sin2A4 = sin[7 — 2B]
A:BorA-i-B:%éC’:%

Thus, the triangle is either isosceles or right angled.

Given atan A +btan B = (a + b) tan A;B
. A+B . A+B
~a sin A St 5 s sin5 __sinB
cos A cosA;B - cosA;B cos B
. A-B . A-B
Sin Sin

2
= a. =
cosAcosA;B

2

. A+B
cos B cos+

=tanA=tanB=A=1RB

Thus, the triangle is isosceles.
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62.

63.

64.

Answers of Properties of Triangles

tan A—tan B _ c—b

iven, ——————m =

G > tan A+tan B c
sinA _ sinB A .

= cos A cosB _ sinC—sin B
sinA sinB sinC
cos A ' cos B

sin A cos B—sin Bcos A __ sin(A+B)—sin B
sin A cos B+sin Bcos A sin(A+B)

sin A cos B—sin Bcos A __ sin(A+B)—sin B
sin( A+ B) - sin(A+B)

= sin A cos B —sin Bcos A = sin A cos B + sin Bcos A — sin B
= sin B = 2sin Bcos A écosA:%:>A:60°.

a?2+b2—c2
2ab

We know that cos C' =
Given, ¢* —2(a® +02)c® +a* +a®0? + b1 =0
= a* + b1 + ¢t — 2a%c% — 26%¢? + 24%b2 = a2b?
(a2 + 02— *)?=d?? = o>+ b* + ® = +ab

= cosC = i%:>A:60° or 120°

cos A+2cosC _ sinB
’ cos A+2cos B~ sinC

Given
= cos A(sinC' —sin B) = 2sin Bcos B — 2sin C cos C' = sin 2B — sin 2C

= 2cos A. cos

B;Csin C;B =2cos(B+C)sin(B—C)

C—B
2

—C B-C
5 - Ccos 5

B+C
2

— 2cos A.sin 2

sin

cos A. cos
If B = C then above it 0 = 0 i.e. triangle is isosceles.

If A =90° then above is 0 = 0 i.e. triangle is right angled.

~tan §7 tan g, tan% are in A.P.

A B_. B c
tang—tang = tdni— tan§

A B . B C
sm(5—5) . sm(i—i)

A B B [e}
COS§C057 COSfCOSf

C . (B C A

sm(2 -3 ) cos 5 = sm<§f§) Cos 5

sin(é—%) sin(g+§> = sin(?—%) sin(ng%)

= cos B—cos A =cosC —cos B

Thus, cos A, cos B, cos C are in A.P.
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66.

67.

68.

Answers of Properties of Triangles

. 2C 2A _ 3b
Given, acos” 5+ ccos™ 5 =5
s(s—c) s(s—a) _ 3b
- e be T 2
s 3b
p2s—a—cl=7%

2s=3b=a+c=2b

We have to prove that cot é + COt% = 2C0t§
_ s(s—a) | s(s—c)

LHS ==x—+=%

=X(2s—a—c)= 25(2717) = 200‘6? = R.H.S.

Given, a2, b2, ¢? are in A.P.
=02 —a?=c2—p?

= sin? B —sin? A = sin? C —sin®? B

= sin(B+ A)sin(B— A) =sin(C + B)sin(C — B)
= sinC'sin(B— A) =sin Asin(C — B)

sin A cos B—cos Bsin A __ sin Bcos C—sin C cos B

= sin Asin B sin Bsin C

= cot B—cot A =cotC —cot B

~cot A, cot B, cot C' are in A.P.

Since A, B,C arein AP. 2B=A+C= A+ B+C =3B=180°= B = 60°

Given, 2b% = 3¢2

2 o .2 o1
2.sin“ B = 3.sin Césm(]—j:—\/i
. 1 o
smC;é—E because C' < 120

. _ 1 e
smC—ﬁ$C—45

= A=75
Given, tang, tan 2, tan < are in H.P.

27 2

= cot §7 cot §7 cot% are in A.P.

B A C B
cot z —cot 5 = cot 5 — cot 7
s(s—b)—s(s—a) _ s(s—c)—s(s—b)

A - A

256



70.

71.

72. We have proven in previous problem that - cot A, cot B, cot C are in A.P.

Answers of Properties of Triangles

a—b=b—c
a, b, c are in A.P.

sinA _ sin(A-B)
> sinC ~ sin(B-C)

Given

sin A _ sin Acos B—sin Bcos A
sinC ~ sin Bcos C—sin C cos B

sin A sin C cos C + sin Bsin C cos A = 2sin Asin C cos B
sin Bsin(A + C) = 2sin Asin C cos B
sin? B = 2sin Asin C cos B

b2 o a2+c2_b2

cos B = 2ac 2ac

= +a? = 2?
Thus, a?, b2, ¢? are in A.P.

Given, 2sin B = sin A +sin C

Asin B eos B — 26in A1 cos A=C — 9 cos B eos A=C
sin 5 cos 5 = 2sin —5— cos —5— = 2cos 5 cOs —5—
.. B _ A+C _ _A-C
251n773c05 5 = COs —5

3sinésing—cosécosg
2 2 2 2

3tan tan § = 1

Given, a2, b2, ¢? are in A.P.

b2 a2 =2 p2

sin? B —sin® A = sin? C —sin® B

sin(A+ B)sin(A— B) =sin(B+ C)sin(B—C)
sinC'sin(A — B) =sin Asin(B—C)

cos B — cot Asin B = sin B cot C — cos B

2 cos B = sin B(cot A + cot C')

2cot B =cot A+ cotC

~cot A, cot B, cot C' are in A.P.

~tan A, tan B, tan C' are in H.P.
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74.

76.

Answers of Properties of Triangles 258

Since A, B,C arein AP.=2B=A+C=A+B+C=3B=180°= B=60°
b:c:ﬁ:ﬁ:sinC:g.\/g:w\%
=>C=4=A=75

Let the sides are a, b, ¢ then 2b = a + ¢. Also, let a to be greatest and ¢ to be smallest side.

Then, A=90+C then 90+ C+B+C =180= B=90—-2C

a _ b
sin(90+C) ~ sin(90—2C)

4R cos2C = 2R cosC +2RsinC

2R

c p—
sinC —

2c0s2C = cosC + sin C'
Squaring, we get

4(1 —sin?2C) = 1 +sin 2C = sin 2C = % when 1+ sin2C # 0
When 1+4sin2C=0=C = %}r which is not possible.
wsin2C = % = cos2C = 4

Now sin C' and cos C' can be found and ratio can be evaluated.

. va,b,carein AP.2b=a+c=>a=2b—c

b2+c2—a? _ b24c2—4b2—c2+4be
2bc - 2bc

cos A =

_ 4bc—3b% _ 4c—3b
- 2bc 2¢c

The diagram is given below:

B 3 c

2
60°
A 5 D

Figure 8.12

Let AB=2,AD=5BC=3annd CD ==z
Since it is cyclic quadrilateral ZC = 120°
Applying cosine rule in AABD, we have

o AB2+AD2?—BD? 9
cos 60 —‘m“*# BD“ =19

Applying cosine rule in ABCD, we have



e

78.

79.

Answers of Properties of Triangles

. BC?+CD2-BD? 2 B
xr = —5, 2 but  cannot be -ve. ~.xz = 2

Given (a+b+c¢)(b+c—a)=3bc

b2 + ¢ — a® + 2bc = 3bc

b2tc?—a® _ 1
2bc 2
cos A = cos 60°
A =60°
Since AD is the median
~ AB? + AC? = 2BD? + 2AD?
= b2 4 2 = L 4 24D?
4AD? =02+ 2+ (b2 + 2 —a?)
1_ b*4c?—a?

cosAzif e

= 4AD? = b® + ¢ + be

The diagram is given below:

Figure 8.13
Since AD is the median
«~AB%? 4+ AC? = 2BD? 4+ 2AD?

2 2b%2+2c2—a?
=AD" =—"7F—

A0 =2AD =2 1 V2% + 2% — a®

Similalry BO = % V2¢2 + 24% — b?
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81.

82.

Answers of Properties of Triangles 260

«/ZAOB =90°
~AO* + BO* = AB?
=a?+b%=5¢2

tanA _ tanB _ tanC k

Given, 4= =-"F5—="%—=

Since A, B, C are the angles of a triangle
~tan A+ tan B+ tan C = tan Atan Btan C

k+ 2k + 3k = k.2k.3k = k =1 as if k = —1 sum of angles will be greater than 180°.

tan A =1 :>sinA:%

2

_ ; _ 2
tanA—2=>s1nA—\/5
_ ; -3
tanA—3:>smA—\/E

a b ¢
sinA "~ sinB ™ sinC

_ VBb _ /10¢
V2a =7 =3

6v2a = 3v5b = 2V10¢

For a triangle sides are positive i.e. a > 0,b > 0, ¢ > 0 where a, b, c are the sides.
2c4+1>0=2z> f%

22 —1> 0=z > 1 because side cannot be negative.
2 4+r+1>0~Ve>1
a—b=z(z—1)>0=a>b
a—c=2+2>0=a>c

Hence a is the greatest side.

b2+c2—a? _ (2z+1)%+(22-1)2—(a%+2+1)
2bc - 2(2x+1)(x2-1)

cos A =

= A=120°

Let the sides be z, x + 1, z 4+ 2 where x > 0 and is a natural number. Let the smallest angle
be 6

/C=0:+.LA=20



83.

84.

Answers of Properties of Triangles

Applying sine law

T r+1 z+2

Sin@ — sin(7—30) _ sin 20

= 222 90g0 = H2
sinf = sin 26 T
= T _ z+1 z+1

sin® ~ sin360 ~ 3sinf—4sin? 0

. 1
=3 —4sin?f =2

2
= 4cos’ 0 = —21;1 = —(36;22)

=22-3r—-4=0

x =4, —1 but —1 is not a natural number so x = 4. Hence sides are 4, 5, 6.

Given, a = 6 cm, A =12 sq. cm. and B — C = 60°
A= %absinC = %a.ksinBsinC

_ 1 a . .
fi.a.msmBsmC

18sin Bsin C

1 2 . . o
A—ia sin BsinC' = A

- 2 _ 2sinBsinC _ cos(B—C)—cos(B+C)
3 2sinA 2sin A
2 _ cos60°—cos(m—A)

3= Tsin A

= 8sinA —6cosA=3

a+b+c
b+c

. _a _
Given, cosf = e = 1+ cosf =

26 _ a+b+tc
= 2cos 5= I7c

2(b+c)
a+b+c

20 _
sec 3=

20 _ 2(b+c)
L+ tan®s = o5

2(c+a)
a+b+c

Similarly, 1 + tan? % =

2(a+b)
a+b+c

and 1+ tan2~12€ =
Adding, we get 3 4 tan? g + tan? % + tan? % = %

:tanzg+tan2%+tan2%:1
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Since C is the angle of a triangle, sinC' < 1

~cos Acos B+ sin Asin B > cos A cos B + sin Asin Bsin C
=cos(A—B)>1

But cos(A — B) cannot be greater than 1.~cos(A—B)=1=A=B
Now, cos Acos B+ sin Asin BsinC =1

= cos? A+sin? AsinC = 1

=sinC=1=C=90"= A=B=45°

=a:b:c=sinA:sinB:sinC=1:1:v2

). From the question, sin Asin Bsin C = p and cos Acos BcosC = ¢

~tan Atan Btan C' = S
Since we are dealing with a triangle - tan A + tan B + tan C' = tan A tan Btan C

:>tanA+tanB+tanC=§

sin A sin B cos C'+sin Bsin C cos A+sin Asin C cos B
cos A cos BecosC

Now, tan Atan B + tan Btan C' +tan C'tan A =

We know that in a triangle 2sin A sin B cos C = sin® A + sin? B — sin? C
g

:>§%[(sin2A+sin2B—sin2 C) + (sin? B+ sin? C —sin? 4) + (sin? C 4 sin? 4 —sin® B) ]

= 2% [sin2 + sin? B + sin? C]

_ 1 [(170052A)+(1700523)+(170052C)]
— 2q 2

:4%[4+4COSACOSBCOSC] :l%rq

Thus, we see that tan A, tan B, tan C' are roots of the given equation.

Given, sin® 0 = sin(A — 0) sin(B — ) sin(C — 0)

4sin® 0 = 2sin(A — ) [2sin(B — 0) sin(C —0)]
=2sin(A—#0)[cos(B—C)—cos(B+C —20)]

= 2sin(A—#0)cos(B—C)—2sin(A—0)cos(B+ C —20)
=sin(A+B—C—0)+sin(A+C—0—B)—sin(A+B+C —30) +sin(r—2B—0)
sin 36 + 4sin® 6 = sin (24 + 0) + sin (2B + 6) + sin (2C + 0)

3sinf = (sin 24 + sin 2B + sin 2C') cos § + (cos 24 + cos 2B + cos 2C') sin 6
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[ ~sin2A +sin2B + sin 2C = 4sin Asin BsinC when A+ B+ C =7 |
(1 —cos2A)+ (1 —cos2B) + (1 —cos2C)sinf = 4sin Asin Bsin C. cos 8
2[(sin? A 4 sin? B + sin? C') sin ] = 4sin A sin Bsin C cos

2sin 0] (sin? A + sin? B —sin? C') 4 (sin? B 4 sin? C' —sin? A) 4 (sin? C 4 sin? A —sin? B)] =
4 sin A sin Bsin C cos 6

[ =sin? 4 sin? B — sin? C' = 2sin Asin Bcos C' |
= cot f = cot A + cot B + cot C
From question g =r.b=cr

Let AD L BC and let AD =h

ar
172

We have to prove that h <

AABC = %c.cr. sin A = %ah

o s
c?rsin A
h= a

cos A = c2+2c2r27a2
.c.cr
2 a?
o=
14+7r2—2rcos A

—~ = a’rsinC _ arsin A
" a(l+r?—2rcosa) ~ 1+r?—2rcos A

1+tan2g

ar

l—tanzg

14+7r2—2p

1+tan2g

2A 2 A 2
S—SFtans + (1—7)?=0

2
:>(1+T )tan “ho 3

This is a quadratic equation in tané and since it will be read D > 0

LA (1 )2 (11230

h<-9

1—72
Given b.c = k2, now

2 2__ 2 4
cosA:bgcTaéQkQ(:osA:bQ-i-%—a2

b* — (a® + 2k? cos A) b% + k* = 0 which is a quadratic equation in b2.
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The triangle will not exists if discriminant is less than zero for above equation because then b
will become a complex number.

= (a® 4 2k%cos A)%2 — 4kt < 0
= [a® + 2k%(1 +cos A)][a® — 2k*(1 —cos A)] <0
= (a2 + 4k? C082§)< — 4k? sin —) <0

2 A
27

= a2 — 4k? sin 24

[ a? + 2k cos >0]
:>(a+2ksin§>(a—2ksing)<0
= a—2ksin & <0[ a+ 2ksin 5 >0]

=a< 2ksin§

90. The diagram is given below:

~—
E F
Figure 8.14

The diagram is a top view. Let O be the top point and O’ the center of ring which is 12 cm
below O in the diagram(not shown).

In triangle OO’ A, AO’ =5 cm, OO’ =12 cm

=122 +52=13 cm

Now sides of a regular hexagon are equal to the circumscribing circle. AB =5 cm.

2 2 2
cos AOB = 221155 _ 313

2.13.13 338
91. Given, 2b = 3a and tan2§ = g
cos A = 1 _ /5
,/1+tan2§ 1+% 8

_ b%+c?—a?
cos A = \/7 e
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42
b5
- 2bc

= —\/g(5b;+902) =2V5bc

= 9v/8¢% — 18v/Bbe + 5v/8b%2 =0

_ 85 4V5
TGV VB

Thus, one value is double of the other.
Let the angles are k, 2k, 7k degrees. Then k + 2k + 7k = 180° = k = 18°
So greatest angle is 126° and smallest is 18°.
Ratio of greatest to least side is given by sin 126°; ; sin 18°
=c0s36°:sin18 =v65+1:v/6—1
Let AF =f, BG=g9g,CH=h
Area of AABC = Area of AABF + Area of AACF
A 1 .

1 . 1 A A 1 . A
§bcsmA—5.2311150055—ﬂ51n§+§bfsm§

= 2bccos§: (b+c)f

c

Leosd=1(3+1)

Similarly, % cos g = % (é + %)

1 C_1/1,1
and,ﬁcos§—§<a+5>

Adding these three we obtain desired result.

Since BD = DE = EC each will be equal to g Clearly the triangle is right angled because
32452 =52

4
cosC =z
2142 AE? %§+167AE2

CE
In AACE, cosC =~ — = 254

169—9AE? 3 4
=~"9% 105

2 _ 73
= AF =3

g — AB*+AC?-_CE? _ 8
COSU =" AR AC 73

tanf = vsec?6 — 1 = g—lzg
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Let O be the centroid i.e. point of intersection of medians.

From geometry, we know that area of AABC = 3x area of AAOC

We also know that centroid divides median in the ratio of 2: 1 i.e. AO = %

Applying sine rule in AAOC

oC _ AO

sinZ  sinZ
B 1

s T
SN
oc =178

3 sinZ®
sing

Area of AAOC = %A0.0C sin AOC

110 10 sing T
=233 gnz (3+%)
_25

-9

“AABC =7

Letsidesaremb,cthenaz?z\/Z@cm,bzélx/gzﬂgcmandc:ﬁgcm.

Clearly, c is smallest and thus C will be smallest.

48+49-13 _ 3

cosC = o7av3 2
= C =30
Let the triangle be ABC having right angle at C. Let D be the mid-point of AC.
Given that triangle is isoceles so AC' = BC i.e. DC = %AC = %BC
Also, ZCAB = ZBDA = 45°
Let ZDBC =60 and £ZDBA = ¢

DC 1

tan¢d =55 =3

tan ¢ = tan(45°—0) = }JEZEZ

= tan¢ = %
~cotf =2, cotgp =3
From the given ratios we have,

a+b _ a—b _ c
T+m?)(1+n?) — (I=m?)(1-n?) ~ (1-m?)(1+n?)
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A—B 2 . A-B 2
COS™5—  14m?2 S5~ 1-n

A+B 2y . _AtB 2
COS% 1-m sm% 1+n

By componendo and dvidendo, we have

A B _ 2 A B_ 2
tan 3 tan 3 = m”, cot 5 tan 5 =n

2A__m? 2B_ 2 2
2 n?

= tan , tan 5 =mn

= A= Qtanfl%, =2tan" ' mn

A
2tany

c—2
1+tan2%

A= %bcsinA :%b

_ mnbc
m?2+4n?

99. Since a, b, ¢ are roots of the equation > — pz? + gz — r = 0 therefore we have

a+ b+ c=p=2s where s is perimeter.

ab + bc + ca = g and abc = r

A2 =s(s—a)(s—b)(s—c)

=5(5-a)(5-0)(5-)

Substituting the values of we obtain the desired result.
100. Let the third side be a cm. Applying cosine rule,

6 = a® + 4% — 2.a.4cos 30°

a®?—4v/3a+10=0
o =BEVB0_ 9 /5. 3

Both roots are positive, so two such triangles are possible.

101. The diagram is given below:

Bz pxa g =z C

Figure 8.15

267
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Let BD = DE = EC = . Also let,

ZBAD = a, ZDAE = 3, EAC =~v,CEA =10
Given, tan a = tq, tan 8 = to, tany = t3
Applying m : n rule in AABC, we get

(22 + x) cot @ = 2z cot (o + B) — wcoty
From ANADC, we get

2z cot = x cot B — x cot y

3 _ 2(atp)—coty
= 27 cotB—coty

= 3cot B —3coty=4cot(a+ ) —2coty

3cot B —coty = 74(2322i°;£;1>

3cot2ﬂ—cotﬁcot7+3cotacotﬂ—cotacotfy:4cotacot[3—4
4+4c0t2,3=c0t2ﬁ+cotacotﬁ+cotﬂcot7+cotacot7
4(1 4 cot? B) = (cot 8+ cot a) (cot B + cot )
1\ _ /1, 1y/1 1
1rg)=(n+a)Gra)

The diagram is given below:

Figure 8.16

Let the medians be AD, BE and C'F meet at O. From question,
/BOC =, ZCOA =3, ZAOB =~
Let AD = py, BE = p3, CF = p3

A0:0D=2:1= A0 =12p

Similaltly, OB = 2 ps, OC = 2p3

268
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Applying cosine rule in AAOC,

4 4
cos = OA%+0C2—AC? _ gpit+sp3—b?
3.04.00 2.2p:2p5

4p2+4p2—9b?

cosf = 8p1p3

AAOC = 3.0A.0C.sin

%§p1§p3 sin 8 where A is area of triangle ABC.

4p2+4p2—9b?
= cosfB = 7”1*12’33

-+ AD is mean of AABC
«~AB%? 4+ AC? = 2BD? 4+ 2AD?

:>b2+02:2%2+2p%

2 2b242¢2—a?
nm=—7
- 2 2c2+2a%-b?
Similarly, p5 = =———
2 2a2+42b2—¢2
and p3 = 53—
n_ (2b2+42c%2—a?)+(2a%+2b%—c?)—9b?
= cosfl = T9A
__a?+c?-5p?
- 12A

. b2 2_ 5,2
Similarly, cosa = e —oa”

12A
- a?+b2—5c?
Slmllarly, Cosy = —13A
_ —3(a?4b%+c?)
cosa+cos B+ cosy =g
_a?4b%+4c?
- 4A
_ b%2+c2—a? | c?+a?-b% | a?+b%—c?
cot A+ cot B+ cot € = 2bcsin A 2casin B 2absin C
_a?+b%+c?
- 4A

= cota + cot  + coty + cot A + cot B+ cot C =0

103. The diagram is given below:
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270

N

D C
B

E
Figure 8.17

Let AD be the perpendicular from A on BC
circle at E. Given, DE = a.

Since angles in the same segment are equal

and LZAEC = ZABC = 4B

From right angled ABDE, tan C = %
From right angled ACDE, tan B = %

tanB—Q—tanC:%

Similarly, tan C' 4 tan A = %

and tanAthanB:%

Adding, we get

b

a c_
E+,6+§_ 2(tan A + tan B + tan C')

104. The diagram is given below:

. When AD is extended it meets the circumscrbing

.« /AEB = /ACB = /C

A
E
r p
c b
H
B D a ¢

Figure 8.18
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Let H be the orthocenter of triangle ABC.

From question, HA =p, HB=q, HC =r.

From figure, ZHBD = ZEBC =90°— C

/HCD =/ZFCB=90°—B

~/BHC =180°— (£LHBD + ZHCD)
=180°—[90°—C+90°—B]=B+C=7m—A
Similarly, ZAHC =7 — B and ZAHB=7n—C
Now ABHC + ACHA + AAHB = AABC

= % [qgrsin BHC + rpsinCHA + pgsin AHB] = A

:>%[qrsinA+rpsinB+pqsinC] =A
= aqr + brp + c¢pq = abc

The diagram is given below:

A

Figure 8.19

271

Let O be the center of unit circle and A be the center of circle whose arc BPC' divides the

unit circle in two equal parts.

i.e area of the curve ABPCA = L area of the unit circle = %

2
Let the radius of this new circle be r.
Then, AC =AB=AP=r
~OB=0C=1:/L0CA=ZOAC =46
Applying sine rule in AAOC,

_r 1
sin(m—26) ~ sinf
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r=2cosf

Now area of ABPCA = 2| Are of sector ACP+ Area of sector OAC— Are of AOAC]
=2[3720+31%(m — 20) — sin(7 — 20) |

=0.4c08% 0+ 7 — 20 —sin 20[ = 1 = 2 cos 0]

= 20cos20 —sin 20 + w

:>g: 20 cos 20 — sin 20 +

:>%: sin 20 — 26 cos 20

106. The diagram is given below:

B F C

Figure 8.20
Let EF be the perpendicular bisector of BC' and O the center of the square. From question,
Let BF =FC=a= BC=FEF =2aand OE=0F =a
Let OP=2=0Q ==
=PF=a—xz,QF =a+=x
From right angled ABPF,
PF _a-=z

tanB = pp = —=

From right angled AQFC,
tan C = 4%
a

= (tan B — tan C)? :%

In triangle ABC,
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tan A =tan[r — (B+C)] = —tan(B+C) = —21%2
= tan A(tan B —tan C)2 +8 = 0
107. The diagram is given below:
C
c/2|C/2
! \% ’
E
Figure 8.21

- CD is internal bisector of ZC

JAD b
“DB T a

ac
:BD_m

Since angles of the same segment are equal.
«/ABE = ZACE =§

and ZBEC = ZBAC = A

Applying sine rule in ABEC,

CE _  BC —~ COF — asin(a+%)
sinCBE = sin BEC - sin A

Applying sine rule in ABDE,

e
DE _ BD __acsing
sing T SmA DE = (a+b)sin A
. c
CE asm(BJrg)
=5p=—-c (atbh)

ac Slni

CE _ (a+b) Sin(B#-%)

e,
CSIH2

NOW, Sin(_Bz%> _ sin(B+%) 2 cos%
n&

812

2sinScosS
2 2

_ sin(B+C)+sinB _ sinA+sinB _ a+b
- sin C' - sin C' ¢

CE a+b)?
ThU.S, DE — ( 2 )

108. The diagram is given below:
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B D
Figure 8.22

-+ AD is the interna; bisector of angle A,

BD _BA_c
DC — AC ~ b

BD _ DC _ BD+DC

c b T b+c
BD _ a

= ¢ T bte

. BF c
Similarly, =— =~ 5
Now ABDF _ BD.BF.sinB _ ac

OWRABC = ac.sinB (a+b)(b+c)
Similarly, 2¢2E ab

Y AABC ~ (atc)(btc)

and AAEF be

AABC ~ (a+b)(a+c)

_ADEF _ AABC—(ABDF+ACDE+AAEF)
“AABC — AABC

—1_ ac o ab o be
(a+b)(b+c) (a+c)(b+c) (a+b)(a+c)

_ 2abc
“ (a+b)(b+c)(c+a)

o 2.A.abc
ADEF = (a+b)(b+c)(cta)

109. The diagram is given below:

Figure 8.23
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‘-‘A+B+C:7r:>3a+3ﬂ+37:7r:>a+ﬁ+7:§
Clearly, ZADB = 60°

Applying sine rule in AADB,

AR c
sin B~ sin[r—(a+p)]

_ csinfB _ 2RsinCsinfs
AR*sin(a+ﬁ)7 sin(a+f)

__ 2Rsin3~ysinfg
~ sin(60°—v)

_ 2R(3siny—4sin3~)sinB cos(30°—~)
- sin(60°—-~) * cos(30°—

__ 4Rsin Bsiny.(3—4sin?v).cos(30°—7)
- sin(09°—2~)+sin 30°

__ 4Rsin Bsinycos(30°—v)(3—4sin?y)
= 1
cos2vy+5

__ 8Rsin Bsinvycos(30°—v)(3—4sin?~)
- 2cos2v+1

__ 8RsinBsinycos(30°—v)(3—4sin?~)
- 2(1—-2sin?v)+1

= 8Rsin Ssin~ycos(30° — )

110. The diagram is given below:

\J

Figure 8.24
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From figure, ZAOX = g —40

Since OX is tangent to the circle, OB will pass through the center P of the circle and hence
OB will be the diameter of the given circle.

= Z0AB =90°= ZOBA =90°—0

By property of circle, OAQ = ZOBA = 90° — 0
Also, AOQ = 90° — theta[+ OQ = OA]
~O0QA=20= AQX =7 —20

ZBOX =7

Applying sine rule in AABT, weget

AB _ AT
sin(w—260) ~ sinf
AB t

= AB = 2tcosf

sin20 — sin@
From right angled AAOB,

tan@z%# AB = ctanf
= ctanf = 2t cosf

= csinf —t(1+cos20) =0
Let AN 1 OB

Now, ON + NB = OB

= ccosf + ABsinf = d

= ccosf + 2tsinfcosf =d
= ccosf+tsin20 =d

Since AD is the median ~. BD = DC = %

Also, * ZDAE = ZCAE =4
AE is common and ZAED = angle AEC = 90°
~AD=AC =b

Applying cosine rule in AABD,

A _ AB*4+AD?>-BD?
COS3 ="54AB.AD

a2
H0’ U 4p?yac?—q?
2.cb 8bc
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Applying cosine rule in AABC,

_ b%+c?—a?
COSA = "3pe

3A A b2+c2—a?
4 cos 3—3(:05 3= "3pc

3A A b%4c?—a?  4b%3+4c?—a?
= 4cos 3—400537 She 3he

2 é) _ 4b%+4c%—a?  b%4c%—a?

A
:>4cos§(1—cos 7 ) = 2he T

A . 2A 3a?
:>COS§.SIH 3 = 32be

Given, cos A + cos B+ cosC = %

b2+c?—a? | c?+a?-b% | a?+b%2—c? _ 3

2bc 2ca 2ab -2

= a(b?+c?—a?) +b(?+a® =) + c(a® + 0% — ¢2) = 3abe
:>a(b—c)2+b(c—a)2+c(a—b)2:a3+b3+c3—3abc:%[(a—b)2+(b—c)2+(c—
a)?](a+b+c)

= b+;fa (b— 0)2 + c+gfb (c— a)2 + a+gfc (a _ b)? -0

=(a—0)2=(b—-c)?=(c—a)’=0

=a=b=c

If the AABC is equilateral == A = B = C = 60°

= tan A + tan B+ tanC = 3v/3

If tan A + tan B + tan C = 3v/3

then tan Atan Btan C' = 3v/3

Thus, A.M. of tan A, tan B, tan C' = G.M. of tan A, tan B, tan C

= tanA =tan B = tan C

.. C
4. LHS. = (a+b+c)tan% = 2R(sin A + sin B +sin C') SmQC
COSi
. C
. A+B A—B . C C\ siny
:2R<251n 5 oS —5 +251n50055) el

. C

— Sin+
:2R<QCOS%COSA2B+2Sin%COS%> 2
0057

= 2R<2 sin%cos A;B + 2sin? %)
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:2R<2cos A;Bcos +2§1n2 C)

= 2R(cosA+cosB+2sin2%)
C
R.H.S =acot% +bcot——ccot5

=2R smA(:otA = schotA—schot A>

25

Il
ro

’3)

R(2cos? +2cos — 2cos

(
(
(2e0
(

I
r

R(2c +2cos 2+251n2c)

= 2R(cos A + cos B + 2sin? %)

Thus, L.H.S. = R.H.S.
1—cos 20

(1—cos20)?

sin? 6 = = sin? 0 = 1

Also, for a triangle cos2A + cos 2B + cos 2C' = —1 — 4 cos A cos B cos C

and cos? 24 + cos? B + cos® C = 1 + 2 cos 2A cos 2B cos 2C

LHS. = (17“’52‘4)2 + <1*CO4523)2 + (1*c04s20)2
= %[3 —2(cos2A + cos2B + cos2C) + cos2 24 + cos? 2B + cos? 20]

)=

= % + 2cos Acos Becos C + % cos 2A cos 2B cos2C = R.H.S.

Observe the relations in previous problem.

_ (14cos24)% | (1+cos2B)? | (1+cos2C)?
L.H.S. = 1 + 1 + 1

»NH

>J>|>—A

= % —2cos Acos BcosC + % cos2A cos2Bcos2C = R.H.S.

cosC  _ cos Bcos A+cos[n—(A+B)]
cos Asin B cos Asin B

L.H.S. =cot B+

__ cosBcos A—cos(A+B) _ sin Asin B
cos Asin B "~ cos Asin B

=tan A

[3—2(—1—4cosAcosBcosC) + 1+ 2cos2A cos 2B cos 2C']

= 2[3+2(cos2A + cos 2B + cos 2C') + cos? 24 + cos® 2B + cos? 20

[3+2(—1—4cosAcosBcosC) + 1+ 2cos2Acos2B cos 2C]

278
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Answers of Properties of Triangles 279

_ cos B cosCcos A+cos[r—(A+C)]
R.H.S. =cot O+ cos AsinC — cos AsinC
_ sinAsinC __
T cosAsinC tan A

Thus, L.H.S. = R.H.S.

asin(B—C) _ 1 sinAsin(B-C)

b2—c2 ~ 2R’ sin? B—sin2C

_ 1 sin[7n—(B+0C)]sin(B-C)
T 2R°  sin(B+C)sin(B-C)

:%[vsin{ﬁ— (B+C)=sin(B+0C)}]

Similarly, 258(C=A) _ csin(A_F)

1
a? a?2=v? 2R

_b—c A _ sinB—sinC A
R.H.S. = TCOST = " smA 087

B+C . B-C
2 cos ;r sin=

= ————F5 5 COS &
sinZcosd 2
2singcosy
. A. B-C
_ singsin=
= A
bll’l?
. B-C
=sin—— = L.H.S.

. L.H.S. =sin® Acos(B — C) +sin® Bcos(C — A) 4 sin® C cos(A — B) = 3sin Asin Bsin C

=sin? Asin(B+ C) cos(B—C) +sin? Bsin(C + A) cos(C — A) +sin® C'sin(A + B) cos(A —
B)

= % [sin? A(sin 2B + sin 2C') + sin? B(sin 2C + sin 24) + sin? C(sin 24 + sin 2B) ]

= sin? A(sin B cos B + sin C cos C') + sin? B(sin C cos C + sin A cos A) + sin? C(sin A cos A +
sin B cos B)

= sinAsinB(sinAcosB + cosAsinB) + sinBsinC(sinBcosC + cosBsinC) +
sin Asin C'(sin A cos C' + cos Asin C')

=sin Asin Bsin(A + B) +sin Bsin C'sin(B+ C') +sin AsinC'sin(A + C)
= 3sin Asin BsinC = R.H.S.

L.H.S. = sin® A + sin® B + sin C :%[sinA +sin B + sin C'] —%[sini&A +sin 3B + sin 3C]

sin A +sin B +sin C = 2sin A;Bcos A;B + QSin%cos%
_ c A-B A-B
= 2cos~2~[cosT+cosT]

= 4cosécos§cosg
- 2 2 2



Answers of Properties of Triangles

Similarly, sin 34 + sin 3B + sin 3C' = 4 cos %4 cos %EZ cos %Q

122. sin3Asin®(B — C) = sin34 250(B-C)sin3(5-C)

Now sin3A4sin3(B—C) =sin3(B + C)sin3(B — C) = sin® 3B — sin? 3C
and sin 3Asin(B — C) = (3sin A — 4sin® A) sin(B —C)

=3sin(B+ C)sin(B — C) — 4sin? Asin(B + C)sin(B—C)

= 3[sin? B — sin? C] — 4sin? A(sin® B —sin® C)

Thus, sin 3Asin®(B — C') 4 sin 3Bsin®(C — A) +sin3Csin®(A— B) =0

123. sin3Acos® (B — C') = sin 3A. 3C05(B*C)ICOSB(370

Now, Lsin3Acos3(B — C) = §2sin3(B + C) cos3(B —C) = £ (sin65 + sin 6C)

So > sin3Acos3(B—C) :%(sin6A+sin6B+sin60)

Again, ZsinSA.cos(B—C) :Z(3sinA—4sin3A)cos(B—C)
:g[(sinZBJrsinZC) —3sin® A]cos(B —C)

We have just proved that 3 sin® A cos(B — C') = 3sin Asin Bsin C
~2(sin2B +sin2C) = § (sin 24 + sin 255 + sin 2C)

and 33 sin® A cos(B — C') = 9sin Asin Bsin C

Now, sin 2A + sin 2B + sin 2C' = 4sin A sin Bsin C

and sin 64 4 sin 6B + sin 6C' = 4sin 3Asin 3B sin 3C

Thus, the sum would be sin 3A sin 3B sin 3C'

124. L.HS. = (s(s—a)gs(s—b)) (a.(s—zl(s—c) + b(s—bb)c(s—c))

_ 5(257Aa7b) ((sfc)(2sfa7b)>

C
= ccot % = R.H.S.

125. Given a, b, c are in A.P. »2b=a+ ¢

A+C cos A;C

QSinstinAJrsinC’:>4sin§cos§:251n 5

= 2cos A;C = cos,A;—C
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LHS. =4(1—cosA)(1—cosC) =4.2 sin2§.2 sinzg

4(251nésin%)2 = 4(005 A;C — oS #)2

2
= 4(2005 A;C—cos #) = 4(:0:32’4—;rC

R.H.S. = cos A+ cosC = 2cos A;C coS Agc = 4 cos? #

Thus, L.H.S. = R.H.S.

Given, a, b, ¢ are in H.P.

==,

1 .
,=are in A.P.
c

Q=
Sp=

= are in A.P.

oln

’

(SR

)

2w

S

=217
a

,B—l,f—lare in A.P.
(&

be ab
(sfb)(sfc),(:;—;)(wam7 (s—a)(s—c)

are in A.P.

1 1 1 .
SeAr oaB) oac arein AP
2 2 2
. A . B . .
= sin? 5 sin? 5 81112% are in H.P.

‘We have to prove that cos A cot é, cos B cot g, cot C cot % are in A.P.

= (1—QSinzg)cotg(l—QSinzg)cotg, (1—251n2%)c0t%are in A.P.

= cotg— sin A, cotgf sin B, cot%— sin C' are in A.P.

Thus if we prove that cot g, cot g, cot% and sin A, sin B, sin C are in A.P. separately then we
would have prove the above in A.P.

A c - -
Now, c0t§+cot§=§(—§£ﬂ+s~(~s—ﬁﬂ:%[25—a—c]

=X (25 —2b)[+2b=a+c] :2cot§
Thus, cot é, cot g, cot % are in A.P.
Since a, b, ¢ are in A.P.

20 =a+c= 2sinB=sinA+sinC
Thus, sin A, sin B, sin C' are in A.P.

Hence the result.
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Let the sides be a —d, a,a+ d

25 = sum of the sides = 3a -~ s = %ﬁ

Now, A1 = Area of the triangle whose sides are in A.P.
3a (3a 3a 3a

= \/7(7—a+d>(7—a)(7—a—d)

= Ve e 2d) (a—2d) = L34/a2 ~ 4d?

An equilateral triangle with same perimeter will have each side = a because perimeter is 3a.

Ao = Area of the equilateral triangle = ?aQ

. Ay 3

GlVen,A—z—g

Va®—4d® 3 __a _ 4.,
:>ngz>8:§[d>0]

Ratio of sides =a—d:a:a+d=5-1:5:5+1=3:5:7

Let ABC be the triangle. Given, tan A, tan B, tan C' are in A.P.
~tan A — tan B = tan B — tan C'
So either both sides are positive or both sides are negative.

If both sides are positive then tan A is the greatest angle and if both sides are negative then
tan A is the least angle.

According to question z is the least or greatest tangent = tan A = x

2

2. T
=sin“z =17
Now, 2tan B = tan A + tan C = tan B = “1%22¢
B=n—(A+C)
= tan B = —tan(A+C) = —£H20G
z+tanC _  z+tanC
Thus, 2 — " 1—=ztanC
:>l—xtanC:—2:>tanC:%
s 2 _ 9
sin C’f—g_ch
a3 yop (532
= tan B ="," = sin® B = )

Now a?:b%:c2 =sin? A : sin® B : sin? C
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Hence the result.
Let the sides be a — d, a, a + d. Let d > 0, then greatest side is a + d and least side is a — d.

Hence angle A is the least angle and C' is the greatest angle. Let LZA=0-.C=0+a = B=
™—20 —«

Applying sine rule, we get

a—d a __at+d 2a
sinf ~ sin[r—(20+«)] = sin(0+a) ~ sinf+sin(0+«)
a—d _  a+d

sin® ~ sin(0+a)

a—d _ siné
a+d ~ sin(6+a«)

By componendo and dividendo, we get

2a _ sinf+sin(0+a)

2d ~ sin(f+o)—sinf

d tang
= =
a tan(0+§)
N a _ 2a
ow sin(20+ca) ~ sinf+sin(0+«)
cos(0+%
- % _ ( 0L2)
cosy
0 cosg
cos( + 5) 5
4—cos?%
tan(0+ %) = 2
( 2) cos%

d__  [l—cosa __

a= \V7T—cosa T

Thus, required ratio =a—d:a:a+d=1—x:1:14+z

Consider that sides of the triangle are a, ar, ar® where ar? is the greatest side.
v g2 2

car<a+ar=r"—r—1<0

(=3 -5 <0 (-4 <
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1+r2—r4<—1—\/5
sl4r?—rt<r

a?+a2r2—a?rt
2a3r

o 1
~cosC = <3

cosC<cos%:-C>%

1+ri—r2 1 1\2 1
cos B = zi[(r—g) +1]>§

272
. . T s
..c05B>c0§3..B<3
va<ar<ar’~A>B>C

HenceA<B<g<C

132. The diagram is given below:

Figure 8.25

We are given AM =p, BN =¢q

Let ZACM =6 and £LBCN = ¢
Then, sinf = % and sin ¢ = g
Now C =7 —(0+¢)

cosC'= —cos(0 + ¢) = sinfsin ¢ — cos cos

2 2
éw/l—%w/l—%:%—COSC

Squaring, we get

284
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(1-5) (1~ ) =B - 2B cosC + costC
a?b? + b2¢? — 2abpg cos C = a?b? sin® C
Z0CB=0,/BOC=1—0—(C—0)=n—C
Similarly, ZAOB=mn— B

From AAOB, we have

OB AB ¢ __csin@
sinf ~ sin(r—B) ~ sinB = OB = sin B

Again from AOBC, we have

OB BC _a __asin(C—0)
sin(C—0) = sin(r—C) ~ sinC = 0B = sin C

csinf _ asin(C—0)
sinB sin C'

= sin C'sinfsin C' = sin Asin(C — ) sin B

= sinC'sinfsin(A + B) = sin Asin Bsin(C —0)

285

= sin C'sin sin A cos B +sin C'sin 0 cos A sin B = sin A sin Bsin C cos # —sin A sin B cos C sin 6

Dividing by sin A sin Bsin C'sin 6, we get

= cot B+ cot A = cot§ —cot C

cot = cot A + cot B+ cot C

In a triangle cot A cot B + cot Bcot C' + cot C'cot A =1
Thus, squaaring we get

csc? 0 = csc? A+ csc? B+ esc? €

The diagram is given below:

Pa

Figure 8.26

Let O be the circumcenter and OP = z. We have BP = %
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Angle made at center will be double that made at perimeter, thus
__a
tan A = 5

.. b
Similarly, tan B = 3y tanC = Z—CZ

In a AABC, we know that

tan A + tan B + tan C = tan A tan Btan C

a b, ¢ abc
= T + Z + z = 4xyz
. BD DC BC
. Given, = ==—*+=—=
m n m+n
= BD=-"%
m+n

In AABD, we have

22 = AB2+ BD? — 2AB.BD.cos B = ¢2 4 -m2a__ o . ma_ c?ra?-b?

(m+n)2 =" min’ 2ca

Hence the result.

Given, sin A +sin B +sinC = 37‘/5
= cosAeosBeosC — (V3Y
o8 5 Co8 5 o8 5 = | 75

Under the constraint A + B+ C = 7 the product will be maximum if A = B=C =%

IfA=B=C

3
cos g oS g cos% = cos® 30° = (@)
Thus, the triangle is equilateral.

This problem can be solved like previous problem.

Given, cos A+ 2cos B+ cosC =2

cos A+ cosC =2(1—cosB) = 2cos A;Ccos A;C =22 sinziB
A-C AtC

COS —5— = 2.€08 —

2sin A2€ cos A-C = 2.25in A£€ cos ALC

2 2 - 2 2
sinA+sinC =2.sin(A+C)=2sinB=a+c=2b

Thus, the sides are in a, b, c.
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tan%—ktan%:\/( s(s @) +\/
- VR (eis)

s(s—b)

b B
(s—a)(s—c) ECOt 2

|

Since sides are in A.P. 2b =a+c¢ = 25 = 3b

2 B

tan + tan =3 cot 3
Given, + b s—a
s—cC

=

a—b b—c
= b —(ma) ~ o (D)
A A

1
=X A-A A&

=2ro=1r1+71;3

Hence the result.

Let the sides be a, ar, ar?.

> = (b2 _ 2) tan B+tanC' __ (b2 - Q)SinBcosC+cosBsinC
- tan B—tanC — sin B cos C'—cos Bsin C

12 sin(B+C) _ 2 sin?( B+C)
—(b —C )m 4R (bln B—bln C)m

Similalry, y = a?r? and z = a?r*
Thus, z, y, z are in G.P.

Given, 71, o, T3 are in H.P.

11
’I“1’7‘2

1 .
,— are in A.P.
r3

s—b s—a _ s— s—b
X A A A

o

=>s—b—st+a=s—c—s+b
=a—b=b—c

Hence a, b, ¢ are in A.P.
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4 RHS. =14+5=1+

Answers of Properties of Triangles

Given, 11 =ro+r3+r=ri—r=ro+rs

= A 7é: A A
s—a s s—b ' s—c

a a

= s(s—a) _ (s=b)(s—c)

=s(s—a)=(s—b)(s—c)
=s(b+c—a)=0bc

b+c—a

=—5—(b+c—a)=0bc

= (b+c¢)?—a?=2bc
= b2+ =d?

Thus, the triangle is right angled.

4A2
abes

A
Zc:]‘+
A

abe
4

A+B __A-B
+2 cos

LH.S. = cos A+ cos B + cos C = 2cos 5

.. C ___A-B . 2C
= 2sm§cosT+1—2sm 5

—sin+

.. C
:1+251n7[cos 5 5

A-B C]

=1+ 2sin

g[ A-B A+B]
3 COS 3 COS 3

B . A. B. C
= 1+4sm§sm581n§

:1+4\/(sfbl))£sfc) \/(sfac)a("sfc) ¢(57a3£57b)

_ (s—a)(s=b)(s—c) s

=1+4 abc s
A2

= 1+4abcs

Thus, L.H.S. = R.H.S.

of the equation,

173 - (7'1 +ro+ T'3):L‘2 + (7’17’2 + rors + 7’37’1)16 —1rirer3 =0

A A A

s—a ' s—b ' s—c

Now, r{ +r9+1r3=

T

sS—a S—

o

+ cos C'

288

5. Let r1, o, r3 be the radii of escribed circles of triangle ABC, then rq, r9, r3 will be the roots
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_ s—b+s—a A(s—s+c) | A
- A[(sfa)(sfb)] + s(s—c) + s

A.c A.c A
= (s—a)(s—b) + s(s—c) + s

2_csts2—as—bstab A
= A.CI:SS(SCiai(s_aIf)(ss—ct)l :| s

S

abe

A
:T+?:T‘+4R

s—c+s— s—b

— . A’s 2
T Ga)(s-b)(s—e)  °

A3.s
TIT2T3 = STy (smb) (5=e) As=rs

2
Thus, r1, ro, 3 are roots of the equation
23— (r+4R) 2’ + s%c —rs> =0

146. Let s be the semi perimeter, then s = 12 cm. Area is A = 24 sq. cm.

Let a, b, ¢ be the lengths of the sides.

Given 11, 79, rg are in H.P.

1 1 1 1

Yra v T3 T2

12=b  12—a _ 12—c 12—b
=21 ~ 24 — 24 2

=a—b=b—c=2b=a+c
a+b+c=24=0b=8cm.

a+c=16=c=16—a

Now, A=/s(s—a)(s—b)(s—c)=24.24=12(12—a) (12 —-b) (12 —¢)
=a’—16a4+60=0=0a=6,10 = c = 10,6

147. -2 b

C
SmA~ sinB _ sinC 2R
Given, 8R? = a® + b% + ¢ = 4R%(sin? A + sin? B 4 sin? ()

= (1—sin?4)+ (1 —sin? B) —sin?C =0
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= cos? A+ cos? B—sin?C =0

= cos? A+ cos(B+C)cos(B—C) =0

= cos A[cos A —cos(B—C)] =0

= cos Alcos(B+C)+cos(B—C)]=0

= cos Acos BcosC =0

Thus, either A =90° or B =90° or C = 90° and hence the triangle is 90°.

The diagram is given below:

Figure 8.27

Let O be the center of the inscribed circle of triangle ABC. We have drawn another circle
passitng through O, B and C. Suppose that the radius of this circle is R. Applying sine law in
ANOBC, we get

a _ _ a
smpoc = 2R = R =55p00

Now since O is the center of the inscribed circle. Hence BO and OC' are bisectors of angle B
and C respectively

Z0BC =% and 20CB =§

- B C o A

=— 9 —Zgee A
©2.sin(90+5) 272

The diagram is given below:

Let the centers of the circle be C1, Cy and C3 and theier radii be a, b and ¢ respectively. Let
the circles touch each other at P, Q and R. Let the tangents at their points of contact meet at
0.

Since OP and OQ are two tangents from O to the circle C3, they are equal i.e. OP = OQ

Similarly, OQ = OR = OP = 0Q = OR
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aa

Figure 8.28
Also, OP 1 C1C35,0Q L C2C3 and OR L C1C9
Hence, OP, OQ and OR are the in-radii of AC1C5C}5.
Let OP = OQ = OR = r which is given as 4.
r= % where s = semi-perimeter of AC71C2C3 and A = are of AC1CyC3

(a+b)+(b+c)+(ct+a)

5 =a+ b+ cand

Now, s =

A=y/s(s—a—0b)(s—b—c)(s—c—a)=+/(a+b+c)cab

_A_ abc —4
"=%=Vatbre

abc
= a+b+c 16

150. The diagram is given below:

B

Figure 8.29
Let R be the circum-radius of the AABC. From geometry we know that
AH =20F =2Rcos A and OA=R
/ZBOC =2A-/COE=A= ZOCE =90"— A
#/ZOCA=/BCA—/OCE =C—(90°—A)=A+C —90°
“OA=0C:+~ZLOAC = LZOCA=A+C —90°
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From ACDA, ZCAD =90°—C

#ZHAO = ZCAD — ZCAO = (90° — C) — (A+C — 90°)
=180°—A—-2C=A+B+C—-A—-2C=B-C
Applying cosine rule in AAHO, we get

_ AH2+AO?*—OH?
cos(B—C) = ——Aim A0 —

OH? = 4R?cos®> A+ R? — 2.2Rcos A.Rcos(B — C)
= R%[4cos? A+1—4cos Acos(B — C)] = R?[1 — 4cos A{cos(B — C) — cos A}]
= R?[1—4cos A{cos(B —C) + cos(B+ C)}]

= R?[1—8cos Acos Bcos C]

OH = R+v/1—8cos Acos BcosC

. The diagram is given below:

B D Ma ¢
Figure 8.30

Let ABC be the triangle. Let O be the circumcenter and I, the incenter.
Clearly, OA=0B =0C =R,IE =r[IE 1 AB]
Let OM 1 BC then /BOM = ZCOM = A

A 4Rsin§sin§sin%
Now, OA=R, Al =rcscg=—"F3—"

sing
= 4Rsin§sin%
ZOAB=/Z0BA=B—(90°—A)=A+B—-90"=90°—-C

«ZOAI = ZBAI — /ZBAO =% — (90° — C)
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Applying cosine law in AOAI,

(C=B _ OA+AI2-OI

COS 5= ="3504. 4T

R24+16R2sin25sin25 012

2.R.4RsinZsing

OI2:R2[1+SSingsin%{QSingsin%—cosCB;C)}]

= R2[1 + SSingsin%{cos B;C — cos B;C — cos B;C}]

= R2[1 —SSingsingsin%]
= R%>—2Rr

Let us prove the necessary condition for the second part.

Let b be the AM. of a and ci.e. 2b =a+ ¢

= 2sinB =sinA +sinC = 2.251n§cos§:251n‘4;ccos
éQsingzcosA;Cé 2COSALQCZCOSA—;C

BI?+10%—-B0O?
2BI.IO

cos BIO =
Now BI? + 10 — BO? = 1% csc? 2 + R?* — 2rR — R?
=72 csc? g —2rR

L A. B. C
. r.4Rsingsingsing

=————5 — — 2R
sin®
2rR.2 Sin%sin%
i L W
sing
2rR[CosAgcfcosA;rc}
= 2 s —2rR
sing
QCOSA;cfcos¥
:27"R““‘“““““‘ 5 —2rR=0
sing

Thus, ABIO is a right angled triangle.

Now the sufficient condition can be proved similarly.

A-C
2
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= tan o_ 1
A B — 9 = (e}
cotz+cots cots

A B c _ A B C
:>cot§+cot§+cot§—cot700t§C0t§

153. The diagram is given below:

L

S

B K  aD

Figure 8.31

HL=ry,ID=r+IL=ID—-LD=1ID—-—HK =r—ry

In ATHL,
B_HL _
cot 2T TL ~ r=rs
Similarly, cot 2 = "1 and
Ys 2 r—rg
C __ r3
cot 2 T r—rs

Now following the result of previous problem

T1 T2 s __ T1T273
r—ry + r—ro + r—rz  (r—r1)(r—ra)(r—rsz)

154. The diagram is given below:

B D FQ

Figure 8.32

294
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Let O be the circumcenter and P the orthocenter of the AABC. From geometry,
/BOF = ZCOF = A and AP =20F =2Rcos A, BFF = Rsin A
From right angled AADB
BD =ccos B, AD = csin B
Now, PM = AD — (AP + MD) = c¢sin B— (2Rcos A+ Rcos A) = ¢sin B— 3R cos A
OM =FD = BF —BD = Rsin A —ccos B

PM _ csin B—3Rcos A

~tanf = OM — RsinA—ccos B

__ 2RsinCsin B—3Rcos A
~ Rsin A—2RsinCcos B

_ 2sin BsinC—2cos[r—(B+C)]
~ sin[r—(B+C)—2sin C cos B]

_ 2sin BsinC+3cos(B+C)
~ sin(B+C)—2sinCcos B

_ 3cos Bcos C—sin Bsin C
~ cosC'sin B—sinC'cos B

~ 3—tanBtanC
~ tanB—tanC

155. The diagram is given below:

B ‘ C
2

Q

Figure 8.33

Let ABC be the triangle. Let O and I be the circumcenter and in-center of the AABC.
Let P be the center and z, the radius of the circle drawn which touches the inscribed and
circumscribed circle, of AABC and the side BC externally. Let us join OP and extend up to
Q. Let ID 1 BC. Clearly, P will lie on the extended part of ID. Draw the line ON parallel
to the line IP. Join NP.
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Clearly, OB = OCOQ = R,OP=0Q — PQ =R —x
ON =0OM + MN = RcosA+zx

NP=MD=0OM~CD=%—rcot$

From right angled AONP, OP? = ON? + N P2
(R—2)?=(RcosA+z)%+ (c—b)?

_p\2
R2+x2—2Rz=R2coszA+:L’2+2RxcosA+(c~§~b>

2Rz(1+cosA) = R2(1 — cos2 A)— (c;b)Q

4Rz cos® *RQSmA (b C>2 a?_ (b=c)?

4Rms(sb;a) a+g c a— g+c (s—b)(s—c)

2A

sztan 5

The diagram is given below:

Figure 8.34

Since angles n the same segment of a circle are equal. . ZBED = Z/BAD = g

and ZBEF = /BCF =

Now /DEF = /BEF + /BED =5 +4 = C—;A =90° —

Similarly, DFE = 90° — % LEDF =90°— %5
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Now area of ADEF = %DE.DF. sin /ZEDF

Let R be the circum-radius of AABC then clearly R is also the circum-radius of ADEF.

Applying sine rule in ADEF, we have

DE DF EF

SmDFE — sn DEF — smEDF — 210

= DE = 2Rsin DFE = 2Rsin(90°— §) = 2Rcos §
- B
Similarly, DF = 2R cos 5

So, area of ADEF = %.4R2 cos g cos % . sin(90° — g)

_ 2 A B C
=2R COS 5 COS 5 COS 5

_ 2 [s(s—a) [s(s—b) [s(s—c)

=2R \/ be \/ ca ab

_ 2R?%s\/s(s—a)(s—b)(s—c) _ 2R%sA _ R2.s.4A _ R3s
- abc ~ abc T 2abc T 2%

Here, are of AABC = A

_RQS_E
=32r =29

ADEF _ Rs _ R

=~ AABC ~3A " 2r

The diagram is given below:

Figure 8.35

AA'B’'C" = AABC — (AAC'B’+ ABA'C’ + ACA’B’)
AAC'B’ =L AC" AB’ sin A

-~ C(C" is the internal bisector of ZC

AC' _AC b

OB CB a

= AC’ = bk, C’' B = ak, where k is some constant dependent on angles.

AC'+C'B = AB = c = ak + bk = k = %5
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be
AC =5
Similarly, AB’ = -2

/ /_1 be be .
AAC’'B —§a+ba+cs1nA

Let A be the area of AABC, then A = %bc sin A

b
AAC,B/ = mA

Similalry, ABA’C’ = W&JM)A

b
and ACA/B/ = MwA

. IRl __ 2abe
~AA'B'C" = A. (a+b)(b+c)(c+a)

CAA'B'CT 2sin Asin Bsin C
" AABC 7 (sin A+sin B)(sin B+sin C)(sin C+sin A)

A . B . C
2singsingsing
A-B__B-C. _C-A
5 COS=5—COS~—5

cos

The diagram is given below:

Figure 8.36

298

Let the given triangle be ABC and the similar triangle inscribed in triangle ABC be A’ B’C’

such that

A=A, B=B.,C=C'

Let B'C’ = Aa, A'C’ = \b, A'B’ = Ac
According to the quuestion ZB’OC = §
Clearly, /OC'B=B—60=/AC'B’
/BC'A'=180°— (B—0+C)=A+0
ZAB'C'=180°— (B—0+A)=C+10
JABC =180 — (C+0+B)=A—8
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Applying sine rule in the triangle BC’ A,

BA’ Ab

sin(A+0) sinB = BA” = smeln(A + 9)

= BA’ = \2Rsin(A +0)
Applying sine rule in A’ B’C,

A'C e
sin(A—0) = sinC

= A’C = A\2Rsin(A —0)

BC =BA'+ A'C

= a=A2Rsin(A+6) + X\2Rsin(A —0)

= a=2R\[sin(A+60)+sin(A—0)] =2RA2sin Acos 6
= a=2lacosf

= 2Acosf =1

. We have to prove that r{ +ro+r3—r =4R

LHS. =2+ +2-2

s—a ' s—b ' s—c s

A[(;f;z)«k(s b s— 9+(']

:A[(s ac(s b)+ (s— c]

_ A [s(s—c)+(s—a)(s=b)
- A(’[ s(s—a)(s—b)(s—c) ]

:A.c.é[SQ—sc—l—sz—(a+b)s+ab]

A[25 —s(a+b+c)+ab]= A[23 — 252+ ab]
=% = 4R = RHS.

We have to prove that - + + = = 1

s—a , s—b | s—c
LHS. =22+ 2k o

_ 35*(‘1A+b+c) _ 35;25 [ 9s=a+b+ C}
s 1
1 1 1 1 a?+b24c?
We have to prove thatr_§+r_§+r_§+?_T
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1
2

LHS. = 5+5+5+

1 T2 T3

_ (s—a)?+(s=b)%+(s—c)?+s?
= Az

_ 4s%2-2s(a+b+c)+a?+b2+c?

A2
_ 4s%—2s.2s+a?+b%+c?
= S
2 b2 2
=25 = RHS.
162. r =5 =220
s s $—a
We know that tang = %_(—l—)s-)é%:)—@ and A =/s(s—a)(s—b)(s—c)

ér:(s—a)tang

Similarly, r = (s — b)tang7 r=(s—c) tan%

11 1 1
163. We have to prove thatﬁ_\/A—lJr\/A—QJr\/E
1 1 1
H.S. =
RES. =7n+7m v Us
1/1 1,1
= At
_ 1 (s—a  s=b  s—c
- 7r< A + A + A)
_i<357(a+b+c))_ii_i 1
s A T VAT ror
-1 _
= AfL.H.S.
A B c
T o 7"3781’,&115 stangistanf
104'E+E+E7 be + ca ~  ab

_ S

= abc(atané—}—btang—i—ctan%)

abc

:i<2RsinAtan§+ 2RsinBtan§+2RsinCtan%)

s . 2A, . 9B, .2C
—%.4}2(8111 5 +sin” 5 +sin 5)

A

s (1—cosA | 1—cos B | 1—cosC
(TR TR )

_1 <§ i cosA+cosB+cosC>
2 2

T

‘We know that cos A + cos B + cosC = 1+%
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168.
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=1(1-55)=1—75=RHS.

Let D be the point where perpendicular from A meets BC. Then AD = h

The diagram is given below:

Figure 8.37

Clearly, OB =1, AD = h,OD = h —r (If O is below BD then OD = r — h)

BD =+ OB?* - 0B?=\/r? — (h—r)? = V/2rh — h?
Area of triangle = %.Q.BD.h = h\/2rh — h?

Let the sides be a, b, ¢ then A = %apl = %bpg = %cpg

2A 2A 2A
=pP1="7GsP2=73P3=

__cosA | cosB | cosC
LHS. = T s T s

[acos A+ bcos B+ ccos C]

N [\
B Bl

[sin A cos A + sin B cos B + sin C cos C']

[sin2A + sin 2B + sin 2C] = %4sinAsinBsinC

Sl

This has been already proved in 149.

A A
s—b’s—c

A
L.H.S. =rirorg = s—a

A3

BECEOICE NI

R.H.S. = 3 cot? é cot? §c0t2 %

A3 s%(s—a)? s%(s—b)? s3(s—c)?
STAT T AT T A2
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3 _ 2 . 2 _ 2
Psmal (s bP(sme? | p

We have to prove that a(rry +12r3) = b(rre + rary) = c(rr3+rire) = abe

A A A A
a(rTl + 7‘27‘3) = a(;' s—a + (sfb)giz)

A2 (s=b)(s—c)+s(s—a)
=A 'a’< s(s—a)(s—b)(s—c) )

2 2s%2—s(a+b+c)+be
—A .a(%)

= abc

Similalry other terms can be evaluated to same value of abc.

We have to prove that (r; + rg)tan% = (rg— r)cot%: c

(7’1+7’2)tan%:( A LA )E:_‘Elﬁﬁ:_b,)

s—a  s—b
=s—b+s—a=c

A A)(S_aA

C
(rs=r)eot 5= (2~ 5) smatmp)

= A sy asey) = ¢

We have to prove that 4R sin Asin BsinC' = acos A + bcos B + ccos C
R.H.S. = R(2sin Acos A + 2sin Bcos B+ 2sin C cos C') = R(sin 2A + sin 2B + sin 2C')

= R(2sin(A+B)cos(A—B)+2sinCcosC) =2R(sin C cos(A— B) +sin C cos C) [~ sin( A+
B) =sin(nr —C) =sinC|]

=2Rsin Cfcos(A— B) —cos(A+ B)][~cosC = cos(mr —A— B) = —cos(A+ B)]
=2RsinC.2sin Asin B = 4R sin Asin BsinC' = L.H.S.
We have to prove that (1 —7) (1o —7) (13 — ) = 4Rr?

Liis. = (2-8) (-3 (2-2)

s—a s s—b S s—c s
_ A3(5—st —s+b\ (s—s+
=A (z(ss—aai) (z(ss—b)) (i(ss—c(;)
— A3 abc _ A3.abc _ abc.A
- “s3(s—a)(s—b)(s—c)  s2A% T 2

bc A2
=% ST =4R’ =RHS.
We have to prove that 72 + % +r3 + 73 = 16R? — a* — b? — ¢?

(7’1+7'2+7'377')2:r%+r§+r§+r2—2r(r1+r2+r3) +2(riro + rorg +7371)
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We know that r1 + ro+r3—r =4R and (rire + rorg+r3r;) = s2

r(ri+r2+r3) =2

S

A+A+A)

s—a ' s—b ' s—c

A2 A2 A2 9
=50=a) T 5050 T30s=gy) = —% T (ab+bc+ca)

16R? = r{ + 13 + 13 + 1% — 2[5 + (ab + be + ca)] + 257
=124 ri+ 13+ 15 = 16R” —a® — b — ¢?

We know that IA:TCSC%7IB:T‘CSC§ IC = resc €

2 2
3 3‘4R
L.H.S,:.A_TB,CZ .TA.B.C
SIHESIIl?SlnE 4RSII17$11’15$11’17
3 AR A2 beA
=22 =4Rr?=4R. 5 =25

R.H.S. = abc. “"1)2(5;3)2(570)2 = absc2A

. From the distannces of circumcenter, incenter, orthocenter and centroid from vertices we

can say that Ay =rq cscg

11 :All—AI:rlcscé—rcscg

:(A A) A

a be A
= A s(s—a)\V GG=b)(s—c) asecs

If F5 be the point of contact of the circle whose center is I with the side AC' of the triangle
ABC, we have

o A A
Aly = AEysec [0 AFES = AEgsec<90 — 5) =(s—0) csc

Iy I3 = Al + Alz = (s—b—O—s—c)cscg:acscé

A .

We have deduced that II; = asec in problem 176. So IIs = bsecg and I3 = csec%

LHS. =1L.11.115= abcsecgsecgsec%

2sin‘acos4.2sinZcosE.25inScosS
— 8R3 3 3" 3 3" 3 3

AcosBeosE
COS%5COS5COS5

= 16R% 4Rsin g sin 2sin § = 16R?r = R.H.S.

11 = asecg,fgfg, = acscg
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1 1
112 + 12 = az( 14 —nzé)
2

sin 5 S1

2 2
o a o 2a
- A A - A A
sinzcosy 2singcosy

= 16R%[~a = 2Rsin A]

Similalrly other terms can be proven to be equal to 16R?

180. We know that OI2 = RQ<1 — SSingsingsin Q)

2 513
= RQ[l — 4(cos AEB — cos A;B> sin %}
= Rz[l — 4cos¥cos A;B + 4sin2g] [ sin% = cos A;B}

= R?[1—2(cos A+ cos B) +2(1 —cos C)]
= R?(3—2cos A —2cos B—2cosC)
181. We have, TH? = AH? + AI? —2.AH.AI.cos[AH

ZIAH =4 — ZHAC =4 —(90°—C) =2

2
TH? = 4R? cos® A + 16 R? sin? g sin? % — 16R2 cos Asin g sin % cos C;B
= 4Rz[cos2 A + 4sin? g sin? % — 4 cos Asin g sin % cos % cos g — 4 cos Asin? g sin? %]

= 4R2[C082 A +4sin2§sin2%(1 —cosA) — cosAsinBsinC]

= 4R2[8 sin? é sin? g sin? % + cos? A — cos Asin Bsin C]

= 212 + 4R? cos A(cos A — sin Bsin C')
= 2r2 — 4R? cos A cos B cos C

182. We know that OG = 20H = 0G? = 21

= é[R2—8R2 cos A cos Beos C| :%2[1 —4{cos(A+ B) +cos(A— B)}cosC]

:%2[1 +4cos2C +4cos(A— B)cos(A+ B)]

2

=5 [1+2(1+cos2C) + 2(cos 24 + cos 2C) ]
R2
=5 [3+cos24 + cos2B + cos 2C']

— 2219~ 2(1 — cos 24) — 2(1 — cos 2B) — 2(1 — cos 2C)]
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:1%2[9—4(81112A—i—81112B—Q—sin2 )]
= R2—%(2RsinA)2—é(2RsinB)2—é(2RsinC)2
=R*—$(a®+ 0%+ c?)

183. The diagram is given below:

Figure 8.38

Clearly, R = =

2sing 2

184. We know that in a AABC, r = 4R singsingsin%

Let AD be the perpedicular bisector to BC.

A =BD.AD =bcosa.bsina = %bQ sin 2«

= A %b2 sin 2a _ bsin2«
s %(b+b+2bcosa) 2(14cosa)

185. OI =|0OD + DI| = |OD + r| because a < w/4, A > 7/2 and O lies on AD produced.
From right-angled AODB, we get

OD? =0B?>—-BD?>=R?— b2 cos’a

1 b2 2.2
=7, — b7 cos”
_ bl1—-4sin®?acos®?a) _ b%(cos? a—sin’ a)
- 4sin? o - 4sin? o
_ b2%cos?2a
~ (2sina)?

bsin 2« bcos2a
~0I'= ‘2(1+coso¢) 2sin o

bsin 2« bcos2a

2 sinScosd
4 cos?3 4singcosy

305
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Answers of Properties of Triangles

_ | b sin 2acsin o/24cos 2a cos /2
~ ldcosa/2" sina/2cos a/2

7| beos3a/2
~ |2sinacos /2

__a+b+c
~ abc

1 1 1
LHS. = +p+o

-2 __1 _ 1 _Rus.

A A A A
We know that 1 = =, ro ==, r3=-—;and r =7

The diagram is given below:

Figure 8.39

2s=2(a+B8+y)=>s=a+ B+~

Weknowthatr:%éSQ:w

Clearly, s —a=7v,s—b=f,s—c=«

__apBy
= 8= Gy By

The diagram is given below:

Let PQ ==z, PQ | BC,RS =y,RS || AC,TU = 2, TU | AB

In AAPQ, 2y = A9 _ AP

sin B~ sinC

S AQ="AP=%

_ (z+AP+AQ A a+btc A
= (FAER ) tan g = S wtan g

A A
=Ztans = (s—a)tany

306
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Figure 8.40

Similarly,%:s—band%:s—c

és(%—i—%—i—%)z&s—(a—l—b—ﬁ—c)
x x x

:>E+F+E:1

190. The diagram is given below:

Figure 8.41

Since I is the incenter, AI will be angle bisector. Let AT cut circumcirlce at D.
/DBI = Z/DBC + ZIBC = Z/DAB + £ZABI = ZBID and then DB = DI
Likewise DC = DI and then DB = BI = DC

307
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1,C bisects Z/BCT — £ICI = 90°
Let the perpendicular bisector of BC cut circumcircle at M also.
ANSAI ~ ABMD

Power of I1 w.r.t the circumcircle of AABC = 0112 —R?’=1,D.L;A

MD LA
BD ~ SIh

= 2Rr; = OIf — R?

Thus, O = R2 + 2Rry

Thus length of tangent 2 = 0112 — R?=2Rr
1 1,1 1 /1,1, 1

nxtate=m(ntntn)

_ 1 3s—(atb+c) _4A s 2s
~ 2R A 2 A7 abe

A
"L =35=a

(1-2)0-2) -2
(- (-5 -2

(b—a)(c—a)=2(s—a)?

and so on. Given,

be+a?—ac—ab= (b+c—a)?/2
b+ =a?

Thus the triangle is right-angled.

Area of in-circle 72 ks A_2

Area of triangle — A T A" s2
A

=M.

S

A B Cc _ s(s—a) s(s—b) s(s—c)
cot 2 cot 2 cot 2 \/(sfb)(sfc) “(s—a)(s—c) (s—a)(s—b)

s* 52
s(s—a)(s—b)(s—c) A

T TA

A B __C g2
cotzcotzcots

Thus, we have the desired result by combining both the equations.

The diagram is given below:

308
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As

Figure 8.42
Let O be the center of the regular polygon Aj, As, As, ..., A, which has n sides.
Since it is a regular polyogn so LZA10Ay = LA30A3=...= LA,0A1 = 2%
Also, let OA] = OAy = ... =04, =

Applying cosine rule in AA;OAs,

2m _ OA24+0A3— A, A2
COS— = —S5A~A a1~ 4.
n 20A10A2

= A1 A3 = 2r2<1 — Cos%r)
= A1 A3 = 42 sinzg

= A1Ay=2r sin%

Likewise A1 A3z = 2r Sin%AlA;L =2r sin‘%r

. 1 1 1
Given, A1Ax T A1Az + A1 Ay
11 1
2rsinZ  2rsin2® | 2rsindZ
n n n
1 11
- m . 3m . 27
sinZ  sin=~  sin=-
n n n
27 . T
2 cos<-sing 1
T m_. 3w . 2w
sin=sin=— sin=-
S n
27 .27 .. 3w
= 2cos —sin — = sin —
n n n

3

.Am .
= SIn — = SIn —
n n
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7 sin —~ =0

T
= COb‘jﬁ. n

= cosf = O[Sin%# 0]

2n
= I™ — 0dd integer x T
2n = g 2
:>n:~——7——~:7[n€[ n>1]
odd integer ’

The diagram is given below:

A

e

LN,

Figure 8.43

Let O be the center of the circumscribing circle regular polygon Aj, Ao, As, ..

has n sides.

Since the polygon is regular, therefore O will also be the center of inscribing circle.

Let OD L AjAs. Now £ZA10Ay =27

ZLApD = £A;0D =T

Also, A1D = A3 D = a/2 where a is the length of a side of the polygon.

Here, R = radius of the circumscribing circle = OA
and r = radius of the inscribing circle = OD

From right angled triangle ODA;

.om__ a2 _a L
sin - = =&~ :>R—chcn
2
and tan—:%:w“:%cot—

310
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Let ABCD be a quadrilateral such that AB = 3¢m, BC = 4cm, CD = 5¢m and AD = 6em.

Also, let that ZBAC = 60 and £ZBCD = 120° — 0 as it is given that sum of pair of opposite
angles is 120°.

Applying cosine law in AABD,

AB?+AD?—BD?

D
cosf) = 5 AL AD = BD =45 — 36 cosf

Applying cosine law in ABCD,

cos(120°—0) = % = BD? =41+ 20cosf — 201/3sin 0

Thus, 45 — 36 cos § = 41 + 20 cos 6 — 20v/3sin 6

= 14cos® — 53sinf = 1

Area of the quadrilateral = AABD + ABCD

= 23.6.5in6 + 3 4..55in(120° — )

=145in0 + 5v/3sin 0 = z (let)

Solving the two equations thus obtaiined, we get

196(sin? @ + cos? ) + 75(cos? 0 +sin? ) = 22 + 1

=z = 2\/% sq.cm.

Let ABCD be a cyclic quadrilateral such that AD =2, AB=5,/DAB = 60°
Since the quadrilateral is cyclic ZBCD = 120°

Area of quadrilateral ABD = %.2.5. sin 60° = 57‘/§

Area of ABCD = Area of quadrilateral ABCD - Area of AABD
Let CD=2,BC =y

Now area of ABCD = % .z.y.sin 120° = 37\@ = %xy‘/Tg

=zy==6

Applying cosine rule in AABD,

cos60° = AZTABZ_BD? _ pp2 _ 19

Applying cosine rule in ABCD,

008120°=%?w:>x2+y2:13
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198.
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(z4y)2=25=2+y=45
(z—y)=1=z—y=+1
=srx=3y=2o0rzx=2,y=3
From question, AB =1, BD = /3. Let BAD =0, AD = 2, BC = y and C'D = z. Since the
BD
0

given circle is also circum-circle of AABD, = o= 2R

ésin0:§é9:60°
Now ZBCD = 180° — 60° = 120°

Applying cosine rule in AABD,

_ AB?+AD?-BD?

o 14+22-3
cos 60° = 5 ABAD

2x

1
= b =
22— z-2=0=2=2
Applying cosine law in ABCD,

o 2+22-3
cos 120 :%éyz—i-zZ—o—yz:S

Area of quadrilateral ABCD = Area of ABCD + Area of AABD

33 _ 11 4 sin 60° + Lyz sin 120°

=yz=1

= y2 +22=2

= (y+2)2=4,(y—2)2=0

=y=z=1

Let ABCD be the cyclic quadrilateral in which AB =a, BC =b,CD =c¢, DA =d.

Applying cosine rule in AABC,

2 2__ 2
COSB:%éACQZ(IQ—FbZ—QabCOSB

Applying cosine rule in AADC,

cos(m — B) = SHPACT A2 = 2 4 d2 + 2cd cos B

2cd
= cos B = %
Loz
=
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Let ABCD be the quadrilateral for which Ab = a, BC =b,CD = ¢, DA = d. Let diagonals
be, AC =z, BD = y.

Given, ZAOD = /BOC = o~ ZAOB = ZCOD = 180° — «
Area of the quadrilateral = %xy sin

Applying cosine rule in AAOB,

a? = AO? + BO? — 2.A0.BO. cos(180° — «)
a® = AO* + BO? + 2.A0.BO. cos o
Likewise in ABOC,

b? = BO® + CO? + 2.BO.CO.cos

And in ACOD

¢? = CO? + DO? +2.C0.DO. cos a

And in AAOD,

d* = AO* + DO? + 2A0.DO. cos a

2

a +c2

— b2 —d%=2cos ..y
Thus, area = %(a2 +c2—b?—d?)

If the quadrilateral ABC'D can have a circle inscribed such that it touches the quadrilateral
on sides AB, BC,CD, DA at points P, @, R, S then we will have

AP = AS,BP =BQ,CQ =CR,DR = DS
Since lengths of tnagents are equal,
+«AP+BP+CR+DR=AS+BQ+CQ+ DS
= AB+CD = AD+ BC

=sa+c=b+d

=s=a+c=b+d

Area of cyclic quadrilateral = /(s —a) (s —b)(s—c) (s —d) = Vabed = %r(a +b+c+d)
where 7 is the in-radius.

_ 2v/abed
T at+b+tc+d

Let the sides of the cyclid quadrilateral ABC' D having sides AB=3,BC =3,CD=4,DA=4.

Join B with D. Clearly, BD is diameter of circum-circle so it will subtend a right-angle at A
and C.
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Clearly AABD = ABCD

~“BD=+v3*+4*=5

Thus, radius of the circumcircle = 2.5 cm

Also, AD+ BC = AB+CD

=~ Area of the quadrilateral = vabed = 12 sq. cm.

We know that 12 = rs = r = 12/7 cm where r is radius of in-circle.

. Let the quadrilateral be ABC'D and let points be E, F, G, H, I, J, K, L on sides in order.
+«EF=FG=GH=HI=1J=JK=KL=LE=xzx

By symmetry, AF = AL=BG=BF =CH=CI=DJ=DK =a

Using Pythagoras theorem in ANALFE,
LE? = AL? + AE? = 2° = \2a

“AB=a+zx+a=2a+x=2

V2
:>(l—\/§+1
2
:>x_\/§ I

Thus, length of each side of octagon is fQ

Let the perimeter be 6a the sides of hexagon will be a and sides of triangle will be 2a.

314

We know that for a regular polygon having n sides with each side's length a the area is

"_‘lzcotl
4 n

6a2
4

Area of regular hexagon = =~ cot 30° =

Area of equilateral triangle = 3.4a7 cot 60° = /3 a?

1
~ Ratio of areas = 2/3

Following the above problem n = 3

Ratio of areas = %

~ Ratio of sides = @

- Ratio of altitudes = v/3/2
= sinf =3 /2

0 = 60°, 120° so it is an equilateral triangle and a hexogon.
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206. We know that angle of a polygon having n sides is (n — 2)7/n

Let there be n sides in one polygon and 2n in another.

o 2n—=2 n _ 9
Ratio == — .5 =3

(n—1)/n—2=9/8=n=10=2n=20

207. The diagram is given below:

Figure 8.44

The six touching circle will form a hexgon. The sector internal to hexgon is of angle 120°. Side
of hexagon will be double the radius of circles i.e. 2a as shown in figure.

Area inside circles = Area of hexgon - 6*area of sector
2
= ST‘/gZLaQ — 6.% = 6\/3(12 — 2ma?

=24%(3V3 —7)

208. Let O is the radius of circumcircle of the square. Given, AB =1, BD = /3 Also, OA = OB =
OD=1

Thus, for AABD,R =1 2

a —
’sin A=2R

V3 o4 ape
sinA_2"A_60

= C = 120%rc [opposite angle in cyclic quadrilateral]
By cosine law in AABD

3 =1+ 22— 2z cos60°

?—r—-2=0=>z=2

Thus, A = 23 = 11,2 6in 60° + L c.d sin 60°

ced=1

By cosine law in ABCD,
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3=c?+d%—2cdcos120° = ¢ +d% =2
=c=d=1
BC=1,CD=1,AD =2 =2

209. Let AB=a,BC =b,CD =c¢,DA=4d
In AABC,
AC? = a? 4+ b? — 2abcos B
In AADC,
AC? = ¢? + d? — 2¢d cos D
B+ D = 7 [Angles opposite in a cyclic quadrilateral]
= AC?*(ab+cd) = (a® +b?)cd + (¢* +d*)ab
Simirlarly, we can find BD and then we find that
(AC.BD)? = (ac + bd) 62
= AC.BD = AB.CD + BC.AD

210. Let p be the perimeter of both the polygons. So the length of the sides will be p/n and p/2n.
Let Ay and A5 denote the areas for them.

Ay =

2
.n.p—Zcot
n

313

] =

1 2 T
Ay = Z.Qn.%cot%

™
Ay 2coty

A i
2 cots

2 cos™
n

- k3
1+coss;

211. Let P = singsingsin% and C is fixed.

1 A-B A+B].. C
Pfi[cos 5 — COS— ]51117

1 A-B . C1. C
=3 [COST — Sin 5] 51117
As C is fixed, the value P will depend on the value of cos A;B and P will be maxmimum

when A =B

Similalry, when B is fixed P will be maxed when A = C, and when A is fixed P will be maxed
when B =C

Thus, P will be maximum when A =B =C = /3



213.

214.

. Let A be the arithmetic mean. Then A =

Answers of Properties of Triangles 317

= Pz =1/8
Hence proved.

cos(a+g)+Cos(ﬁ+g)+cos("/+%)
3

_ sina+sinB+siny
=——Fa—"

Clearly, sin a + sin 8 + sin~y will be maximum when o = 3 =  as proved in last problem
making A minimum.

a+fB+y=2m
Amm:3sin2%.%:§

A B C
Let tang =z, tan5 =y, tan 5 = 2

We know that 2 4+ y2 4+ 22 —zy —yz — 22 >0
22?422 >yt yz+az
A+B+C=n

= tan(é+§) = cot%

A B B C C A
:>tanjtani+tan5tan§+tan5tan5:1
=szytyz+arz=1

=22 4y?4+22>1

Given, 2b = (m—i—l)aém:%b—l
= cos A = % (m=1)(m+3)
m
pre2—a2 _ 1 [(5-2)(F+2)
2bc -2 m
_ b2re?a? 1 [(b-a)(bia)
(m+1l)ac — a m

= 2V/m — (m+1)p.c+p2\/ﬁzo
This is a quadratic equation in ¢ and thus it will have two values.
= c1,¢2 = p/m, Vmp

= cafc1=m
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215. Let a, b, ¢ be the sides of the triangle.
=s=(a+b+c)/2and s —a,s—b,s—c will be all greater than zero.
For positive quantities A.M. > G.M.

:.w> [s(s—a)(s—b)(s—c)]"/*

= 255 AL/2
4
52
:A<I
216. A+ B+C=m7
T 3

Let p = tan Atan Btan C' = tan Btan(3n/4 — B)

tan 3w /4—tan B

p =tan 1+tan3m/4tan B

_ —1-tan B
- tanB( 1—tan B )

p—ptanB:—tanB—tanQB

tan? B+ (1 —p)tanB+p =0

For tan B to be real, D > 0

= (1-p)%2—4p>0

p=3+2V2

Clearly, both B and C' both cannot be obtuse.
If either of B or C is obtuse angle, then
tan BtanC <0 =p <0

If both are acute then
m/d<B<m/2,m/4<C<7/2
=tan B> 1,tanC > 1

=tanBtanC >1=p>1
=p<0,p>3+2v2

217. Let ABC be a triangle and AD, BE, C'F be lines drawn from vertices to opposite sides such
that ZADC = /BES = ZCFB = «

Let the triangle formed by AD, BE, CF be A’B’C’



Answers of Properties of Triangles

Clearly, /B’A’'C' = ZFAB=7n—(/LBFA'+ /ZFBA' ) =1 —[a+7m— (a+ A)] = A
Similarly, ZA’B’C’ = Band A’C’'B’ =C
Thus, ANABC ~ NA’B’C’

Area of NA'B'C’ _ B'C?%

Area of NANABC ~—  a?

Applying sine rule in AC’ B,

AC’ AB

sin[r—(A+a)] ~ sin(n—C)

= AC’ =2Rsin(A+ a)
Similarly, BC” = 2Rsin(a — A)
= B'C' = AC" — AB’ = 2acos«
Thus, ratio of areas = deos®a: 1
218. Given, a, b, ¢ and A are rational.

s = (a+b+c)/2 will be rational.

tan

g: s(sA——a) will be rational as all terms involved are rational.

Similarly, tan% will be rational.

B
2tang

. . B. .
———5 will be rational as tan % is rational.
1+tar127 2

sin B =

Likewise sin C' will be rational.

24=90"—(C/2+ B/2)

A B C
tanz = cot(7+ 5)
lftangtang . 3 . .
= ——5—— will be rational as all the terms involved are rational.
tanz+tany

Thus, sin A will also be rational.

o __b _ _¢__ 9R are rational as all the terms involved are rational.
sin A sin B sin C'

R = %%E = A= %% will be rational as well.

c
sinC'

219. Applying sine rule, # =

V6 4
sin30° ~ sinC
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221.

222.

Answers of Properties of Triangles

i — 2
smC—\/é<1

So C' may be acute or obtuse.

We observed that b < ¢ = B < C, so B may be acute or obtuse.

If C is obtuse B may be acute. Hence two triangles are possible.

c?+a?—b% _ 16+a?—6
2ac 24

Applying cosine rule, cos B =

3100’ 2 4\Ba4+10=0

a=2V3+2

=Dy, Ay = Sa.c.sin30° = 2v3 £ 2

Let AABC be the equilateral triangle such that its sides have length a.

_ 3a V3
=5, A=%a
r=2_-_9_
=4=52

Diameter of incircle will be diagonal of inscribed square i.e. 2r = %
i =2
Thus, side of square = 7

2
=~ Area of square = %

. abc
Given, AD = 2

Also, AD = bsin23° = % = bsin 23°

= 2 —sin23°

22 =
sinAsinC . °
sin? B_sinzC ol 23
= sin C'sin 23 — 4in23°

sin(B+C)sin(B-C)
= sin(B—23") =1 =sin90°

= B =113
Givena:b:c=4:5:6=a=4k,b =5k, c = 6k (let)

a+btc
2

- 4A':Av 4.5(s—a)(s—b)(s—c)

R _ abc s abe
T

320
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993. Let ZBAD = a, ZOAD = 8

BD _ AD
’sina ~ sin B

Applying sine law in AADB

sSin &

Applying sine law in AADC, s?nDB = Sﬁ%
CcCD 1

= AD = 375

:>BD \/_gisina
CD" /2 sinf

sinae _ 1

= smB =6

224. Given, 3sinz —4sin?z — k=0
sindx =k
Since A and B satisfy the equations - sin3A =sin3B =k
sin3A —sin3B =0

.'.—2sin§sinw:()

Since A # B and also both A and B are less that 7/3[+0 < k < 1]

. 2
@sm%:OﬁC:%

225. Since A, B,C arein A.P. .2B=A+C
A+B+C=n=B=m/3

sin(2A+ B) = % =sin 2

6
=24+ B=nn+(-1)"%
A= %, 111—; these are the values between 0 and 7.

But 111% is not possible as B = /3

wA=r/4
226. Let ABC be the triangle having right angle at B. From question, AC' = 2v/2 BD

Let BD =z~ AC = 2v/2z and ZC =6

BD mD:>CD:a:cot6’

tanC:C—D:C—



Answers of Properties of Triangles

tan(90° —C) =§—g~:.AD: xtand
AD+ CD = AC = tanf + cot § = 2v/2

= 2sinfcosf =

Sl

= sin 20 = sin%

_m 3w
=>0=3,%

_3r w
=>A=5,g

227. P+Q+R=n
“P+Q=m/2[+R=m/2]

= tan(sz;g) =1

P, Q_ i Q
:>tan5+tan§7 1—tan§tan7

Since tang and tan% are roots of the equation az? + bz + ¢ =0
P Q b P Q _ ¢
= tanz +tan5 = —E7tan5tan§—§
= 79:172
a a
=a+b=c

228. Let AD be the median such that ZBAD = 30°, ZDAC = 45° and ZADC =0
Applying mn theorem, we get
2 cot @ = cot 30° — cot 45°
=tanf =3 +1

. /342
smC—'\/§ WG

Applying sine law in AADC, we get

AD DC

sinC ~ sind5°
=DC=1
=DC=BD=1=BC=2
229. We know that in a triangle tan A 4+ tan B 4 tan C' = tan A 4 tan B 4 tan C'

Also, since A.M > G.M.



Answers of Properties of Triangles

= EMHag—————————w > /tan A tan Btan C
= tan Atan Btan C' > 3V/tan Atan Btan C

= tan? Atan® Btan? C > 27

= tan A +tan B+ tanC > 3/3

A 1 b c

230. Given, cos 5 s=3\:t1
s(s—a) 1 /b ¢
B —32VecTo

(a+b+c)(b+c—a) _ b3+c?
4bc — 4bc

= a% = 2be
Thus, square described on side a is twice the rectangle contained by two other sides.

231. Given, COSQZGT_I)#SHI@:% 2 —(a—b)?

(a+b)sinf _ (a+b)y/c?*—(a—b)?

2vab 2c¢vab

(a+b)y/2ab(1—cosC) _ a+b
VT = T3c \/ism

_ sinA+sinB . g
- sin C S5
_ —B
= COS 3
csind _ cy/c®—(a—b)?
2vab 2vab
_ ¢y/2ab(1—cosC) sin € = cos A+B
- 2vab - 2 2

232. We have proven earlier that distance between circumcenter and incenter is v/ R?Z— %R

Clearly, VRZ—2rR >0
=R >2r
233. Given, tan B = cos A

V1—cos? B

pry s aa cos A

=

1

2 p_
= cos” B = 2—sin? A

Also given that cosC = tan A



234.

236.

237.

Answers of Properties of Triangles

1-2sin? A

2
= tan“ C = ]

Now given that cos B = tan C

1 _ 1-2sin%2 A4
= 2—sin? A~ sin? A
=sinA =+ 3i2‘/g

Same value will be obtained for sin B and sin C' and that is equal to 2sin 18°

A+ B+ C=180°
= cos(A+B)=—cotC

= cot Acot B+ cot Becot C +cotCcot A =1

Now cot? A + cot? B+ cot2 C — 1 = cot? A + cot? B + cot? C —

cot C'cot A)

:%[(COtA—COtB)2+ (cot B — cot C')2 + (cot C — cot A)2] >0

:>cot2A+cotQB+cot2021

. We have proven in 229 that tan A 4+ tan B 4+ tan C > 3v3

We apply A.M. > G.M. again on tan® 4, tan® B, tan® C

2 2 2
tan A+tan3 B+tan C'2 (tan2 Atan® tan2 0)1/3

= tan? A + tan? B + tan® > 9

We know that in a AABC, sin & + sin 5 + sm%

l\')lOJ

Now we know that A.M. > H.M.

A B C
cscz+escytcescy 3

3 = At sinBrsinC
51r12-',-su'12-',-sm2

= csc s +csc +csc >6

A+B

5 —0—1—251

cosA-i—cosB-i—cosC—g:Qcos COb

=0

B .
S11

¢
2

= —251112%—0—2(:05”47 %

2

2A-B
2

Clearly D = 4 cos
term.

:>cosA+cosB+cosC§g

A—B
2

2C

— 2sin 5

Now cos A + cos B+ cosC — 1 :2sin%cos

NlQ
le

324

(cot A cot B + cot Beot C +

— 4 < 0 so sign of quadratic equation will be same as that of first
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239.

240.

Answers of Properties of Triangles 325

A—B A+B]

—2%111g[coq — cos
= 2s S =5 S

2

:4sin§sin§sin§>0

~co8 A+ cos B+ cosC >1

y = 2cos Acos BcosC' = [cos(A — B) 4+ cos(A+ B)|cosC = [cos(A — B) —cos C'] cos C
— cos> C' —cos(A— B)cosC +y =0

which is quadratic equation in cos C' which would be real.

cos?(A— B)

=D>0=cos’(A—B) -4y >0y < i g}l

Hence proved.

Let A be the center of first circle having radius @ and B be the center of second circle having
radius b.

Let the two circles intersect at C' and D so ZACB = ZADB =0

We know that perpendicular from the center of a circle divides the chord in two equal parts.
So AB will divide C'D in two equal parts.

Let CD = 2zx. Let AB cut CD at O then OC = OD = x
AB=0A+0B=Va®>— 22+ V> — 22
Clearly, ZACB =6

Applying cosine law in AABC
AB? = AC? + BC? — 2.AC.BC cos(m — 0)

=a2— 22+ — 22+ 2vVa® — 22 Vb2 — 2% = a® + b2 + 2abcos b
2absin 6

va“+b“+2abcos

The diagram is given below:

Figure 8.45
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Let the triangle be ABC which will be equilateral triangle having radius 2 if all the circles are
unit circle(i.e. having radius 1 ).

There will be two circles which will touch all three circles. One is the smaller one which will
be inside the area enclosed by three circles and the other will be one which will enclose all the
circles.

Clearly, the center of the two circles will bisect the angles of the triangle.

1 . . . .
~cos30° = o where x is the radius of inner circle.

_2-V3
—r="7
: 3 : _ _2+V3
Radius of outer circle =2+ x = 7

We have to prove that > .o Cra”b™ " cos[rB — (n—r)A] =C"
From De Movire's theorem(this we have not studied yet),

LHS. = Z?:O(aeiB)r(b.efiA)r

= (ae'B 4 be )™ = (acos B + iasin B+ bcos A —ibsin A)

[+ s = 5]

= (acosB+bcosA)" =c"

Lt A=B=A+B+C=1mn=2A4+C=n7

Given, tan A 4+ tan B+ tanC = k

= 2tan A + tan(7m —24) =k

:>2tanA<1+;) =k

1—tanZ A
tan? A
— ZtanAm =k
2tan® A k
1-tanZ A

Now, since it is an isoscles triangle A < 7/2
So there are three possibilities, 0 < A < /4, A=7/4,7/4 < A< 7/2
In first case k < 0, in second case k = oo and in third case k > 0

Whenever k& < 0 or k£ > 0 multiple isosceles triangles are possible. For example, for k < 0 i.e.
for 0 < A < m/4, A can assume values like 7/6, 7/5, 7/7 and so on.

Similarly, for £ > 0, A can assume multiple values.

However, if k = oo then A, B can have only one value i.e. 7/4 and only one isoceles triangle is
possible.
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Answers of Properties of Triangles

52

We have to prove that A < 3

B

ie. s(s—a)(s—b)(s—c) < 54

3

— (s—a)(s—sb)(s—c) <27

S
We know that A.M. > G.M.

s—a+s—bt+s—c > 3 (s—a)(s—=b)(s—c)

3s = 53

— l > 3/(s—a)(s—b)(s—c)

3 53
Cubing we get,
(s—a)(s=b)(s—c) <97

53

Hence proved.

Let a = 3z 4+ 4y, b = 4z + 3y and ¢ = bx + 5y be the largest side.

_a?+b%2—c% _ —2zy
cos 0 = 50— = 5r3a74y) (45 53y) < 0~ V2, ¥ >0

Thus, it is an obstuse angled triangle.

A =1ahy = gbhy =3 chy

2A 2A 2A
= h = e =5 ha =37
A

‘We know that r =

S

Now it is trivial to show the required condition.

Ag can be evaluated to be %ERL?
Likewise Ay = %%9 and so on.

Now it is trivial to prove the required equality.

327



Answers of Chapter 9

Inverse Circular Functions

Let tan~!(—1) = 6 then tanf = —1. Also, —5<0<3%

T

The only value in this range which satisfied this equation is — 7

. Let cot 1 (—1) =6, then cot = —1 and 0 < § < 7

3
=0="
Let sin~! —@) = 0 then sinf = 7\/75

sin[cofl(—%)] = sin[Tr —cos™! %]
= sin%r = ?
Sin[tanil (—\/5) + cos 1 77‘/3]

=sin[—F+7—F]

. ™
=sing=1
Given expression is tan [% cos™ ! g]

Let cos™! \/?3 = 26 then cos 20 = ?

1—tan26 \/_5
1+tanZ26 ~ 3

=

E

2tan?6 _ 3—
==

By componendo and dividendo 3T

e

= tanf = i(i%\/*g)

Given 0 <20 <m=0<0<3

S

3—

i.e. 0 lies in first quadrant. = tanf = =

328
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11.

12.

13.

16.

Answers of Inverse Circular Functions

. . e .27
Given expression 1S Sin 1 (Sln ‘3")

Let sin_l(sin %ﬂ) =40

then sint9:sin2?7r and -5 <60<3

:sin<7r—z> =Sin£:>9=g

3 3
sin~! (sin 2%) — %
Let sin 1 Y2 = 0 = sin g = 3
=0=3-5<0<3
Let tan~! ;—% =0

then tanf = \7—% = tan(%)

=0=—

|y

Let cot ™1 (—v/3) =0 = cot = —/3

cotf = cot(w—%)

Let cot™! cot%7r =60=cotf = CO‘L(W—O—%)

— E .
Cot0—cot4:>9—4

Let tanfl(tan%ﬂ) =0
:tan@ztan%ﬁ:tan<w72>
é@:—%

. Sin*l%—i—cos*l%:%—i—%:g

. Let tan™ ! :9:>tan6:%écosﬁzg

cos[cos_1 (@) + g]

—cos| T4 T — cos T = L
—cos[g-i-g]—cosg—Q

329
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Answers of Inverse Circular Functions

LHS. =2tan ! % +tan ! 7

=tan~! - tan~! %
9
_ -13 -11
=tan "7+ tan =
3,1
1 at7 -
= tan 114—;: 11———RHS

8

LHS. =tan ' 2+ tan ' 2 4 tan ™' L 4 tan !

1,1 1,1

_1 5+= 1 5ts

= tan 13—z—l—tan 15 ?
—a31 1-3%

= tan ! % +tan~! % =tan11= % =R.H.S.

—ain 14, 15 s —116
L.H.S. =sin z+sin g +sinT &

o —1(4 —116
=sm (5\/1 169+13\/1 )+5m 5

g8 15 116 L o164 o116
= Sin (65+65)+sm 65—sm 5—f—sm G5

. —1(63 632
= sin <&\/1 6f2+65\/1 )

. 16324162 . -1 7w
sin™" =— = sin =5=RHS.

11 11 11 _ =
We have to prove that 4tan™ "z —tan™ =5+ tan  g5=3

11 1 —11
= 4tan 5 +tan %—tan 39

2.1 1
L.HS. =4tan™! % = 2tan~! 1

BIU‘

= 2tan~

=tan 3

_ —1 -1 1 —1120
R.H.S. =tan™" 1 + tan 535 = tan” 179

Thus, L.H.S. = R.H.S.
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22.
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24.

Answers of Inverse Circular Functions 331

1v41

We have to prove that cot ™19+ cse T = %
cot™ 19 = tan™! %
Let CSC71@ =0 = cscl = @

Since we have to consider principal values only fg <6< g and 6 # 0

As csc 0 is +ve here, 0 lies between 0 and 7/2, hence tan § must be positive.
_ 4

= tanf = ¢

4

5

1
1 5t

tan—! % + tan— % =tan~ !

14
95

=tan~! j—é.% =tan"'1= % = R.H.S.

We have to prove that 4(cot ™' 3 +csc ' VE) =
cot ™13 = tarfl%

esc ! \/5 =tan~ ! %

1,1

_ _ 1 3+
L.H.S. = 4(tan 1%+tan 1%) :4<tan 112 3%)

-1
5

=4tan '1=rm=R.H.S.

We have to prove that tan™! 2 = 2tan™*[csctan ! 2 — tan cot ~! 2]

2
R.H.S. =2tan! [csc csc ! *l‘:;& — tantan ! %]
= 2tan

71(\/@71)

Let z = tan 6, then R.H.S. = 2tan™" (—Sisigl)

_1/1—cos@ —1 ZSinzg
= 2tan ( ):2tan R A

sin 6 sincos?
2singcosy

=2tan"! .tang =0=tan 'z = L.H.S.

.. . a—b .
.0<b§a..\/—7a—+bls real.

_ -1 a=b, -z
L.H.S. = 2tan [ mtdn §:|
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27.

5. L.H.S = tan! ﬁ;ywatan_l A ~ + tan

Answers of Inverse Circular Functions

1 +—tan

1 ——tanzz
COS 1 ‘———'———'——'2
a+b

COS

71_11(1 tan21)+b(1+tan2§)
_a(1+tan )+b(1+tan2%)

_a l—tanzg
1 L+tan?Z4b
_ 2z
a 1-tan 5
L L+tan23

cos—

= cosfl[w] = R.H.S.

a+bcosx

-1 z2—x
1+zx

1 1

z —tan ! Y+ tan~! Yy — tan! 2z 4 tan~

-1 y z2—x?
R.H.S. = tan <1+$ 242 ) + tan— (W) + tan (m)

-1 x2

=tan

= tan

~ LH.S. =RHS.

We have to prove that sin cot Ttancos 'z =z

2

L.H.S. = sincot™ ! tan tan ™1 Y1=Z
Ve
= sin cot™* —1x z
2 /12
Let cot™! % = 6 then cot§ = J;i
sinf =z

Thus, L.H.S. = R.H.S.

**Case [:** When = 7<7 <z 3

0O<cotz<land0<cot®z <1:0<cotzcot®z <1

—1 cotx+cot3x

tan~! cot 2 + tan™ ! cot & = tan T-cotzcot® s
—cotxcot® x

= tan_lgtan 2z> + tan~! cot z + tan L cot3z =0

**Case II.** When 0 < 7 < g

z—tan lz =0

—tan"! y2 +tan™! y2 —tan 22+ tan 122 —tan 12?2 =0



28.

29.

. We have to prove that tan™! % + tan ! % + tan™ =

. We have to prove that 2tan™! % + tan~! % = tan

Answers of Inverse Circular Functions

cotz >1and cot3z > 1

= tan~!cot x + tan L cot® x = 7 — tan~! (%tan Qx)

= tan~! <% tan 2z) + tan"! cot z + tan leotdz =7

tan™! % + tan ™!

15/6

_ -1 _
5/67tan 1=+

= tan

= tan~

—-12a-b —12b—a _ =
We have to prove that tan 735 + tan VT

5]

2a-b , 2b—a
_ —1_ v3b ' V3a
L.H.S. = tan m
3ab

2v3a2-V3ab+2y3b2-y3ab
1 3a

= tan 3ab—4ab+2a242b2—ab
3ab

o —12Va?+2V3b2—2v/3ab o -1 T
= tan 2aZ4207—2ab  — ran V3=3

11 _ =

12 4
1

3t13

T
=31

Wl =

L.HS. = tan~' 2+ tan~!

ol

5/12
35/36

=tan~! % + tan~! =tan~! % + tan—! g

2,3
-1 5t%
1-23

= tan

o
T

~129/35 _
29/35 —

tan11=2L

= tan 1

132
43

1

2.3 —
L.H.S. = tan! =+ tan 1%
1

333
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1_2/3 —132

= tan 43/48=tan 3

32. We have to prove that tan'14+tan'24tan '3 =7 = 2<tan_1 1+ tan! % + tan ! %)

tan ' 14tan 12+ tan '3 =tan 11+ tan! % =tan 114 tan"1(—1)

= tan~! % =tan"'0=nr

2<tan*1 1+tan™! % +tan~! %)

1,1
= 2<tan71 1+tan~! i)

1-33
=2(f+tan 1) =25 =7

Thus, the above expression will have principal value as pi.

—1axy+1

33. We have to prove that tan™' z + cot ™! y = tan e

LHS. =tan 'z +cot !y = tan' 2 + tan™?

<=

— tan—! Tty —1azy+l

34. We have to prove that tan™" ﬁy +tan~!

_ -1_1 -1 y
L.H.S. = tan Py + tan PN

L, v

_ —1 =ty " 224ay+1
= tan Ty
THY 22ty 1

—1 z%+2zy+y>+1
342z y+xy’+o

11 _
= tan = tan 15200t Ly

35. We have to prove that 2cot 15 + cot ™1 7+ 2cot 1 8 = /4

—1 -1, _ zy—1
We know that cot™ " x + cot™ "y = o

2((:0‘571 5+ cot™! 8) =2cot™! i’—g =2cos 13 = cot71%

~2cot™ 154+ cot™ 7+ 2cot™t 8 = cot™! % +cot™t7

28
3

= cot™? =cot™'1=n/4

3

- —1 a—b —1 b—c -1 c—a __
36. We have to prove that tan Trap Ttan g ttan =0

LHS. =tan 'a—tan 'b+tan 'b—tan te+tan te—tanla=0
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1 b3— _1 3—a?

+tan 1+b3 3 + tan 1+c3a3

=0

37. We have to prove that tan~ ! 1a+ 3b3

LHS. =tanta® —tan 183 +tan 162 —tan '3+ tan 1 e —tan~1a® =0

—1 my+1 -1 yz+1

38. We have to prove that cot + cot +cot™ 2z =tan~

8|

LH.S. =cot 'z —cot™! Y+ cot ™! y— cot ™t z4cot™t z = cot™! & = tan™!

1
T
cos f+cos ¢

39. We have to prove that cos™! (1+C050COS¢

) =2tan~! (tan%tan%)

_ . ..—1( cosf+cos¢p
L.H.S. = cos (71+cos9cos¢>

-1 \/1+cos2 0 cos? ¢p+2 cos 0 cos p—cos? 0 cos® p—2 cos 0 cos ¢

= tan cos 0+cos ¢

_1\/ 1—cos? 0)(1—cos? ¢)
cos f+cos ¢

—1 sin@sing¢

= tan cos 0+cos ¢

= tan

R.H.S. = 2tan~! (tan g tan %)

1 2 t:angtan%3
1 7tan2§tan2§

1 2tangtan§ cos? 2COb (g

= tan
COS2gCOS2§7S1nzgSID2%
-11 sin fsin ¢
=tan "3
2" c0525005297(1 cos A) (1 0052¢)
_ —1 sin@sin¢
= tan cos 0+cos ¢
40. We have to prove that sin~! % +sin?t % =sin~! g

—gn 13 g 18
L.H.S. = sin =+sin” 1=

41. We have to prove that cos ! g +cos~t % +cos~! g% = g

We know that cos !z 4 cos Ly = zy — /(1 —22) (1 — y?)

—112 71 63

L.H.S. = cos! % +cos™ " 73+ co &
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43.

44.

Answers of Inverse Circular Functions

—cos (36 _4 5 163
= COS (5 ‘13 -+ cos GE
_ ~1/36 20 ~163
= coS (E_?)_"C“ G5
_ 116 —163

= CO0s ég+co &

—cos 116 63 /(1 _16%\(; 63
- 65" 64 652 652

=cos 10= g = R.H.S.

We have to prove that sin™' 2 4+ sin !y = cos™? ( V1—z?/1—y?— xy)

LHS. =sin! x+sin*1y =cos V1 —a2?+cos! Vlfy2
=cos' (V1—2?V/1—2 = V[1—(1—2?)][1-(1—¢?)])
= cos71<\/1—31:2 V1 —yz—my) = R.H.S.

-1 1 -1 2 o
We have to prove that 4<sm *\/EJF cos 75) =7
so—1 1 —~1 2 _
or sin™" —= + cos \/gf’ﬂ/ll

—ain 1L gl L
L.H.S. =sin \/ﬁ+ sin™ " o=

= (G513 + 351 %)

i 2 3\ .11

= sm (\/50"_\/50) s
s

~T_RHS

We have to prove that cos(2sin ! z) =1 — 222

L.H.S. = cos[sin™}(22v/1 — 2?)] = cos[cos 1 /1 — 42%(1 — 2%)] = cos[cos 1 (1 — 22?)]

=1-222=RHS.

. We have to prove that %cosf1 x =sin"! \ /vlgf —cos ! ‘/%ﬁ = tan

_ _ _ /1_ 2
or cosflx:2sin71,/17$:2cos 1,/1;—w:2tan I 11 L
+x
-1 Jl—x . —1 1—x /] 1—x
2sin T—Sln [2 5 - 1—T:|

336
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47.

48.

Answers of Inverse Circular Functions

- 1— 1 - —
= sin 124/7304/%:5111 1\/1—:02:cos Ly

2cos_1,/1+Tm: cos_l[Q,HTm— 1] [+2cos Lz =cos™ (202 —1)]

=cos
\/1—w2
“1V1—2® 1 2y
Qtan vz tan j
(1+x)2
_1V1—22 _
= tan 1Tg”:cos Ly

—1zy+y/(1—2>)(1—y°)

We have to prove that sin™! z + cos !y = tan Py

1 1 2

LHS. =sin 'z +4cosly=sin"'z+sin~

:sin’l[x\/lf (1—y*) + \/lny\/lfxz]
1 xy+V 1*172\/177;2
Vi—(zy+vVi=22(1-4%))2

1 TY+V 1—x2\/1—y2

Viea?y - (1-2?) (1-42) —20yV/1-22 /132

1 zy+V1-x2y/1—y°
\/12+y2721y\/17x2\/ 1—y62

—1 zy+y/(1—2%)(1—y?)
yV1-z2—2\/1—y?

1—y

=tan

= tan~

= tan~

= tan

: -1 an~ Ly = Lgip—!2@t+y)(1-=y)
We have to prove that tan™" z + tan™" y = 5sin T2 (1)

or 2(tan~ !z + tan~ty = sin~! 2zty)(1-zy)

(1+22)(1+y?)
Tty
L.H.S. 2tan 1 ZEY — gan 11w
] 1_(z+y)
(1-ay)?
— tan—1 2(z+y)(1—zy)
= tan (1+x2y?—2zy—22-Y?2—2zY)
—gin~! 2(zty)(1-zy)

Va(z+y)? (1-zy)?+(1+22%y* 4wy —a?—y?)?

—12(z+y)(1-zy)

=S G A52)

1 1

We have to prove that 2tan (csctan™ ~ z — tan cot ™! x)=tan " x

L.H.S. = 2tan~ ! (csctan ™! 2 — tancot ™! z)

1V1+z?
T

=2tan~! (csc csc —tantan™" %)

337
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Tra?-1
Y
= tan~ =
17( 1z 71>
e
=tan 'z
2
1. — 1
. We have to prove that costan Lsincot™t oz = 2212
L.H.S. = costan ! sincot ! 2 = cos tan ! sinsin~* s
x
_ 1 1 V1+2?
= costan ! ——— = coscos 1 Y12
Vitz T°+2

_ [z2+1
—Vz2+2

. Clearly in a triangle A + B + C = & where A, B, C' are angled of the triangle.

Thus, rT—C=A+B

“1 243 o

1 _ 3w
1-2.3 —l=7

Given A+ B=tan '2+tan"!3 = tan T

C=n—3r/4=m/4
1

. Given cos !z + cos™! y+cos z=mT

= cos 'z +cos! Yy=m— cos 1z

=S ay—V1—2?\/1—y?=cos(mr—cos'z) = —z
=ay+z= \/1—3:2\/1—312

Squaring, we get

x2y2+22+2xyz = 1—x2—y2+x2y2

:>x2+y2+z2+2xyz:1

. Given cos™! % + cos ™ % =0

—1 (4=z®)(9-y*) | _
 cor [ V]

= 2y —6cosh =/(4—2%)(9—1?)
Squaring, we get
2292 + 36 cos? 0 — 12zy cos § = 36 — 922 — 4y + 224>

= 922 — 12xy cos 0 + 4y = 36sin° 0
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Answers of Inverse Circular Functions

CLet \/E =g, /L =band \/Z =¢
yz Zx Ty

a+b+c—abc
1—ab—bc—ca

Then, L.H.S. =tan ta+tan b+ tan"lc =

_aVryVr+zvr  ryr

Now, a + b+ ¢ —abc = e NeT
_ Vr(ztytz)—rvr _ 0
ey

and, 1 —ab—bc—ca = 177"[%+§+%] 7&0[%+%}+%;&%]

339

= L.H.S. = 0 = nw and hence principal value is 7 because sum of three positive angles cannot

be zero or negative.

. Given u = cot™ ! v/cos 20 — tan~ ! v/cos 20

sinu = sin[cot ! v/cos 26 — tan~! /cos 20]

. —1 1 _ —1
= sin| tan NCT tan cos 20}

= sin| tan

1 m —+/cos 26
I+

_112sin%6

|
|
:bm[m 12nee)
dl
|

sin? 6

Sln :|
V/sin? 6+cos 20

sin?

= sin (1—sinZ%0)

sin™ ] =sinsin~! tan® 0 = tan® 0

. Given cos 1 V3 + cos lg=2
2

1 x\/§ = % —cos 12z = coscos ! a:\/g = cos(% —cos ! x)

= x\/§ =sincos 'z = sinsin 1 /1 — 22

:>$\/§:\/1—x2

é3x2:1—x2:>x::|:%

**Case I:** When x = %7 given equation becomes
o P eos g =F 45 =5
**Case II:** When z = —%,
-1_ V3 1 1v3 -1

_ 1
= T — COS ?+W—cos 3

— 1
coS —7+cos )



60.

56. Given equation is sintz4sin 2z =2

Answers of Inverse Circular Functions

3
=3

vl

Thus, z = % is the only solution.

s

3
=sin"lz + sin”! 2z = sin™! ‘/75
= sin — 1z —sin™! @ =—sin 12z

= sinfl[%—gvlfxﬂ =—sin"12z
N 2_ar1_ .2 _ V3
=1z —1/3(1—2*) = 4z = 252 = 3(1 x):m—i2\ﬁ

Clearly, r = — % as angles will become negative and won't satisfy the equality.

. Given, tan 'z +tan "ty + tan 1 z = g, we have to prove that zy + yz + zz = 1

tan~! & + tan ! Y+ tan~ !z = %

- tan_l Ttytz—ayz _ T
l—zy—yz—zx 2

T+y+z—xyz

l—zy—yz—zx
=>1l—ay—yz—zx =0

=say+yzt+ze=1

58. Given tan™ ! & + tan ! Y+ tan~! z = m, we have to prove that x + y + z = xyz

tan" 'z 4 tan~! Y+ tan tz=1

- tan_l 1a:+y+zfzyz _
—XTY—Yz—2T

ZRYFZZEYZ o =0

l—zy—yz—zx

=T+Y+z=1aY2

59. Given sin™!z 4 sin~! y= g, we have to prove that x\/l — y2 + y\/l =1

ésinfl(ac\/l—y2+y\/1—x2) =2

:>x\/1—y2+y\/1—x2=1

340

Give sin~! 4 sin y+sin_1 z = 7, we have to prove that x\/l — x2+y\/1 — y2+2\/1 — 2=

2xyz
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62.

63.

64.

Answers of Inverse Circular Functions 341

1

Let sin 'z = A,sin 'y =Bandsin ' z=C

Then, A+ B+C=n=A+B=n—-C

We have to prove that sinA\/l —sin? A+ B\/l —sin? B+ z\/l —sin? C = 2sin Asin BsinC
L.H.S. =sin Acos A+ sin Bcos B +sinC cos C

:%(sinQA +sin2B +sin2C) = sin(A + B)cos(A — B) +sinC cos[m — (A + B)]
=sinClcos(A — B) —cos(A+ B)][+sin(A+ B) =sin(n —C) =sinC]

= 2sin Asin Bsin C = R.H.S.

Form given conditions 2 tan ! y = tan” + tan~! z and 2u=x+=2

2y _ x4z
1—y?2 1—zz

=

S1—yl=l—zz=>y’=z

i.e. A M. = G.M which is true only if x =y = 2
11 ™

Given cot 1 4+ sin~! = =
5 4

= cot ' x4+ cot™! (\/5)2 —1=

INE

=cot oz +cotl2= %

2x—1 T
o :cotZ:1:>x=3
We have to solve tan™! 22 + tan™! 3z = %

—1 2z+3x _ w

= tan 1—2z.3z 4
S5 s
= Toeer — tang =1

=62 +50—1=0= (6z—1)(z+1)==0

=T = —1,%
Clearly, = —1 does not satisfy the equation ~x = %
We have to solve tan™t z + tan ! % e

=tan 'z +2tan lz =

wly

= 3tan" 'z =3

:>x=tang



65.

66.

67.

69.

Answers of Inverse Circular Functions

We have to solve Solve tan—! % =cot 1z +tan~! %
= tan~! 1 tan—! 1 tan~! L
2 7 T
11 1
= tan~! 2 L= tan"! 2
111 T
2°7
= tan~! 5 - tan~! 1
13 x
13
=T=%

We have to solve tan ! (z — 1) + tan 'z + tan (2 + 1) = tan ! 3z

=tan Y(z—1)+tan Y(z4+1) =tan '3z —tan 'z

2z 2z
= 222 11322
= 2422 —1)=0
z =0, :I:%

—1lz+1 —1z—1

_ ~1
We have to solve tan™ ~ ——7 +tan™ — =7 +tan  (—7)

1 2%+z+x’—2z+1
r—x—1

= tan =7+ tan"1(=7)

=27 —2+1=Tr—7=22>—82+8=0

S22 —dr+4=0=>1=2

2

We have to solve cot 1 (a—1) = cot 'z + cot 1 (a? — 2 +1)

a—1 —1a?rx—224+x—1
cot cot 271
>at—d’+a—-1=d2z—2>+2—1

=22—(14+d®)z+ (a®—a®>+a)=0
= (z—a)z—(a®>—a+1)]=0

:>x:a,a2—a+1

=1 2a . —1 28 -1
We have to solve sin Tz +sin = 2tan” " x
We know that 2tan~! z = sin~? Tf—_%j

Thus, given equation becomes 2(‘can71 a+tan"!B) =2tan"ta

a+p
1—ap

==

342



70.

T1.

72.

73.

Answers of Inverse Circular Functions

—1x2-1 -1 2 _ 27
We have to solve cos™" 755 +tan™~ 5= =3
*Case [** = 7 —2tan 12z — 2tan Lz = %E
-1, _ 7T
= tan T =13
x:2—\/§
**¥Case IL** = 7 — 2tan 'z + 7 — 2tan Lz = 2%
tanflngﬁx:\/g
.1 2 —11-b2 _
We have to solve sin 11+((112+COS 1T22:2tan Ly

=2tan "tz +2tan ' b =2tan" 1z

_ a+b
T 1—ab

We have to solve sin™ !z 4 sin"!(1 —2) = cos ! z

:>sin71(a: 2x—m2+(1—m)\/1—x2):sin*1 1—a?
=V —2? 4+ (1—2)V1—22 =1 —2?

ém\/?x—xzzx\/l—xZ

Squaring, we get

:>m2(2:c—x2—1+:r2):0
z =0,

1

_ 1 _
We have to solve tan™" az + 5 sec Lpg = I

= 2tan taz + sec lbz =2

2
—1 _ 2ax -1 _p2,2_ T
= tan™" 1= 5+ tan V1-b2" =3
_1 m172;;w2+m

™
S 2 s 2

=1- 1EZ§$2 Vi—b222=0
=1—a%2? —2a2vV1—b%*2%2=0

=1 —2a%2% + a*a* = 4a2%(1 — b22?)

1

=Sr=4-—
+ V2ab—a?

343
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74. We have to solve tan(cos ' 2) = sin(tan™! 2)

AV1-z® .. 1 2
= tantan - = sinsin Ji
1—22 2
= p =7

11

= 11\ _ —-11
75. We have to solve tan(sec x) = sin cos 7

Vv 72 . . —
= tantan Y22 — sinsin ! 2
z V5
1—22 4
=2z 73
S
76. We have to solve sin_lirsin_ly:%ﬁand cos_lx—cos_lyzg
sin~lz + sin—! Yy = %ﬁ
T cos o4+ _cosly=2"
3—Cos Tt+g—cos Yy=73
= cos ! &+ cos ! Y= %
_ 1
Thus, 2 cos 1x:2%:>x:cosg:§

and 2cos ly=0=y=1

77. Let sin "1 (sin10) = 6 = sin = sin 10 = sin 227

11
. . 2m .27
51n9—51n(37r+ﬁ>——smﬁ
— & (_2_7T>
=sin( —33
27
0=-1

3
iy a3 (E) T _ 3tanf—tan30
78. 3tan (§> = tan [? [ s tan 30 = m]




79.

80.

81.

Answers of Inverse Circular Functions

11 11 ~111 15
Now 3tan §+2tan p=tan™ 5 +tan " 5
11 5
1| 7% .
=7+ tan 1[ 211125}:7T—tan 1—13412
-5 13
.1 142
Also, 1 nt 122 =
0, let si 65V
. 142 142
SlH@—m@tane—ﬁ
11 11 L1 142 1142
Thus, 3 tan 5+ 2tan” "z +sin mfﬂ—tan 37 +tan

=T

1142
31

The given intervals indicate principal values of cos ! 2 and sin~! 2.

1 1

cos[2cos Lz +sin ! z] = cos(cos Ttz + cos Lz +sin ! )

= cos[E + cos :L’] = —sincos 'z = —sinsin~ ' V1 — 22

cos —<30§cos71§—§
S = COS E=3
11-3 13_3
_ - 1| _ -13_3
cos 8 = cos{cos 1+§] =coscos g =g¢
cosy = cos[ﬁ— cos ! é] = sin cos 4_3
v= 2 51 = S 55

Thus, a = =7

Let A=2tan"1(2v2—1) = 2tan (2 x 1.414 — 1) = 2tan" 1 (1.828)

=2x (>60°)[~tan60° = /3 = 1.732]
Let B= 3sin*1%+ sinflg

3
—sin![3x 5 —4(3) | +sin "2

=sin ' 22 +sin! 2 = sin 1 0.862 + sin 1 0.6
=< 60" + < 45° < 105°

Thus, A is the greater angle.

345
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83.

84.

Answers of Inverse Circular Functions 346

Whenever you have to sum trigonometric series of inverse terms check if it is possible to write
them as difference of two terms and add the terms where terms cancel each other. If we look at
the terms given in this series then that is possible.

v
_ — _ a1—5 _ _
tan 1(‘““ y):tan == ) =tanla; —tan 1%

rt+ary 1+a1% x

—1(ai—a1\ _ -1 -1
tan (—1+a1a2>—tan as —tan " ap

—1(an—Qn-1\ _ -1 _ -1
tan <1+anan71>ftan ap—tan ~ap_—1

tan—! ai =cot™! an,

n

Adding these, we get L.H.S. = tan™ ! ay, + cot ' a,, — tan™! %

_ —-1yf.. -1 -1,._7
=5 —tan 5[.tan T + cot x-ﬂ

-1

= tan =R.H.S.

z
y
Let t,, denote the n-th term of the series, then ¢, = cot™* 2n? = cot ™} (2n —1) — cot 1 (2n +1)
Putting n =1, 2, 3, .., we get

t1 = cot™11—cot™13

to = cot ™13 —cot™15

ts = cot™ 15 —cot™1 7

tp =cot 1 (2n—1) —cot 1 (2n +1)
Adding S, = cot ™11 —cot™ (2n+1)
As n — oo, cot H(2n+1) =0

Hence, S = cot711 = g

**Case I.¥* When z = 1

1 2z
1+x2

1

y:2tan71x+sin7 2.tan ' 1 +sin” %:2.%4—%:#

**Case I1.** When z > 1

-1 2z

1 _ o
2tan” " x =7 —sin Tra?

=Yy=m



85

86.

Answers of Inverse Circular Functions

. Let cos Y zg =0 = cosf = z¢

We are also given that x,,.1 = \/%

Puttlng r= 07 we get x1 = \/T? — \/@

= cosgg: |cosg| = cosg[':O < cos™! o < ﬂ']
L. 1+4cosz
Similarly, z9 = 5 2 = cos 505
0
thus, zp, = cos 5=
0 4 [
Let y = x12023 ... ), then y = COS 5 COS 53 ... COS 377
ousin L — 2sin 2 ) 0
ybln2—n— SlHﬁCOSﬁCObF...Cosi

2 0 . (4 6 6 6
2 yz—n:2smwcoswcosw...cos§

Proceeding like above, we finally arrive at following

n—1, . 60 _ . 0 (4
2 ysin gz = sing cosz
ngin 2 — 25in ? cos & = si
2 y51n2n—251n2c0s2—51n0
y 1 sind
7 ing
. 1 sin6
x1%2 ... 10 00 =liMp oo 5m—
SiNsw

2

— 1 sinf
= litnp o0 g "o
27 9
o om
om
_ siné
-6
Ve
R.H.S _15+350=0=cos_1x0= L.H.S.
0

Let cosflgz 9z>cos€z%z>a=bcos€

b b 0+b 6
Now, alz%:%:bcogﬁ

b1 = Va1b= ,/bcos2g.b = bcosg

20 0
__aj+by _ bcos?ztbcosy ) 26
ag=—5—= 5 = bcos 5 cos 52

347
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88.

Answers of Inverse Circular Functions

6 26 6 0 (4
bo = \aghy = \/bcosi.cos ?bcosiz bcosicos?

. 1 11
Proceeding as above, we get a,, = bcos 9 cos Z...cos 2% —p. L sno

2 22 27 Singy
6 (4 4
and b, = bCOSQCOS?...Q—n
. b.sinf . . .
Now, limp 00 an = —5— [like in previous problem]
2
a
_ bV1—sin?6 _ b\/ 1=z _ Vb2 —d?
B (305712 o C05712 B C05712
b b b
22
and limy, 00 by, = limy, oo bcosg COS%... cos % — Vb —a
2 2 2 cos™1¥
—11 11 1 1 _ 1 n
We have to prove that tan™" 3 +tan™ "z + ... - tan ~ —mg = tan™~ =

When n =1, L.H.S. = tan’lé and R.H.S. = tan™! % = tanflé

We see that it is true for n = 1. Let it is true for n = 1

= tan~! % + tan™! % + ...+ tan—1
m

Adding tan™! 7 to both sides, we get

1
(m+1)24+(m+1)+
1

o -1 m -1_ 1
R.H.S. =tan™" =5+ tan 12 (m D+l

_ -1 m —1m+1 -1 m
= tan m-!—l+tan m+3 tan m+2
_ —1(m+1)+1
=tan " oTg

348

Thus, it is true for n = m + 1 if it is true for n = m. Hence, we have proven the result by using

mathematical induction.

Since x1, x9, T3, T4 are the roots of the equation % — 23 sin 28+ 22 cos28 —x cosf—sinff=0

2y :x1+x2+x3+z4:—¥m:51n26
S xixo = cos2p

S xixowy = cos B

and Y xjworgry = —sin

Now tan[tanfl #1 + tan ' zo + tan L ag + tan”! zy4] = 17%2;5222;4

~ sin2B—cosfB _ 2sinfcosf—cosf
T 1—cos2B—sinB ~  2sin? f—sinf




89.

90.

91.

93.

94.

Answers of Inverse Circular Functions 349

=cotf

= tan[tarf1 21+ tan ' 2o + tan " 2g + tan”! S tan(§ — ,8)
-1 -1 . -1 . -1 _ T
=tan " x;+tan g +tan Cxgt+tan zg=nm+5— 153

Let cot_1<cot %) =60=coth = cot(w +g>

:cotg:> ng

Let sinfl(sin5) =60 =sinf =sinb = sin325—2”:sm(7r+123—2”>
= —Sinlzg—zﬂéSin@:—sin%:—sin(w—%)

0= —g—g: 5—2m

Let cos ™! (cos %) =0 = cosl = cos(27r — %r)

= cosf=cos = p=2"

4 4
. Let cos_100510=6‘:>c080=c0510:cos§i511=cos(37r+%)
_ 2T =9\ _ —97
= cosf = —cos 7= COS(TI’+~——~‘11 ) =cos 37~
_ =97
=0=97

Given, sin(? tan™! %) + costan~ ' 2v/2

1

_123 _
= sin tan 11—31+coscos 1%
-9
—sintan—13 41— gingin—124 1
=sintan ~7+3z=sinsin “g+3
_3,1_14
“5T3T15

Given, cot[cot ™ 7 + cot ™1 8 + cot ! 18]

-1 % -+ tan~! % + tan~! L

cot ™17 + cot™18 + cot~ 118 = tan 18

1,1
_ =t+3 _ _ _
= tan 1<17 8 )than 1i—tan 115+tan 1T1§

11 18— 55
78
3 1
... -13 11 ~1 _i1'18
= tan ﬁ+tan Tg—tan 51T
11°18
_..o-1 65 198 . 11 __ 1
= tan 'A198"‘195_tn 3—cot 3



Answers of Inverse Circular Functions

wcot[cot 174 cot 18+ cot 71 18] =3

95. We have to prove that that sin~! g +cos™! % +cot™ ! g-g = g
sin™? % = tan71%
cos™ ! % = tan " 1%
cot ™! gg = tan ! g%’
~sin”? g +cos™! % +cot™! % = tan~! % + tan~! % +tan~! %
=tan"! %jél%i + tan ! %
412
= tan 2—2 . g—g +tan~! %g = tan ! gg +tan~! g%

We know that tan~! 2 4 tan™* % = /2 denominator will be zero.

Hence, tan % + tan~! % =m/2

T

96. We have to prove that 2cot™' 5 + cot 71T+ 2cot71 8 = 1

1

_ _ 1 23 _
2cot ™16 = 2tan 1%:tan L5 — tan 1%
1—
25
1
2cot™18 =2tan™! 1 tan™? 25 _ tan 1 L8
= 8~ PR 63

.15 11 116
L.H.S. = tan g tHtan "= +tan &

5 16
1 i5tas 11 _ 11
= tan ! “50g + tan 17:tan lg—i-tan 17

12°63

2 =tan”' 1 =7 =RHS.

3
1-2

=tan~!

R

97. We have to prove that tan™' 1 + tan ' 2+ tan"13 = 2<tan71 1+ tan! % + tan"! %) .

—11+2

—1
19 +tan™ " 3

LHS. =tan '1+tan"'2+tan"' 3 = tan

=tan "1 (=3) +tan 13 =nx

1 1+1 _
1L*‘can I

—14 _
2tan” " 1 =tan {57 =

2.1
421 =tan~! 4
1—3 3

2tan"! % =tan~!



98.

99.

100.

2.1
2tan~! % = tan~! 3= tan™! g
l1—5
Now tan™ ' z + tan™! % =2nm+ g
~ R.H.S. =n7
Given A = tan™! % and B = tan"! %, we have to prove that cos2A = sin4B.
- -11_ -1 7 _ T
cos A = costan™ " = = cos cos 755 = 755
_ 2 5 49 _ 48 _ 24
COSZA*QCOS A—l—?m— =350~ 35
cos B = costan™! % = coscos ! iv) = sin B = %
. o 2p_ 1y_4_ L 3 (59
sindB = 4sin Bcos B(2cos“ B—1) = 4. S 10(2.10 1)
_12 8 24
—10°10 25
Hence, cos2A = sin4B.
—1 x —1 x -1 1
We have to find the sum tan Tia= T tan Tygsgz T T tan TratmiD?
tan™! ﬁ =tan ' 2z —tan " 'x
tan ! ﬁ =tan"! 3z — tan"! 2z
tan ! m =tan "' (n+ 1)z —tan ! nz

Adding, we get
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-1_ =z -1__ =z -1 1 _ -1 _ -
tan” ;o ttanT s . F tan 1+n(n+1>x2—tan (n+1)x —tan
_ —1 nc
=tan " e
We have to find the sum tan ' —% — + tan~! - + + tan~!

1+aias 1+aszas
ai, ag, ..., ap, Gn4+1 form an arithmetic progression with common difference d.

-1 d _ —1 az—a1 __ -1 _ -1
tan Thraras = tan Tharas — tan” ~ag —tan " ap

—1 d _ —1 az—ai __ —1 _ —1
tan TTasa; = tan Trapas — tan” " ag—tan " asg

~1 d O e U | _
tan FE—— tan Thananiy — tan " ap4+1—an

1

d
1+anant1’

Z27x>0.

T

where



102.

103.

. We have computed sin™
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Adding, we get

1 d -1 d -1 I | 4ol -1 nd
+ tan + ...+ tan =tan "~ ap41—tan " aj =tan EE—

1+ajaz 1+azas 1+anani1

tan
Lsin = 5 — 2, so we can rewrite the inequality as 5 — 27 > 22— 4z

or 22 — 4z + 27 — 5 < 0 which is a quadratic equation having positive coefficient for 22. Thus it
will be

(z —a)(z—pB) <0 for the above to hold true.
N P 4—«/16—24(27r—5)] [a: o 4+\/16—4(27r—5)} <0

=z€(2—vV9—2m,2+V9—2n)
Given, tan™! y=>5 tan~! z, which we can rewrite as tan™! y=2 tan 'z +3tan" 'z

—13x—x3
1—3x2

R.H.S. = tan ! 131;2 + tan

— ap—122(1-322)+(1-2?)(3z—2?)
=N e (T30 o7

—12zx—6x3+3x—x3—3x34+25

=tan s e G 0t

25—1023+ 2z

=Y = 5100741

Let tan~' 2 = 18° then tan 'y = J = 52* — 102> + 1 = 0.

Let cos ™tz = a, cos™ ! y=20, cos™lz= ¥

= cosa =x,c08 3 =y, cosy =2

Also, given a+ f+~y =

andx+y+z:g:>cosa+cosﬁ+cos'y:%

Let z = cosa + cos 8 + cosy and angle v be fixed then
a+p a—pB

Z = 2¢08 =5~ cos —5— + o8y

:2sin100sﬂ+cos
2 2 v

Since 7 is fixed, cosy and sin% are fixed. Only changing term is cos ﬁ;@

Clearly, z will be maximum if cosanﬁ =lie.a=p

Similarly, when angle 5 is fixed, z will be maximum if v = «
and when angle « is fixed, z will be maximum if § =~

= z will be maximum if o + 5 4+ v = 60°
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:>zmaw:cos60°+cos€0°+00360°:%
Sa=0=v=60=>2x=y==z2

104. Let sin_lx:a,sin_ly:/ﬁ,sin_lz:'y
=sina=uz,sinff =y,siny =z
Also,a+f8+y=m
Sa+f=m1m—v
= cos(a+ f) =cos(m—7)
= cosacosf —sinasin f = —cos vy
VTSI —ay— T2
=>V(1-22)(1—y?) =ay—V1-22
Squaring, we get
(1—:r2)(1—y2):x2y2+1—z2—2wym
éx2+y2—22:2xym
Squaring again, we get
x4+y4+z4+4x2y2z2:2(x2y2+y222+z2x2)

105. Let tan 12 =0, tan~ ! g = ¢

a
B
:.tanﬁz%,tangzﬁzg

3

LHS =

+
2 sin2g 2 cos2%

o 043 63

" 1—cos@ + 1+cos ¢

_ o3 33

R T w—
Va?+p2 Va?24+p2

Syt A

(25752 (a?+p%)—a?
= Va2 + BPla(Vo? + B+ B) + B(vo? + 72— a)]
=(®+8%)(a+p)

106. We have to prove that 2 tan™* [tan%tan(7r — g)] = tan~ ! [w]

1 sin f+cos o

L.H.S. = 2tan~! [tan % tan(% — g) ]
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&

ing
Sing

@

and tan

g = g and simplifying we arrive at the desired result.
C

Substituting tan 5

107. R.H.S. = tan~![tan®(a + beta) tan® (o — 5)] + tan™1 1

1+tan?(a+f) tan?(a—beta)
1—tan?(a+p3) tan?(a—beta)

= tanfl[

-1

—t cos?(a+pB) cos?(a—B)+sin?(a+B) sin?(a—B)
= tan cos?(a+f3) cos?(a—B)—sin?(a+p) sin?(a—pf)

=tan~!

4 cos?(a+p) cos?(a—pB)+4sin?(a+ ) sin?(a— ﬁ]
4 cos?(a+p) cos?(a—pB)—4sin?(a+B)sin?(a—p3)

= tan—

2 cos(a+pB)cos(a—pB)}2—{2sin(a+pB)sin(a—pB)}?

=tan~!

cos 2a+cos 28)?+ (cos 28—cos 2a)?
cos 2a+cos 23)%2—(cos 28—cos 2 )2

1[2cos? a+2cos? B
= tan 4cos2acos 3

=
|
1[ {2cos(a+B) cos(a—p)}2+{2sin(a+f) sin(a—f5)}? ]
k
[t
il

cos 2asec2f + 5 cosﬁsec oz] = L.H.S.

1
= tan— 5

3—4z? _ 3—4z? _ ¢t
108. Let 4/ e =t= Vo =3

~RHS. =2tan ' § — tan !¢

1, . -1 4 1
t=tan " 1= —tan 't
4

4t
—14-¢2
4t2
4-¢2

= tan =tan !

t3
4+3t2

-1 y _ -1t
= cot M17z27y2 = tan I3

l—ag?—y? 46
= T T 9@T242116

1—x2 6
—1=cx )
Y 9t*+24t°+16

1—22 _ t549t4+24t2+16
y2 T 9tt4+24t2+16




109.

110.

111.
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2 _ 9t +24t%2+16 2
=Y = mromanzye L —2)

We know that 2 +4 = % from our initial equation.

2 2 4 2
2 _ (t2+4)2+8t1416t (1—22)

=Y 21 1)(12+4)2

Substituting for ¢ and simplifying, we obtain

27y? = 8122 — 1442* 4 6425

Given mtan(a—60) ntané
cos?20  ~ cos?(a—0)
= m sin 6 cos 6 _ __sin 20

n ~ sin(a—0)cos(a—0) ~ sin2(a—0)
Doing componendo and dividendo, we get

n—m _ sin2(a—0)—sin20

m+n "~ sin20+sin2(a—0)

n—m __ cosasin(a—20)

= mtn sin o cos(a—20)

—~n-m _ tan(a—26)

m-+n tan o
=a—20= tan*1<"7m> tan «
m+n
=0= % [a — taIfl(u) tana]
n+m
. s —lz '—1E7'—1C_2
Given, sin ~+sin g =sin"

r_ < _y_y _ ¢
i 1 b b 1 a’b?
1 2 Pl
4y _ ¢ __ < v
= +b 1 a?b? "~ ab 1 b2

Squaring both sides

Z2 2 C4 2¢ c4 c4 2
=t (1)t = e (- 6)

=222+ 2zyy/ A — =t - a2y2

_ 43
We have to prove that tan" 1t + tan~! == tan ™! ft_giz
—1 3t—t3

LHS. =tan 't +2tan 't = 3tan 1t = tan T

355
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113.

114.

115.
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If a>x > bora< z<bthen the fractions under square root are positive and less than one.
So the angles are defined.

-1 Ja—=x _ . —1 / a—x _ . —1 [xz—b
COSs H—SIH 1—ﬂfsm ry
Given, cos ™! \/E+00871 V1 —;D—Q—cof1 vV1—gq :%Tﬂ.
=cos Ly/p+sinty/ptcosTt/T—g= %ﬂ
1 3
=Z+cos /1—q="F
:>cos_1\/1—q=g:>1—q:%:>q=%

For cos™* /D to be defined 0 < p < 1 and then cos 11— p will also be defined.

Given, tan™ !z 4+ cot 1y = tan"! 3
= tan !z + tan~! é =tan"'3
1
1Tty —
= tan 1—g:tan 13
-3
Ty+1 _ 3xz+1
y—x 3=y= 3—x

When z is positive, numerator is positive. For denominator to be positive = 1, 2 (considering
only integral values). Corresponding values of y = 2, 7. We can see that both solutions satisfy
the original equation.

. . . _1b . .
Given sin 1%‘3+sm 1%ﬁzsm L4 so we can infer —1<z<1
. 2.2 p242
Also given, A2+t =c2=%Z = 22
C C

2.2 2.2
From first equation,%\/l—bc—g-i-b%\/l_acg =z

ax b2z? | bx a’x?
:>$[71/1— o —I—?Ul— p —1}:0

2,.2 2,2
Eitherx:()or%\/l—bcg +IE)\/1_U«C§ =0

= a\/02 — b2+ b\/c2 —a?2?=c?

= aVc? =222 =2 — bV ? — aPa?

= a2c? — a2v%2? = * + 2% — a®b%2? — 26V P — a%a?
= a?c? — b2c® — ¢t = 20>V ? — o222

=a?—b?—c? = 20V — a®2?



116.

117.
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= —2p% = —2by/ 02—a2x2[~: a2+ b% = c2]
b=Vl —d®’=d??=2-v’=d>=z=+1

Clearly, x = 0, £1 satisfy the equation.

Let f(z) = sin[2cos  {cot (2tan™ z)}]

=sgin|2cos™ {cottan 1 QIQH
1—x

|
= sm[zcos <cot cot™! 1*902)]
|

p)
When f(z) = 0, we have (1 —z?) 17(17?2) =0

= (1—22)Ver?—1—2*=0
Either 1 —22=0or V62°—1—2*=0
:>w=i10rm4—6x2+1=0

p? =0 — 34 2V2 = (1£v2)?

=+(1+£+2)

r=+1,+(14+2)

2tan 6
3sin 20 ‘1+tanZ6

5+4dcos20 1-tan26
5+41+tan2 0

6 tan 0 2tan ¢

T 9+tan26 ~ 1+tan?o

where %tan 0 = tan ¢

=sin2¢

3sin 260 >

Given equation is # = tan~ ! (2tan? ) — —sm l<m

= tan~1(2 tan? 6')—-s1n sin2¢ = 6

= tan !(2tan?6) — tanflétane =0

357
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119.
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_1| 2tan? 9—%tan 0
= tan

1+2tan? 0%tan 0

tan 6(2tan0—2
7( 5 3) =tané
1+§tan3 (4

ﬁtan@[%—l] -0

Iftan0=0= 0 =nm

I g 1

= tan® 0 —3tanf+2 =0 = (tanf —1)?(tanf +2) =0
Either tanf =1 = 9:n7r+%

or tanf = —2 = 0 = nw + tan" 1 (—2)

tan~1 2z + tan~! 3z = g

= tan~ ! 3z = g —tan~ ! 2z
= 3z = tan(g —tan~ ! 23:)

3z — l—tan(tan '2z)  1-2z
T l+tan(tan"12z) T 1+2z

=6224+3r=1-2r=622+5x—1=0
= (z+1)(6xz—1)=0

:>1::—17%

358

When z = —1 L.H.S. is negative angle but R.H.S. is positive so it is not a solution. However,

1
6

2
Given, sin 1| == | + cos7![ 2 | =2
iz z 2

+5 1+T

- 29:)73_ —1/( 2x2 T | 2x2
= sin <—£+2 =5 — Cos (—2+m2 = sin 5122

2¢ _ 2z2
= orz T 2122

for x = = satisfies both sides are positive and balanced.

1 T _
ih[m‘ﬁ]”

:>1::()0r2+$2:2x+:r2:>:c:1

But 0 < |z|<V2=2=1
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. —1 . -1 3 o
120. Given, tan™ ~ /z(z + 1) +sin" " Va“+z+1=5

R v ovaTE —1Va®tz+l _w
= tan .’L‘(Jf“l‘l)‘“tan Wii

VaZioil
ta,n1|: Va(z+1)+ sy o
22ioil | 2

17\/m(ac+1).m

=1-Val+z+1=0

=z=0-1

Clearly both these values of = satisfy the equation.

121. This problem is similar to 115 so x = —1, 0, 1.

122. We have to solve sin™' (1 —z) —2sin ' o =J
Let x =siny

= sin (1 —siny) —2y=g

= sin (1 —siny) =5+2y
:>1—siny:sin(g+2y> = cos2y = 1—25in2y
= 25in2y—siny:0

=22 —2=0

=0,

But z = % does not satisfy the equation but = 0 does so it is the required solution.

1

123. Given equation is tan ! z 4 tan 'y = tan" ' k

= tan~ ! fﬂ =tan" 'k
—zy

x+y:k

= l—zy

For k> 0,1 — 2y > 0 = 2y < 1 which implies both = and y cannot be positive integers.

124. We have to solve tan™! i—i 4 tan ! QJT*I = tan" 1 (—7)

z+l  z—1
—+v
z 1

z—1" x

2 +x+a’—2zx+1
g —— =-T
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126.

127.

128.

129.
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=22 —z+1=T2—7

=27 —8r+8=0=22—4dx+4=0=2=2

1 1

We have to solve tan™ alil =tan~! % +tan !

a?—x+1
1 a?+1
a1 alzx—z?+x—1
=(a—z)(a®—a—x+1)=0
r=a,ad’—a+1
| —-1 2z _ 2w
We have to solve cos STt Ty =

**Case I:** When z > 1 given equation becomes 7 — 2tan ' 2 + 7 — 2tan™ 'z = %ﬂ

le=Z=2=v3

= tan 3

**(Cage II:** When z < 1 given equation becomes 7 — 2tan™ 'z — 2tan™' z = 2r

:>x=tan1:\/§71:27\/§

12 V341
: _ 1 zV3 o —12z—k
Given 0 = tan™ " 5— and ¢ = tan e
zV3 _ 2z—k
_ —12k—=z  kv3
0 — ¢ =tan Tk
k' 2k—x

— tap—! L 224222 2kz
- V3 2k?+2x2—2kx

2 2 11
If 20* 4 2k“ — 2kx #+ 0 then § — ¢ = tan 5=%

. _ _ . 1 3
Given tan" 'z 4+ cos™P —L— = gin"' =
+ o Vi0
= tan~ ! é =tan '3 —tan"lax
1 3—x
= y  1+3z
_ 143z
— 3—=xz

Clearly, for x > 3 there can be no solution as y becomes infinity and negative for those values.

When z =1,y =2 and whenz =2,y = 7.

Given equation is an identity except for range. For sin~!tsv1— 22 range is [—g, g]

For 2cos 'z range is [0, 27] so common range is [0, g]



130.

131.

132.

133.
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:>0§2cos*1x§g

1

=7 <z <1, since cos is a decreasing function, so inequality is reversed.

e - 1 —1 142
We have to solve sin™! —%— — sin™! = sin
V1422 V1422 1+az2
o 1a2-1_ . 1 14z
=sin T =sin T
52— -2=0=2=-1,2
owever, the equation is not satisfied for x = —1 hence x = 2 is the required solution.
H , the equat t satisfied fi 1h 2 is the req d solut
. . . _ 1 a—b z| 71[b+acosx]
Given equation is y = 2tan [ rertan 2] COS | uThoos s
ROS. = tan_l 2 %tang B an_l Va?—b%sinz
e T 1_a-bi 22 b+acoszx
a+b 2
tan L 2\/a2—b2tan§ tan L 2 az—b2tang
= tan ... AV

an —_——
(a+b)—(a—b) tan?3 (a+b)—(a—b)tan?3

= 0 which is a constant provided a > b > 0

—1 21

tan " 5z

=tan (i 4+i+1) —tan L(i2—i+1)

Subtituting s = 1, R.H.S. = tan '3 —tan~' 1
Subtituting ¢ = 2, R.H.S. = tan™' 7 —tan"'3

Subtituting s = 3, R.H.S. = tan ' 13 —tan"1 7

Subtituting i = n — 1, R.H.S. = tan" ! (n? —n +1) —tan ' (n? — 3n + 3)
Subtituting i = n, R.H.S. = tan ' (n® +n+1) —tan ' (n? —n+1)

21

Adding, we get > ;- ; tan ! ST =

tan ' (n?+n+1)—tan"'1
—1 n2+n

=tan "oy

ty = cot™! <n2 + %) = cotfl(

- +3)—(n—3
=tan~! - 1471 - 1(" 2)l (" 722
+n*—z +(n+2)(n 2)

4n2+3
4

=tan~! (n + %) — tan_1<n — %)
Putting n =1,t; = tan~! g — tan_lé
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: —-15 —-13
Putting n = 2,ty = tan™ " 5 —tan™ " 5

Putting n = 00, too = tan_1<oo + %) — tan_l(oo — %)

Adding, we get S = tan™! <oo + %) —tan~! %

_m —-11 _ -11_ -1
=5—tan "5 =cot "5 =tan 2

s

134. We know that tan 'z + cot Lz = 5

So given equation can be written as (tarfl x4 cot ! x)—2 tan ! x(z —tan~! z) =

2
2
= 2(tan" ! z) —man—lx—i’%:o
stan lo=—T3To =1
=-19 =

1 1 1

135. (sin Y a4 cos tx)3 = (sin"tz +cos L) [(sinta + cosTl )% — 3sinT zcos ! x]

Least value of sin™! —% = 0 and greatest value is 3%
3 2
Hence greatest and least values of the required expression are % and %

s

136. Let cos 'oz =a € [0,7] and sin ty=b e [—g,ﬂ

IS

2
Wehavea-i—bQ:%andabQ:T—ﬁ.

Since b2 € [0, 72/4], we get a + b% € [0, w + 72/4]
pm? 2

=0 =s7m+7

=0<p<i+l

Sop=0,1,2

Sincea€e R=D >0

pPP4=p=2
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137. Given tan™' z, tan "'y, tan"! 2 are in A.P.

= 2tan~! Y= tan~' z + tan" ' 2

2y _ x+z

= 1—y2~ 1-zz

Ifx,y,zarein AP.2y =2+ 2z

=1-

—<Izz)2 =1—zz

:>(a:—z)2=0:>x=y=z

1 z r2=tan*1(n+1)mftan71 nx

138. tn = tan W

t] = tan"! 2z —tan "'z

to = tan" 1 3z — tan "' 2z

tp =tan Y(n+ 1)z —tan L nz

Adding, we get S = tanfl(n +1)z— tan 'z = tan~! W = R.H.S.
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Trigonometrical Equations

Given equation is sinf = —1
= sinf = sin(—%)
=0=nr+ (71)”(—g>

0 =nm+ (—1)"+1g where n € I.
Given equation is cosf = —%
cosf = COS%7r =0= 27’L7’l':|:2?7r where n € I.
Given equation is tan 8 = —/3

T

™
= tanf :tan( 3) =0=nn+ <—§>
:nﬂ'—%wherene 1.
Given equation is sec = —/2

ésec@zsec%é@zan:t?%where el
Given equation is sin 80 = sinf = sin 96 —sinf = 0
= 2cos50.sin40 =0
Either cos50 = 0 or sin46 = 0
T

=50 = (2n+1)5or 40 = nx
0="F, (2n+1){; where n € I.
Given equation is sin 5z = cos 2z
= cos2x = cos(%— 53:)

s
2r = 2nmw + (5—5x)

x=(4n+1)ﬁ,—(4n—1)%wheren€]

Given equation is sin3z = sinz = sin3z —sinz =0
= cos2z.sinz =0

Either cos2x =0 or sinz =0

364
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=2r=(2n+1)Forz=nn
x=mnm, (2n+1)F where n € I
Given equation is sin 3x = cos 2z = cos2x = cos(g — 3x)
s
:>2w:2n7ri(573z)
r=20T4 T _opr4 X
~75 T100 2
Given equation is sin ax + cosbx = 0

= sinax + sin(g— bx) =0

25 (] + 28) con (205 - ) =

Bithr = sin(§-+ S5222) =0 orco(£522 ) =

—b +b
:>%+(a2)$:’n7TOI' <a2)w—g:(2n+l)%

x_szg (2n+1)7m+5
~ a-b a+b

Given tanz tandx = 1 = sinx sin4xz = cos x cos 4
= cosx cosdxr —sinxsindr =0

_ _ ™ o (2n+)w
cosbr=0=br=(2n+1)5 =2 ="5

Given equation is cos € = sin 105° 4 cos 105°

sin 1057 = sin (60" + 45°) = L2

1—

&

cos 105° = cos(60° + 45°) =

3

_ 1 — s
:>cos€-\/§:>0—2mrj:4

. Given equation is 7 cos® 6 4 3sin? 0 = 4

:>4cos26'+3:4:>cos€:i%
Ifcos@z%é@zZmrj:%

Ifcos&:—%:>t9:2mrj[%7r

365
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13. Given equation is 3tan(6 — 15°) = tan(6 + 15°)

tan(6+15°) _ 3

tan(6—15°) — 1
Applying componendo and dividendo

tan(6+15°)+tan(0—15°) 4
tan(0+15°)—tan(0—15°) — 2

sin(6+15°+6—15°)

Sin(0+15—0+15°) 2

=
=sin20=2=20=nr+(—1)"5=0="0+(-1)"

14. Given equation is tanz 4+ cotx = 2 = tan?z —2tanz +1=0
= (tanz—1)2=0= tanz =1 Sz=nr+7J

2a=sinf=+sina

15. Given equation is sin? 6 = sin
0=nm+«

16. Given equation is tan?z + cot?z = 2
=tantz —2tan?z +1=0= (tan?2—1)2=0
tanx::l:éx:mrjzg

17. Given equation is tan?z = 3csc?z — 1
= tan?z =2+ 3cot? & = tan* 2 — 2tan®z —3=0
= (tan?z + 1) (tan’z —3) =0
If tan? z + 1 = 0 then z will become imaginary.
-'.tanx:i\/géa::mrig

18. Given equation is 2sin? x + sin? 2z = 2
= 2sin? 2 4 4sin? zcos? & = 2 = sin? z + 2sin? (1 —sin?z) =1
= (2sin®z—1)(sin?2—1)=0
= sinzr = i% or sinx = 41
:>x:n7rj;§, (2n+1)g

19. Given equation is 7Tcos?x + 3sin’z =4

:>40052x+3:4:>cosx=j:%
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Ifcosx:%:x:%mi%
Ifcosac:—%éacz?mrj:%7T
20. Given equation is 2cos2x+m:2
= V2sinz = 2(1 — cos 2z) = 4sin’
= 23inm<1—2\/§sin2x>:0
Eithersinz =0 = z = n7m where n € I
3

.2 1 . 1
or Sin?x = —= = sinx = 5
2v2 2

=z=nr+(-1)"

S|

21. We know that tan2§ — l-cosz

~ l+4cosx
. l—cosxz) _ l+4cosz
"8<1+cosa¢> =1+ secx = cosx

= 8cosx —8cos?x = (1 + cosx)?

= 9cos?z—6cosz+1=0= (3cosz—1)2=0
1

1 _
COST = 5 = & = 2NT 4+ oS

1 .
3 3 where ninl.

Check 5 # (2n4 1) 5 and cosz #= 0 else equation will be meaningless.
=2z # (2n+1)7 and z # (2n+1)g

. L 1
22. Given equation is cos x cos 2z cos 3z = 1

= (2cosxcos3x)2cos 2z = 1 = 2cos 4z cos 2z + 2cos? 20 — 1 = 0

= cosdz[2cos2z +1] =0

3 — — s
Ifcosdz =0=2=(2n+1)g

If2<:052x-i—1:0:>29::2mr:|:%7r

xzmrj:%

23. Given equation is tan z + tan 2z + tan 3z = 0

tanx+tan2x 0

= tanx+tan2x+4l_tanxtan2x =

= (tanz + tan2z) (1 +—17tanitan2w) =0
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26.

. Given equation is 2 sin? 2 — 5sinz cos z — 8 cos

Answers of Trigonometrical Equations

If tanx +tan2x =0 = tanz = —tan2zx => x =nw — 2 = & = -

1 . _
U1+ rtans, = 0 then tanz tan 2z = 2
tan?z
1—tan?z

zlétanx:i%

_ -1 1
T = nm 4+ tan 73

4. Given equation is cot z — tanx — cosx + sinx = 0

cos? z—sin? x

: — (cosz —sinz) =0
cosSTsIinxT

= (cosmfsinx)(wfl) =0
cosTsinT
If cosz —sine =0=tanxz =1 :>x:n7r+g

cosx+sinx
BT LS gy )|
cosxsinx

= cosx + sinx = cosxsinx

Squaring, we get 1 + sin2x = %sin2 T

= sin2r = 2 4+ 2V/2
However, 2 + 2v/2 > 1 which is not possible.

= sin2r = 2 —2v/2 = sin« (let)

2p=-9

Clearly, cosx # 0 else sin?

x = —1 which is not possible.
Therefore, we can divide both sides by cos® z which yields
2tan?z — Htanz — 8 = —2sec

= 4tanz —5tanz — 6 =0

= (tanz —2) (4tanxz +3) =0

Thus, £ = nw + tan~ 1 2, br + tan ™! (%)

Given equation is (1 —tanz) (1 +sin2z) =1+ tanz

2tanz

= (1—tanz)<1+1+tan2z

):1+tan:c

= (1—tanz)(1+tanz)? = (1 +tanz) (1 + tan®z)

nm
3

368
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Answers of Trigonometrical Equations 369

= (14 tanz)[(1—tanz) (1 4 tanz) — (1 +tan®z)] =0
= (14 tanz)(—2tan®z) =0

Iftan?z = 0= tanz =0 = = = nr
Ifl—b—tanx:()éx:mr—%
where n € 1

Given equation is 2(cosz + cos2z) + sin2z(1 + 2cosz) = 2sinx

3 5
:>4c0s7$cos—+251n7$cos 2s1n2(:os§ 0

= 2cos % [2005 +sm§2~—sm2] 0

= 2cosZ [2005 +2CO§ bmx] 0
:>4cos%c083§[1+sinx]=0

Ifecoszg=0=az=2n+1)7

2

Ifcos%zo:x:(2n+1)g

If1+SIHI:0:>z:n7r+(_1)n+lg

So the values in the given range are v = —m, —
Given equation is 4cos? zsinz — 2sin? z = 3sinz
= sinz[4cos® x — 2sinz — 3] =0

= sinz[4 — 4sin®z — 2sinz — 3] = 0

= sinz[4sin?z + 2sinz — 1] =0
Ifsint=0=x=nn

If 4sin®z + 2sinz —1=0

sinaz:i\/g
1
. 7714’\/‘ n T
If sing = —= = sinz =sin {5 = = =nr + (=1)"
If sinz = 71;\/5 = sinx = —sinb4° = sin(}—?)
n+13m

=z=nr+(-1) o
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30.

31.

32.

Answers of Trigonometrical Equations

Given equation is 2 + 7tan? z = 3.25sec? z
= 8+ 28tan®z = 13sec?z = 13 + 13tan’ z

2, - — 41
= 15tan {E—5:>tanl'—j:\/§

:x:nwi%

Given equation is cos 2z + cos4x = 2cosx
= cosdx + cos2x —2cosx =0
= 2cos3zxcosx —cosx =0

2cosz[cos3z —1] =0
s
fecosz=0=2=(2n+1)5

Ifcos?mc—lzoé?mc’:2n7T:>ac:2nT7r

Given equation is 3tanx + cotz = 5cscx

3sinz | cosx _ 5
cosT sinz ~ sinz

=

= sinz(3sin? x 4 cos? ) = Hsinx cos z

= sinz(2sinx —5cosz+1) =0

= sinz(2cos?z + 5cosz —3) =0
=sinz(2cosz +3) (2cosz—1) =0

sinz # 0 because that will make cscz and cot xoo.
2cosx 4+ 3 # 0 because —1 < cosz <1
.‘.QCosx—l=0:>cosx=%:>x:2n7rig
Given equation is 2sin?z = 3cosz

= 2cos’z+3cosz—2=0

= (2cosz —1)(cosz+2) =0

cosz #2+—1<cosz <1
.'.ZCosx—1=0:>x=2n7rj;g~V~nEI

57

wp =1 O
O§x§27r..1:73, 3

370
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34.

36.

Answers of Trigonometrical Equations

Given equation is sin?z — cosz :%
= 4sin?z —4cosz =1=>4—4cos’z —4cosz =1
= 4cos?z +4cosz—3=0

= (2cosx +3)(2cosz—1)=0

cosz #2+—1<cosz <1
-~.2cosx—1:0:>x:2n7ri%~V~ne[

5
3

0<z < 271'.'-:13:%,
Given equation is 3tan?z — 2sinz = 0
= 3sin?z — 2sinzcos?z =0

= 3sin?z — 2sinz + 2sin®z =0

= sinz(2sin® z + 3sinz —2) =0

= sinz(sinz +2) (2sinz —1) =0
sinz # —2+—1<sinzx <1
Ifsint=0=z=nr

If2sint —1=0=z=nr+(-1)"5

Given equation is sinx + sin 5z = sin 3z
= sin bz —sin 3z 4+ sinx =0

= 2cosdxsinz +sinz =0
sinxz(2cosdx +1) =0
Ifsihr=0=>z=nr~V~zxecl
If2cosdz+1=0=4x = 2n7rj:%75

nim s

T 7w 27 5w
Thus, x =0, 7 andx:g,g,?,F
Given equation is sin 6z = sin4x — sin 2z
= sin 6z + sin 2x — sin4z = 0

= 2sin4x cos2x —sindxr = 0

= sindz(2cos2z —1) =0
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38.

39.

Answers of Trigonometrical Equations

IfSiIl4.’L’=O:>1':%ﬂ:

If2cos2$71:0=>cos2:v:%:>2$:2mr;tg
s

:>x=n7rjzg

Given equation is cos 6z 4 cos4x + cos2x +1 =0

= 2coshzcosz + 2cos’ z = 0

= 2cosz(cosbxr +cosz) =0

= 4cosxzcos2zcos3r =0

Ifcos:r:0=>:r:2mrjzg

Ifc0s2x:0:>x:n7rj;g

Ifcos?m:zOéa:anTﬂjz

=E

Given equation is cosx 4 cos 2z + cos3x =0
= (cosx + cos3z) + cos2z =0

= 2cos2xcosx + cos2x =0

= cos2z(2cosz+1) =0

Ifcos2c =0=z=(2n+1)]

IfQCosaH—l:O:>ac:2n7ri%7T

Given equation is cos 3x + cos 2z = sin %3 + sin;

5 .
:>2cos§cos§—2sm:ccos%:0

= 2cosg[cos%w—sinx] =0

IfCOS%:0:>%:(n+%>7T

z=02n+1)7

bx . T
If cos 5 = sinx = cos<§—1:)

:>57w:2n7r:|:(g—x>

=z=(4dn+1)n/7, (4n—1)7/3

T 5T 9 137
77T

Thus, between 0 and 27 the values of z are

T T



41.

42.

43.

44.

Answers of Trigonometrical Equations

. Given equation is tan z + tan 2z + tan 3z = tan x. tan 2x. tan 3z

= tanz + tan 2z = tan 3z(tanx tan 2z — 1)

tanx+tan 2z

= I—tanztan2z —tan 3z
= tan(z +22) = —tan3z = 2tan3z =0
=3 x=nT=>a :%

Given equation is tan z 4 tan 2z + tanx tan 2z = 1

= tanz + tan 2z = 1 — tan x tan 2x

tanx+tan2x 1

= 1—tanztan2z

:>tan3x:tang

3r=nr+i=r=(4n+1)75

Given equation is sin 2x + cos 2z + sinx + cosz +1 =0
= 2sinzcosz +2cos’z — 1 +sinz +cosz + 1 =0

= sinz(2cosz + 1) + cosz(2cosz+1) =0

= (2cosz + 1) (sinz +cosz) =0

Ifcoscc:—%éx:%m:t%ﬂ

Ifsinx+cosx=0:>tanx:—1:x:nﬂ—g

We have to prove that sinz + sin 2z + sin 3z = cos x + cos 2z + cos 3z

= (sinz + sin3z) + sin 2z = (cosz + cos 3z) + cos 2z
= 2sin 2x cos T + sin 2x = 2 cos 2x cos T + cos 2x

= sin2z(2cosz + 1) = cos2z(2cosx + 1)

= (2cosz + 1) (sin2z — cos2z) =0

IfZ(:osacqtl=0:>x=2n7r;|;%—)7I

If sin2x — cos2z =0 = tan2zx =1 :tangﬁx:%—o—

|3

Given equation is cos 6x + cos4z = sin 3z + sinz
= 2cosbx cosx = 2sin2x cosx

= cosz(cosbr —sin2z) =0

373
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47.

Answers of Trigonometrical Equations

Ifx:0:>x:2mrig

If cos bx = sin 2z = cosbx = cos<g—2a:>
T

:>5x:2n7ri(§—2x)

Taking +ve sign 7z = 2nt+5 =z = (dn+1)75

T

Taling -ve sign 3z = 2nm — 5

:>x:(4n—1)%

. Given equation is sec4x — sec2x = 2

= cos 2z — cosdx = 2 cos 2z cos 4z where cos 2z, cosdx £ 0
= cos 2x — cos 4z = cos 6x + cos 2z
= cosb6x + cosdx =0 = 2cosdrcosx =0

L _ g _ 2nm T
If00551—0:>5x—2n7ri§=>x—~5~i1~6

Ifcosx:0:>:c:2nﬂj:g

Given equation is cos 2z = (v/2+1) (cos T — %)

= (2cos?x —1) = \F\Q/gl (V2cosz—1)

= (\/icosx—l)(\/ﬁcosw-‘rl—l—%) =0
= (v2cosz —1)(2cosz—1) =0

Ifﬁcosm—lezﬂc:Qnﬂig
If200sx—1:0:>x:2mrj:%
Given equation is 5 cos 2x+2cos2%+ 1=0

= 10cos?x — 54 cosx + 2 = 0~ cos 2z = 2cos? & — 1]
= 10cos?z +cosz —3 =0
= (2cosx —1)(5cosz+3)=0

Ifecosz=1/2=z=3[—n<z<m|

T
3

If5cosz+3=0=2=m—cos *



Answers of Trigonometrical Equations

48. Given equation is cot z — tanx = secz
= cosz(cos® x —sin? z) = sinz cos x
= cosz(2sin? z + sinz —1) = 0

= cosz(2sinz — 1) (sinz+1) =0

cosz # 0 and sin # —1 because that will render original equation meaningless.

22sinz—1=0=a=nr+(—-1)"

SE

49. Given equation is 1 4+ secx = cotzg

2T
l4+cosx _ €O873

= =
cos T sin2Z

= 2sin? 5 cos? 5=cosx cos? 5

= COSQ%(QsiHQ%—Cosm) =0

= cos’ 5 (1 —2cosz) =0

Ifcos%=0:>%:nw+%£:>z=(2n+1)7r

If1—2cosx:0:>x:2n7rj:%
50. Given equation is cos 3z cos® z + sin3zsin® z = 0
= (4cos®x — 3cos ) cos® & + (3sinz — 4sin® z) sin® z = 0

= 3(sin 2 — cos? z) — 4(sin® z — cos z) = 0

2 2

= 3(sin z — cos® x) — 4(sin? z — cos? z) (sin? & + cos® z + sin? z cos® z

= cos 2z[—3 + 4{sin® z(sin z + cos® z) 4+ cos* z}] = 0
= cos2x[4cos* z —4cos?z4+1] =0

= cos2x(2cos’x —1)2 =0
= cos® 2 =0

= cos2x =0
2t=nr+5=>x=(2n+1)]

51. Given equation is sin® ¢ 4 sinz cos z + cos® & = 1

:>sin3x+cos3x+sinzcosx—1=0

375
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2 2

= (sinz 4 cosz) (sin“z —sinz cosz + cos“ z) + (sinzcosz —1) =0

= (1 —sinzcosz) (sinz 4+ cosz —1) =0
If 1 —sinz cosz = 0 = sin 2x = 2 which is not possible.

. 1 . 1 1
..sszrcosa:fl—0=>ﬁsmx+ﬁcosx—~\5

s

= COS(Q?—E> = COS4

4

=z —7/4=2nm+7/4="2nn,2nT+7/2

. Given equation is sin 7z + sin4x 4+ sinxz = 0

= 2sin4x cos 3z +sindx = 0
= sindz(2cos3z+1) =0
Ifsinde=0=z=nr/d=>z=7/4~V0<z <7/2

o 4
Ifcos3e=—1/2= 2=, ~V0<z<n/2

3. Given equation is sinz + V3 cosz = /2

Dividing both sides by 2 [we arrive at this no. by squaring and adding coefficients of sin z and
cosz and then taking square root]

1. V3 1
:>551nz+700sz—ﬁ

= sin g sinx 4 cos & cosx = cos §

™ — cos T
:>COS(JJ—6> 7COS4

T _ s
:>m—€f2n7ri4

_ 57 T
= =2nT+ 15, 20T — 5

4. We have to find minimum value of 27°°$2% g1sin2

97€08 2z .81sin 2z _ 33 cos2x+4sin 2z

It will be minimum when 3 cos 2z + 4 sin 22 will be minimum.
Dividing and multiplying with 5, we get

5(% cos 2x +%sin2x>

= 5cos(2x —y) where tany :%

For minimum value cos(2z —y) = —1=cosm =2z —y=2nmw+7
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Answers of Trigonometrical Equations 377

Inrim+tan—12
x = 5 Snel

. . -5
Minimum value will be 37° = 543

Given 3cos2x =1 = cos2x = %

2, l—cos2zx _ 1
= tan"z = l+cos2x — 2

Given 32tan® z = 2 cos? Yy —3cosy

= 32.%: 200s2y—3cosy

:>20052y—3cosy—2=0
(2cosy+1)(cosy—2) =0
vcosy#2=2cosy+1=0
S y=2nr £

Given equation is (1 — tanz) (1 + tanz) sec?z + gtan’z _

= (1 —tan®z) (1 +tan?2) + gten’z _
= 142007 — tant g
Clearly, tan? z = 3 is the solution of the above equation.

:>tan;v::|:\/§:>:c:mrj:%

Values of z in the given interval are +%.

Given equation is e®®% = e~ “% 4 4.

= e2cosz — 4ef08T _ 1 —
S 5T Z 24 |5
If €%°5% = 2 + /5 then cos > 1 which is not possible.

If 9% = 2 — /5 then cosz is an imaginary number. Thus, no solutions for given equation
are possible.

Given equation is (1 +tanz) (1 +tany) = 2
= 1l+tanx +tany +tanxtany = 2

= tanz +tany =1 —tanztany

tanzttany
l—tanxztany
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61.

Answers of Trigonometrical Equations

s
= tan(z +y) = tan

T
=r+y=nmty

. Given equation is tan(cot z) = cot(tanz)

= tan(cotz) = tan(%—tanx)
= cotx =nm+ (g—tanx>
= tanz + cotx = mr—i—%

sin?x+cos?zx __
= sinz+cosxz (277, + 1)7T/2

1
sin 2z

= = (2n+1)7/4= sin2z =1 4

2n+1)mw
We have atanz + bsecz = ¢

= c—atanz = bsecz = (¢ —atanz)? = b2sec?z

= (a2 —b?)tan?z — 2actanz + (2 —b%) =0

378

Given that x and y are roots of original equation so tanx and tany will be roots of last

equation.

2_p2
= tanx + tany :E;ffp and tanztany :;lc‘j‘:‘l{;j

_ tanz+tany _  2ac
= tan(:r + U) T l-tanxztany = a2?—c?

Given sin(mwcosz) = cos(msinz)

s .
= M COSX :§f7rsmx

. 1
:>smz+cos:13:§

1. Fividing both sides by v/2

sinx cos T 1

VT T

™\ _ 1
cos (x + Z) =57
2. Squaring both sides

:>sin2x+cos2x+2sinxcosx:%

= sin2x = —%
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63.

64.

Answers of Trigonometrical Equations

Given equation is tan(z + 100°) = tan(z + 50°). tan z. tan(z — 50°)

tan(z+100° o o
% = tan(z + 50°) tan(z — 50°)
sin(z+100°) cos
cos(z+100°) sinz

sin(z+50°) sin(z—50°)
cos(x+50°) cos(xz—50°

Appplying componendo and dividendo

sin(z+100°) cos x+cos(z+100°) sina __ sin(xz+50°) sin(x—50°)+cos(x+50°) cos(x—50°

sin(xz+100°) cos x—cos(z+100°) sinz

sin 22 +100° cos 100°

sin100° ~ —cos2zx

= —2sin(2z + 100°) cos 2z = 2sin 100° cos 100°

= —sin(4z 4+ 100°) — sin 100° = sin 200°

= sin(4x 4+ 100°) = —2sin 1506 o . cos 50° = — cos 50° = sin 220°
Thus, minimum value of x is 30°.

We have to find z for which tan? z + sec 2z = 1

l+tan2z 1
1—tan?x

:>tan2x+
= tan?z —tan?z + 1 +tan?2 =1 —tan2=x
= tan*z —3tan?2z =0

= tan? z(tan?z — 3) = 0
Iftan’?z=0=z =nnx
Iftan2x23:>x:n7rj:g

Clearly, for all these values tan z and sec 2z are defined.

. . . 4
Given equatlon 1S SeCxX — CSCx = 3

1 1 4

cosx sinz 3

= 3(sinz —cosz) = 4sinzcosz

Squaring both sides

2 2

= 9(sin® z 4 cos® x — 2sinx cos ) = 16sin? x cos” &
= 9(1 —sin2z) = 4sin? 2z

= 4sin? 2z + 9sin2z —9 =0

= (sin2z+3)(4sin22—3) =0

sin2r # 3.4sin2r =3 = o =" 4 (—1)"/2.sin"

3
2 1

sin(z+50°) sin(z—50°) —cos(z+50°) cos(z—50°

379
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Answers of Trigonometrical Equations

Given equation is sin 2z — 12(sinz — cosz) + 12 = 0.
= 1—sin2z 4 12(sinx —cosz) —13 =0
= (sinz —cosz)? + 12(sinz — cosx) — 13 =0
= (sinz —cosz — 1) (sinz —cosz +13) =0
Clearly, sine —cosx + 13 # 0
~sinz —cosx =1

1

éisinm—icosaz*—
V2 V2 V2

_ nmw , ™
Sr=nr+(-1)"7+3

Given equation is cos(psinz) = sin(pcosz)
= psinx = 2n7 + (g—pcos:c>

Taking positive sign

psinz = 2n7r+g—pcosm

= p(sinz +cosz) = (dn+1)3

ésinz-ﬁ-cosa::%
é%sinz-ﬁ-\%cosx:%
= sin(z +7/4) :%
Clealry, %L\J}Tlp)q <1

For smallest positive valuen =0.p = %

Taking negative sing
psinx = 2nm — g + pcosx
= p(cosz —sinz) = —2nmw + 3

. I (—4dn+1)w
Proceeding similarly, p > T

380
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68.

69.

Answers of Trigonometrical Equations

Smallest positive value of p =

T
2v/2
Given equation is cosx + \/§sin:c = 2cos2x

= —COQM + _\/§s2m L — cos 2z

= cos(x —g) = cos2x

= — % =2nm + 22
Taking positive sign, z = —2nw —Z

3

Taking negative sing © = znTW +

©l3

Given equation is tanz + secx = \/3

:>sinac+ 1 :\/g

Cos T Ccos T

= v3cosx —sinx =1

Dividing both sides by 2, we get

V3 1. 1
TCObx—§Slnx7§
T\ _ T
:>005(x+g>—0053
T n
:>m+gf2n7ri3

Taking positive sign
_ ™
T=2nm+g
Taking negative sign
™

T 37

Values of « between 0 and 27 are ¢, 5

However, when x = %ﬂ, cosz = 0 which will be rejected.

S|

3x:§sin2x

Given equation is 1 + sin® z + cos 5

3

= 1+sinz +cos®z = 3sinzcosz

3

= 1+sin3x+cos xz—3sinxcosz =0
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71.

Answers of Trigonometrical Equations

2 2

= (1+sinz +cosz[(1—sinz)*+ (sinz —cosx)
(a+b+c).5[(a—b)2+(b—c)?+ (c—a)?]]

If 14+sinz+cosz=0= cosx+sinx =—1

1 1 . —1
—=COS T —=SINT = —F=
= /38T T 5 NG

T _ s 3T
:>COS(CL'71>—COS ]

T 3w T, 37
Sr—g=2nrtp=r=2nwm+ 3+
else sinz = 1, sinz = cosx, cosx = 1 which is not possible.
Given equation is (2 +v/3)cosz = 1 —sinz

o losine o /3

CcosxT

= 1—sinx 1+sina:: (2+\/§)§:£

cosz "l4sinz

ST L 75 [note that we have cancelled cos x here]

1+sinx 2

- 1+sinz:2_\/§

cosT

o Lisinedlosing _ o /g9 /3

Ccos T

2

1 T
Cosx—4z>cosx—§:>x—2n7rj;§

Since we have cancelled cos x one of the possible solutions is cosx = 0 = x = 2nw +g

Given equation is tan (g sin x) = cot (g cos z)

T . T s
= 5sinz =5 —5cosw
=sinx =1—cosz

= sinx +cosx =1
1 . 1 1
:>ﬁsm:c+«\5cosx—ﬁ
v U
= cos(z —7) =cosg

=T — % =2nm+ %
Taking positive sign @ = 2nm + 7/2

Taking negative sign = 2n7w

+ (cosz—1)2] = 0]+ a® + b3 + ¢3 — 3abe =



Answers of Trigonometrical Equations

sin 6x
sinx

72. Given equation is 8 cos x cos 2x cosdx =
= 8sinz cos x cos 2x cos 4x = sin 6
= 4sin 2x cos 2z cos 4z = sin 6x
= 2sin4x cos4x = sin 6 = sin 8x = sin 6z
= 2cosTxsinx =0
Ifcos?x:0:>7x=(2n+1)g:>x:(2n+1)1%
sinz cannot be zeor as it is in denominator.

73. Given equation is 3 —2cosx — 4sinz — cos2x + sin 2z = 0
:>3—200s1'—4sinx—(1—25in2)+231nxcosx:0
= 2(sin®z — 2sinz + 1) + 2cosx(sinz — 1) = 0
= (sinz—1)(2cosz + 2sinz —2) =0
Ifsinx—1=0:>w=mr+(—1)"g
If sinx +cosz =1

Like previous examples x = 2nm, 2nm +%

74. Given equation is sin z — 3sin 2x + sin 3z = cosx — 3 cos 2z + cos 3x
= 2sin2x cosx — 3sin 2z = 2 cos 2z cosx — 3 cos 2x
= sin2z(2cosxz — 3) = cos2z(2cosz — 3)
+2cosx # 3+ sin 2z = cos 2z
= %cos%c—%sin%r =0
=2x+7/d=nr=x=nr/2+7/8

2

75. Given equation is sin? ztanz + cos? z cot z — sin 2z = 1 + tanz + cot x

sin2 | cos®zx sinx | cosz

= - —sin2z =1 ;
cosxT + sinx +cosz+smz
sin% x+cost z . sin x cos z+sin? x+cos? x
el LS D = -
sinx cos sinx cosx

1

1—2sin? z cos? x
sinx cosx

= -
sinx cos T

—sin2x =1+
= —2sinzcosz —sin2x =1

. _ _ n+lm
=sin2z =-1/2= 2z =nr+ (-1)"""5

_nm +1 7
So="04 (1"
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e
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. 1
Sll’lfl’—*i:fﬂ—‘*ﬁ",w

_ 1 _7T Ir
tanz—ﬁ:>z—67 3

. T
So common value is
Period of sin z is 27 and period of tan z is nw so common period is 2n7w

Thus, most general value of x is 2nm + Zg
_ _ T

tan(z —y)=1=r—y=7,7

2

sec(x+y):\/§:>x+y:g;~6~

Since x and y are positve so z +y >z —y

V\/henx—yzgandm+y:%~7I
_2m, _ 1or
T=%1Y =21

_ 5w _ 1w

When z —y ==+ and z +y = -~
_3n  _Tn
=% Y=m:

General Solution:
T
tan(z —y)=1l=z—y=mn+7

sec(w+y):%:>x+y:2mri%

o T  pi
y=(2m—n)T—H
Given curves are y = cosz and y = sin 3z
For intersection point both the equations must be satisfied, thus

cosx = sindx = cos(g— 3x)

:>:c:2n7ri(g—3x>

T 3T w

So in the given interval values of x are g, — %, 7.
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V3
sinx

From first equation rsinz = \/3 =>r=

Substituting this value in the second equagtion, we get

V3 +4sine =2(v3+1)

sinx

:>4sin2x—2\/§sinx—25inx+\/§:0
= (2sinz —/3) (2sinz —1) =0

n

If 2sine — V3 =0= o =nr+ (1) 3

IfQSin:c—1:O:>z:mr+(_1)"%
T mw 2w 57’
Thus,forogxg%r,x:g’g’?’wﬁ,

Givenx—yzgand cotx 4+ coty = 2

cosx
sinx

4 C08Y _ 9

siny

From second equation

= sin(z +y) = 2sinzsiny = cos(x —y) — cos(x + y) = cos T — cos

= sin(z +y) + cos(z +y) = cos §

:>~1*sin(x+y)+~l~cos(x+y) =1—cosZ
V2 V2 2 3

= cos(z+y—m/4) zcosg

:Mv—o—y—%:erj:%

w+y=2n7rj;g+£

Forn:07x+y:%['~'ac,y>0]

57
:x:ﬁ7y:

]

Given equations are 5sinzcosy = 1 and 4tanz = tany

sinz _ siny

=4 =
cos T cosy

. . 4 .
= 4sinzcosy =sinycosz = ¢ =sinycosz
Thus, sinx cosy + cosxsiny = 1

= sin(z+y) =sing

385
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nTm

>z+y=nr+(-1) 5

and sinx cosy — coszsiny = —g
. 3

=sin(z—y)=—¢

=Sz—y=nn+ (—1)’“3111*1%3

sw=g[(n—k)m+ (=" 5+ (—1)*sin ' 2]

and y =3[ (n— k)7 + (~1)"F — (~1)*sin 1 2]

Given equations are rsinz = 3 and r = 4(1 + sinx)

3

sinx

=7r=
Substituting this in second equation

3=4sinz +4sin?z = 4sin®z + 4sinz —3=0

= (2sinz +3)(2sinx —1) =0

+28in # —3 .- 2sinz =1

r=nm+ (-1)"%

Thus, values of x between 0 and 27 are /6 and 57/6.
Given sinx = siny and cosx = cosy

Clearly, one of the solutions is z = y
z=nr+(—1)"yand z =2n7r+y

~x —y = 2nm is the only other solution.

Given equations are cos(z —y) = % and sin(z +y) = %
™

For positive values of x and y,x +y >z —y

5

.~.x+y:~67f
_ _
2x—~6~:>x—12

386
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General values:

I—y:2nﬂ':|:%
_ m pi
r+y=mr+(-1)"%

T = (2n+m)gi%+(—l)m

Sl

andy = (m—2n)5F g+ (—=1)"

Given curves are y = cos 2z and y = sinx

For them to intersect both equations must be satisfied together. Thus,

cos2x =sinx
:>25in2:c+sinz—1:0

= (2sinz —1)(sinz+1) =0

If2sin:r—1=0:>x:%[-:—325§x§g]
L 1
y = 5. So the point is (%’E)
Ifsinx:—léx:—g
. . T
So the point is <f§,—1>
Given equations are cosz = % and tanz = —1

:>x:2n7ri%andx:m7r—g

2nm :I:% lies in first and fourth quadrant while mn —% lies in second and fouth quadrant.

Thus, most general value will be 2km + aﬂ.

Given equations are tanx = V3 and cscx = —

Sl

:>m:n7r+%andm:m7r+(—l)m+1§

n + % lies in first and third quadrant while mm 4 (—1 )m+1%
Therefore common general value is 2nm + %7[.

Since x, y satisfies 3 cos z + 4 sin z = 2, therefore

3cosz +4sinx =2 and 3cosy + 4siny = 2

387

lies in third and fourth quadrant.
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Subtracting, we get

3(cosz —cosy) +4(sinz —siny) =0

:>6sinxT+ysm +8(zosx—+ysmm2y*0
:>2s1n—[4cos zty 3sml+y] 0
sm’#O TFy
.'.tan%ﬂfgsssm(z—i—y) gg

Lety—2cos Zgin?z = 2%+ 272

= (1+cosz)sinz = [< 2].[<1][+0<z<F]
y <2
2
y:xz—kx*z:(x—%) +2>2

Thus no solution is possible.

. . . _ 342¢sinx
Given equation is y = 15, = —
_ 342isinxz 1+4+2isinx
T 1—2i¢sinz " 1+2isinx

7374511’121?_’_1- 8sinx
T 1+4sin?z 1+4sin?x

For y to be purely real, imaginary part has to be zero.
=sinx=0=z=nn

For y to be purely imaginary, real part has to be zero.

V3

=sinz = +-5
_ n(,x
z=nm+(—1) (ig)
Given equation is a? — 2a +sec? m(a + ) =0

=a?—2a+1+tan’n(a+z)=0

= (a—1)?+tan’1(a+2) =0

For L.H.S. to be zero both terms must be zero. Thus, (a —1)% =

=a=1and tan®7(1+z) =0
=m(l+z)=nn

r=n—1=m where me [

388
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. . . 2 3
Given equation is 81+|cosx|+cos z+|cos® x|+... to co _ 43

= 1+ |cosz|+ cos?z + | cos® x| + ... to oo =2

This is a geomtric progression with common ratio | cosz|. We know that |cosz| < 1 but
| cosz| = 1 will render the previous equation meaningless(co = 2)

= =2:>\cosx|:%

1
1—|cos x|

1 ™ 27
cosx:ii:xZanig,Qnﬁﬂ:?

The values of z in the given interval are j;%, :t%ﬁ

22 3.: 1
: . : sin“ x—35sinx+35
Given equation is | cos z| 2 2=1

Taking log of both sides,

. 3. 1
(sm2 r—g5sinw +§) log | cos z|

.2 3 . 1_
Ifsin“z —5sinz +5=0
= (sinz—1)(2sinz—1) =0

When sinz = 1 = | cos z| = 0 which is not a solution because it means 0° for original equation.

If2sinz —1=0=z=nr+ (—1)"

S|

If log|cosxz| =0 = cosz = +1
T =2nm,2nTt + 7

: 2 . )
Given equation is 352 2@ +2cos”x | gl—sin2z+2sin"x _ 9g

= 3sin2z+2cos2z + 33fsin2a:+2<:osza: — 98

— gsin2z+2 cos? & 33 — 928

3sin2z+2cos?a

Let 3sin21+200521 =y

:>y+2—y7:28

=(y—1)(y—27)=0

If y=27=sin2z + 2cos? 2 = 3 which is not possible for any value of x.
If y=1= sin2z + 2cos’>z = 0 = 2cos z(sinz + cosz) =0

cosat=0:>x=2n7r+g
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If sinx +cosex =0 = tanx = —1 = tan(—g)

r=nNm—

. Given 2cos® z + sinz < 2 = 2(1—sin2x) +sinz <2

= —25in2:c+sinz <0
= sinz(2sinz —1) >0
1
2

= sinx <0 or sinz >

:>7r§x§27rorg2x§§6ﬂ
™ 3w e
Also, sz <5 from second condition.

Thus intersection of these two will be the solution.

3 5
éAﬁB:{z/ﬂgxgg,gng%

Given equation is sinx + cosx = 1 + sinz cosx
Squaring sin? z + cos? z 4 2sinz cosz = 1 + sin? z cos? z 4 2sin x cos x
= 1+ sin2z = 1 + sin 2z + sin® z cos® ©

= sinz =0 or cosz =0

zzmrorzz?nﬂ'j:g

Given sin6x + cosdz +2 =0

= sin6x = —1 and cos 4z = —1 and both must be satisfied simultaneously.
:>6:L':2mr+3§:>x:mr/3+7r/4

sdr=2nr+r=x=n1/2+7/4

Thus, general solution is mn + 7/4

Let n = 3 then

sin2x +sin3z = 2

This will be true if sin 2z = 1 and sin 3z = 1 simultaneously.

5m 9
676

5 o dr="C
1>z andr =g,

Clearly there is no solution for n = 3 and thus there will be no solution for higher vallues of n.
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tr=1

Given equation is cos” z + sin
cos” x < cos? z and sin* z < sin?z

~cos’ z +sintz <1

2

The equality is satisfied only when cos” z = cos® z and sin?z = sin® z

=z=(2n+1)Forz=2nx

Given equation is sin3xz —sinx — 2sin2zx +3 =0

= 2sinz cos 2z —4sinzcosx +3 =0

= sinz(2cos2z —4cosz) +3 =0

= sinz(4cos’?z —4cosz —2) +3=0

=sinz(2cosz —1)2 4 3(1 —sinz) =0

In the interval 0 < x < 7,1 —sinz >0

Also,, (2cosz —1)2>0

Thus above equation holds true only if sinz(2cosz — 1)2 =0and 1 —sinz =0

sinz =1= cosz=0=sinz(2cosz —1)2=1%#0

Thus all the equations are not satisfied simultaneously. Hence, no solution is possible.

Given equation is sinx + cos(k 4+ x) + cos(k —z) = 2

= sinx + 2coskcosx =2

Dividing both sides by v/ 1+ 4cos® k

sinx 2coskcosx 2
1+4cos?k 1+4cos’ k \/1+4coszk

L.H.S. if of the form cos(z + y) and thus for solutions to exist
2 < \/1+4cos2k:>cos2k2%

él—coszkgf—lésmzkgi
= (sinkJr%) (sink7-> <0

é—igsinkg

N| =

:nw—%leqkﬁmﬂr%



102. Given equations are x cos? y + 3x cosy. sin? y=14 and x sin® y+ 3x cos? ysiny = 13

103.

Answers of Trigonometrical Equations

Clearly x # 0, dividing both the equations

cos® y+3cosysin?y 14
sin3 y+3cos? ysiny ~ 13

By componendo and dividendo, we get

i 3
cos y+sin y) _
(cosyfsiny =27

cosy+siny _ 3

= - =
cosy—siny

Dividing numerator and denominator by cosy, we get

l+tany
l1—tany

1
= tany =3

When y is in first quadrant siny = %, cosy = =

When y is in third quadrant siny = —%, cosy = —

Thus, when y is in first quadrant z = 5v/5
and when y is in third quadrant z = —5v/5.

Given equation is sin® 2 + cos® z 4 sin 2z + =0

= (sin?z + cos? z)2 — 2sin? zcos? z + sin 2z + a =0

= sin22x—251n2x—2(a+1) =0

The above equation is a quadratic equation in sin 2z,

ssin2r = 22VATBOED 4 (B y3

sin2x = 1 + v2a + 3 is rejected because it is greater than 1 and if 2a + 3 = 0 then it will be

included in follwing.

~sin2x =1—+v2a+3
For sin 22 to be real v2a+3 >0

—3
= « Z *’2‘
Also, -1 <sin2zx <1=a<
Thus possible solutions are —% <a<

The general solution is x = %* + (—1)"
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104. Given equation is tan(x + %) =2cotx —1

tan m+tan§ 2

1—tanztany T tanw

= (l+tanz)tanz = (1 —tanz) (2 —tanx)
= 4tanxr =2 = tanz :%

1

T =nmw+ tan %

For tan(a: + %) to be defined.
x+ g # odd multiple of%

T+ % # (2n+ 1)%
Also for cot z to be defined. z # a multiple of m
=z £ nw
We have restrocted the domain above but there many be a root loss. So we need to check if
x=(2n+ 1)% satisfies the original equation.
tan(nﬂ' —0—%—0— %) =-—1
2cotx —1=—1
Thus, (2n + 1) 7 is a solution of the equation.
105. Given equation is acos2z + bsin2z = ¢
= bsin2z = ¢ —acos2z = b?sin? 2z = (¢ — acos 2z)?
= b2(1 —cos? 22) = ¢? + a? cos? 22 — 2ac cos 2z
= (a?+b?)cos? 2z — 2accos 2z 4 2 — b2 =0
= (a2 +b%)(2c0s22—1)2 —2ac(2cos?z— 1) + 2 — b2 =0
= 4(a®+b?)cost z—4(a® + b2+ ac)cos’ 2+ (a+¢)?> =0

2 2
This is a quadratic equation in cos? z, and sum of roots = %

Now of x and y satisfy the equation then

4(a?+b3%+ac)

2 2,
cos” x + cos”y = (a2 157)
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Given equation is sin(z +y) = ksin2z
= sina cosy + cosxsiny = ksin 2z
stany 1—ta

n2Z
2 osy+-~‘-5~:§siny =k.2
3

2tany 1—tan?3
——= C
1+tan2% 1+tan

2
' an2Z 2z
1+tan®s 1+tan®s

Let tan% =t, then
2(14+1%) cosy+ (1 —t2) (1 +t2) siny = 4kt(1 —t2)
= siny.t* — (4k + 2cosy) t> + (4k — 2cosy)t —siny = 0

If 21, 2, x3, Ty are roots of this equation then

4k+2
Zx1:x1+x2+x3+x4:w:sl

siny
lexg =x1x9+ 2923+ ... =0 =59
_ 2cosy—4k _
DTy = T o = 83
_ —siny __ _
T1TQX3T4 = siny —1= S4
zl+m2+x3+z4) ___S1—S83
Now, tan( 5 =T-sy7s
— 8k _
siny.0 tanQ

T1+xot a3ty =2nm+m
Given equation is secx + cscx = ¢
= sinx 4+ cosx = csinx cos x
Squaring, we get

1+sin2x:%§sin2x

1+ 2tanx _,CE 2tanx 2
1+tan?z ~ 4 \1+tan?2
Let tanx = t, then

2t c? 4t2
I+ =7 arer

= (14+t+t3)2 =132 +1)
Case I: When ¢ < 8
= (1+t+t%) <9?

= (2 +4t+1) (2 —2t+1) <0
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t2—2+1>0-(t—1)2>0

At 44t +1<0

=2-V3<t<—-2+3

=t is negative i.e. tan z will be negative.

Thus, it will have two values between 0 and 27.

Case II: When ¢ > 8

= (+4t+1)(t—1)2>0

= —co<t<—2—V3or—24+V3<t<lorl<t<oo
Thus, t will be negative and positve and hence tan x will be positive and negative.
= z will have four roots between 0 and 2.

For non-trivial solutions

ANC'sin« cos «
1 cosa sina [ =0
—1 sina —cos«

= A(—cos? a —sin? o) + sin a(—sin a + cos ) 4 cos a(sin a + cos ) = 0

= A = cos 2a + sin 2«

A _ cos2a | sin2a

VT vz s
Clearly. |\ < V2

When )\:1:>cos<2a—£> =cos ]
=2a—F=2nm+7]
:>oz:n7r,n7r+%

Given equation is cosz cosycos(z +y) = —é
= 8coszcosycos(z+y)+1=0

= 4[cos(z +y) +cos(z—y)]cos(z+y)+1=0
= 4dcos®(z+y) +4cos(z—y)cos(z+y)+1=0
This is a quadratic equation in cos(z + y)

For real value of cos(z +y), D >0

= 16cos?(z —y) —16 >0
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= sin?(z —y) <0
:>sin2(cr:—y) =0=z=y
= 4cos? 2z +3cos2z +1=0
= (2cos2z +1)*=0

2m

1
:>cos2x:—§:>2a:?:>x:

wly

. _ _ T
Cr=yY=3

sinx cosx cosx
Given | cosz sinxz cosz | =0
CoOST cosST Sinzx

C1 = C1 + (2 + C3 and taking that out

1 cosx cosx
= (sinz + 2cosz)| 1 sinz cosz | =0
1 cosz sinx

1 cos T cosx
= (sinz + 2cosz)| 0 sinz — cosz 0 =0
0 0 sinx — cosx

= (sinz + 2cosz) (sinz —cosz)2 =0
= either tanz =1 or tanz = —2

For—%ﬁxﬁ%tan#—Q

.'.tanle:x:%

1. Given 3sin?z — 7sinaz + 2 = 0.

= (sinz —2)(3sinz—1) =0
wsin # 2 ~sinx :%
= z will have six values between [0, 57]
Given equation is y 4+ cosx = sinx

sinx cosx

=BTV TV

396
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=-V2<y<V2

If y =1, then
COS(=’”+E> —-1/V2= —cos =3 5”[because() <z < 27)
4 4
™
T :§,7T

113. Given equation is 3.7, sin(rz) sin(r2z) = 1
=ty :%QSin(T’I)SiH(sz) :%[COS(TZ—T)JZ—COS(T’Q +7r)z]
:>t1:%[c050—0052x]

to = % [cos 2z — cos 6z

t3 = % [cos 6z — cos 12z

ty, = % [cos(n? —n)z — cos(n? +n)x]
Adding all these

Son_ sin(ra) sin(r?a) :%[COSO —cos(n?+n)z]=1

= cos(n®4+n)z=—1=cosm
_ (Cm+D)w
r= n(n+1)

114. Given equation is sinz(sinx + cosz) = a
= sin?z +sinzcosz = a

43 —2asinz

= sin? zcos? = a® + sin
= 2sin*z —sin?2(2a+ 1)+ a2 =0

This is a quadratic equation in sin? z which is real so D > 0
= (2a+1)2—8a%>0

=4a®> —4a—1<0

=2(1-V2)<a<i(1+v2)

115. Given equation is 2 cos? Z+% +x =274+ 277

P2
1< cos% <1
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=0< cos? ﬁ% <1
Also, becasue A.M. > G.M.
T > VT2 =1

2
2%:1:@50

= cos
=z=0

Given inequality is sinx > cos 2z
= sinx > 1 —2sin?x

= 2sin? 2 +sinz—1>0

= (2sinz —1)(sinz+1) >0

s

Limiting value of sinz +1= 0= sinz = —sin3

T
T =2nm —5

2

Also,QSinav—l20:>sin:lc>%:>2717r+%§:16§2mr+%7T

Given equation is (cos%— QSinm) sinz + (1 +sin§ — 2cosx) cosz =0

:>sinzcos%—Qsian-i—cosw+cosxsin%—2c082x:0

sin<x+%> +cosx =2

This is possible only if sin %z =1 and cosz = 1 simultaneously.

5
%z?nﬂ'-ﬁ-gandx:Zmﬂ'

2
xz@%fandx:2m7r

Thus, general solution is (8n + 2) 7

Given equation is 2(sinx — cos2x) —sin2z(1 + 2sinx) +2cosz =0
= 2sinx —sin 2z — 2cos 2x — 2sinx sin2x 4+ 2cosx =0

= 2sinz —sin2z — 2cos 2z — (cosz — cos 3z) + 2cosz =0

= 2sinz(1 —cosz) + 4cos® & —3cosx + cosz — 2(2cos?z —1) =0
= 2sinz(1 —cosz) —4cos? x(1—cosz) +2(1 —cosz) =0

= (1 —cosz)[2sinz —4(1 —sin®z) +2] =0
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2

=cosz=1lorsinz—2(1—sin“z)+1=0

z =2nmor (2sinz —1)(sinz+1) =0

. 1 .
T = 2nm or sinx =3orsinz = —1
& =2nm,nm+ (—1)" 5, nr— (=1)"F
. . . in2
Given equation is % =0
3

This is true if sin 2z = 0 and sin%% +0

2
2x = nm and x;m:mﬂ

z=nr/2andz = (3m—1)7/2# nn/2 =>n+3m—1
Given equation is 3tan2x — 4 tan3x = tan? 3z tan 2z
= 3tan 2z — 3 tan 3z = tan 3z + tan® 3z tan 2z

= 3(tan2z — tan3z) = tan 3z (1 + tan 3z tan 2z )

= —3tan(2z — 3z) = tan3z = tan 3z + 3tanx =0

3t—t3
1-3t2 0

Let tanx = t, then 3t +
= 6t—10t2=0
t=0ort=+/3/5

z =nmor x = nw + tan"1 \/3/5
Given equation is V1 + sin 2z = ﬁcos 2x

= \/sin2x+cos2x+231nxcosx = ﬁcost

= sinx + cosx = ﬂCOSQm

sinx Ccos T

=T+

= cos 2z

= cos(m —g) = cos2x

=x— % =2nm + 2x
Now it is trivial to find =

Given equation is 1 + sin® az = cosz

This is only possible if sin? az = 0 and cosz = 1 simultaneously.

Thus, z = 0 is the only solution because a is irrational.
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123. For non-trivial solutions

cos20 4 3
2 77

sin3f —1 1
=0

Applying Cy = Cs + C3

cos20 7 3
2 14 7

sin30 0 1
= =0

= 7sin30 + 14cos20 —14 =0

= 3sinf —4sin® 0 +2 —4sin?0 +2=0
= sinf(4sin? 6 + 4sinf —3) =0

= sinf(2sinf +3) (2sinf —1) =0
2sinf@+3+#0

~sinf=0,2sinf —1=0

=0 =nnm,nr+ (—1)"

S|

124. Given equation is sin x + sin g \/(1 —cosz)? +sin’x =0

= sinx—i—sin%\/l—2003x+0052x+sin2x:0
= sinx+sin§\/2—2cosx:0

= QSingcos%—i-sinngin%:O

é?sin%(cos%-ﬁ-sin%) =0

Ifsin =0 = 2 = 2n7 and cos £ = —sin X = sin 2F
2 2 8 8

. . . x 5w

x = 2n7 is not valid for given range. ~5 = 2nm + &

In the given range = = 1}777 is the only solution.

125. tanz — tan®z > 0 = tanz > O,tanx <1x € (O,g)
| sin x| <%:>f%<sinx<é
7
T € (0,%) and x € (7‘(,%)

Clearly, ANB ==z € (O,%) Ux € (7‘(,%)
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1
Given equation is 2522y /y? — 2y + 2 < 2

Vil—2y+2=1/(y—1)2+121

1

Thus, 25i»*#[eq2 for equality to be satisfied.

If | sinz| < 1 then equality will not hold true.

. T 37
slsinzl=1=2=35,%
And thusy—1=0=y=1

1
cos T

Given |tanz| = tanz +

If tanx = tanz + !

= secx = 0 which is not possible.

COosST™T
» —tanz = tanx + :>sinav——l
h - cos T - 2
7w 1lw . . .
Lx = %7 Tﬂ in the given interval.

Given equation is logces z sin x + loggin . cosz = 2
Let y = logcos z sin x, then

1 2
y+5;=2=>@W—-1)7"=0=y=1
=sinz =cosz =z =7
Given equation is sin x cosx + %tanx >1

sin2z | tanx >1

=73 T3
2tanx
= Trtan?g T ALE 22

= (tanz —1) (tan? 2 — tanz 4+ 2) > 0
tanQ:E—tanx+220~V~x
=tanz > 1

z € (nm+ /4, nm + 72)

cos? sinz

Given equation is tan x = cotx

. (Sinl,)cos2 z+sinz _ (COS.’B)0082 z+sinz

. v
**Case I:** sinx = cosz = © = nw + 1

401



131.

132.

Answers of Trigonometrical Equations

2

**Case IL¥* cos? z +sinz = 0 = sin?z —sinz — 1 = 0

1+V5 1+V5

sinx = > 1 so it is rejected.

. 1-v5 _ .
=sinz = w—z—[ =siny (say)

z=nm+(—1)"y

Given equation is 2% + 4 + 3 cos(ax + ) = 2z
= 3cos(az + f) = —3—3(z—1)?

For this to have a real solution z = 1
=cos(a+p)=m 37

Slope of y = |z| +a=1,—1

y=2sinx:>%:2cosw=1

8
I
vl

Soif a —0—% > 2 sin% then it will have no solution.

a > —3\/2_7r

402



Answers of Chapter 11
Height and Distance

1. The diagram Figure 11.1 is given below:

C
100v/3m
0
A" 100m B
Figure 11.1

Let BC be the tower, A the point of observation and # as angle of elevation.

Since the tower is vertical it forms a right-angle triangle with right angle at B. Thus,

BC _ 100V3 _
tanO—AB 100 =V3=0=

2. The diagram Figure 11.2 is given below:

30°

A 30m B
Figure 11.2
Let BC be the tower, A the point of observation and the angle of elevation is 30°.

Since the tower is vertical it forms a right-angle triangle with right angle at B. Thus,
tan30° = 2S = BC = 30. - —10\/_m
3. The diagram Figure 11.3 is given below:

Let BC be the height of kite, AC' be the length of string the angle of elevation is 60°.

Since the kite would be vertical it forms a right-angle triangle with right angle at B. Thus,

BC 60.2
sin 60° —ACéAC———ALO\/vm

4. The diagram Figure 11.4 is given below:

403
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C
60m
60°
A B
Figure 11.3
C
100m
60°
A B
Figure 11.4

Let BC be the height of kite, AC be the length of string the angle of elevation is 60°.

Since the kite would be vertical it forms a right-angle triangle with right angle at B. Thus,

- . _ BC _ V3 _
sin 60° = 75 = BC = 1005 = 50v/3 m.

. The diagram Figure 11.5 is given below:

12m

OO
A B

Figure 11.5

Let BC be the pole, A the point where rope is tied to the ground and the angle of elevation is
30°.

Since the pole is vertical it forms a right-angle triangle with right angle at B. Thus,

. - BC 12
sin30° = 35 = AC = Smao = 24 m.
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Thus, the acrobat has to climb 24 m.

6. The diagram Figure 11.6 is given below:

20m,

OO
A B

Figure 11.6

Let BC' be the pole, A the point where rope is tied to the ground and the angle of elevation is
30°.

Since the pole is vertical it forms a right-angle triangle with right angle at B. Thus,
. ape _ BC 1
sin30° = 35 = BC =20.5 =10 m.

7. The diagram Figure 11.7 is given below:

C B
45°

450

A

Figure 11.7

Let the shaded region represent the river and vertical lines the banks. AB represents the bridge,
making an angle of 45° with the bank. Let BC represent the width of river, which clearly
makes a right angle triangle with right angle at C.

Clearly, sin45° = 55 = BC = 150. 75 = 75V2 m.

Thus, width of the river is 74\/5 meters.
8. The diagram Figure 11.8 is given below:

Let AB be the observer, 1.5 m tall. CE be the tower. Draw line BD parallel to AC which will
make CD = 1.5 m. In right angle triangle BDE angle of elevation ZB = 45°. Given, BD = 28.5
m. Thus,

tan45° = 22 = DE =285 m. - CE = CD + DE = 1.5 + 28.5 = 30 m.
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E
B K45° 28.5m D
Al C
Figure 11.8
D
1.3m
C
2.7m
60°
A B
Figure 11.9

9. The diagram Figure 11.9 is given below:

BD is the pole and AC is the ladder. C is the point which the electrician need to reach to
repair the pole which is 1.3 m below the top of the pole. Total height of the pole is 4 m, thus,
BC=4—-13=27m.

We are given than ladder makes an angle of 60° with the horizontal.

- BC _ BC _2.7V/3
..511160 _A_C’:>AC_W_ 3 —312111

10. The diagram Figure 11.10 is given below:

D
C
45°
30°
A 40 m B

Figure 11.10
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A is the point of observation. B is the foot of the tower and C is the top of the tower. C'D is
the height of the water tank above the tower. Given AB =40 m .

In AABC, tan30° = g% = BC = AB.tan30° = % = 23.1 m, which is height of the toweer.

In AABD, tan45 o = % = BD = AB.tan45° = 40.1 = 40 m which is combined height of
the tower and water tank. Thus, height or depth of the water tank = CD = BD — BC =
40 —23.1 = 16.9 m.

11. The diagram Figure 11.11 is given below:
B

60° 309
A * C 20m D

Figure 11.11

The shaded region is the river. AB is the tree and C is the initial point of the observer. D
is the final point of observation. Given, CD = 20 m. Let AB =h m and AC = z m.

In AABC, tan60° = g =h=+3z

o h
In AABD tan30° = —55 = V3h =z + 20

=3r=2+20=2=10m. = h =103 m.
12. The diagram Figure 11.12 is given below:
C

A
Figure 11.12
AC is the tree before breaking. Portion BC has borken and has become BD which makes an

angle of 60° with remaining portion of tree standing. If AB = x m, then BD = 12 — x because
original height of the tree is given as 12 m.

iméﬁ: L _ = x =557

In AABD, sin 60° = 15 5 =15

13. The diagram Figure 11.13 is given below:
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Figure 11.13

AC is the tree before breaking. Portion BC' has borken and has become BD which makes
an angle of 30° with remaining portion of tree standing. If AB = z m, then BD = — x where [
is the original height of the tree.

In AABD, sin30° = ;% =1 = 30 =1

cos30° = 2% =3 o 4 — 17.32 = [ = 51.96 m.
The diagram Figure 11.14 is given below:

B

/8 6]
A T ¢ 192m D

Figure 11.14

AB is the tower. Initial observation point is D where angle of elevation is a such that
tana = % C' is the second point of observation where angle of elevation is 8 such that

tan g = % Given, CD = 192 meters. Let h be the height of the tower and = be the distance
of C from the foot of the tower i.e. A.

In AABC, tan 8 = % =k

x

5 h \
In AABD, tana = 5 = 77193 = h = 180 meters.

5. The diagram Figure 11.15 is given below:

AB is the tower. When the sun's altittude is 45° the shadow reached C'. When the shadow
reached the altitude of sun becomes 30°. Let h meters be the height and = meters be the
distance of of initial point of observation from foot of the tower. Given C'D = 10 meters.

In AABC,tan45°:1:%=>x:h
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B
h
45° 30°
A T C 10m D
Figure 11.15
B
h
45° 30°
A T C 1km D
Figure 11.16
h

= h= \/%(11 = 13.66 meters. x

o 1
In AABD, tan 30° = A=

16. The diagram Figure 11.16 is given below:

This problem is same as previous problem, where 10 m is replaced by 1 km. Processing similarly,
we obtain A = 1.366 km.

17. The diagram Figure 11.17 is given below:

B
h/\‘r\
30° 15

A * C 10km D

Figure 11.17

This problem is same as two previous problems. The height of the mountain is 5.071 km.
18. The diagram Figure 11.18 is given below:
B

600 300
A T (C 40m D

Figure 11.18

This problem is same as 11-th. Proceeding similarly, we find width of river as 20 m and height
of the tree as 20v/3 m.
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20.
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The diagram Figure 11.19 is given below:

Figure 11.19

Height of the plane is 1200 m which is AB. The ships are located at C and D. Let CD =d m
and AC =z m.

In AABC, tan 60° = % =1 = ;;72% = 4004/3 m.

In AABC, tan30° = 2% = 2 + d = 1200V/3 = d = 800v/3 m.

The diagram Figure 11.20 is given below:

B

60° 92
A T (O 2x D

Figure 11.20

Let AB be the flag staff having height h and AC be the shadow when sun's altitude is 60°. Let
AD be the shadow when sun's altitude is 6°. If we let AC = x m then AD = 3z = CD = 2x.

In AABC, tan60° = g = h=+3z.

In AABDtan = % = % =60 =30".
The diagram Figure 11.21 is given below:

B
N

200 m

60° 45°
A 200—xzCTmp

Figure 11.21
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Let AB be the height of the plane, equal to 200 m. Let the shaded region present the river such
that width CD = x m.

In AABD, tan 45° = 200 = AD = 200 m.

Clearly, AC =200 —z m. In AABC, tan 60° = 202(?896 = r = 84.53 m.

The diagram Figure 11.22 is given below:

A B

h h
60° \ 500

C T E 100 — D

Figure 11.22

Let AC and BD represent the towers having height h. Given the distance between towers
is 100 m which is C'D. Let the point of observation be E which is at distance z from C and
100 — z from D. Angle of elevations are given as 30° and 60°.

In AACE, tan60° = v3 =" = h = /3.

In ABDE, tan30° = —= = 1= = = 25, h = 25V/3 m.

The diagram Figure 11.23 is given below:

B
100 m
45° 30°
A Y C z D

Figure 11.23

Let AB be the light house, C' and D are the two locations of the ship. The height of the light
house is given as 100 m. The angle of elevations are given as 30° and 45°. Let AC = y m and
CD =z m.

In AABC, tand5° =1 = 129 =y = 100.

o 1 100 100
In AABD, tan 30° = BT ey 1007w T T 73.2 m.

The diagram Figure 11.24 is given below:
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Q
x
7 45 Y
40 m 40 m
60°
P X

Figure 11.24

The diagram represents the top PQ and XY as given in the problem. The angle of elevations
are also given. Draw Y Z parallel to Z@Q and thus, PZ = 40 m. Let ZQ = x.

In AQY Z, tan45° = 1 =29 = Y7 = & m. Thus, PX = m.

° x+40 40
In APQX, tan60° = v/3 = =2 = 1= m.
403

Height of toewr is z 4 40 = Tl

A — V3 _ PQ _ 80
In APQX, sin 60 _?_YQ‘:XQ_\/g71 m.

25. The diagram Figure 11.25 is given below:

B
30~ D
E TmM 45°
15m 15m
45°
A rm C

Figure 11.25
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Let AB and C'D are the houses. Given C'D = 15 m. Let the width of the street is AC = ED =«
m. The angle of depression and elevation are given as 45° and 30° respectively. Draw ED || AC.
In AACD, tan45° =1 = %—g = AC =15 m. Thus, ED is also 15 m because ED is paralle to
AC.

In ABED, tan30° = % = % = BE = 5v3 m.

Thus, total height of the house = 15 + 5\/3 = 23.66 m.

The diagram Figure 11.26 is given below:

B
30
60 m

30° D

E T m

hm hm

60°

A T m C

Figure 11.26

Let AB represent the building and C'D the tower. Let CD = h m and given AB = 60 m. Also,
let AC =z m. Draw DE || AC, thus CE =z m and AE = h m.

The angles of depression are given which would be same as angle of elevation from top and
bottom of tower.

In AABC, tan60° = /3 = %Q = 2 =20V3 m.

In AADE, tan 30° = % =82 . BE =20 m.

3 T
=~ Height of the building CD = AE = AB— BE = 60 — 20 = 40 m.
The diagram Figure 11.27 is given below:

Let CD represent the deck of the ship with height 10 m and AB the hill. The water level is
AC. Draw DE||AC and let AC = DE = x m.

The angle of elevation are shown as given in the question.

In AACD, tan30° = 2 =52 = o = 10V3 m.
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B
60°
E T m3(° D
10 m 10 m
30°

A T m C

Figure 11.27
In ABDC, tan60° = v3 = ZZ = BE = 30 m.
Thus, height of the hill = AE + BE = 10+ 30 = 40 m.

28. The diagram Figure 11.28 is given below:
C E

3600v/3 m

< 3(8600v/3 m
A B D

Figure 11.28

Let CE be the line in which plane is flying and ABD be the horizontal ground. Since the plane
is flying at a constant height of 3600y/3 m, we have BC = DFE = 3600v/3 m. Let AB =2 m
and BD =y m.

In AABC, tan 60° = /3 = 2990Y3 & — 3600 m.

In AADE, tan 40" = = = 3360255 = y = 7200 m.

Thus, the plane flies 7200 m in 30 s. Speed of plane = z—g-gvo.%—gwg% = 284 km/hr.

29. The diagram Figure 11.29 is given below:



30.

31.
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30° 4°
A 100 — o B < C

Figure 11.29

Let AC be the river and BD be the tree on the island in the river. Given wdith of the river AC
as 100 m. Let BC =z m = AB = 100 — = m. The angles of elevation are shown as given in
the question. Let BD = h m be the height of the tower.

In ABCD,tan45°:1=g:>h=z m.

° 1 h 100
In AABC, tan 30 =75~ 100-% = x= 1 h m.

The diagram Figure 11.30 is given below:

A 140m C

Figure 11.30

Let AB be the first tower and C'D be the second tower. Given AC' = 140 m and C'D = 40 m.
Let AC be the horizontal plane. Draw DE || AC = DE = 140 m and AF = 60 m. Angle of
elevation is shown as given in the question from top of second tower to top of first tower to be
30°.

° 1 BE 140
In ABDE, tan 30 :ﬁ:méBE:Wm

Thus, total height of first tower is % + 60 m.

The diagram Figure 11.31 is given below:

Let AD be the horizontal ground. Let AB and AC' be the heights at which planes are flying.
Given AC = 4000 m. Also, given are angles of elevation of the two aeroplanes. Let point of
observation be D and AD = b m.

In AACD, tan 60° = v/3 = AC _ p — 4000
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Figure 11.31

In AABD, tan45’ =1 =45 = AB=b="00m
Therefore, distance between heights of two planes = 4000. % m.

32. The diagram Figure 11.32 is given below:

60°
A 20m B

Figure 11.32

Let BC' be the tower where B is the foot of the toewr. Let A be the point of observation. Given
ZBAC = 60°.

In AABC, tan60° = V3 = 55 = BC = 20/3 m.

33. The diagram Figure 11.33 is given below:

Let BC be the wall and AC' the ladder. Given distance of the foot of the ladder is 9.5 m away
from the wall i.e. AB = 9.5 m. The angle of elevation is given as ZBAC = 60°.

1 _AB

In AABC, cos60° = 5 = 37 = AC =19 m.

34. The diagram Figure 11.34 is given below:

Let BC be the wall and AC the ladder. Given distance of the foot of the ladder is 2 m away
from the wall i.e. AB = 2 m. The angle of elevation is given as ZBAC = 60°.

In AABC, tan60° = /3 = ﬁ—g = BC =2v3 m.
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60°
A 95m B

Figure 11.33

C

60°
A 2m B
Figure 11.34

. The diagram Figure 11.35 is given below:

Let BC be the electric pole, having a height of 10 m. Let AC' be the length of wire. The angle
of elevation is given as ZBAC = 45°.

In AABC, sin45° = % =8¢ = AC =10v2 m.

The diagram Figure 11.36 is given below:

Let BC represent the height of kite. Given BC = 75 m. Let AC represent the length of the
string. The angle of elevation is given as 60°.

In AABC, sin60° = %2 = BS = AC' = 50V/3 m.
The diagram Figure 11.37 is given below:

Let BC represent the wall and AC' the ladder. Given that the length of ladder is 15 m. The
angle of elevation of the wall from foot of the tower is given as 60° = ZBAC = 60°.

. - 3 __BC 153
In AABC,sin60° = 5 = 35 = BC = —5~m.

The diagram Figure 11.38 is given below:
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C
10m
45°
A B
Figure 11.35
C
D m
60°
A B

Figure 11.36

Let BC be the tower and CD be the flag staff, the heights of which are to be found. Let A be
the point of obsevation. Given that AB = 70 m. The angle of elevation of the foot and the top
of flag staff are given as 45° and 60° i.e. ZBAC = 45° and ZBAD = 60°.

In AABC, tan45° =1 = % = BC = 70 m, which is height of the tower.

In AABD, tan60° = v3 = % = BD = 70+/3 m, which is combined height of tower and flag
staff. Thus, C'D = 70(+/3 — 1) m, which is height of flag staff.

This problem is same as 12. Put 15 instead of 12.
The diagram Figure 11.39 is given below:

Let AB be the tower and BC the flag staff, whose height is 5 m. Let D be the point of
observation. Given that angle of elevation of the foot of the flag staff is 30° and that of top is
60° i.e. ZADB = 30° and LADC = 60°. Let AB=h m and AD = x m.

In AABD, tan30° = ="

7 =z=+3hm.

In AACD, tan60° = /3 = % =h=25~m,z=25/3m.

This problem is same as 15. Put 50 m instead of 10 m and 60° instead of 45°.

This problem is similar to 15. Put 45° instead of 30° and 60° instead of 30°.
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C
10m
60°
A B
Figure 11.37
D
C

E 60°

/\

A 70 m B
Figure 11.38

The diagram Figure 11.40 is given below:

Let AB be the current height of the skydiver as » m. C and D are two points observed at
angle of depression 45° and 60° which woule be equal to angle of elevation from these points.
Given that C'D = 100 m. Let AC =z m.

In AABD, tand5* =1 =42 = = h = 2+ 100 m.

In AABC, tan 60° = SZQ—g:%éh:\/ﬁ’;x m.

100 _100V/3
:>x—\/§71,h——\/§71 m.

The diagram Figure 11.41 is given below:

Let AB be the tower having a height of 150 m. Let C' and D be the points observed such that
ZADB = 45° and ZACB = 60°. Let AC =y m and CD = x m. We have to find z.

In AABC, tan 60° = 3:1’3—2:%:>y:50\/§m.

In AABD, tand5" = 1= 45 = 2% = 2 = 150 — 503 m,

. The diagram Figure 11.42 is given below:
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[\
A rm D
Figure 11.39

hm

60° 7\ 45°

A rm 100 mD
Figure 11.40

Let AB be the towerr having a height of h m. Let C' and D be the points observed such that
ZADB = 30° and ZACB = 60°. Let AC =z m. Given CD = 150 m.

o AB h
In AABC, tan 60° = 3=m=5:>h=\/§xm.

o 1 AB 150
The diagram Figure 11.43 is given below:

Let AB be the towerr having a height of A m. Let C' and D be the points observed such that
ZADB = 30° and LACB = 60°. Let AC = 2 m. Given CD = 100 m.

° AB h
In AABC, tan 60° = 3:B—c:Eéh:\/§xm.

1 _AB_ h

InAABD,tan3O°:7'§:TD*7m:>$:5Om

Thus, h = 50v/3 m. Distance of initial point = = + 100 = 150 m.

47. The diagram Figure 11.44 is given below:

Let AB be the tower and C'D be the building. Given C'D = 15 m. AC is the horizontal plane
joining foot of the building and foot of the tower having width  m. Draw DE||AC then
DE =2z m and AE = 15 m.

In ABDE, tan30° = h = V3h m.

x
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150 m

60° 7 \a5°

A ym Ccxmp
Figure 11.41

B

h m
60° 30°
A xmc 150m D
Figure 11.42

In AABC, tan 60° = ﬁ = h=75mand z = 7.5V/3 m.

48. The diagram Figure 11.45 is given below:

Let AB be the tower and BC be the flag staff having heights z and y m respectively. The
distance of foot of tower from the point of observation 9 m. The angles of elevation of the
foot and the top of the flag staff are 30° and 60° as given in the question.

In AABD7tan30°:%:g:>x:3\/§ m.

In AACD, tan 60° = /3 = %ﬂl =y =6V3m.

The diagram Figure 11.46 is given below:

Let AC be the full tree and BC'is the portion which has fallen. BC' becomes BD after falling
and angle of elevation is 30°. Let the height of remaining portion of tree be AB = x m. Given,
AD =8 m and BC = BD, which is broken part of tree.

e_1 _AB -8
In AABC, tan 30 _\/E_AD:>AB_\/§m'

. o V3 __AD -
Also, cos 30 7Tfﬁ:>BD74\/§ m.

Thus, height of the tree AC = AB + BC = AB + BD = % m.

. The diagram Figure 11.47 is given below:

Let AB be the building with height 10 m. Let BC' be the flag with height A m. Also, let
distance between P and foot of the building as AP = x m. The angle of elevation of top of the
building is 30° and that of the flag is 45°.
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B

h m
60° 30°
A xmC 100m D

Figure 11.43

B
hm
30 D
E m
15m 15 m
60°

A rm C

Figure 11.44

In AABP, tan30° = - =47 = 2= o = 10V3 m.
In AACP, tan45" =1 =45 =""" = = 10(v3 - 1) m

1. The diagram Figure 11.48 is given below:

Let AB be the lamp post having height h m, and BD be the girl having height 1.6 m. The
distance of the grl from the lamp post is AC' = 3.2 m. C'E is the langeth of the shadow given as
4.8 m. In the AABE and ACDE, ZE is common, ZA = ZC = 90° so third angle will be also
equal. This makes the triangles similar.

.AB _ AE 8

“cp=cE=~ h=3m

52. The diagram Figure 11.49 is given below:

Let AC be the building having a height of 30 m. Let F and G point of observations where
angles of elevation are 60° and 30° respectively. Let AEF be the line of foot of the building and
foot of the observer which is a horizontal line. Let DE and F'E are the heights of the observer.
Draw BEG || ADF so that AB = DE = FG = 1.5 m. Thus, BC = 28.5 m. We have to find
DF = EG.

In ABCE, tan60° = /3 = CE = CF = % m

In ABCG, tan 30° = } D¢ = G =285/3m.

Thus, DF = EG=CG —CF = 5—\/75 m, which is the distance walked by the observer.
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Figure 11.45

C

30°
A 8m D

Figure 11.46
53. The diagram Figure 11.50 is given below:

Let the height of the tower AB is h m. When the altitude of the sun is 60° let the length of the
shadown be AC' = x m. Then according to question length of shadow when the sun's altitude i
30° the length of shadow will be AD, 40 m longer i.e. AD = x + 40.

In AABC, tan 60° = 3:§—g:g¢x:\/§hm.

1 _AB_ h

%_E_m:x:ﬂ)mandh:%ﬁm-

In AABC, tan 30° =

54. The diagram Figure 11.51 is given below:

Let AB be the building with 20 m height. Let the height of tower be A m represented by BC in
the figure. Let D be the point of observation at a distance x from the foot of the building AB.

In AABD,tanBO"=%:%:%Q:>x:20\/§m.

In AACD, tan60° = 3:%%:@;22:h:40 m.

The diagram Figure 11.52 is given below:

ot
Ut

Let DE be the building having a height of 8 m. Let AC' be the multistoried building having
height h + 8 m. Foot of both the buildings are joined on horizontal plane i.e. AD. Draw a line
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parallel to AD which is BE. So BE is equal to AD which we have let as z m. Clearly, AB =8
m. Let height of BC' to be h m.

L —BC _h e Bh=u

In ACBE, tan30° = B-BE~ 3

o1 _AC _h+8 __8 _ 83
In AACD, tan 30 =ATAD" @ :>h—\/§71:>h+8—\/§71m.

). The diagram Figure 11.53 is given below:

Let AB be the pedestal having height 2 m and BC be the statue having height 1.6 m on top of
pedestal. Let D be the point of observation from where the angles of elevation as given in
the question are 45° and 60°.

In AABD,tan45°=1:§~g:%:>h:x.

o AC h+1.6 1.6
In AACD, tan 60° = V3= o= J; = h = 5y m.
. This problem is similar to 55 and has been left as an exercise.

. The diagram Figure 11.54 is given below:

Let AB be the tower having height 75 m. Let C' and D be the position of two ships and angles
of elevation are as given in the question. Let foor of the tower be in line with ships such that
AC = x m and distance between the ships as d m.

In AABC, tan45° =1 = %g: 7375:> x =75 m.
In AABC, tan 30° :%:;—fdé d="75(v/3—1) m.

. The diagram Figure 11.55 is given below:
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Let AB be the building and C'D be thw tower having height 50 m. The angles of elevation
are shown as given in the question. Let distance between the foot of the tower and the building
be d m and height of the building be A m.

In AABC,tan30°=%:%=> d=/3h.

In AABD,tanGO":\/gzélg:>3h:50:>h:~5~39m.

The diagram Figure 11.56 is given below:

Let DE represent the banks of river and BC' the bridge. Given that height of the bridge is
30 m. » BD = CE = 30 m. The angles of depression from point A is shown as given in the
question. We have to find DFE = BC i.e. width of the river.

In AACE, tan45° =1 = G2 = AC = 30 m.

In AABD, tan 30° = \% = % = AB = 30v/3 m.

Thus, width of river = 30 + 30v/3 = 30(v3 +1) m
The diagram Figure 11.57 is given below:

Let BC and DE be the two poles. Let A be the point between them such that AB = z m and,
thus AD = 80 — z m. Let the elevation from A to C is 60° and to E is 30°. Let the height of
poles be h m.

In AABC, tan60° = 3:%=§:>h: V3z m.
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In AABD, tan30° = 5= 35 = 555 = 32 =80 —2 = o =20 m. = h = 20V3 m.

62. The diagram Figure 11.58 is given below:

Let BD and CFE be the poles and AJ be the tree. Given, AJ = 20 m and angles of depression
to base of poles are 60° and 30°. Let ZDAB =6 — 00° and ZEAC = 30°.

Clearly, AB = DJ = y m(say) and AC = EJ = z m(say).
o AJ 20

In AAEJ, tan 60° = ﬁ:ﬁ:x:%m.

Similarly, y = 20v/3 m.

Thus, width of river z +y = \8/—% m.

63. This problem is similar to 56 and has been left as an exercise.
64. This problem is similar to 58 and has been left as an exercise.
65. This problem is similar to 49 and has been left as an exercise.
66. The diagram Figure 11.59 is given below:

Let A be the point on the ground, AC be the string and BC the height of balloon. Then given,
angle of elevation ZBAC = 60°.
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. s V3 _BC _ BC _
In AABC, sin60° = %5~ = 75 = 57z = 107.5v/3 m.

The diagram Figure 11.60 is given below:

Let AB be the cliff having a height of 80 m. Let C' and D be two points on eihter side of the
cliff from where angle of elevations are 60° and 30° respectively.

In AABC, tan 60° = % = AC = %% m.

In AABD, tan30° = 42 = AD = 80v/3 m.

Distance bettwen points of observation CD = AC + AD = % m

Since the length of shadow is equal to height of pole the angle of elevation would be 45° as
tan45° = 1.

This problem is similar to 62 and has been left as an exercise.
This problem is similar to 25 and has been left as an exercise.
The diagram Figure 11.61 is given below:

Let AB be the lighthouse having a height of 200 m. Let C and D be the ships. The angles
of depression are converted to angles of elevation.

In AABC, tand5° = 1 = 42 = AC = 200 m.

o AB 200
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Thus distance between ships CD = AC + AD = L\/\/?U m

72. The diagram Figure 11.62 is given below:

Let AB be the first pole and C'D be the second pole. Given, CD = 24 m and AC = 15 m.
Draw BE||AC = BE = 15 m. Angle of depression is converted to angle of elevation.

In ABDE, tan30° = == p = ED = 2 =5V3m.

= CE = BD — ED = 24 — 5V/3 = AB which is height of the first pole.
73. This problem is similar to 71 and has been left as an exercise.
74. The diagram Figure 11.63 is given below:

xLet AB be the tower and C' and D are two points at a distance of 4 m and 9 m respectively.
Because it is given that angles of elevations are complementary we have chosen and angle
of 8 for C' and 90° — 6 for D.

AB _ h
In AABO, tanf = AcC =7

In AABD, tan(90° —6) = cot 6 = % :g

Substituting for cot 6, we get

4_h 2 _ —

-~

ot

This problem is similar to 72 and has been left as an exercise.

76. This problem is similar to 56 and has been left as an exercise.
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77. This problem is similar to 55 and has been left as an exercise.
78. This problem is similar to 71 and has been left as an exercise
79. This problem is similar to 55 and has been left as an exercise.
80. This problem is similar to 58 and has been left as an exercise.
81. This problem is similar to 26 annd has been left as an exercise.
82. This problem is similar to 71 and has been left as an exercise.
83. This problem is similar to 26 annd has been left as an exercise.
84. This problem is similar to 28 annd has been left as an exercise.
85. This problem is similar to 71 and has been left as an exercise
86. This problem is similar to 23 and has been left as an exercise
87. The diagram Figure 11.64 is given below:

Let AB be the tower and BC' be the flag-staff having a height of h m. Let D be the point of
observation having angle of elevations « and [ as given in the question.

In AABC, tana = Q—g = AB = ADtan«

In AABD, tan 8 = %% = ABXDBC

éABtanB:ABﬁ-héAB: htana

tan « tan f—tana”

88. This proble is similar to 74 and has been left as an exercise.
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The diagram Figure 11.65 is given below:

Let BE be the tower leaning northwards and AB be the vertical height of tower taken as h.
Let C and D be the points of observation. Given that angle of leaning is § and angles of
elevation are o at C and 8 at D. Let AB = z. Given BC = a and BD = b.

In AABE, cot = %, in AACE, cota = %ﬂ and in AADE, cot 3 = EZ—Q.

ébcotazm—;'ﬂ),acotﬂ:mTw
ﬁbcota—acotﬁzm%ﬁgzcotﬂzw.

The diagram Figure 11.66 is given below:

Let AFE be the plane of lake and AC be the height of the cloud. F' is the point of observation
at a height h from lake. AD is the reflection of cloud in the lake. Clearly, AC' = AD. Draw
AEFE||BF and let BF = z. « and 3 are angles of elevation and depression as given.

In ABCF, tana = % = % = BC =ztana

AC =AD =AB+ BC =h+ ztana

AB+AD h+h+ztan o 2h
In ABDF, tan§ = =g5— = p. =T = GnfA—tana

AC = AB+ BC = h + ztan o = Misnattans)

tan f—tan a

The diagram Figure 11.67 is given below:
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Let the cicle represent round balloon centered at O having radius r. B is the point of observation
from where angle of elevation to the center of the balloon is given as 5. BL and BM are
tangents to the balloon and OL and OM are perpendiculars. Clearly OL = OM = r. Glven
ZLBM = o and ZOBL = ZOBM = «/2.

In AOBL,sina/2 = %% = OB =rcsca/2.
. AO .
In AABO, sin 8 = 55 = AO = rsin Bcsca/2.

The diagram Figure 11.68 is given below:

Let AB be the cliff having a height h and F' be the initial point of observation from where the
angle of elevation is 0. Let D be the point reached after walking a distance k towards the top at
an angle ¢. The angle of elevation at D is a.

In ADEF,sin¢ = 22 = DE = ksin¢, cos ¢ = oo = EF = kcos ¢.

AB z
In AABF, tan = BF = Fcos gt (z—ksing)cota

= zcotf = kcos¢p+ x cot a — ksin ¢ cot @ = z(cot § — cot o) = k(cos ¢ — sin ¢ cot )

k(cos ¢p—sin ¢ cot a)

=T = cot @—cot a

The diagram Figure 11.69 is given below:

Let C'D be the tower having a height h. Point A is due south of A making an angle of elevation «
and B is due east of tower making an angle of elevation . Clearly, ZAC B = 90°. Given that
AB =d.
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In AACD, tana = % = AC = hcota and in ABCD, tan 8 :%é BC = hcot S.

In AABC, AB? = AC? + AD?> = d? = K2 cot?a + h2cot? f = h = —— 9
Vcot? at-cot? 8

94. This problem is similar to 93 and has been left as an exercise.
95. The diagram Figure 11.70 is given below:

Let AB be the girl having a height of 1.2 m, C' and F' be the two places of balloon for which
angle of elevations are 60° and 30° respectively. Height of ballon above ground level is given as
88.2 m and thus height of balloon above the girl's eye-level is 88.2 — 1.2 = 87 m.

In AACD, tan 60° = $2 = AD = 87//3 m.

In AAFG, tan30° = 5% = AG = 87v3 m.
Thus distance trarvelled by the ballon = 87v/3 — 87/\/5 = 174/\/3

96. The diagram Figure 11.71 is given below:

Let AB represent the tower with a height h. Let C' and D be the points to which angles of
depression are given as 60° and 30° which are shown as angles of elevation at these points.

In AABC, tan60° = /3 = ‘2% = AC = h/\/g
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In AABD, tan30° = 25 = 47 = AD = hv/3

CD = AD— AC =2h/V3
The car covers the distance C'D in six seconds. Thus speed of the car if 2h/(6v/3) = h/3v/3
h . 3V3

Time taken to cover AC to reach the foot of the tower is 7 X===3 seconds.

Proceeding like previous problem the answer would be three minutes.

. This problem is similar to 96 and has been left as an exercise.

The diagram Figure 11.72 is given below:

Let AB be the building having height 2 m. Let C and D be the fire stations from which the
angles of elevation are 60° and 45° separated by 20, 000 m.

In AABC, tan60° = v/3 = %g = AC = h/V3 m.

In AABD, tan45° = h =42 = AD = h m.

Since AD < AD so the fire station at C' will reach the building faster.

20000v/3

AD:AC+CD;»h:h/ﬁwoooo;sh:ﬁ
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The diagram Figure 11.73 is given below:

Let AB be the deck of the ship with given height of 10 m. Let C'E be the cliff with base at C.
Let the height of portion DE be x m. The angles of elevation of the top and of the bottom of
the cliff are shown as given in the question.

In ABDE, tan45° = DE/BD = BD = z m.

In A\, tan 30%rc = CD/BD = BD = 10v/3 =z

Thus, CE = 10 4+ 10v/3 = 27.32 m.

So height of the cliff is 27.32 m and distance of cliff from the ship is 10 m.
The diagram Figure 11.74 is given below:

Let AB and CD be the two temples and AC' be the river. Let the height of temple AB be 50
m. AC is the river. The angles are depression are shown as corresponding angles of elevation.
Let the height of CD be x m and width of river be w m. Thus, CD = z and AC = w.
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In AABC, tan 60° = 42 = w = 2% = DE[~ DE||AC]

C
e_BD_, 1 _ _BD _ 50
In ABDE, tan 30 _DE:>\/§_50/\/§:>BD_ T

Thus, height of the second temple CD = AB — BD = % m.

102. This problem is similar to 95 and has been left as an exercise.

103. This problem is similar to 95 and has been left as an exercise.

104. The diagram Figure 11.75 is given below:

Let BE be the tower leaning due east where B is the foot of the tower and E is the top. AB is
the vertical height of the tower taken as h. The angles of elevation are shown from tow points

as given in the question.

h . h
In ANACE, tana = 1o and in NADE, tan § = P

b—a 1 1
=5 = tan8 tana

(b—a)tanatan 8

=h= tan a—tan 3

105. The diagram Figure 11.76 is given below:
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Let AC be the lake and B be the point of observation 2500 m above lake. Let FE be the
cloud and F' be its reflection in the lake. If we take height of the cloud above lake as h then
CD = 2500 m where BD||AC . DE = h — 2500 m and C'D = 2500 m. The angle of elevation
and angle of depression of cloud and its reflection are shown as given in the problem.

In ABDF, tan45° = 2% = BD = h + 2500

In ABDE, tan15° = 22 = DE = 1830.6 m.

= CE=CD+ DE = h = 2500 + 1830.6 = 4330.6 m.
The diagram Figure 11.77 is given below:

This is a problem similar to previous problem with 2500 replaced by h and angles are replaced
by a and . So the diagram is similar in nature. Let the height of the cloud above lake be h’ m.
So DE=h"—hand DF = h+}'.

In ABDE, tana = 22 = BD = (k' — h) /tana

In ABDF, tan§ = 25 = BD = (h/ + h) /tan

:>(h/fh)tanﬁz(h’+h)tana:>h/=mm~@

tan f—tan «

2h
= BD = (tan a—tan j3)

Also, seca = % = BFE = {Mﬁi‘ which is the distance of the cloud from the point of
an a—tan

observation.
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107. The diagram Figure 11.78 is given below:

Let AB be the height of plane above horizontal ground as h miles. C' and D are two consecutive
milestones so CD = 1 mile. Let BC' = x mile. The angles of depression are represented as
angles of elevation.

In AABC,tana:g—gé h=xtana

In AABD,tanB:%ﬁ h=(z+1)tanp

tan 3 tan o

=T= =h= tan a—tan 8"

" tana—tanf
108. The diagram Figure 11.79 is given below:

Let PQ be the post with height A and AB be the tower. Given that the angles of elevation
of B at P and @ are « and 3 respectively. Draw CQ||PA such that PQ = AC = h and
AAP = QC = z. Also, let BC = h/ so that AB= AC + BC =h+h/.
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In AABP, tana = "0 o 5 — 1AW

T T = tana

In ABCQ,tanﬁzgﬁx: h’

tan 3
h+h' _ K
tana ~ tanf
W= htan g N h

~ tana—tanf tan a—tan 3

~'~PQ:h+h/* htan o

" tana—tan 3’
109. The diagram Figure 11.80 is given below:

Let AD be the wall, BD and C'E are two positions of the ladder. Then according to question
BC = a, DE = b and angles of elevations at B and C are a and . Let AB =z and AFE = y.
Also, let length of ladder be [ i.e BD = CFE =1.

In AABD,sina:g—D:yTer,cosozzﬁ—g

- _AE _y g _ AC _a+tz
In AACE,blnafﬁfT,CObﬂ—CEf—.

écosﬁ—cosa:%and sinoz—sinﬂ:%

cos a—cos 3

a
= b~ sinB—sina’
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110. The diagram Figure 11.81 is given below:

111.

112.

Let C'D be the tower subtending angle a at A. Let B be the point b m above A from which

angle of depression to foot of tower at C' is 8 which is shown as angle of elevation. Let AC = x
and CD = h.

In AACD, tana = % =z =hcotw

In AABC, tan g = g =z =bcotf
= hcota =bcot 3 = h =btanacot 8
The diagram Figure 11.82 is given below:

Let AB be the observer with a height of 1.5 m, 28.5 m i.e. AD from tower DE, 30 m high.
Draw BC||AD such that AB = CD = 1.5 m and thus CE = 28.5 m. Let the angle of elevation
from observer's eye to the top of the tower be a.

CE _ 28.5 o
In ABCE,tana:B—C:m:1:>a:45 .

The diagram Figure 11.83 is given below:

Let AB be the tower havin a height of h and C and D are two objects at a distance of z and
x + y such that angles of depression shown as angles of elevatin are 5 and « respectively.

In AABC,tanB:géx:hcotﬂ

h
In AABD,tana:rer#:r+y:hcota
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Distance between C' and D =y = h(cota — cot j3).
113. The diagram Figure 11.84 is given below:

Let AB be the height of the window at a height h and DE be the house opposite to it. Let the
distance between the houses be AD = z. Draw BC||AD such that BC =z and CD = h. The
angles are shown as given in the problem. Let CE =y

In ABCD,tanB:%#x:hcot,B

In ABCE7tana:%:>x:ycota

=y = htanacot
Total height of the second house DE = CD + DE =y + h = h(1 4 tanacot j3)
114. The diagram Figure 11.85 is given below:

Let AD be the ground, B be the lower window at a height of 2 m, C be the upper window at
a height of 4 m above lower window and G be the balloon at a height of z + 2 + 4 m above
ground. Draw DG||AC, BE||AD and CF||AD so that DE =2 m, EF =4 m and FG = z m.
Also, let BE = CF = d m. The angles of elevation are shown as given in the problem.

In ABEG,tan60°=\/§:§%:£§é:>d:%é
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InACFG,tan?)O":%:g—g:%éd:\/gm
_zt4 _
=3z = 73 =r=2

= the height of the balloon =244+ 2 =8 m.

5. The diagram Figure 11.86 is given below:

Let AB be the lamp post, EF and GH be the two positions of the man having height 6 ft. Let
the shdows be EC' and G D of lengths 24 ft. and 30 ft. for initial and final position. Since the
man moves eastward from his initial position + ZAC'D = 90°.

Let AB=h,AE =z and AG = y.

From similar triangles CEF and ABC

E _ 244x
- 24

[=2]

From similar triangles ABD and DGH

h _ 30+y
6 30

z _ Y _ 5z
Thus, 1 + 53 =1+35;=y =7

From right angles AACD,
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y? = 22 + 3002 = z = 400 ft.
= h =106 ft.
116. The diagram Figure 11.87 is given below:

Let AB be the tower having a height of h m, AC' be the final length of shadow taken as x m,
AD is the initial length of shadow which is 5 m more than finla length i.e. CD = 5 m. The
angles of elevation are shown as given in the problem.

In AABC, tan60° = /3 = % =

Sl=

In AABD, tan 30° =

EE
I

h
=35

Sl

—h=28_433m

117. The diagram Figure 11.88 is given below:

Let A be the initial position of the man and D and E be the objects in the west. Let
DE=x,AD =y, ZADB =0, ZAEB = ¢ and ZADC = 1. a and § are the angles made by
objects on the two positions of the man as given in the problem.

_ ¢ _ ¢
:>tan97§and tan¢)7x—+y
Now 0 — ¢ = a = tan(§ — ¢) = tana

tan 6—tan ¢

T+tanftang — ran e

=
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c c

= L —tana
1+<
Yoty

:>c:rcota:xy+y2+02

Similarly, substituting 2¢ for x and ¢ for ¢, we get

2cx cot f = xy + y + 4c? :xZMtgﬁ'
118. The diagram Figure 11.89 is given below:

Let P be the object and OA be the straight line on which B and C' lie underneath the object.
Let OP = h. According to question the angles of elevation made are o, 2« and 3a from A, B
and C i.e. ZPCO = 3a, ZPBO = 2a and ZPAO = «. Given that AB = a and BC = b.

LZAPB =2a—a=aand £ZBPC =3a —2a =«
~AB=BP =a
InAPBC,BS = PB ., b __«a

’sina ~ sin(180°—3«) sin a sin3a
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3b—a
4b

sin 3
sin o

é%: =3—4sin’a = sina =

In AOPB,OP = BPsin2a = 2asinacosa = 5:1/(a+0) (3b —a)

119. This problem is similar to 92 and has been left as an exercise.
120. The diagram Figure 11.90 is given below:

Let 6 be the angle of inclination of the inclines plane AC. Let AB = ¢ and BC = c. Let the
object be at D. Now LDBA=60—« and ZDCA =60—p.

Using sine rule in ADAB, SI%E = ;;E%%&—)
_ csin(0—a)
= AD = sin a
Applying sine rule in ADAC, 512TCB = %

sin B
csin(0—a) _ 2csin(B—p)

= sin o sin 8

sin @ cos a—cosfsina _ 2[sin 6 cos B—cos Osin 3]
sin @ sin o - sin @ sin B

= cot a — cot § = 2(cot 8 — cot )

= cot§ = 2cot § — cot a.
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121. The question is same as 109 just that we have a different relation to prove. From 109 we have

a cos B—cos a

b~ sin a—sin

. atB. a—f
_ 2sin=5=sin=5~

- at+fB . a—f
2 cos=5Fsin=5=~

:tan#éa:btan%.

122. The diagram Figure 11.91 is given below:
D

600300
A 1000m BT m C

Figure 11.91

Given that A and B are two points of observation on ground 1000 m apart. Let C be the point
where the balloon will hit the ground at a distance z m from B. Also, let D and E be the
points above A and B respectively such that ZBAFE = 30° and ZDBA = 60°.

In AABD, tan 60° = v/3 = 42 = AD = 1000V/3 m.
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o_ 1 _BE 1000
In AABE, tan 30 =5=A5~ BE =5 m

Clearly, ABCE and ACD are similar. Therefore,

BC _BE _, =z _ 1000
AC = AD 7 z+1000 _ 1000v3.v3

= 2 =500 = AC = 1500 m.

The diagram Figure 11.92 is given below:
B
60°
30°
A C 40 m D

Figure 11.92

Let AB be tree having height h m and BC be the width of the river having width w m.
According to question angle of elevation of the tree from the opposite bank is 60°. Also, let D
be the point when the man retires 40 m from where the angle of elevation of the tree is 30°.

In AABC, tan 60° = ﬁ:%é h =wv3 m.

In AABD7tan30°:ﬁ:>3w:w+40:>w:20 m.

= h =203 m.
Thus, width of the river is 20 m and height of the tree is 20v/3 m.

The diagram Figure 11.93 is given below:

w X Y A

/

7\ o
O TA Y B C D

Figure 11.93

Let O be the point of observation. The bird is flying in the horizontal line W XY Z. The
angles of elevation of the bird is given at equal intervals of time. Since the speed of the bird
is constant WX = XY =Y Z =y (let). From question ZAOW = «, ZBOX = 3, ZCOY =~
and £ZDOZ = 6. Let OA = x and AW = h.
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In AAOW, cota = %

In ABOX, cot 8 = wTer

In ACOY, coty = %%

In ADOZ, coté = fjﬁ?zg

. . 2
L.H.S. = cot? a — cot? § = W

. _ 2
R.H.S. = cot? 8 — cot?y = %

~ LH.S. = R.H.S.

5. The diagram Figure 11.94 is given below:

C
h

A d D

Figure 11.94

447

Let AB be the tower, BC be the pole and D be the point of observation where the tower and
the pole make angles a and 3 respectively. Let the height of the tower be A’ and AD = d.

Given that the height of the pole is h.

AD d

In AABD, cota = 35 =7, = d = h' cota

In AACD, tan(a+ 3) = % = h+Th,

= h+h =h"cotatan(a+ )

n = h hsin o cos(a+f)
~ cotatan(a+B)—1 " sin(a+p)cosa—cos(a+f)sina

__ hsinacos(a+beta)

sin(a+8—a) = hsinacsc fcos(a+ 3)

The diagram Figure 11.95 is given below:
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A

Figure 11.95

Given AC = BC = z (let) and ZBPC = f.
Let ZBPA =0 then ZCPA=0—-p

In AAPC, tan(0 — ) = A’mP

In AAPB, tanf = 2%

= tanf = 2tan(6 — 8) :%m

AB 1 .
tan § = 35 = —~ (from question)
1 2(%—tan B)
T
_ n
= tanf = PR

127. The diagram Figure 11.96 is given below:

D
B A0
A E
h
o
A d C

Figure 11.96
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Let AB be the first chimney and C'D be the second chimney. The angles of elevation are shown
as angles of elevation as given in the problem. Draw BE||AC and let AC = BE = d m and
AB = CFE = h m. Given CD = 150 m. Clearly, DE = 150 — h m.

In ABED, tanf = 3 = 207" = 44 = 450 — 31

In AACD,tand)zg:%éd:GOm.
= h=70m. = BE =60m and ED = 150 — 70 = 80 m.

BD? = BE? + DE? = 80° + 602 = BD = 100 m, which, is the distance between the tops of
two chimneys.

The diagram Figure 11.97 is given below:
D

Figure 11.97

Let CD be the tower of height h having an elevation of 30° from A which is southward of it.
Let B be eastward of A at a distance of a from it from where the angle of elevation is 18°.
Since B is eastward of AZCAB = 90°.

In AACD, tan30° = o = AC = hv/3
In ABCD, ,tan18° = % = BC = hcot 18°

In AABC, BC? = a® + AC? = h? cot? 18° = a2 + 3h>

. _ a
“h= Vecot? 18°—3
Now cot?18° =5+ 2v/5 .~ h = ——2%

2+2V5
The diagram Figure 11.98 is given below:

Let AB be the tower having height h. Given that P is north of the tower and @ is due west of
P.ZAPQ =90°.

In AABP, tan = 55 = AP = hcot§
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Figure 11.98
In AABQ, tan ¢ = A’l—Q = AQ = hcot ¢

In AAPQ, AQ? = AP? + PQ?
= PQ? = h?[cot? ¢ — cot? 0]

___PQ
Vcot? p—cot?

= h=

_ PQsin0sin ¢
\/sin2 6 cos? ¢p—sin? ¢ cos?

PQsinfsin ¢
\/(sin2 6(1—sin? ¢))—sin? ¢(1—sin2 6)

_ PQsinfsin¢

o V/sin? 0—sin? qb.
The diagram Figure 11.99 is given below:
B

Figure 11.99

450

Let B be the peak having a height of h with base A. Let PQ is the horizontal base having
a length 2a making angle of elevation of € from each end. Let R be the mid-point of PQ from

where the angle of elevation of B is ¢ as given in the question.

Thus, ZAPB = ZAQB = 0 and LARB = ¢.

In AAPB, tan = %ﬁ AP = hcot 6§
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Similarly, AQ = hcotf and AR = hcot ¢
AR is the median of the AAPQ

~ AP? 4 AQ? = 2PR? + 2AR?

= 2h? cot? 0 = 2a2 + 2h? cot? ¢

= hlcot? 6 — cot? ¢) = a?

_ asinfsin ¢
" /(sin ¢ cos O+cos ¢ sin 0) (sin ¢ cos O—cos ¢ sin )

o asin 0sin ¢
~ V/sin(0+¢)sin(¢—0)

The diagram Figure 11.100 is given below:
B

Figure 11.100

451

Let B be the top of the hill such that height of the hill AB is h and P, R, Q be the three

consecutive milestones. Given, ZAPB = o, ZARB = 3, ZAQB = .

In AAPB, tana = % = AP = hcota
Similalrly, AR = hcot 8 and AQ = hcot~y
Also, PR = QR =1 mile.

+ PR = @R, AR is the median of the triangle APR.

= AP? + AR? = 2PR? + 2AQ? = h*(cot? a + cot? y) = 2 + 2h? cot? B

2 .
=h= \/cot2 a+cot?y—2cot? miles.

The diagram Figure 11.101 is given below:
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80’

O
D
80’
Figure 11.101

Let OP be the tower haing a height of h which is to be found. Let ABC' be the equilateral
triangle. Given that OP subtends angles of «, 3,y at A, B, C respectively. Given that
tano = v/3 + 1 and tan 8 = tan~y = v/2. It is given that OP is perpendicular to the plane of
ANABC.

h
V3+1

h h
In AAOP tana = 55 = V3+1=g5 = 0A =

Similarly, OB = OC = ’fl

In AAOB and AOC, AB = AC, OB = OC, OA is common. ~ AAOB and ANAOC are equal.
~/Z0AB = ZOAC but ZBAC = 60°
= ZOAB = ZOAC = 30°

Using sine rule in the AOAB7 - 30 Mne (let LZABO = 6)
h h
V2 _ V341
=T1T= siI:rO
2
o AB-1 . o
=sinf = V) =sin15
=0=15°

= ZOBD = LABC — 0 = 45°

In ABOC, OB = OC, 0D L BC + BD = DC = 40’

BD

_ /
OB:>\/5 hf:>h 80

In AOBD, cos45° =

The diagram Figure 11.102 is given below:

In the diagram we have shown only one tower instead of three. We will apply cyclic formula to
this one tower relationships. Let P be the position of the eye and height of PQ = x. Let AB be
the tower having a height of a as given in the question and let the angle subtended by AB
at Pis 6.

Thus, ZAPB =0, /PAQ = o = ZABP = 180°— 6 — (90° — o) = 90° + (o — 0)
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7

/Y
A P
Figure 11.102

By sine rule in AAPB,

a AP _ AP
sin® ~ sin[90°+(a—60)] ~ cos(a—0)

In AAPQ,sina:vA%P:AP:.EW

sin o
a z
= 5o sin a cos(a—0)
. . sin 0
= zsinf = asinacos(a—0) = cos(a—0) = ==

If we consider the other two towers we will have similar relations i.e.

=cos(f—0) = ::;‘g and cos(y—0) = z::;lz

sin(ﬁ7v>+si2(%a) sin(a—p)

asin o sin 8 csiny

_ sin(a—p) sin(a—0+60—p3)
_Z csiny _Z csiny

_ Z sin(a—0) cos(0—3)+cos(a—0)sin(0—3)

csiny

Now,

1 sin(a—0)xsinf  sin(6—beta)xsind
= E - - + -
csiny bsin 8 asina

=3 I asin(a—60)sina — bsin(8 — 0) sinf]

abesin asin Bsiny

_ x sin 6 0=0

abcsin asin Bsiny

The diagram Figure 11.103 is given below:

453

Let S be the initial position of the man and P and @ be the poosition of the objects. Since PQ
subtends greatest angle at R, a circle will pass through P, @ and R and RS will be a tangent

to this circle at R.
Also, ZPQR = ZPRS = 0 (let). Let PQ = x.
Clearly ZSRQ =60+ 8
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Vza
a

S c
Figure 11.103

Using sine law in APRQ, ﬁ _ PR, _ PRsing

~ sin6 sin 6
Using sine law in APRS, 2% = __¢___, pgp = _c¢sina
) ’sina ~ sin(0+p) sin(0+3)
- = csinasin 8 2csin asin 8

= Sin(0+pB)sin(f) _ 2sin(6+B)sin(0)

_ 2csinasing
" cos B—cos(20+3)

In AQRS, a0+ +20 =180 =20+ 5 =180"— «
= cos(20+ ) = —cosa

_ 2csinasin
== cosa+cos 3"

135. The diagram Figure 11.104 is given below:

=

e
QC =y

A d B
Figure 11.104

Let OP be the tower having a height of A and PQ be the flag-staff having a height of . A and B
are the two points on the horizontal line OA. Let OB = y. Given, AB =d, ZQAP = ZQBP = a.

Since ZQAP = ZQBP, a circle will pass through the points A, B, P and () because angles in
the same segment of a circle are equal.
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Thus, ZBAP = ZBQP = [ (angles on the same segment BP)
= /BPO =/ZQA0 =a+ 8

h
In AAOP, tanﬁ = er—d

In ABOP, tan(a + ) :%: y = htan(a+ )

dtan

:>h:ytanﬁ+dtanﬁz>hzm

In ABOQ,tanBszhé:ctanﬁ—l—htanﬂ: htan(a+ 8)

d[tan(a+8)—tan 3]

=T = 1—tan(a+p3)+tan s

136. This question is same as 92 with « replaced by 6 and f replaced by ¢.

Referring to diagram of 92, AC = %

__ h(sinfcos ¢+sin¢pcosh)
~ sin¢cosf—sinfcos ¢

__ hsin(6+¢)
~ sin(¢—0) *

137. The diagram Figure 11.105 is given below:

38°
A 2.05 m B

Figure 11.105

Let BC' represent the road inclined at 10° to the vertical towards sun and AB = 2.05 m
represents the shadow where the elevation of the sun is ZBAC = 38°. Thus, LBCA =
180° — (10° 4+ 90° + 38°) = 42°.
Using sine rule in AABC,

BC AB_ _, per — 2.05sin38°

sin38° ~ sin 4260 sin 42°
138. The diagram Figure 11.106 is given below:
D

hm
300 60°
A 30m B C

Figure 11.106
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Let C'D be the tower having a height of h m. Let BC be its shadow when altitude of the sun is
60° and AC' be its shadow when altitude of the sun is 30°.

Given that shadow decreases by 30 m when altitude changes from 30° to 60° i.e. AB = 30 m.
Let BC =z m.

In ABCD, tan60° = g = h=+3z

° h
In AACD, tan 30° = 75750 = h=15v3 m.

139. This problem is similar to 138 and has been left as an exercise.
140. This problem is similar to 96 and has been left as an exercise. The answer is 90 seconds.
141. The diagram Figure 11.107 is given below:

C

A"
A B
Figure 11.107

Let C be the position of the aeroplane flying 3000 m above ground and D be the aeroplane
below it. Given that the angles of elevation of these aeroplanes are 45° and 60° respectively. Let
the height of D is h m and AB = d m.

In AABC, tan 60° = V3 = 2% = d = 1000v/3 m.

In AABD, tan45° = 1 = = h = 1000v/3 m.
- Distance between heights of the aeroplanes = C'D = 3000 — 1000+/3 = 1268 m.

142. The diagram Figure 11.108 is given below:
B

@ B
C * A l1-z D

Figure 11.108

Let C and D be two consecutive milestones so that C'D = 1 mile. Let D be position of aeroplane
having a height h above A, to which angles of elevation are a and (8 from C' and D respectively.
Let AC=2=AD=1—uz.



143.

144.

146.

Answers of Height and Distance 457

In AABC, tan « =%=> h=xtan«

In AABD,tan,B=£vz:>h:€t§r%

This problem is similar to 119 and has been left as an exercise.

The diagram Figure 11.109 is given below:

Figure 11.109

Using m : n theorem,
2ccot (0 —30°) = ccot 15° — ¢ cot 30°
= cot(6—30°) =1 =cot45°

= 0="75.

5. This problem is simmilar to 138, and has been left as an exercise.

The diagram Figure 11.110 is given below:
B
E 30 D
h
60°
A C

Figure 11.110

Let AB be the height of air-pilot which has height of h. Let C'D be the tower whose angles of
depression of top and bottom of tower be 30° and 60° respectively. Draw DE||AC such that
DE = AC'. Let the height of tower C'D be z.

In AABC, tan 60° = ﬁzﬁé h=xV3

xT
o_ 1 _BE _
In AADE, tan30° = 25 = 2¥ = BE = &

w| >
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o Hei _ h _ 2h
- Height of the tower CD = h — 3=5

147. This problem is similar to 146, and has been left as an exercise.

148. The diagram Figure 11.111 is given below:
D

® R
9 e
A 20m BP 20m Q

Figure 11.111

458

As the diagram shows there are two possible solutions. Let BD and @S be the tower of height h.

According to question BC': CD=1:2,QR: RS=1:2and tan¢ = %

h
In AABC, tanf = 0

In AABD, tan(0 + ¢) = % = 3tand

tan 0+tan ¢
1—tanftan ¢

=3tanf
= tanf = 1,%
= h = 20,60
149. The diagram Figure 11.112 is given below:

D

8m

C

¢

A Tm 0]

Figure 11.112
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Let AB be the man given a height of 2 m making an angle of # on the opposite side of the
bank at O. Let AC be the tower having a height 64 m making an angle of ¢ at O. Let CD be
the statue having a height of 8 m at the top of tower making the angle 6, which is equal to the
angle made by the man at O. Let the width of the river be AO = = m.

In AABO, tanf = 2

T

In AACO, tan(8 + ¢) =

In AADO, tan(26 + ¢) = 2

tan(6+¢)+tan 6 72

1—tan(6+¢)tand ~— =

64 2
Tte 12
= 1612~ =

64 2
T T

:>x:16\/6m.

. The diagram Figure 11.113 is given below:

C

A

Figure 11.113

Let BC be the statue given a height of a placed over the column AB given a height of b. Let
both of these make an angle of 6 at () the top of the observer PQ given a height of h. Let the
distance AP =d.

Clearly, BQ is the bisector of ZAQC and hence it will divide the opposite side in in the ratios
of the sides of the angle.

AB b _ AQ __ b2 d?+h?
TBCT AT 0Q 7 & TF(atboh)?

= (a—b)d?=(a+0)b?—2b°h — (a —b) h?

The diagram Figure 11.114 is given below:
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B

h m

90 —
A a Cb—a D

Figure 11.114

We follow the question 74 and have a similar question. Following the same method we find that
h=+ab.BC? = AC? + AB? = a2 + ab. Let C'D subtend an angle of o at B.

In ABCD, using sine rule

CcD BC

sina ~ sin(90°—0)

CD AC _ (b—a)a _b—a
BC ' BC ~— a?4ab ~ a+b

. ¢D -~
:>smoz—B—Ccosé?—

152. The diagram Figure 11.115 is given below:

0 h
0
A d B

Figure 11.115

Let BC be the pillar given a height of h and C'D be the statue having a height of . Both the
statue and the pillar make the same angle at A which we have let to be 6.

In AABC, tanf ="

~ 2tan® _ h+x
In Aqu.D7 tan 20 = 1 tan20 — d_

a4 _ h+tz _ 2hd?
g e =g
d
h(d?+h?
= ¢ = MELE)

153. The diagram Figure 11.116 is given below:
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B
50 — h/2
15° D
¢ d
h/2 h)2
E y F
h/2 h)2
45°
A d c

Figure 11.116

Let BE be the tower and C'D be the pole such that base of the tower is at half the height of
the pole. Given height of the tower is 50”. Aangles of depression of the top and the foot of the
pole from top of the tower are given as 15° and 45°. Let the distance between the pole and the
tower be d’.

50+

In AABC, tand5’ =1 = —;

= d=50+"2

_ 50—2
In ABGD, tan 15" = 3= _ 202
3+ d

—

= h=100/v/3 ft.

154. The diagram Figure 11.117 is given below:

4 km

D
Figure 11.117
Given A is the initial point of observation and D is the second point of observation which

is 4 km south of A. Let P be the point in air where the plane is flying and @Q be the point
directly beneath it. Given that @ is directly east of A and angles of elevation from A and D are
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respectively 60° and 30°. Let PQ = h km be the height of the airplane. Clearly, ZDAQ is a
right angle.

In AAPQ, tan 60° = {55 = AQ = h.cot 60°

In ADPQ, tan30° = DLQ = DQ = hcot 30°
In AADQ, DQ? = AB% + AQ? = h? cot? 30° = h? cot? 60° + 42
= h =+/6 km.

155. The diagram Figure 11.118 is given below:

Figure 11.118

Let PN be the flag-staff having a height of h. AB is perpendicular to AN. Let AN = z and
BN = y. Given angles of elevation from A and B to P are « and [ respectively.

In AAPN,z = hcota. In ABPN,y = hcot 3

In AABN, AB? 4+ h? cot? a = h2 cot? 8

o AB o ABsin asin 3
o \/00‘52 B—cot? a ~ sin(a+8)sin(a—p)

=h

156. The diagram Figure 11.119 is given below:
c

B
A 20 m D

Figure 11.119

Let AC be the tower having a height of h such that AB : BC :: 1:9. Given the point at a
distance of 20 m is where both AB and BC subtend equal angle which we have let to be 6.

In AABD, tan 6 = g5'os = h = 200 tan 0
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In AACD, tan 20 = 2% =10tané

2tanb 40 tang

= 1—tan26 —

2 = _ 2
= 10tan 0—8—0:>tan6'—\/5

= h = 80v5 m.

157. The diagram Figure 11.120 is given below:

e 0 3
A E B D
Figure 11.120

Let BC' be the tower inclined at angle an angle 6 from horizontal having a vertical height of h.
Let A and D be two equidistant points from base B of the tower from where the angles of
elevation to the top of the tower is a and S respectively. Let AB = BD = d. Let BE = x.

In ABCE, tan0=%=> x = hcotf
Clearly, AE = d — hcotf and BE = d + hcotf

h s h
In AACE, tana = d—hcot 0 and in ABC’E, tanﬁ = d¥fhcotd

1 1

= cota+tcotl  cot B—cot O

—1 sin(a—p)

= 0 = tan 2sinasin 8’

158. The diagram Figure 11.121 is given below:

Figure 11.121
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Let ABC Dbe the triangle in horizontal plane and PQ be the 10 m high flag staff at the center
of the AABC. Given that each side subtends an angle of 60° at the top of flag staff i.e. Q.

~ LAQC = 60° = AQ = QC making AAQC equilateral.

Let AQ = QC = AC = 2a. We know that centroid is a point on median from where the top of
the vertex is at a distance of % rd times length of a side. We also know that median of an
equilateral triangle is perpendicular bisector of the opposite side.

—2 in 60° = 24
= AP =3 .2a.sin60° = 7
AAPQ is also a right angle triangle with right angle at P.
= AQ*= AP*+ PQ* = a=5,/3
= Length of a side = 2a = 5v/6 m.

The diagram Figure 11.122 is given below:

0 90° — 0
A 60m O 60m C
Figure 11.122

Let AB be the pole having a height of h then the height of the second pole C'D would be 2h. O
is the point of observation situated at mid-point between the poles i.e. at a distance of 60
m from each pole. Let ZAOB = 6 and therefore ZCOD = 90° — .

h
In AAOB, tan 6 = g5

In ACOD, tan(90° — 6) = cot § = 2¢ = 2tan = tan = —

Sl

= h=30v2 m and 2h = 60v/2 m.

This problem is similar to 158, and has been left as an exercise.
This problem is similar to 134, and has been left as an exercise.
The diagram Figure 11.123 is given below:

Since AB and CD are two banks of a straight river they would be parallel. We have shown
alternate angles for 8 and v in the diagram other than given angles. In AABC, ZACB =
m—(a+p+7)=sinACB =sin(a+p+7).

Using sine formula in AABC,
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A a B

Figure 11.123

AB _ AC _ asin~y
SmACB ~ sSmABC AC = sin(a+B+7)

Using sine formula in AACD,

CD  AC - asin asiny
sina ~ sinf =CD = sin Bsin(a+8+7)

163. The diagram Figure 11.124 is given below:

50725°

P b Q ¢ R

Figure 11.124

Let PQ be the bank of river having a width of b and R be the point in line with PQ at a
distance of a from Q). @S is the distance of 100 m to which the person walks at right angle
from initial line.

o __ a+b
In APRS, tan40” = 355

In AQRS, tan 25° = %

= b =100(tan40° — tan 25°).
164. This problem is similar to 96, and has been left as an exercise.
165. This problem is similar to 96, and has been left as an exercise.

166. The diagram Figure 11.125 is given below:
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1Y

N K

C

Q
O/
A

oY —>< oY —=]
% =
<t

1Y

Q

v
P/
Figure 11.125
Let P and Q be the tops of two spires, P’ and @’ be their reflections. From question OA = h.
Let BP=BP =hl1,CQ=CQ =h
Let the distance between spires be xt = MN = OM — ON.

In AOMP' tan § ="M = OM tan § = h + hl

In AOMP,tana:%é OMtana=hl—h

:>OM(tanB—tan0z) :2h:>OM:han,32%

2h
tanvy—tan o

Similarly, ON =

=2 =0M —ON = 24| ! ! ]

tanfS—tana  tan~y—tana
On simplification we arrive at the desired result.
167. The diagram Figure 11.126 is given below:
P

)
I
5
fuy)
<t fi flt— 2 —=

A B

Figure 11.126
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Let O be the center of the square and OP be the pole having a height of h. Let OQ be the
shdow of the pole. Given CO = z and BQ = y. Then BC = x + y. Let OR L BC.

#OR =BR="Yand QR = ;¥
In APOQﬁcana:%é OQ = hcot

In AORQ, 0Q2 = OR2 + QR% = h2 cot® a = (I_;yf " (u)Q

x2+y?

5 tan o

= h=

168. The diagram Figure 11.127 is given below:
P

O/

Figure 11.127

Let OP be the vertical height ¢ of the candle. O’ is the point vertically below O therefore
0O’ = b as given in the question. Let EF represent the line of intersection of the wall and the
horizontal ground. Draw O’D 1 EF then O’'D = a.

Clearly, EF = 2DE as shadow is symmetrical about line O’ D,

In similar triangles AOP and PO’FE,

OA  OP a _ ¢ s a(b+e)
OE= 0P 0E - bt~ OE="7
In AO'DE,

O'E? =d® + DE? = DE =2V/b* + 2bc

= EF = 2DE\/b? + 2bc

169. The diagram Figure 11.128 is given below:
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Q
P
D c
¥
8
o—={M 1
<
I
A B

Figure 11.128

Let PABCD be the pyramid, PQ the flag-staff having a height of 6 m. Let OP = h and the
shadow touches the side at L.

Proceeding like problem 167, we have in AOML,
2 2 2 2.2 +y)\2 —y\2
OL? = OM? + LM?* = (h+6) cot” o = (55¥)" + (23¢)

2 2
= h= #tana—G

170. The diagram Figure 11.129 is given below:

C d B 34qA P
Figure 11.129

Let PQ be the tower with given height h, C' be the initial point of observation from where
angle of elevation is 8. When the man moves a distance d let him reach point B from where

angle of elevation is 20 and then final point be A which is at a distance of %d from B, having
an angle of elevation 36.

ZQCB=/CQB=0-BC=BQ=d
In APQB,sin20 =" = h = 2dsin  cos 0

d

Using sine rulel in AABQ, 431?16 = Sn(180°=0)

3 1
= Zsind 3sinf—4sin3 0

5.

.2,
= sin 6‘—12..
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= h? = 4d? sin® 0 cos? 0§ = 36h2 = 35d°

171. The diagram Figure 11.130 is given below:

A 4m 0] 4m B

Figure 11.130

Let O be the mid-point of AB having a measure of 8 m. Let OP be the 2 m long object, PQ
be its position after 1 second and RS be the position after 2 seconds.

/ZPAQ = a, ZRAS = 3 as given in the problem. Also given,

% =2 +1= [ds= [(2t+1)dt = s =t> +t + k where k is the constant of acceleration. At
t=0,s=0=k=0

Att=1,s=2andt=2,s=6-0P=PQ=QR=RS=2m.
Let LZOAP = 01, ZOAQ = 03, ZOAR = 03 and LOAS =6,

_ 1—2
= tana = tan(fy — 67) = _temba—fy 73

1
T 1+tan;tanfy 1+ 3

[N

Similarly, tan 8 = %

= cos(a—f) = 75%

172. The diagram Figure 11.131 is given below:

Let OD be the pole having a height of h. Given that AABC is isosceles and B and C subtend
same angle at P which is feet of the observer, therefore AB = AC'. Let BD = DC = zx. Given
ZAPO = B, ZCPQ = o and OP = d.

AABC =3 BC.AD = z.AD

In AAOP,tanﬂz%éADzdtanﬂ—h
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A
B<“—H C
0 Q
g
Q,
P

Figure 11.131

In AC’QP,tanoc:%:S PQ = hcota

In AOPQ, 0Q? = PQ* — OP? = 0Q = vV k% cot® a — d?
= AABC = (dtan 8 — h) VA2 cot® a — d?

173. The diagram Figure 11.132 is given below:

B

Figure 11.132

In the diagram A, @, B are in the plane of paper and PQ is perpedicular to the plane of paper.
In AAPQ, tan(90° —6) = %

In ABPQ, tanf = BA}ZQ
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= h=\/AQ.BQ

Since BQ is north-west . LZAQB = 45° = ZQBA = AQ = AB = 100 m.

In AABQ, OB = / AQ? + AB? = 100v/2 m.
= h =100v/2 m.

1. The diagram Figure 11.133 is given below:

D
B
a b
(0%

P

Figure 11.133

Let AB and CD be the vertical poles having heights of a and b respectively and angle of
elevation a from O which is same for both of them. Also, the angles of elevation from P are 8
and v along with ZAPC = 90°.

In AABQ,tanaz%ﬁ AQ = acota

In ACDQ,tana:a%éCQ:bcota
= AC =AQ+CQ = (a+b)cota

In AABP, tan 8 = ALP = AP =acotf

In ACDP, tany = % = CP =bcoty

In AAPC, AC? = AP? + CP?

= (a+b)?cot? a = a? cot? B+ b2 cot? v
The diagram Figure 11.134 is given below:

Given the pole is PQ, let h be its height. PQ is perpedicular to the plane of paper i.e
ABC. .. ZQPA=/ZQPB = ZQPC =90°

In AAPQ, tan = 1 = PA = hcot§
Similarly, PB = PC = hcotf = PA

Hence, P is the circumcenter of the AABC and PA is circum-radius of the circumcircle.
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Figure 11.134

h

¢
A p
300 m
4

@

Figure 11.135

~h=PAtanf = Z—bActaHO
176. The diagram Figure 11.135 is given below:

Let PQ be the tower having a height of h and ZAOP = 6. Given that tanf = \/ii
In AAOP, tan 0 = 45 = AP = 150v/2 m.

In APOQ, tan30° = g5 = OP = hv/3

In AAOP, OP% = OA? + AP? = 3h? = 3002 + (150v/2)?
= h = 150v/2 m,
stang = 4o =1= ¢ = 45°.

177. The diagram Figure 11.136 is given below:

472
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Oé|hﬁ
|
D AO C

—d—f
k= 2d =]

Figure 11.136

Let OB =h,0A =x.In AAOB, tan« =%
= x = htana

In ABOC,tanﬁ=a~ﬁ~5:>d:htana+hcotﬂ
In ABOD,tan’y:CH_%éd: hcoty — htana
~htana + hcot § = hcoty — htana

= 2tana = coty — cot 5.

The diagram Figure 11.137 is given below:

Figure 11.137

Let M be the mid-point of ES such that SM = M E = x and OP be the tower having a height
of h.

In AEOP, tana = % = OF = hcota

Similarly in AOPS, OS = hcot 8 and in AMOP, OM = hcot 0
Since OF is eastward and OS is southward = EOS = 90°

= ES? = 05?4+ OE? = 422 = h?(cot? B + cot®a)

Since M is mid-point of ES; OM would be the median.
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= 08% + OE? = 2MS? + 20M*?
= h2 cot? 6+ h? cot?a = w +2h2 cot? 6
= cot? B+ cot? a = 4cot? 6

The diagram Figure 11.138 is given below:

P

Figure 11.138

Let AP be the tree having a height of h and AB be the width of canal equal to z. Given,
BC =20 m and ZBAC = 120°.

In AABP, tan60° = % = AB = %

In AACP, tan 30° = % = AC =3h

Using cosine rule in AABC,

n2 2 2

1on0 _ AB24+BC2—AC? 1 57+20°-3h
cos120"="—7gpc = 3= 220
3

= 202 —5v/3h —300 = 0 = h = DBEIVIL

ﬁAB:@m.

The diagram Figure 11.139 is given below:

Let OP be the tower with P being the top having a height of h. According to question
5152 = SQSg, ZPSQSl = 7, ZPS;gSQ = 72, 451PSQ = 51, ZSQPS:; = (52, LPSlO = 51 and
ZPS50 = fa.

In AOPS1, sin 1 = PLSI = PS ="

sin 81
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Figure 11.139

In AOPSy, PSy = -1

sin 3o
. . . P
Using sine rule in PS7 59, % = Sinill
h _ sinf;siny;
S1S2 T sin &y

sin Bo sin 2
sin 0o

. . B
Similarly in PS5S3, 55—
Equalting last two results we have desired equality.

181. The diagram Figure 11.140 is given below:

Figure 11.140

475
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Let PQ be the vertical pillar having a height of h. According to question, tana = 2, AN = 20
m and that APAM is equilateral. Let ZQAP = 3, ZQBP =~

In ANPQ,tanaz%zQéPN:%

In AANP, tan60° = v/3 = 58 = PN = 20v/3 = h = 403 m.

1__ AN

00560°:§—ﬁ:>PA:40 m.

APAM is equilateral and PN L AM +« AN = MN =20 m = AM =40 m, = AB = 80 m.

~PB=+AB?>— PA? = 40V/3 m.
= 8 =060" and v = 45°.

182. The diagram Figure 11.141 is given below:

Figure 11.141

Let ABC be the triangular park, O be the mid-point of BC' and OP be the television tower(out
of the plane of paper). Given that, ZPAO = 45°, ZPBO = 60°, ZPCO = 60°, AB = AC = 100
m. Also, let OP = h m.

Clearly, ZPOA = /POB = /POC = 9(".

In APOA, tand5° = gbx = OA = h
In APOB, tan60° = gz = OB =

Sl=

A h
Similarly OC' would be 75

+ AABC is an isosceles triangle and O is the mid-point of BC. -~ AO L BC.
In AAOB, AB? = OA% + OB? = h = 50V/3 m.

183. The diagram Figure 11.142 is given below:
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D/ C/

)

Figure 11.142

Let ABCD be the base of the square tower whose upper corners are A’, B’, O/, D’ respectively.
From a point O on the diagonal AC the three upper corners A’, B’ and D’ are visible.

According to question ZAOA’ = 60°, ZBOB’ = ZDOD’ = 45°

Also, AA’ = BB’ =h and AB=a
° h h

In AAA’O, tan60° = 5 = AO = 7

In ABB'O, tand5’ = 1= g = BO = h

Using cosine rule in AAOB,

o AO?+AB?—BO?
cos 135° = A0 AB
1 %2+a2—h2
==

V2 Q.ﬁ‘a

V6(1+/5)
Yl

Considering h > 0, on simplification we arrive at %:

The diagram Figure 11.143 is given below:

In the diagram PP’ R’ R is a plane perpendicular to the plane of the paper. Let C be the center of
top of the cylindrical tower. Since A is the point on the horizontal plane nearest to @, hence A will
be on the line Q' A where Q' A L QQ’. According to question QQ’ = h,C’'Q’ =r, ZQAQ' = 60°
and LPAP’ = 45°.

/ o /3= _h_ r_h
In AAQQ’, tan 60 _ﬁ_AQ,;»AQ =7

o h
In AAPP’, tan 45 zlzﬁéAP’:h
’_ ’ 1y h
AC"=AQ"+C'Q —“\/ngr

2
In AAC'P', AP*' = AC* + C'P* = h* + (% + r) + 72
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“

VIRV,

Figure 11.143

Figure 11.144

Taking into account that h > 0, on simplification we arrive at

h _ V3(1+V5)
ol

T

5. The diagram Figure 11.144 is given below:

Let AP be the pole having a height of h m. Let LZPCA =0, ZADB = o« and ZBDC = j.
Then LPBA =20 and ZBPC =90.

= /BPC = /BCP = BP = BC =20 m.

From question tan o = %, CD =30 m and BC =20 m.

In ABCD, tanff = 55 =2 =2

Now tan(a + 3) = fenaottanf _ 4

~ l1-tanatanfB
= a+ =45 = LADC = LDAC = 45°
= AC=CD=30m. = AB=AC — BC =30—20 =10 m.
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In APAB,h?> = PB? — AB? =202 - 102 = h = 10v/3 m.

186. The diagram Figure 11.145 is given below:

P
A 30° A
a/2
CF----—F~~----- o=,
a/2 ! 60
/ 300 |
B 5a/3 D

Figure 11.145

Let OP be the tower having a height of h, A be the initial position of the man, B be the
second position of the man at a distance a from A and C be the final position of the man at a

distance of %a from B. Given that angles of elevation from A, B and C' of the top of the tower
are 30°, 30° and 60° respectively. OC 1. AB and DN 1 OC.

In APOA, tan30° = % = g = 0A=V3h
Similarly in APOB, OB = V3h and in APOD, tan60° = g5 = OD = e

+0A=0A= AC=BC =1

0C = OA? = AC® = | /312 2 ON = VOD? — DN? = | /22

BD:ON:OC—ON:>%“:\/3h2—“2—\/%2—“2

4 4
On simplification, we get h = ,/%a or h = \/ga.

187. The diagram Figure 11.146 is given below:

Let OP be the tower having a height of h. Given ABC is an equilateral triangle. Let the
angle subtended by OP at A, B, C be «, 8, v respectively. According to question tana =
V3+1,tan 8 = V2 and tany = v/2. OP is perpedicular to the plane of AABC.

In AAOP, tan o = 5}% = 0A = \/§h+1.

Similarly, OB = % and OC = %

In AAOB and AOC, AB = AC, OB = OC and OA is common. So AAOB and NAOC are
equal. ~ ZOAB = ZOAC.
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P
C
g
h
A
80’
80/
0
B

Figure 11.146

But ZBAC = 60"~ ZOAB = ZOAC = 30°

Let ZOBA =10
Using sine rule in AOAB, gg—ng = S?nAg
= sing = 22t = sin15°

= 0=15".= LOBD = /ABC — 0 = 45°
In ABOC, OB = OC, 0D L BC + BD = DC = 40’

o_BD_ 40 e
In ABOD, cos 45 _OB_Mh/\@:}h_go

The diagram Figure 11.147 is given below:

Let OP be the tower having a height of h and PQ be the flag-staff having a height of . Since
PQ subtends equal angle o at A and B so a circle will pass through A, B, P and Q. Since C is
the mid-point of AB . AC = BC = a.

Let OA = d and ZPAO = 6. Tn AAOP, tan =

h
h+z tan f+tan a gttana
In AAOQ, tan(0 + «) = d 7 T tanftana 1—2tan o
d

h+dtana _ h+x
= d—htana ~—  d

=d*+h(z+h)=rdcota
Similarly, (d + a)?+ h(z 4+ h) = 2(d + a) cot 8
As the points A, B, P and @ are concyclic - OA.OB = OP.0OQ
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Figure 11.147

d(d+2a) =h(h+x)

= d?+d(d+2a) = zdcota =>d+a:%cota
Similarly, (d +a)?+ (d+a)? —a* = 2(d + a) cot B
Solving the above two equations
§00t2a+%2cot2a—a2 = x.%cotacotﬁ

-2
= % (cot® a — cot acot ) = a®

2sin 8

r=asma cosasin(f—a)

The diagram Figure 11.148 is given below:

plnl | A _—n

Al 7] Ag A4 A17

Figure 11.148

Let Ay, Ao, ..., Aqq, ..., A17 be the feet of the first, second, ..., tenth, and seventeenth pillars
respectively and h be the height of each of these pillars. Given that these pillars are equidistant,
therefore A1 Ay = AgAg == A15A17 = = (let).

Clearly, A1A19 = 92 and A1 A7 = 162. We have let O as the position of the observer and
LA3A10 = 0.
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In AA19OP, tana = 'OTZ]”O = OAj9=hcota

Similarly, OA17 = hcot 8

From question OA; = @,8‘2232‘ and OA; = bf%tﬁ

= 20A1 = OAqp and 30A; = OAq7. Let OA1 = y then
OA10 = 2y and OA17 = 3y

813v2+y274y2
2.9z.y

Using cosine rule in AOA; Aqg, cosf =
= y2 = 2722 — 6zy cos 0
Similarly in AOA; Ay7, y? = 3222 — 4ayy cos 0

:>y2:42x2:>%:\/ﬁ

= secl = —25@
Acute angle will be given by secf = ‘— @‘ = 2.6 (approximately).

190. The diagram Figure 11.149 is given below:

Figure 11.149

Let DP be the tower having a height of A with foot at D and A, B, C' be the three points
on the ciircular lake. According to question ZPAD = «, ZPBD = 3 and ZPCD = ~. Also,
/BAC =60 and ZACB = 0. We know that angles on the same segement of a circle are equal.
~/ADB = ZACB =6 and £/BDC = ZBAC = 6.

In APDA, tan :% = AD = hcota

Similarly, BD = hcot 8 and CD = hcot~y
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In AABC, ZBAC = ZACB = AB = BC = AB? = bC?

. y . _ AD?>{ BD?*~AB?
Using cosine rule in AABD, cos = 5 ADBD

= AB? = AD? + BD? —2.AD.BD. cos 0

Similarly in ABDC, BC? = BD? + CD? —2.BD.CD. cos 0

= AD?+ BD? —2.AD.BD. cos ) = BD? + CD? — 2.BD.CD. cos 0
= 2.BD.cos§|CD — AD] = CD? — AD?

= 2.BD.cosf = CD + AD = 2cosf cot § = cot a + cot 7.

191. The diagram Figure 11.150 is given below:

Figure 11.150

Let DP be the pole of height A and R be the radius of the circular pond. According to question,
/PAD = /PBD = 30° and ZPCD = 45°.

Clearly, /ZPDA = /PDB = /PDC = 90°
Also arc AB = 40 m and arc BC = 20 m.

2rR 27 _ 40

Similarly, /BOC =22 . ZAOB = 2/BOC

= LADB = 2./BDC [+ angle subtended by a segment at the center is double the angle
subtended at circumference.]

Let ZBDC = 0, then ZADB = 20.

In APDA, tan30° = 55 = AD = \/3h.

Similarly, in APDB, BD = v/3h and in APDC,CD = h.
Now +AD = BD./DAB = /DBA =90°—0

Also, ZBAC = ZBDC = 6 and LZACB = ZADB = 26.
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Now ZABC = 180° — 36+ /ZDBC = ZABC — ZABD
= (180° —360) — (90° — 0) = 90° — 20

ZBCD =90"+0

. . . BD _  CD
Using sine rule in ABCD, =55 = - pps
N V3h h

sin(90°+60) ~ sin(90°—260)

V3 1

cosf ~ cos20

= cosf = @, —LS (rejected because 6 % 90°)

ﬂ

0=30"= LADC = 30 = 90°

~ AC will be the diameter. arc ABC = semiperimeter = 60 m.

TR =60 = R =19.09 m.

In AADC, AC? = AD?> + CD? = 4R?> =3h®> + h? = h = R = 19.09 m.

192. The diagram Figure 11.151 is given below:

—b—

Figure 11.151

Let the man start at O on the straight sea shore OAB, P and @ be the buoys. According to
question, OA = a,0OB =b, ZPOA = o — LPAQ = ZPBQ.

v /PAQ = ZPBQ = « - a circle will pass through the points A, B, P and Q.
Let ZOAQ =0/QAB=m—0

Also, ZOQA =71 — (LQOA+ ZOAQ) =7 — (a+0)

“LAPQ =71 — (LPAQ+ £ZPQA)=71—[a+7— (a+0)] =0
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Since ABPQ is concyclic « ZABQ =7 — ZAPQ =7 —0 = ZQAB = QA= QA AQAB is
an isosceles triangle.

Draw OD 1 AB .. D is the mid-point of AB.

= AD=BD=5=0D=0A+AD=a+4

In AODQ, cosa = 8—8 = 0Q = (a—Q—g) sec
From the properties of a circle, OA.OB = OP.0OQ
=a.(a+b) = OP.(a +g) sec o

_ 2a(a+b)cosa
= 0P = 2a+b

2a(a+b)

2a+b COS &v.

= PQ=0Q—0P = (a+35)seca—

The diagram Figure 11.152 is given below:
A, 0
) A, @ C

Figure 11.152

Let A1OA,, be the railway curve in the shape of a quadrant, the telegraph posts be represented
by A1, As, ..., Ay and the man be stationed at C. From question C'PQ is a straight line. Also,

A1C = a. Let OA; be the radius of the quadrant and O its center. Clearly, A;OA, = g

As there are n telegraph posts from A to A, at equal distances, arc A1 Ay is divided in n — 1
equal parts.

~LA10Ay = LA3OA3 == A, 104, = 2<n7i1) =0

According to question, ¢ = ?f(?ﬂ:lw) = 0 = 2¢.

Let P and Q be the pth and qth posts as seen from Aj.
~ZA10P = pf = 2p¢ and LA10Q = q0 = 2q¢
ZPOQ =(q—p)0 =2(q—p)¢. Draw OD L PQ
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+OP = 0Q = radius of the circular quadrant. ~ APOQ is an isosceles triangle.
Clearly, OD bisects the ZPOQ - ZPOD = ZQOD = (¢ —p) ¢
ZC0OD = LA10D = LA1OP + ZPOD =2pp+ (g—p)d=(p+q) ¢

In AODC, cos ZCOD = % =cos(p+q)op= oD

Tta
= 0D = (r+a)cos(p+q)¢
In AODP, cos ZPOD :%é cos(p—q)¢p = % = OD =rcos(q—p)¢
= (r+a)cos(q+p) ¢ =reos(g—p)@
= —acos(q+p)¢p =rf[cos(q+p)¢—cos(q—p)o]
=7r= %cos(qup)d). CSC Po. csc qo.

The diagram Figure 11.153 is given below:

/2
P d A

Figure 11.153

Let r be the radius of the wheel and = be the length of the rod. Clearly, AC = 2r + z. According
to question ZAPC = a.

In APAC, tana = %: 2Td+w = r =dtana — 2r.

After rotation of the wheel, let C’ be the new position of C' as shown in the figure. In this case
angle of elevation of C” is 8. Since C” is the position of C' when it is about to disappear, so
PC’ will be tangent to the wheel. Let it touch the wheel at Q.

In AOPQ and APO,OQ = OA = r, OP is common.
Z0QP = ZOAP = 90° . triangle are equal.

= Z0PQ=/0PA=1

In AOAP,tangz%zgér:dtang
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== d(tana — 2tan§)
PA and PQ are tangents to the same circle ~ PQ = PA=d

-~ 20QC" = 90°
In AOQC’, QC’ = \/OC’2’ —0Q?*= \/(:v +7)2—r?=/z(z +2r)

:d\/tan2a—2tanatan§

~PC" = PQ+QC’ =d+d\/tan2a—2tanatan§

195. The diagram Figure 11.154 is given below:

P
0
D T
C
o 90T R
¢7'
A o) B 0

Figure 11.154

Let PQ be the tower having a height of h, ADB be the arc having the given length of 2L and
AC be the part of arc with length % Clearly, line PC will be tangent to the arch as the man

at C' just sees the topmost point P of the tower. D is the topmost point of the semi-circullar
arch.

Let 7 be the radius of the arch. According to question ZPDT = 6 where DT 1 PQ.

Let ZCOA = ¢. Here O is the center of the arch. Clearly, 2L length represents semi-cicular
arch which means AC which is of length % will make an angle of 45° at center i.e. ¢ = 45°.

In AONC,CN = OC'sin ¢ and ON = OC cos ¢
_r _r
#CNf—QandONfﬁ
Let CR L PQ then CD || NO . ZOCM = ZCON = 45°

Also, ZOCP = 90° beccause OC' is normal at C.
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+ZPCR = ZPCO — ZOCR = 90° — 45° = 45°

hoT
In APRC, tand5° = LB = PQ_QR _ °" V2

CR~— CR CR
[
=CR=h 7

_ PT PQ-QT _ PQ-OD

In ADPT, tan0 = 55 = —% 55— = ep—cnr
étan@z%
V2 V2

éh:r(ﬁtanefl) _2L V2tanf—1

tanf—1 7w " tanf—1 °

196. The diagram Figure 11.155 is given below:

B
7>

5

LN c

S
v

Figure 11.155
According to question, ZDAB = «, ZCAB =3

~LCAD = 8 — a.~ AC is the diameter. ~ ZABC = 90°. Let O be the ceter of the circle and r
be its radius then AC' = 2r.

+ E is the mid-point of CD. »CE = ED = z (let)
+ ZADC is the exterior angle of AABC. » ZADC = 90° + «

Using sine rule in AADC, sin(9207;+a) = sin(2ﬁa:—oz) =z = %

. __AB _ 2rcosp __ 2rcosf
In AABC,cosa =35 =55~ = AD ="~

+ AE is the median of the ACAD. . AC? + AD? = 2( AE? + CE?)

2 2
= 4r? 4205 B 942 4 242

4r?(cos® atcos® B) _ 242 + r2sin?(B—a)

2

= )
Ccos” « COs” &
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2 d? cos? a

I e a+2cos? f—sin?(B—a)

_ d? cos? a
" cos? atcos? B+cos(a+B) cos(f—a)+cos?(B—a)

_ d? cos® «
" cos? a+cos? B+2cos acos Bcos(f—a)

Thus are of the triangle can be found which is equal to desired result.

The diagram Figure 11.156 is given below:

= Q
@R
SellevSl O e

Figure 11.156

489

Let AB be the surface of the lake and C' be the point of observation such that AC = h m.

Let E be the position of the cloud and E’ be its reflection then BE = BE’.

DE H H
In ACDE, tan « =¢p=cp= CcD =

DE’ 2h+H 2h+H
In ACDE’,tanﬂzE—E: &5 = CD = g

2htan o
tan f—tan

H _ 2h+H
tana ~  tanf

= H(tanf —tana) = 2htana = H =

In ACDE, sina = 28 = CE = [
sin o«

(tanS—tana)sina = tanfS—tana

-~ CD = 2htan 2h sec

_ 2hseca.cosa.cosf
~ sin8cosa—sinacos 8

_ 2hcosp
~ sin(B—a)”

Front view Figure 11.157 and side view Figure 11.158 are given below:
o AD
In AADE, tan30° = 57 = DE = V/3h

BD_ _a
DE — \/3h

In ABDE, tana =

2tan a

Tangent of apex of shadow = tan 2a = T tan®a
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A
h
B< Ta C
E
Figure 11.157
A
h
30°
E D

Figure 11.158

2
A5 2ah3
a2 3hP—a”
3h2

199. Let ABCD be the target and ABC’ D’ be its shadow then ZDAD’ = 3 and ZBAD’ = 90° — .

Area of the target = AB.AD and area of the shadow = AB.AD’. cos 3
Area of target AB.AD

Arca of shadow  AB.AD .cosf tan . sec 3

200. This question is similar to 169, and has been left as an exercise.

201. The diagram Figure 11.159 is given below:
c

Ié] «
A D B

Figure 11.159

Let BC be the tower having a height of h. According to question AB = h and BD = h/2.

In ABCD,tana =3 =2

N
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In AABC, tanfi =% = a = 45°
Ltana =10 + log 2 = 10.30103 (given)
Ltana — Ltan 63°26" = 10.30103 — 10.30094

If the difference is .722, then 22 = 6%?;’206 =5.812

~a=63°26"6"
Change in sun's altitude = 63°26’6” — 45° = 18°26’6”

202. The diagram Figure 11.160 is given below:

(07

M 100 N 100 A OB
Figure 11.160

Let ABCD be the vertical cross-section of the tower through the middle, let the side of the
square is AB having length a and height of the tower be OP equal to h. Let the height of
flag-staff PQ be b. M and N are points of observation such that AN = M N = 100 m. Let «

and 3 be angles of elevation from M of D and @ such that tana = g and tan § = % At N the
man just sees the flag.

1 AD AD

#AD = AN =100 = ZAND = /ZNDA =45 = PD=PQ=5=b=a=2b

0Q _ b+h b+h

OM — 200+% ~200+Db

5
tana—9

=b=25=a=>50.
203. The diagram Figure 11.161 is given below:
C

Figure 11.161
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Let OC be the vertical pole having a height of h. A and B are given points in the question
from where anglea of elevations of C' are a and S respectively. Angle subtended by AB at O
is v as shown in the diagram. Let OB = z and OA = y. Given that AB =d

In AOAC, tana = % =y =hcota
Similarly = hcot
In AOAB, d? = 2% + y? — 2ay cosy

d? = h? cot® a + h? cot? B — 2h? cot a cot B cosy

d

=h= 5 5
\/COt a+cot® f—2cot acot Bcosy

204. The diagram Figure 11.162 is given below:

+ 7y m

@)

Figure 11.162

Let OP be the tree having a height of h and OAB is the hill inclines at angle a with the
horizontal. Let A be the point from where angle of elevation of the top of the tree be 8 and B
be the point from where the angle of depression of the top of the tee be 7. Given AB = m.

ZPOA=90°"—a, ZOAP=a+ 8, L =a—~and ZABP = (a+8) — (a—7v) =8+~

AP OP
In AOAP, Sin(90°—a) _ sin(a+p)

AP h

cosa ~ sin(a+f)

In APAB,— 4B
" Ty E—

_ msin(a+p)sin(a—y)

=h cos asin(B+7)

205. The diagram is Figure 11.163 given below:
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D/
A %%
4>D
450 B
0 g c
B

Figure 11.163

Let ABCDA’B’C’'D’ be the vertical tower having a height of h i.e. AA’ = BB’ = CC’ =
DD’ = h with side equal to b and O be the point of observation on the diagonal AC' extended
at a distance 2a from A. Clearly, ZOAB = 135°. Given that ZAOA’ = 45° and ZBOB’ = 30°.

AA” R

In AAOA’,tan45° =1= OA =~ 2a = h=2a

In ABOB', tan30° = 2o = 37 = OB = 2v/3a
o 1 4a?+b%2—12a>

In AOAB, cos 135" = —E = T 9%5%ab

This is a quadratic equation in b wiht two roots a(f\/i + +/10). Clearly, b cannot be negaitive

so b =a(v/10 —v2).

The diagram is Figure 11.164 given below:

Figure 11.164

Let AS be the steeple having a height of h, B is the point due south having an angle of elevation
of 45° to the top of the tower and C' is the point due south of B, at a distance of a from B,
having an angle of elevation of 15° to the top of the tower. AS is perpendicular to the plane of

paper.
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In AABS, tand5’ =1=45= AB=h

In AACS, tan15° =2 — V3 =42 = AC = h(2 + V3)

In AABC, AC? = AB? + BC? = h2(2+ v3)? = h? + a2

Ta= 6+h2\/§
The diagram Figure 11.165 is given below:
G
h
D
c

o
BhpAaC T F

Figure 11.165

494

Let C'D be the given tower with a given height of ¢, F'G be the mountain behind the spire and
tower at a distance = having a height of h and A and B are the points of observation. Let the
angle of elevation from A is a such that the mountain is just visible behind the tower. Let DE
be the spire which subtends equal angle of 5 at A and B. Since it subtends equal angles at A
and B the points A, B, D and E will be concyclic. ¢ and b are shown as given in the question.

ZAEC = 90° — (a + f3)

Segment AD will also subtend equal angles at B and F ~ ZAED = ZABD =90°— (a+ f3) =

ZCOBE =90° — «

In AACD and AFG,tana = £ = hoo g o ahac

a T+a c
In ABFG,tan(90° — «) = ﬁ
a __ h
= E ah ac+a+b
b
=>h=o"%
The diagram The diagram Figure 11.166 is given below:
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D
x
B E
h h
a
A d C

Figure 11.166

Let AB be the pole having height h and CD be the tower having a height of h + z as
shown in the diagram. The angles a and 3 are shown as given in the question. Let d be the
distance between the pole and tower. Clearly, ZADC =90° — a = ZBDC = 90° — (a — f3).
Let h+a2=H

In AACD,tana:%ﬁdz (h+x)cota = Hcota

In ABDE, tan(a — ) :# =d=(H—h)cot(a—3)

= Hcota= (H —h)cot(a—p)

_ _hcot(a—p)
= H= cot(a—p)—cot a

209. The diagram Figure 11.167 is given below:

Figure 11.167

Let A, B, C and D be the points on one bank such that AB = 6d, AC = 2d, AD = BD = 3d
and PQ be the tower on the other bank perpendicular to the plane of the paper having a
height of h. Given that ZPBQ = ZPAQ = a and ZPCQ = (5.

In APBQ,tanoezg—gé PB = hcota
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Similarly, PA = hcot @« and PC = hcot . Since PA = PA the APAB is an isosceles triangle.
As D is the mid-point of AB so APBD, APCD and APAD will be right angled triangles.

In APAD, PA? = PD? + AD? and in APCD, PC? = PD? + CD?
Subtracting, we get PA%? — PC? = AD? — C'D?
= h%(cot? o — cot? B) = 9d? — d? = 8d?

2v2d
Vcot? a—cot? 8

PD represents the width of the canal. = PD? = PA% — AD? = h? cot? a — 94>

= h=

_ 9 cot? B—cot? v
=PD=d cot? a—cot? g

210. The diagram Figure 11.168 is given below:

Figure 11.168

Let PQ be the tower having a height of h and points A, B are the two stations at a distance
of 2 km having angles of elevation of 60° and 30° respectively. C' is the mid-point between A
and B from where the angle of elevation is 45°.

In APBQ, tan 60° = 4 = PB = %

Similarly, PA = /3h and PC = h.
Now since C' is the mid-point of AB therefore PC' is the median of the triangle PAB.
= PA?+ PB?*=2(PC? + AC?)
h2
=T +3h2=2(h*+1)

:>h=%km=500\/6m.

211. The diagram Figure 11.169 is given below:
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B

Figure 11.169

Let PQ be the flag-staff standing inside equilateral AABC and since all sides subtend an angle
of 60° it is guaranteed that P will be centroid of the AABC. Given that the height of the
flag-staff is 10 m. Also, according to question LZAQB = ZBQC = ZCQA = 60° .. AQ = BQ.
Let each side of the triangle has length of 2a m.

Thus, AAQ@B is an equilateral triangle. . AQ = BQ = AB = 2a = CQ

We know from geometry that AP = %AD. We also know that median of an equilateral triangle

is perpendicular bisector. ~ AABD is a right-angle triangle where D is the point where AP
would meet BC.

= sin60° = 42 = AD = 2asin 60°
_ 2a

= AP = 7

ANAPQ is also a right angle triangle.

= AQ? = AP? + PQ% = 4a2—*¥ — 10

3
3
=a=5 b
= 2¢ = 5v6 m.
The diagram Figure 11.170 is given below:

Let C'D be the cliff having a height of H, DE be the tower on the cliff having a height of h
and A, B are two points on horizontal level where the tower subtends the equal angle 3 at
a distance of a, b from the cliff's foot. Let a be the angle of elevation from A of the cliff's top.

Since DE subtends equal angles at A, B therefore a circle will pass through these four points
and thus chord AD will also subtend equal angles ZAEC and ZABD equal to 90° — (a + 3).

H H+h b
In AACD, tana = - and tan(a + ) =——=x

In ABCE, tan(90° — a) =cota = HTHL
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E
h
D
H
«
B A a C
——b—
Figure 11.170
We have L0 = b — ap — H? = Hh
We have tan(a + 3) = %
tana+tanf b
= T—tanatans ~ H
ngtanﬂ b
lfgtanﬁ ~H
= (H +%) tan g = ab;HQ
=h=(a+b)tanp
213. The diagram Figure 11.171 is given below:
C
Y
B
T
B
E c A

Figure 11.171

498

Let AB be the tower and BC be the flag-staff having heights of = and y respectively. According
to question BC makes an angle of a at E which is ¢ distance from the tower. Let the angle of

elevation from E to the top of tower B is [3.

In AABE, tanf =2

(&
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In ANACE, tan(a + ) = et

~ c

tana+tanf _ x4y
l-tanatanfB8 ~ ¢

t
= r+ctan o _ T+Y
c—zrtana c

cy

T ne = iy

Given that « is the greatest angle made which means tan a will be greatest. So equating the
derivative w.r.t to ¢ to zero, we get

d cy _ clz(zte)—c?] _
de | z?2+c2+zy |~ [+ +ay)?

= =z(z+y)
ﬁtanaz%z%:yz%tana

Wehadx2+my—62:0:>J:2+20xtana—6220

Neglecting the negative root we have = z = —ctana + cseca
_ /1-sinay _ 1+tan?5—2tany
== C( cos o ) - 2d< 17tan2%
. 1—tang
1+tan%
—ctan(T <
= ctan(4 2)

The diagram Figure 11.172 is given below:

Figure 11.172

We know that B is due north of D at a distance of 2 km and D is due west of C' such that
ZBCD = 25° we can plot B, C, D as shown in the diagram. It is given that B lies on AC
such that ZBDA = 40°. From figure it is clear that LZACD = LCOAD = 25° thus AACD is an
isoscelels triangle. Let AD = CD = x.

In ABCD, tan25° = 2 o 2 =2cot25° = 4.28 km.

x

The diagram Figure 11.173 is given below:
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Figure 11.173

Let the train move along the line PQ. The train is at O at some instant. A is the observation
point. Ten minutes earlier let the train position be P and ten minutes afterwards let the train
be at Q.

According to question, ZOAP = a1, ZOAQ = g, ZNOQ = 0. Hence LZPOA = 6.
Since the speed of the train is constant ~ OP = OQ

Applying m : n rule in APAQ, (1+ 1) cot § = cot ag — cot ay

_ cotag—cotag
= coth = —"5——
_ 2sinajsinas
= tanf = Sn(ei—aa)
The diagram Figure 11.174 is given below:

Figure 11.174

Let OP be the flag-staff and that the man walk along the horizontal circle. Clearly, the flag-staff
will subtend the greatest and least angles when the man is at A and B respectively. Let C' be
the mid-point of the arc ACB. According to question, ZPAO = o, ZPBO = 3, ZPCO = 6.
Clearly, ZPOC = 90°. Let OP = h, ZPOD = ¢.
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Also, OA = OB = OC = r where r is the radius of the circle.
In APDO,sing = 52 = PD = hsin¢

cos ¢ = % = OD = hcos ¢

~BD =r+hcos¢ and AD = r — hcos ¢

In APOC, tanf =" = h = rtang

_PD __ hsing _  rtanfsing
In APDA” tana = AD ~ r—hcos¢ ~ r—rtanfcos ¢
_ tanfsing
= tana = 1—tan6cos¢

= tan #sin ¢ = tan o — tan o tan 6 cos ¢

_ hsing _  rtanfsin¢
In APDB’ tanﬁ " r+hcos¢  r+rtanbcose

tan 0sin ¢
1+tan6écos ¢

= tanf =
= tan #sin ¢ = tan 8 + tan 8 tan € cos ¢
= tan o — tan atan 6 cos ¢ = tan 5 + tan S tan 6 cos ¢

= tan a — tan 8 = tan 0 cos ¢(tan o + tan 3)

Also, 1 —tanfcos ¢ = Eﬁ%—?ﬁ

tan 0sin ¢

and 1+ tanfcos¢p = tan B

= 2= tan@sind)(ﬁ—l—ﬁ)

= 2tan atan = tan fsin ¢(tan « 4 tan 3)

= (tana — tan 8)% + 4tan® atan? 8 = tan? 6(tan o + tan )2

2 p[sina |, sinB12 sina sinf\2 | 4sin2asin2 8
= tan“ 6 = — —
cosa ' cosf cosa cosf3 cos? acos?
sin?(a+f8) _ sin?(a—pB)+4sin? asin? g
cos?acos? B cos? acos? B

= tan?

\/sinz(afﬁ)+4sin2 asin? 8
sin(a+4)

= tanf =

217. The diagram Figure 11.175 is given below:
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/ '
60° ]%Q/ﬁ\@

S/
Figure 11.175

Let O be the position of the observer. PRQS is the horizontal circle in which the bird is
flying. P and @ are the two extremes and R is the mid point of the arc of the circle. P’R’'Q’S
is the vertical projection of the ground. C' is the center of the circle PRQS.

According to the question, ZPOP” = 60°, ZQOQ’ = 30°, ZROP’ = 0.
Also, let PP’ = QQ’ = RR’ = h, r be the radius of the horizontal circle and OP’ = z.

In APPO, tan60° = V3 =525 = = 32

In AQOQ’, tan 30° :%: = 2+ 2r=V3h

=z242r=v3V3z=z2=r

, _ h h _ h _ V3r _ /3
In AROR ,tan@ =0OR — \/OCQ+C/R2/ - \/(z+r)2+r2 - \/(r+7’)2+7‘2 - 5

étan29:%

218. The diagram Figure 11.176 is given below:

4R

] o M \B|@Q

C

Figure 11.176

Let O be the position of the observer and OPQ be the horizontal line through O meeting the
hill at P and the vertical through the center C of the sphere at Q.
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Let OA be the tangent to the sphere from O touching it at A. According to question,
ZAOQ = 3, ZQPC =90° — a, ZACN = . Let r be the radius of the hill. Draw AM 1 OQ
and AN L CR.

_AM_ QN __ QN
In AAMO, tan § = 537 = 5ppar = oPTPQ-MO

_ CN-CQ
= 0Pt PQMQ

= sin _ rcosf—rcosa [ MQ = AN]

cosfB  a+rsina—rsing
= asinf + rsin f(sina — sin B) = rcos f(cos f — cosa)
= asinf =r[1—cos(a— )]

asin B
2 sinzo‘Tfl3

=r=

Height of the hill above the plane = OR = CRcQ =1 — rcosa = 2r sinQ%

asin Bsin’3

sin2a—8
s 5

219. The diagram Figure 11.177 is given below:

AT cwp

0

Figure 11.177

Let O be the center of the sphere and r be its radius. Given, ZPAM =60, /PBM = ¢,CA =
a,CB=1b

Let ZDOC =

_PM_ DN _  ONoD
In APMA, tan0 = 737 = 5o = A0 DO— D

_ sinf _ M[., DM = NP)

cosf — a+rsinf—rsinfd

Proceeding like previous problem asin 8 = r[1 — cos(6 — 3)]

208 _ o s 0 0
= 2rsin Tf2abln20052

s 0=B8_ |/ . 0 0
= Tblan aslnicosi
- ﬁ[singcosgfcosgsing] o qlasingcosg

sin? - sin?
sing sing
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= \/;[cosg—cotgsing] = w/acotg
Similarly, v/ [coa% - cot 5 sm =4/b cos
Subtracting, we get \/;sing [cot g — cot 922] = 4/bcos g — 4 /acotg

Height of the hill DR = OR —OD =7 —rcosff =2r sin2 2

2
|:,/bc052,/acot

cotd—cot2

. The diagram Figure 11.178 is given below:

Figure 11.178

Let O be the center of the hemisphere and PQ is the flag-staff. Given, OP = OR =r, AB = d.

In AORB, cos45° = 55 = OB = /2r

_0Q _ h+r
In AQOA, tan 30° ﬁ_o = Zrrd
_Vor+d
=h+r= 7
InAQOB,tan45°:1:gg:>h+r—\/§r
_ V2r+d
= 2r= 7

= (Vo—Va)r=d=r="Lt4

= h=(/2-1)r %d

The diagram Figure 11.179 is given below:
Let the direction in which man starts walking be the z-axis. From question OA = AB = BC = a.

Let coordinate of last point be (X,Y") then X = a + acosa + acos 2« + -+ up to n terms
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7/
12a A3

O A
Figure 11.179

cos(n—1)FsinT
=a———F
sing

Y =0+ asina+ asin2a + -+ up to n terms

sin(n—1)5sin%*
_ a[ 2 Pl

sing
Pl

Distance from the starting point = v/ X24+v2%= %

SIHE
Let 6 be the angle which this distance makes with z-axis. Then
tan@z%ztan(n— Nsg=0=(n—-1)%
The diagram Figure 11.180 is given below:
D

D/

Figure 11.180

Let ABC be the horizontal triangle. A’ B’ represents the stratum of coal. Suppose this startus
meets the horizontal plane in line DD’. Let 6 be the angle between the horizontal and the
stratum of the coal.

Clearly, ZADA’ = 6. According to question, AA’ =z, BB’ =z +y and CC’' =z + 2.

In AAA'D, tan6 = 4% = z = ADtan¢

In ABB’'D, tanf = % =z+y=(AD+ AB)tand
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=xz+z=(AD+c)tanf

In ACC’D,taang—géerz: (AD +bcos A) tand

:>y:ctan9:>%:tan9 and z:bcosAtan9:>£:cosAtan0

2 2 2
Now, C2+~—~3~Z~COSA Asm A+yzcos A+ yzcosA

= 25111 A—i—( cosA——)2

= tan? fsin® A + (tanfcos A — cos Atanf)? = tan? fsin? A

i 2yz

72— e COS A

2
= tanfsin A = %Jr

506
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Periodicity of Trigonometrical Functions

1. The solutions are given below:

i

ii.

ii.

vi.

f(xz) =10sin3xz. Let f(z+T) = f(z) = 10sin3(x +7T') = 10sin 3z
=sin3(z 4+ T') =sin3z
=32+ 3T =nm + (—1)" 3z, where n =0, £1, £2, 43, ...

The positive value of T independent of x are given by 3T = nw, where n = 2,4, 6, ...

2m

Least positive value of T' = 5.

Hence, f(x) is a periodic function with a period of 235

— gqi _ 2 2 a . b
f(z)=asin Az +bcos Az = Va“+b (\/msm)\m—l—\/mcos/\x)

/2 12 . . a
= Va“+ b*(cosasin Ax + sin acos Az ), where cos @ = ——
( ) Vo

=Va?+b?sin( Az + )

which is a periodic function with a period of %\E‘

flz) = sin® x = Mg’smmfinsm = %sinx — i sin 3z
sinz is a periodic function with period 27 and sin 3z is a periodic function with period
27 so the period of the required function will be L.C.M. of these two periods which will

be 2.

iv. f(z)=cosz? Let f(x+T) = f(x) = cos(x+T)? = cos >

= (24 T)% =207 + 22

In the above expression x cannot be elimminated until 7' = 0 so the given function is
non-periodic.

. f(z) =sinvz. Let f(z4+T) = f(z) = sinvVe + T =sinVz

=Ve+T=nr+(-1)"Vz

which will give no positive value of T independent of z because vz can be cancelled
out only if 7' = 0. Hence, f(z) is a non-periodic function.

f(z) =+vtanz. Let f(z+T) = f(x) = tan(z +T) = Vtanz = tan(x +T) = tanz
sc+T=nm+z,n=0,+1,+2, ...

From this positive values of T' independent of x are given by T'=nm,n =1,2,3, ...

507



vii.

viii.

. The

iii.

vi.

Vii.

viii.

. f(z) =sin’z =
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~ Least positive value of T independent of z is w. Hence, f(z) is a periodic function
of period 7.

f(z) = = — [z], where [z] denotes the integral part of z. Let f(z +T) = f(z) =
(z+T)—[z+T])=z—[z] =T =[z+T]—[z] = an integer

Hence least positive value of T independent of x is 1. Hence, f(x) is a periodic function
having a period of 1.

flz)=zcosz. Let f(x+T) = f(z)= (x+T)cos(x+T)=uzcosz
= Tcos(x+T) =z[cosx —cos(z+T)]

From this no value of T independent of x can be found because on R.H.S. one factor
is x which is an algebraid function and on L.H.S. there is no algebraic function and
hance = cannot be eliminated.

Hence f(z) is a non-periodic function.

solutions are given below:

Cflz) =4 sin<3x + g) From the sixth result of section Some Results we know that this is

a periodic function with period 2% because sin 3x is a periodic function with period 27.

- f(x) = 3cos 5+ 4sin 5. We know that both sinz and cosz are periodic functions with

period 27. Therefore sin% and cos% will have a period of 47. Now the function f(z) will
have period equal to L.C.M. of periods of these two funcitons which is equal to 4.

f(z) = cot % We know that cot z has a period of 7 therefore f(z) will have period equal
to 2m.

ﬂ. We know that cosz is a periodic function with a period of 27

therefore f(x) will be a periodic function with period of .

. f(z) =sinz? Let f(z+T) = f(z) = sin(z+T)% =sin2® = (2 +T)% = nr+ (—1)" 2>

which will yield no value of T" independent of « unless T = 0. Thus, the given function is
non-periodic.

flz) = sin%. Let f(z+T) = f(z) = sin;i—T = sin% = ﬁT =nm+ (—1)"% which will
give no value of T" independent of x unless 7" = 0. Thus, the given function is non-periodic.

f(z) =1+ tanxz. We know that tanz is a periodic function with a period 7. Hence,
f(z) will also be a periodic function with a period of 7.

f(z) = [z], where [z] is integral value of z. Let f(z+T) = f(z) = [+ T] = [z] =
[z +T]— [z] = 0 which is not true for any value of T" as for any value of T' it is possiblel
that [z +T] — [x] = 1. Thus, f(z) is non-periodic.

. f(z) =5.Let f(x+T) = f(z) = 5=>5 which is true but gives us no value for T'. Thus,

the given function is periodic but has no fundamental period.
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Xii.

xiii.

Xiv.

XV.

XVi.

XVii.
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f(z) =|cosz| = f(z) = —cosz if cosz < 0 and f(z) = cosz if cosz > 0. We know
that cosz has a period of 27 therefore f(z) will have period equal to half the period
of that of cosz i.e. 7.

. . . in2 2 1-— 4
f(l'):Sln4l‘+COS4:E=(Sln2$+COS21‘)272SH121'(3082:E=1751[12 Pl =

%—i— % cos4x. We know that cosz is a function having period 27 therefore f(z) will be a

periodic function with a period 27/4 i.e. 3.

flz) =z +sinz. Let f(e +T) = f(z) = 2+ T +sin(z+T) =z +sine =T =
sinz — sin(z + T') which will give no value of T independent of z as R.H.S. is a
trigonometric function in « but L.H.S. is not. So the function f(x) is non-periodic.

f(z) = cos V/z. Following the fifth problem of previous problem we can deduce that given
function is non-periodic.

f(z) = tan ! (tanz). Let f(z 4+ T) = f(z) = tan " tan(z 4+ T) = tan ' (tanz) =
tan(z 4+ T') = tanx which gives T' = 7 as the period.

f(z) = |sinz| + | cos x| which will yield four different equations depending on whether

sinx and cos z are positive or negative. Also, the period of sin z and cos z is 27 for both

s

of the functions. Thus, the given function will have a period of 27/4 = 3.

f(z) =sin % + sin %. We know that sin  has a period of 27 therefore sin 77—39” will have a

period of 6 and sin% will have a period of 8. The given function will have period equal

to L.C.M. of 6 and 8 i.e. 24.

flz) = sin(27rx + g) + 251n(37r;t + %) + 3sinmz. We know that the period of sinz has

a period of 27 so the three terms will have period of 1,2/3 and 2 respectively. Thus,
given function will have period equal to L.C.M. of these three periods i.e. 2.

xviii.f(z) = sinz 4 cosv/z. Now we have proven that cos+v/z is a non-periodic function

therefore f(x) will also be non-periodic.

3. f(z) = 2sinz + 3cos2z. We know that both sinz and cosz have a period of 27 therefore

period of first term would be 27 and of the second term will be 7. f(x) will have period equal

to L

.C.M. of these two terms i.e. 2.

4. a. Given, f(z) =2z —[2z]. Let f(z+T) = f(z) =2(z+T)—[2(z+T)] = 2z — [2z]

_ [2242T]|—[2x] _ aninteger
=T = 3 = 5 .

Therefore, positive value of T" independentt of x can be found and least such value is L

b. Given, g(z) =1+

2

_3_
2—sin? x

.Let g(2+T) = g(x)

3 3

= 2—sin?(z+T) ~ 2=sinZz

=sin?(z+T)=sin’z =>4+ T =nr+ (-1)"(+z) =nr+x



=

9.
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which gives us a periodic function with T' = 7.

1-— % sin2<§ — %95) = % + % cos(3x — -2371> which is a periodic function with period 27/3.
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Answers of Chapter 13

Graph of Trigonometric Functions

1. The plot of sinz Figure 13.1 is shown below:

1 L
0.5 L
O a -
—0.5 4 r

-1 — : : : —
—1m —0.5m om 0.5 1 1.57 2

Figure 13.1 Plot of sinz

2. The plot of cosz Figure 13.2 is given below:

1 L
0.5 L
0 4 L
—0.5 4 r

-1 : : : — :
—1m —0.57 om 0.5 1m 1.5m 2

Figure 13.2 Plot of cosx

3. The plot of tanz Figure 13.3 is given below:

: vl :
1 5" 1 1
3| E
T : :
0 i
V(=3 | |
||

Figure 13.3 Plot of tanz
4. The plot of cot z Figure 13.4 is given below:

The plot of secx Figure 13.5 is given below:

Ut

6. The plot of cscx Figure 13.6 is given below:
7. The plot of sinx + cosz Figure 13.7 is given below:

8. The plot of z + cosx Figure 13.8 is given below:
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1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1 X
T T
1 7T
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
1 1
Figure 13.4 Plot of cotax
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
! ! ! ! ! i
T T T T T T
| 3wl 1 _T O " T ' 31
v [ 12 1o
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 =31 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1
1 1 1 —5 1 1 1
1 1 1 1 1 1
1 1 1 1 1 1

Figure 13.5 Plot of secx

The plot of 2sin 2z Figure 13.9 is given below:

y = a®,a > 0 will have two different plots Figure 13.10 and Figure
and second plot is for 0 < a < 1.

1. The plot of e* Figure 13.12 is given below:

The plot of loge x Figure 13.13 is given below:
The plot of sin 2z Figure 13.14 is given below:
The plot of cosz — sinz Figure 13.15 is given below:
The plot of |sinz| Figure 13.16 is given below:

The plot of | cosz| Figure 13.17 is given below:

> 13.11, first plot is for a > 1
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1 1 Y 1 1 1 1

1 1 1 1 1 1

1 1 ) 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 3+ 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1 1 1 1

1 1 1+ 1 1 1 1

! ! ! ! ! ot

T T O T T T T

1 1 _m s T 1 37 1

T 12 1 5 | 2m

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

Figure 13.6 Plot of cscx
2 X

1 1
1 Yy 1
1 1
1 1
1 1
1 1
| 1
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Figure 13.7 Plot of sinz + cosz

The plot of | tan x| Figure 13.18 is given below:

. The plot of |cot z| Figure 13.19 is given below:

. The plot of |secz| Figure 13.20 is given below:

The plot of | cscz| Figure 13.21 is given below:

We have to find number of solutions for tanx = x + 1 for —g < x < 27. So we plot both
y =tanx and y = x + 1 and no. of intersections will be no. of solutions. The plot Figure 13.22
is given below:

As we can see that there are two points of intersections so there will be two solutions of the
given equation in the given range of x.
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y : i
1 1
1 1
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1 1
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Figure 13.8 Plot of x + cosx
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Figure 13.9 Plot of 2sin2x

22. Given equation is x + 2tanx = g = tanx = g —35in

the range of [0, 27r]. The plot Figure 13.23 is given below:

— g So we plot for y = tanz and y =

w8

s
4

As we can see that there are three points of intersections so there will be three solutions
of the given equation in the given range of x.

€T

Too- Let y =sinz = &~ When z =0,y =0 and when 2 = 1,y = 0.01.

23. Given equation is sinz = T00-

v—1<sinz <1=—-1<35<1=—-100 <2 <100
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Figure 13.11 Plot of ¢”, 0 <a <1

= —31.87 <z < 31.8z (approx.). Hence, the interval for x will be between —31.87 to 31.8.
The plot Figure 13.24 is given below:

By looking at figure we can deduce that total no. of solutions would be 63. 31 of these will be
for x < 0, 31 for > 0 and one solution for = = 0.

24. We have to find no. of solutions for e* = 22 so we plot y = €% and y = 2. The plot Figure 13.25
is given below:

By looking at the graph it is clear that we will have only one solution for x < 0.

25. We have to find no. of solutions for logigx = vz so we plot y = logig z and y = v/z. The
plot Figure 13.26 is given below:
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27.

28.

29.
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Figure 13.13 Plot of loge x

By looking at the graph it is clear that we will have no solution for z > 0.

Given equation is tanz —x = % = tanzx =x + % So we plot for y = tanx and y =z + % The
plot Figure 13.27 is given below:

By looking at the graph we can deduce that there is one solution for x between 7/4 and /2.

Given below is the plot of y = x + cosx for 0 < z < 2x. The plot Figure 13.28 is given below:
Given below is the graph of y = sin(?):r + %) The plot Figure 13.29 is given below:

x

Given below is the graph of y = tan 5. The plot Figure 13.30 is given below:
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[SIE]
(SIE]

-1

Figure 13.14 Plot of sin2x

2” | |
y | |
o
o) 3 o
= : :
—2 1 | |

Figure 13.15 Plot of cosx —sinx

30. Given below is the graph of y = % (sinx + cosx ). The plot Figure 13.31 is given below:

31. We plot both y = z and y = cosz as shown below(Figure 13.32):

As we see that there is one point of intersection between y = cosx and y = = so we conclude
that there is one solution for x = cosz for 0 < z < 123

32. We plot both y = sinz and y = cosz as shown below(Figure 13.33):

As we see that there is one point of intersection between y = cos x and y = sin x so we conclude
that there is one solution for sinz = cosz for 0 < z < g
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Figure 13.17 Plot of |cosz|

We plot both y = tanx and y = x as shown below(Figure 13.34):

As we see that there is one point of intersection between y = tanz and y = = so we conclude
that there is one solution for x = tanz for 0 < z < g

We plot both y = tanx and y = 1 as shown below(Figure 13.35):

As we see that there is one point of intersection between y = tanx and y = 1 so we conclude
that there is one solution for 1 = tanz for 0 < z < g

5. We plot both y = sin? z and y = cos  as shown below(Figure 13.36):
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Figure 13.18 Plot of |tanz|

NIE]

Figure 13.19 Plot of |cotz|

As we see that there is one point of intersection between y = cosz and y = sin z so we

2

conclude that there is one solution for sin“x = cosx for 0 < x < g

36. This problem has same equation as 21 just the range is different so it can be solved with
a similar graph.

38.y=|x—1| impliesy=x—1whenz >1ad y=1—x when x < 1. So we plot the two

lines and the curve y = v/5 — z2.
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3o\

z|

Plot of |sec

Figure 13.20

csc x|

Figure 13.21 Plot of
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Figure 13.22 Plot of tanz and = + 1

z and

Plot of tan

Figure 13.23
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z
00

Figure 13.24 Plot of sinz and g

-2
Figure 13.25 Plot of ¢® and z?

-3

—4
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Figure 13.26 Plot of logz and vz

1
2

Plot of tanz and = +

Figure 13.27
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Figure 13.28 Plot of x + cosx

7)

Figure 13.29 Plot of sin(3.’t +
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Figure 13.30 Plot of tans

(sinz 4 cosx)

1
V2

Figure 13.31 Plot of
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Figure 13.32 Plot of cosz and z

Figure 13.33 Plot of cosz and sinz
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Figure 13.34 Plot of tanz and z

Figure 13.35 Plot of tanz and y =1

527
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-3 L

Figure 13.37
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GNU Free Documentation License

Version 1.3, 3 November 2008

Copyright © 2000, 2001, 2002, 2007, 2008 Free Software Foundation, Inc.
<https://fsf.org/>

Everyone is permitted to copy and distribute verbatim copies
of this license document, but changing it is not allowed.

Preamble

The purpose of this License is to make a manual, textbook, or other functional and useful document
“free” in the sense of freedom: to assure everyone the effective freedom to copy and redistribute
it, with or without modifying it, either commercially or noncommercially. Secondarily, this License
preserves for the author and publisher a way to get credit for their work, while not being considered
responsible for modifications made by others.

This License is a kind of “copyleft”, which means that derivative works of the document must
themselves be free in the same sense. It complements the GNU General Public License, which
is a copyleft license designed for free software.

We have designed this License in order to use it for manuals for free software, because free software
needs free documentation: a free program should come with manuals providing the same freedoms
that the software does. But this License is not limited to software manuals; it can be used for
any textual work, regardless of subject matter or whether it is published as a printed book. We
recommend this License principally for works whose purpose is instruction or reference.

1. APPLICABILITY AND DEFINITIONS

This License applies to any manual or other work, in any medium, that contains a notice placed by
the copyright holder saying it can be distributed under the terms of this License. Such a notice grants
a world-wide, royalty-free license, unlimited in duration, to use that work under the conditions
stated herein. The “Document”, below, refers to any such manual or work. Any member of the
public is a licensee, and is addressed as “you”. You accept the license if you copy, modify or
distribute the work in a way requiring permission under copyright law.

A “Modified Version” of the Document means any work containing the Document or a portion of
it, either copied verbatim, or with modifications and/or translated into another language.

A “Secondary Section” is a named appendix or a front-matter section of the Document that deals
exclusively with the relationship of the publishers or authors of the Document to the Document's
overall subject (or to related matters) and contains nothing that could fall directly within that
overall subject. (Thus, if the Document is in part a textbook of mathematics, a Secondary Section
may not explain any mathematics.) The relationship could be a matter of historical connection

530
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with the subject or with related matters, or of legal, commercial, philosophical, ethical or political
position regarding them.

The “Invariant Sections” are certain Secondary Sections whose titles are designated, as being
those of Invariant Sections, in the notice that says that the Document is released under this License.
If a section does not fit the above definition of Secondary then it is not allowed to be designated
as Invariant. The Document may contain zero Invariant Sections. If the Document does not identify
any Invariant Sections then there are none.

The “Cover Texts” are certain short passages of text that are listed, as Front-Cover Texts or
Back-Cover Texts, in the notice that says that the Document is released under this License. A
Front-Cover Text may be at most 5 words, and a Back-Cover Text may be at most 25 words.

A “Transparent” copy of the Document means a machine-readable copy, represented in a format
whose specification is available to the general public, that is suitable for revising the document
straightforwardly with generic text editors or (for images composed of pixels) generic paint programs
or (for drawings) some widely available drawing editor, and that is suitable for input to text
formatters or for automatic translation to a variety of formats suitable for input to text formatters.
A copy made in an otherwise Transparent file format whose markup, or absence of markup, has
been arranged to thwart or discourage subsequent modification by readers is not Transparent.
An image format is not Transparent if used for any substantial amount of text. A copy that is
not “Transparent” is called “Opaque”.

Examples of suitable formats for Transparent copies include plain ASCII without markup, Texinfo
input format, LaTeX input format, SGML or XML using a publicly available DTD, and standard-
conforming simple HTML, PostScript or PDF designed for human modification. Examples of
transparent image formats include PNG, XCF and JPG. Opaque formats include proprietary
formats that can be read and edited only by proprietary word processors, SGML or XML for which
the DTD and/or processing tools are not generally available, and the machine-generated HTML,
PostScript or PDF produced by some word processors for output purposes only.

The “Title Page” means, for a printed book, the title page itself, plus such following pages as
are needed to hold, legibly, the material this License requires to appear in the title page. For works
in formats which do not have any title page as such, “Title Page” means the text near the most
prominent appearance of the work's title, preceding the beginning of the body of the text.

The “publisher” means any person or entity that distributes copies of the Document to the public.

A section “Entitled XYZ” means a named subunit of the Document whose title either is precisely
XYZ or contains XYZ in parentheses following text that translates XYZ in another language.
(Here XYZ stands for a specific section name mentioned below, such as “Acknowledgements”,
“Dedications”, “Endorsements”, or “History”.) To “Preserve the Title” of such a section
when you modify the Document means that it remains a section “Entitled XYZ” according to
this definition.

The Document may include Warranty Disclaimers next to the notice which states that this License
applies to the Document. These Warranty Disclaimers are considered to be included by reference in
this License, but only as regards disclaiming warranties: any other implication that these Warranty
Disclaimers may have is void and has no effect on the meaning of this License.

2. VERBATIM COPYING
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You may copy and distribute the Document in any medium, either commercially or noncommercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever to
those of this License. You may not use technical measures to obstruct or control the reading or
further copying of the copies you make or distribute. However, you may accept compensation
in exchange for copies. If you distribute a large enough number of copies you must also follow
the conditions in section 3.

You may also lend copies, under the same conditions stated above, and you may publicly display
copies.

3. COPYING IN QUANTITY

If you publish printed copies (or copies in media that commonly have printed covers) of the
Document, numbering more than 100, and the Document's license notice requires Cover Texts, you
must enclose the copies in covers that carry, clearly and legibly, all these Cover Texts: Front-Cover
Texts on the front cover, and Back-Cover Texts on the back cover. Both covers must also clearly and
legibly identify you as the publisher of these copies. The front cover must present the full title with
all words of the title equally prominent and visible. You may add other material on the covers
in addition. Copying with changes limited to the covers, as long as they preserve the title of the
Document and satisfy these conditions, can be treated as verbatim copying in other respects.

If the required texts for either cover are too voluminous to fit legibly, you should put the first ones
listed (as many as fit reasonably) on the actual cover, and continue the rest onto adjacent pages.

If you publish or distribute Opaque copies of the Document numbering more than 100, you must
either include a machine-readable Transparent copy along with each Opaque copy, or state in
or with each Opaque copy a computer-network location from which the general network-using public
has access to download using public-standard network protocols a complete Transparent copy of the
Document, free of added material. If you use the latter option, you must take reasonably prudent
steps, when you begin distribution of Opaque copies in quantity, to ensure that this Transparent
copy will remain thus accessible at the stated location until at least one year after the last time you
distribute an Opaque copy (directly or through your agents or retailers) of that edition to the public.

It is requested, but not required, that you contact the authors of the Document well before
redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

4. MODIFICATIONS

You may copy and distribute a Modified Version of the Document under the conditions of sections 2
and 3 above, provided that you release the Modified Version under precisely this License, with
the Modified Version filling the role of the Document, thus licensing distribution and modification of
the Modified Version to whoever possesses a copy of it. In addition, you must do these things in the
Modified Version:

A. Use in the Title Page (and on the covers, if any) a title distinct from that of the Document, and
from those of previous versions (which should, if there were any, be listed in the History section
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of the Document). You may use the same title as a previous version if the original publisher of
that version gives permission.

. List on the Title Page, as authors, one or more persons or entities responsible for authorship of

the modifications in the Modified Version, together with at least five of the principal authors of
the Document (all of its principal authors, if it has fewer than five), unless they release you
from this requirement.

State on the Title page the name of the publisher of the Modified Version, as the publisher.

Preserve all the copyright notices of the Document.

E. Add an appropriate copyright notice for your modifications adjacent to the other copyright

K.

L.

M.

N.

0.

notices.

. Include, immediately after the copyright notices, a license notice giving the public permission to

use the Modified Version under the terms of this License, in the form shown in the Addendum
below.

Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

Include an unaltered copy of this License.

Preserve the section Entitled “History”, Preserve its Title, and add to it an item stating at least
the title, year, new authors, and publisher of the Modified Version as given on the Title Page. If
there is no section Entitled “History” in the Document, create one stating the title, year,
authors, and publisher of the Document as given on its Title Page, then add an item describing
the Modified Version as stated in the previous sentence.

Preserve the network location, if any, given in the Document for public access to a Transparent
copy of the Document, and likewise the network locations given in the Document for previous
versions it was based on. These may be placed in the “History” section. You may omit a
network location for a work that was published at least four years before the Document itself,
or if the original publisher of the version it refers to gives permission.

For any section Entitled “Acknowledgements” or “Dedications”, Preserve the Title of the
section, and preserve in the section all the substance and tone of each of the contributor
acknowledgements and/or dedications given therein.

Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles.
Section numbers or the equivalent are not considered part of the section titles.

Delete any section Entitled “Endorsements”. Such a section may not be included in the Modified
Version.

Do not retitle any existing section to be Entitled “Endorsements” or to conflict in title with any
Invariant Section.

Preserve any Warranty Disclaimers.

If the Modified Version includes new front-matter sections or appendices that qualify as Secondary
Sections and contain no material copied from the Document, you may at your option designate some
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or all of these sections as invariant. To do this, add their titles to the list of Invariant Sections in the
Modified Version's license notice. These titles must be distinct from any other section titles.

You may add a section Entitled “Endorsements”, provided it contains nothing but endorsements of
your Modified Version by various parties—for example, statements of peer review or that the text
has been approved by an organization as the authoritative definition of a standard.

You may add a passage of up to five words as a Front-Cover Text, and a passage of up to 25 words as
a Back-Cover Text, to the end of the list of Cover Texts in the Modified Version. Only one passage
of Front-Cover Text and one of Back-Cover Text may be added by (or through arrangements made
by) any one entity. If the Document already includes a cover text for the same cover, previously
added by you or by arrangement made by the same entity you are acting on behalf of, you may not
add another; but you may replace the old one, on explicit permission from the previous publisher
that added the old one.

The author(s) and publisher(s) of the Document do not by this License give permission to use
their names for publicity for or to assert or imply endorsement of any Modified Version.

5. COMBINING DOCUMENTS

You may combine the Document with other documents released under this License, under the terms
defined in section 4 above for modified versions, provided that you include in the combination all of
the Invariant Sections of all of the original documents, unmodified, and list them all as Invariant
Sections of your combined work in its license notice, and that you preserve all their Warranty
Disclaimers.

The combined work need only contain one copy of this License, and multiple identical Invariant
Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same
name but different contents, make the title of each such section unique by adding at the end of it, in
parentheses, the name of the original author or publisher of that section if known, or else a unique
number. Make the same adjustment to the section titles in the list of Invariant Sections in the
license notice of the combined work.

In the combination, you must combine any sections Entitled “History” in the various original
documents, forming one section Entitled “History”; likewise combine any sections Entitled “Ac-
knowledgements”, and any sections Entitled “Dedications”. You must delete all sections Entitled
“Endorsements”.

6. COLLECTIONS OF DOCUMENTS

You may make a collection consisting of the Document and other documents released under this
License, and replace the individual copies of this License in the various documents with a single copy
that is included in the collection, provided that you follow the rules of this License for verbatim
copying of each of the documents in all other respects.

You may extract a single document from such a collection, and distribute it individually under
this License, provided you insert a copy of this License into the extracted document, and follow this
License in all other respects regarding verbatim copying of that document.

7. AGGREGATION WITH INDEPENDENT WORKS
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A compilation of the Document or its derivatives with other separate and independent documents
or works, in or on a volume of a storage or distribution medium, is called an “aggregate” if the
copyright resulting from the compilation is not used to limit the legal rights of the compilation's
users beyond what the individual works permit. When the Document is included in an aggregate,
this License does not apply to the other works in the aggregate which are not themselves derivative
works of the Document.

If the Cover Text requirement of section 3 is applicable to these copies of the Document, then
if the Document is less than one half of the entire aggregate, the Document's Cover Texts may be
placed on covers that bracket the Document within the aggregate, or the electronic equivalent
of covers if the Document is in electronic form. Otherwise they must appear on printed covers
that bracket the whole aggregate.

8. TRANSLATION

Translation is considered a kind of modification, so you may distribute translations of the Document
under the terms of section 4. Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include translations of some or all Invariant
Sections in addition to the original versions of these Invariant Sections. You may include a translation
of this License, and all the license notices in the Document, and any Warranty Disclaimers, provided
that you also include the original English version of this License and the original versions of those
notices and disclaimers. In case of a disagreement between the translation and the original version of
this License or a notice or disclaimer, the original version will prevail.

If a section in the Document is Entitled “Acknowledgements”, “Dedications”, or “History”, the
requirement (section 4) to Preserve its Title (section 1) will typically require changing the actual
title.

9. TERMINATION

You may not copy, modify, sublicense, or distribute the Document except as expressly provided
under this License. Any attempt otherwise to copy, modify, sublicense, or distribute it is void,
and will automatically terminate your rights under this License.

However, if you cease all violation of this License, then your license from a particular copyright
holder is reinstated (a) provisionally, unless and until the copyright holder explicitly and finally
terminates your license, and (b) permanently, if the copyright holder fails to notify you of the
violation by some reasonable means prior to 60 days after the cessation.

Moreover, your license from a particular copyright holder is reinstated permanently if the copyright
holder notifies you of the violation by some reasonable means, this is the first time you have received
notice of violation of this License (for any work) from that copyright holder, and you cure the
violation prior to 30 days after your receipt of the notice.

Termination of your rights under this section does not terminate the licenses of parties who have
received copies or rights from you under this License. If your rights have been terminated and
not permanently reinstated, receipt of a copy of some or all of the same material does not give
you any rights to use it.

10. FUTURE REVISIONS OF THIS LICENSE
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The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but may
differ in detail to address new problems or concerns. See https://www.gnu.org/licenses/.

Each version of the License is given a distinguishing version number. If the Document specifies
that a particular numbered version of this License “or any later version” applies to it, you have
the option of following the terms and conditions either of that specified version or of any later
version that has been published (not as a draft) by the Free Software Foundation. If the Document
does not specify a version number of this License, you may choose any version ever published
(not as a draft) by the Free Software Foundation. If the Document specifies that a proxy can decide
which future versions of this License can be used, that proxy's public statement of acceptance of a
version permanently authorizes you to choose that version for the Document.

11. RELICENSING

“Massive Multiauthor Collaboration Site” (or “MMC Site”) means any World Wide Web server
that publishes copyrightable works and also provides prominent facilities for anybody to edit
those works. A public wiki that anybody can edit is an example of such a server. A “Massive
Multiauthor Collaboration” (or “MMC”) contained in the site means any set of copyrightable works
thus published on the MMC site.

“CC-BY-SA” means the Creative Commons Attribution-Share Alike 3.0 license published by
Creative Commons Corporation, a not-for-profit corporation with a principal place of business
in San Francisco, California, as well as future copyleft versions of that license published by that
same organization.

“Incorporate” means to publish or republish a Document, in whole or in part, as part of another
Document.

An MMC is “eligible for relicensing” if it is licensed under this License, and if all works that were
first published under this License somewhere other than this MMC, and subsequently incorporated
in whole or in part into the MMC, (1) had no cover texts or invariant sections, and (2) were thus
incorporated prior to November 1, 2008.

The operator of an MMC Site may republish an MMC contained in the site under CC-BY-SA
on the same site at any time before August 1, 2009, provided the MMC is eligible for relicensing.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

“ Copyright © YEAR YOUR NAME. Permission is granted to copy, distribute and/or modify this
document under the terms of the GNU Free Documentation License, Version 1.3 or any later version
published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts,
and no Back-Cover Texts. A copy of the license is included in the section entitled “GNU Free

Documentation License”.”

If you have Invariant Sections, Front-Cover Texts and Back-Cover Texts, replace the “with ...
Texts.” line with this:
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“ with the Invariant Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST,
and with the Back-Cover Texts being LIST.”

If you have Invariant Sections without Cover Texts, or some other combination of the three, merge
those two alternatives to suit the situation.

If your document contains nontrivial examples of program code, we recommend releasing these
examples in parallel under your choice of free software license, such as the GNU General Public

License, to permit their use in free software.
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